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Distributed Resource Allocation via ADMM over Digraphs

Wei Jiang, Mohammadreza Doostmohammadian and Themistoklis Charalambous

Abstract— In this paper, we solve the resource allocation
problem over a network of agents, with edges as communication
links that can be unidirectional. The goal is to minimize the sum
of allocation cost functions subject to a coupling constraint in a
distributed way by using the finite-time consensus-based alter-
nating direction method of multipliers (ADMM) technique. In
contrast to the existing gradient descent (GD) based distributed
algorithms, our approach can be applied to non-differentiable
cost functions. Also, the proposed algorithm is initialization-free
and converges at a rate of O(1/k), where k is the optimization
iteration counter. The fast convergence performance related
to iteration counter k compared to state-of-the-art GD based
algorithms is shown via a simulation example.

Index Terms— Distributed optimization, ADMM, resource
allocation, finite-time consensus, digraphs

I. INTRODUCTION

Distributed resource allocation (DRA) optimally assigns
a portion of existing resources to a group of cooperating
agents (or nodes) based on local information exchange over
a network. This is inspired by the recent development of
distributed data-processing and parallel computing methods
for large-scale data-mining and complex machine learning
solutions. Applications include optimal energy management
and economic dispatch over smart grid and energy networks
[1], cost-optimal CPU scheduling over a network of servers
[2], and optimal scheduling of the plug-in electric vehicles
charging [3] among others. In terms of mathematical mod-
eling, the problem is to optimize the sum of some local cost
functions in a distributed fashion subject to a global linear
coupling-constraint (referred to as the feasibility-constraint)
and the local (convex) box constraints.

There are mainly two research lines in the literature to
solve the DRA problem: (i) primal based solutions, e.g., gra-
dient descent (GD) (also known as gradient-Laplacian) and
(ii) dual based solutions, e.g., alternating direction method
of multipliers (ADMM).

For primal based solutions, the GD algorithms typically
ensure all-time feasibility given that the initial states are
feasible [1], [4]–[6]. This primal feasibility requires the
algorithm to be accompanied by specific initializations to
satisfy the local box constraints and the global feasibility
constraint simultaneously [1]. After the proper initialization,

W. Jiang and M. Doostmohammadian are with the Department of
Electrical Engineering and Automation, School of Electrical Engineer-
ing, Aalto University, Espoo, Finland. Email: wei.jiang@aalto.fi,
mohammadreza.doostmohammadian@aalto.fi

T. Charalambous is with the Department of Electrical and Computer
Engineering, School of Engineering, University of Cyprus, Nicosia, Cyprus.
He is also a Visiting Professor at the Department of Electrical Engineering
and Automation, School of Electrical Engineering, Aalto University, Espoo,
Finland. Email: charalambous.themistoklis@ucy.ac.cy

most GD based algorithms can guarantee feasibility at all
optimization iterations (referred to as anytime-feasibility),
which also means the output of the algorithm is feasible
at any termination point while the cost is reduced at every
iteration. Authors in [7] proposed an algorithm that converges
to a point arbitrarily close to the optimal resource allocation
Note that the most GD based algorithms (see, e.g., [1], [4]–
[7]) require undirected or balanced graphs.

Dual based methods are mostly initialization-free, i.e.,
from any initial primal state, they can gain feasibility over
time (asymptotically). There are some ADMM algorithms
proposed for undirected graphs, e.g., the dual consensus
ADMM algorithm in [8], which was extended in [9] for
DRA problems considering a general nonempty, closed and
convex cone rather than a convex equality constraint in [8].
Inspired by the dynamic average consensus [10] technique
for gradient tracking in [11]–[15], authors in [3] proposed the
tracking-ADMM algorithm by updating both the Lagrangian
dual variable and the average of equality constraint in a dis-
tributed manner. It is worth noting that the existing ADMM
based distributed algorithms in [3], [8], [9] are only applied
over undirected communication graphs. Recently, distributed
ADMM algorithms for unconstrained optimization problems
over directed graphs (digraphs) are proposed in [16], [17].

In this work, we first reformulate the primal DRA problem
by its Lagrangian dual and then, by assuming the local cost
function of each node is convex, the strong duality between
the Lagrangian dual and primal DRA problems holds, i.e.,
the duality gap is zero. After that, the distributed ADMM
using finite-time exact ratio consensus (D-ADMM-FTERC)
algorithm developed in [17] is adopted and modified to
solve the Lagrangian dual problem. Therefore, we name
the modified algorithm as DRA-ADMM-FTERC. Inside
DRA-ADMM-FTERC, an additional min-max optimization
problem emerges. We solve it by transforming the min-
max into a max-min and then, solving the max and min
optimization problems separately. In this way, the min-max
optimization update is simplified (i.e., DRA-ADMM-FTERC
is simplified) to be applied for wider cost functions. As D-
ADMM-FTERC is developed for digraphs, inherently, so
is DRA-ADMM-FTERC, advancing the recent results for
DRA over undirected graphs [3], [7]–[9]. Unlike algorithms
in [1], [7] which need specific initialization conditions, DRA-
ADMM-FTERC is initialization-free (i.e., no need for the
initial feasibility condition of primal states) and can have
non-differential cost functions in the DRA primal problem.
Based on authors’ current knowledge, for solving DRA
problems, this work is the first one to propose distributed
ADMM based algorithms over digraphs.



II. NOTATION AND PRELIMINARIES

A. Notation

R,Z,Z+ and Rn denote the set of real, integer, pos-
itive integer numbers and the n-dimensional real space,
respectively. AT is the transpose of matrix A. 1 and
I denote the all-ones vector and the identity matrix
(of appropriate dimensions). We also denote by eT

j =
[0, . . . , 0, 1jth , 0, . . . , . . . , 0] ∈ R1×n, where the single “1”
entry is at the jth position. ‖ · ‖ denotes the 2-norm.

The information exchange between nodes is captured by
a graph G(V, E) of order n with V = {v1, v2, . . . , vn} being
the set of nodes and E ⊆ V × V being the set of edges. A
directed edge from node vi to node vj is denoted by εji =
(vj , vi) ∈ E representing that node vj to receive information
from node vi. A graph is said to be undirected if and only
if εji ∈ E implies εij ∈ E . A digraph is said to be strongly
connected if there exists a path from each node vi to each
node vj (vj 6= vi) in the graph. The graph diameter D is the
longest shortest path between any two nodes in the network.
We denote n′ as an upper bound on n. All nodes that can
transmit information to node vj directly are said to be in-
neighbors of node vj and belong to the set N−j = {vi ∈
V | εji ∈ E}. The nodes that receive information from node
vj belong to the set of out-neighbors of node vj , denoted by
N+
j = {vl ∈ V | εlj ∈ E}.

B. Finite-Time Exact Ratio Consensus (FTERC)

Before we present FTERC algorithm, the well known av-
erage consensus and ratio consensus algorithms are needed.
Consider a strongly connected digraph G(V, E) of order n.
Let wtj (for all vj ∈ V and t = 0, 1, 2, . . .) be the result of
the average consensus iteration:

wt+1
j = pjjw

t
j +

∑
vi∈N−

j

pjiw
t
i , t ≥ 0, (1)

where w0
j ∈ R is the initial state of node vj . Denote

wt := [wt1 wt2 . . . wtn]T, P := [pji] ∈ Rn×n such that we
can have the compact form of (1) as wt+1 = Pwt, where
w0 = [w0

1 w0
2 . . . w0

n]T , w0. If P is a primitive doubly
stochastic matrix1, then limt→∞ wtj = 1

n

∑
vi∈V w

0
i ,∀vj ∈

V .
Asking matrix P to be primitive doubly stochastic is

quite stringent and balancing algorithms [18] are needed
to be implemented a priori. To alleviate this, the ratio
consensus [19] algorithm is proposed as follows:

yt+1
j = pjjy

t
j +

∑
vi∈N−

j

pjiy
t
i , (2a)

xt+1
j = pjjx

t
j +

∑
vi∈N−

j

pjix
t
i, (2b)

where the initial conditions are y0 = y0 and x0 = 1, and
P = [pji] ∈ Rn×n is a primitive column stochastic matrix,

1A nonnegative matrix is such that all of its elements are nonnegative.
A column (row) stochastic matrix is a real square nonnegative matrix, with
each column (row) summing to 1. A doubly stochastic matrix is both row
and column stochastic.

then, we get lim
t→∞

µtj = lim
t→∞

ytj
xtj

=

∑
vi∈V y

0
i

n
,∀vj ∈ V .

In what follows, we present the FTERC [20], [21] algo-
rithm in which every node can compute µj , limt→∞ µtj in
a minimum number of iteration steps.

Definition 1: (Minimal polynomial of a matrix pair) The
minimal polynomial associated with the matrix pair [P, eT

j ]

denoted by qj(s) = sMj+1 +
∑Mj

i=0 α
(j)
i si is the monic poly-

nomial of minimum degree Mj+1 that satisfies eT
jqj(P ) = 0.

Considering iteration (1) with weight matrix P , it is not
difficult to have (e.g., using the techniques in [22])

Mj+1∑
i=0

α
(j)
i wt+ij = 0, ∀t ∈ Z+, (3)

where α
(j)
Mj+1 = 1. Denote Wj(z)

4
= Z(wtj) as the z-

transform of wtj . Based on the time-shift property of the
z−transform, from (3) we obtain (see [22], [23])

Wj(z) =

∑Mj+1
i=1 α

(j)
i

∑i−1
`=0 w

`
jz
i−`

qj(z)
, (4)

where qj(z) is the minimal polynomial of [P, eT
j ]. Under the

strongly connected communication network, qj(z) does not
have any unstable poles apart from one at 1; then, define the
following polynomial:

pj(z) ,
qj(z)

z − 1
,

Mj∑
i=0

β
(j)
i zi. (5)

By applying the final value theorem [22], [23], we get

φy(j) = lim
t→∞

ytj = lim
z→1

(z − 1)Yj(z) =
yT
Mj

βj

1Tβj
, (6a)

φx(j) = lim
t→∞

xtj = lim
z→1

(z − 1)Xj(z) =
xT
Mj

βj

1Tβj
, (6b)

where yT
Mj

= [y0j , y
1
j , . . . , y

Mj

j ], xT
Mj

= [x0j , x
1
j , . . . , x

Mj

j ]
with βj being the vector of coefficients of the polynomial
pj(z).

Consider the following vectors of 2t + 1 successive
discrete-time values at node vj as

yT
2t =[y0j , y

1
j , . . . , y

2t
j ],

xT
2t =[x0j , x

1
j , . . . , x

2t
j ],

where ytj and xtj are two iterations in (2a) and (2b)),
respectively. Define the corresponding Hankel matrices as:

Γ{yT
2t} ,


y0j y1j . . . ytj
y1j y2j . . . yt+1

j
...

...
. . .

...
ytj yt+1

j . . . y2tj

 ,

Γ{xT
2t} ,


x0j x1j . . . xtj
x1j x2j . . . xt+1

j
...

...
. . .

...
xtj xt+1

j . . . x2tj

 .



Denote the vector differences between successive values of
ytj and xtj as: yT

2t = [y1j − y0j , . . . , y
2t+1
j − y2tj ], xT

2t = [x1j −
x0j , . . . , x

2t+1
j − x2tj ].

It is shown in [23] that for arbitrary initial conditions
y0 and x0, βj can be computed as the kernel of the first
defective Hankel matrices Γ{yT

2t} and Γ{xT
2t} (i.e., βj can be

the normalized kernel βj =
[
β0
j β1

j . . . β
xMj
−1

j 1
]T

of the first defective Hankel matrix Γ{yT
2t}), except a set of

initial conditions with Lebesgue measure zero.
Next, with the strongly connected digraphs, the following

Lemma 1 shows the exact average µ can be distributively
obtained in finite-time.

Lemma 1 ([20], [21]): For all vj ∈ V under a strongly
connected graph G(V, E) and t = 0, 1, 2, . . ., ytj and xtj are
the iterations (2a) and (2b), where P = [pji] ∈ Rn×n is
formed as a primitive column stochastic weight matrix asso-
ciated with the graph G(V, E). Then, the average consensus
problem can be distributively solved at each node vj in finite-
time, by computing

µj , lim
t→∞

ytj
xtj

=
φy(j)

φx(j)
=
yT
Mj

βj

xT
Mj

βj
, (7)

where φy(j) and φx(j) are from (6a) and (6b), respectively
and βj , as defined in (5), is the vector of coefficients.
C. Distributed FTERC in Networked Systems

From (7), we know βj and Mj can be different for each
node vj . To implement FTERC for networked systems in a
distributed way, all nodes need to know when to terminate
ratio consensus (2). Before we describe Algorithm 1 that we
proposed in [17] for distributed FTERC termination, we need
the following assumptions.

Assumption 1: An upper bound on the number of nodes
in the network n′, i.e., n′ ≥ n, is known by each node
vj ∈ V .

Assumption 2: The directed communication graph is
strongly connected.

Though Assumption 1 is limiting, there exist distributed
approaches to compute the network size; see, for example,
[24]. Algorithm 1 guarantees that the ratio consensus itera-
tion number at every step k ≥ 2 is the minimum (see FTERC
properties in Section II-B) and that the solution at every step
is optimal. Fig. 1 describes the iteration number at each step.
The details of Algorithm 1 are as follows:

1) When k = 0, node vj computes y1j via FTERC for 2n′

steps. By that time, y1j is guaranteed to be computed
by each node, which requires computing βj and as a
consequence Mj is determined.

2) When k = 1, node vj runs ratio consensus (2) for n′

steps and computes y2j with the same βj computed at
k = 0 (i.e., there is no need to compute the defective
Hankel matrices again). It runs a max−consensus2

algorithm simultaneously with the initial condition u0j =

2The max−consensus algorithm is used to compute the maximum
value in a distributed fashion [25]. ∀vj ∈ V , the update is ut+1

j =

max
vi∈N

−
j ∪{vj}

{uti} which converges to the maximum value among all

nodes in a finite number of steps s, s ≤ D (see, e.g., [26]).

Algorithm 1 Distributed FTERC
1: Input: n′ (upper bound on n)
2: Initialization: k = 0 and y0j for node vj ∈ V
3: if k = 0 then
4: Run FTERC for 2n′ steps to compute y1j and deter-

mine Mj and βj
5: else if k = 1 then
6: Run max−consensus to determine Mmax from Mj +

1, vj ∈ V; run ratio consensus (2) for n′ steps to
compute y2j with the same βj

7: else
8: Run ratio consensus (2) with the same βj for tmax :=

Mmax + 1 steps to compute yk+1
j

9: end if
10: Output: Node vj obtains: yk+1

j = 1
n

∑
vi∈V y

k
i

Mj + 1. Note that the max−consensus algorithm con-
verges in s iterations (s ≤ D < n′). Hence, at this step
node vj , not only computes y2j , but also the maximum
number (tmax := Mmax + 1) of ratio consensus steps
needed by each node vj to compute their yk+1

j , k ≥ 2.
3) When k ≥ 2, each node vj computes yk+1

j via ratio
consensus (2) with the same βj which runs for tmax

iterations.
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<latexit sha1_base64="jh/LAuQRVnlmvgSZhDFTOpsBOtU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolYFE8FLx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlRrVfKrsVdw6ySryclCFHvV/66g1ilkYoDRNU667nJsbPqDKcCZwWe6nGhLIxHWLXUkkj1H42P3RKzq0yIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynaELzll1dJ67LiVStu46pcu83jKMApnMEFeHANNbiHOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8ff5eMtQ==</latexit>

5

<latexit sha1_base64="CgCAPpC6cZY4w9vBzyMAuFdqVq8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV1RFE8BL54kgnlAsoTZyWwyZB7rzKwYlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e0vLK6tr64WN4ubW9s5uaW+/YVSqCa0TxZVuRdhQziStW2Y5bSWaYhFx2oyG1xO/+Ui1YUre21FCQ4H7ksWMYOuk1m036wj8NO6Wyn7FnwItkiAnZchR65a+Oj1FUkGlJRwb0w78xIYZ1pYRTsfFTmpogskQ92nbUYkFNWE2vXeMjp3SQ7HSrqRFU/X3RIaFMSMRuU6B7cDMexPxP6+d2vgyzJhMUkslmS2KU46sQpPnUY9pSiwfOYKJZu5WRAZYY2JdREUXQjD/8iJpnFaC84p/d1auXuVxFOAQjuAEAriAKtxADepAgMMzvMKb9+C9eO/ex6x1yctnDuAPvM8fNFOQDQ==</latexit>

Nmax
<latexit sha1_base64="CgCAPpC6cZY4w9vBzyMAuFdqVq8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV1RFE8BL54kgnlAsoTZyWwyZB7rzKwYlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e0vLK6tr64WN4ubW9s5uaW+/YVSqCa0TxZVuRdhQziStW2Y5bSWaYhFx2oyG1xO/+Ui1YUre21FCQ4H7ksWMYOuk1m036wj8NO6Wyn7FnwItkiAnZchR65a+Oj1FUkGlJRwb0w78xIYZ1pYRTsfFTmpogskQ92nbUYkFNWE2vXeMjp3SQ7HSrqRFU/X3RIaFMSMRuU6B7cDMexPxP6+d2vgyzJhMUkslmS2KU46sQpPnUY9pSiwfOYKJZu5WRAZYY2JdREUXQjD/8iJpnFaC84p/d1auXuVxFOAQjuAEAriAKtxADepAgMMzvMKb9+C9eO/ex6x1yctnDuAPvM8fNFOQDQ==</latexit>

Nmax
<latexit sha1_base64="CgCAPpC6cZY4w9vBzyMAuFdqVq8=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV1RFE8BL54kgnlAsoTZyWwyZB7rzKwYlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e0vLK6tr64WN4ubW9s5uaW+/YVSqCa0TxZVuRdhQziStW2Y5bSWaYhFx2oyG1xO/+Ui1YUre21FCQ4H7ksWMYOuk1m036wj8NO6Wyn7FnwItkiAnZchR65a+Oj1FUkGlJRwb0w78xIYZ1pYRTsfFTmpogskQ92nbUYkFNWE2vXeMjp3SQ7HSrqRFU/X3RIaFMSMRuU6B7cDMexPxP6+d2vgyzJhMUkslmS2KU46sQpPnUY9pSiwfOYKJZu5WRAZYY2JdREUXQjD/8iJpnFaC84p/d1auXuVxFOAQjuAEAriAKtxADepAgMMzvMKb9+C9eO/ex6x1yctnDuAPvM8fNFOQDQ==</latexit>

Nmax

<latexit sha1_base64="xapUZcZA59oWAqbMfXLtp280Pmo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0kKongqePFYwX5AG8pmO2mX7m7C7kYooX/BiwdFvPqHvPlvTNMctPXBwOO9GWbmBbHgxrrut1Pa2Nza3invVvb2Dw6PqscnHRMlmmGbRSLSvYAaFFxh23IrsBdrpDIQ2A2mdwu/+4Ta8Eg92lmMvqRjxUPOqM0lLnFYrbl1NwdZJ15BalCgNax+DUYRSyQqywQ1pu+5sfVTqi1nAueVQWIwpmxKx9jPqKISjZ/mt87JRaaMSBjprJQlufp7IqXSmJkMsk5J7cSsegvxP6+f2PDGT7mKE4uKLReFiSA2IovHyYhrZFbMMkKZ5tmthE2opsxm8VSyELzVl9dJp1H3ruruQ6PWvC3iKMMZnMMleHANTbiHFrSBwQSe4RXeHOm8OO/Ox7K15BQzp/AHzucPLVmOSw==</latexit>

time
…… … … …

<latexit sha1_base64="l4geb8AMtJ2XPqi5HYOqB2Ud0mA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUQSh4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewsrq2vlHcLG1t7+zulfcPmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0e3Ubz1xbUSsHnGccD+iAyVCwSha6WF04/bKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZfXibNs6p3UXXvzyu16zyOIhzBMZyCB5dQgzuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4AwY+NbA==</latexit>

k = 0
<latexit sha1_base64="psG2uNZ+pU8ECkyr8RyfL+63GKU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUTwVvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDa9frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVXdxmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8feYeMsQ==</latexit>

1
<latexit sha1_base64="/9mHQlVJzVXLbFoFD6C5b6PDH9k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKongqePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWatb65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV77LqNi8q9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHsLjLI=</latexit>

2
<latexit sha1_base64="/GZx9y0aM54qasGWeLPovTWhyF4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fKJ4CXjwmYB6QLGF20puMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9YteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1Vx65fl6m0eRwGO4QTOwINrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AHyPjLM=</latexit>

3
<latexit sha1_base64="4oQ9obh0waH0oH7C35SZvA4EYlo=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBJRKp4KXjxWsB/QhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bXPQ1gcDj/dmmJkXpoJr43nfTmljc2t7p7zr7u0fHB5V3OO2TjLFsMUSkahuSDUKLrFluBHYTRXSOBTYCSd3c7/zjErzRD6aaYpBTEeSR5xRY6WHq0Gl6tW8Bcg68QtShQLNQeWrP0xYFqM0TFCte76XmiCnynAmcOb2M40pZRM6wp6lksaog3xx6IycW2VIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90EOZdpZlCy5aIoE8QkZP41GXKFzIipJZQpbm8lbEwVZcZm49oQ/NWX10n7suZf17xq47YIowyncAYX4EMdGnAPTWgBA4QXeIN358l5dT6WjSWnmDiBP3A+fwATvYuK</latexit>

4

<latexit sha1_base64="62LVrcoLNR8JnqvasmMnHWuMgmo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUTwVvHisYD+gDWWz3bRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rUeujYjVPY4T7kd0oEQoGEUrtbGXdSP6NOmVK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342u3dCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtPnSV9ozlCOLaFMC3srYUOqKUMbUcmG4C2+vEyaZ1XvourenVdq13kcRTiCYzgFDy6hBrdQhwYwkPAMr/DmPDgvzrvzMW8tOPnMIfyB8/kDbvWQMw==</latexit>

tmax
<latexit sha1_base64="62LVrcoLNR8JnqvasmMnHWuMgmo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUTwVvHisYD+gDWWz3bRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rUeujYjVPY4T7kd0oEQoGEUrtbGXdSP6NOmVK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342u3dCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtPnSV9ozlCOLaFMC3srYUOqKUMbUcmG4C2+vEyaZ1XvourenVdq13kcRTiCYzgFDy6hBrdQhwYwkPAMr/DmPDgvzrvzMW8tOPnMIfyB8/kDbvWQMw==</latexit>

tmax
<latexit sha1_base64="62LVrcoLNR8JnqvasmMnHWuMgmo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUTwVvHisYD+gDWWz3bRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rUeujYjVPY4T7kd0oEQoGEUrtbGXdSP6NOmVK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342u3dCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtPnSV9ozlCOLaFMC3srYUOqKUMbUcmG4C2+vEyaZ1XvourenVdq13kcRTiCYzgFDy6hBrdQhwYwkPAMr/DmPDgvzrvzMW8tOPnMIfyB8/kDbvWQMw==</latexit>

tmax
<latexit sha1_base64="A6qCBs81cxQtPZqh2HT8ZqyxcaI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ6KklRFE8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3U791hPXRsTqEccJ9yM6UCIUjKKVHqrqrFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns1Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06RRuCt/jyMmlWK95lxb2/KNdu8jgKcAwncA4eXEEN7qAODWAwgGd4hTdHOi/Ou/Mxb11x8pkj+APn8wenio1b</latexit>

2n0

<latexit sha1_base64="xapUZcZA59oWAqbMfXLtp280Pmo=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0kKongqePFYwX5AG8pmO2mX7m7C7kYooX/BiwdFvPqHvPlvTNMctPXBwOO9GWbmBbHgxrrut1Pa2Nza3invVvb2Dw6PqscnHRMlmmGbRSLSvYAaFFxh23IrsBdrpDIQ2A2mdwu/+4Ta8Eg92lmMvqRjxUPOqM0lLnFYrbl1NwdZJ15BalCgNax+DUYRSyQqywQ1pu+5sfVTqi1nAueVQWIwpmxKx9jPqKISjZ/mt87JRaaMSBjprJQlufp7IqXSmJkMsk5J7cSsegvxP6+f2PDGT7mKE4uKLReFiSA2IovHyYhrZFbMMkKZ5tmthE2opsxm8VSyELzVl9dJp1H3ruruQ6PWvC3iKMMZnMMleHANTbiHFrSBwQSe4RXeHOm8OO/Ox7K15BQzp/AHzucPLVmOSw==</latexit>

time
…… … … …

<latexit sha1_base64="l4geb8AMtJ2XPqi5HYOqB2Ud0mA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUQSh4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewsrq2vlHcLG1t7+zulfcPmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0e3Ubz1xbUSsHnGccD+iAyVCwSha6WF04/bKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTohJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDKz4RKUuSKzReFqSQYk+nfpC80ZyjHllCmhb2VsCHVlKFNp2RD8BZfXibNs6p3UXXvzyu16zyOIhzBMZyCB5dQgzuoQwMYDOAZXuHNkc6L8+58zFsLTj5zCH/gfP4AwY+NbA==</latexit>

k = 0
<latexit sha1_base64="psG2uNZ+pU8ECkyr8RyfL+63GKU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUTwVvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDa9frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVXdxmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8feYeMsQ==</latexit>

1
<latexit sha1_base64="/9mHQlVJzVXLbFoFD6C5b6PDH9k=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKongqePHYgq2FNpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewtr6xuVXcLu3s7u0flA+P2jpOFcMWi0WsOgHVKLjEluFGYCdRSKNA4EMwvp35D0+oNI/lvZkk6Ed0KHnIGTVWatb65Ypbdecgq8TLSQVyNPrlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtGtV77LqNi8q9Zs8jiKcwCmcgwdXUIc7aEALGCA8wyu8OY/Oi/PufCxaC04+cwx/4Hz+AHsLjLI=</latexit>

2
<latexit sha1_base64="/GZx9y0aM54qasGWeLPovTWhyF4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0fKJ4CXjwmYB6QLGF20puMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9YteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88TMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1Vx65fl6m0eRwGO4QTOwINrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AHyPjLM=</latexit>

3
<latexit sha1_base64="4oQ9obh0waH0oH7C35SZvA4EYlo=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBJRKp4KXjxWsB/QhrLZTtq1m03Y3Qgl9Bd48aB49Td589+4bXPQ1gcDj/dmmJkXpoJr43nfTmljc2t7p7zr7u0fHB5V3OO2TjLFsMUSkahuSDUKLrFluBHYTRXSOBTYCSd3c7/zjErzRD6aaYpBTEeSR5xRY6WHq0Gl6tW8Bcg68QtShQLNQeWrP0xYFqM0TFCte76XmiCnynAmcOb2M40pZRM6wp6lksaog3xx6IycW2VIokTZkoYs1N8TOY21nsah7YypGetVby7+5/UyE90EOZdpZlCy5aIoE8QkZP41GXKFzIipJZQpbm8lbEwVZcZm49oQ/NWX10n7suZf17xq47YIowyncAYX4EMdGnAPTWgBA4QXeIN358l5dT6WjSWnmDiBP3A+fwATvYuK</latexit>

4

<latexit sha1_base64="62LVrcoLNR8JnqvasmMnHWuMgmo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUTwVvHisYD+gDWWz3bRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rUeujYjVPY4T7kd0oEQoGEUrtbGXdSP6NOmVK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342u3dCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtPnSV9ozlCOLaFMC3srYUOqKUMbUcmG4C2+vEyaZ1XvourenVdq13kcRTiCYzgFDy6hBrdQhwYwkPAMr/DmPDgvzrvzMW8tOPnMIfyB8/kDbvWQMw==</latexit>

tmax
<latexit sha1_base64="62LVrcoLNR8JnqvasmMnHWuMgmo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUTwVvHisYD+gDWWz3bRLN5u4OxFL6J/w4kERr/4db/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwupn6rUeujYjVPY4T7kd0oEQoGEUrtbGXdSP6NOmVK27VnYEsEy8nFchR75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342u3dCTqzSJ2GsbSkkM/X3REYjY8ZRYDsjikOz6E3F/7xOiuGVnwmVpMgVmy8KU0kwJtPnSV9ozlCOLaFMC3srYUOqKUMbUcmG4C2+vEyaZ1XvourenVdq13kcRTiCYzgFDy6hBrdQhwYwkPAMr/DmPDgvzrvzMW8tOPnMIfyB8/kDbvWQMw==</latexit>

tmax
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n0

Fig. 1. Algorithm 1 diagram: FTERC is terminated after 2n′ steps when
k = 1 during which each node vj computes Mj . When k = 2, it runs a
max−consensus algorithm and Mmax is thus determined; at this stage the
ratio consensus is terminated after n′ steps. Thereafter, each ratio consensus
algorithm running step is changed to tmax :=Mmax + 1.

III. MAIN RESULTS

Recall the economic dispatch problem among n agents
as [6], [7]

min
yi∈R

n∑
i=1

φi(yi),

s.t.
n∑
i=1

yi = b,

(8)

where φi(yi) : R→ R is the generation cost or the disutility
related to shifting power demands; yi represents the power
injection of agent i (where negative injection yi < 0 means
that agent i consumes power from the grid); b ∈ R is the
power injection not accounted for by the agents.

Motivated by this type of problem setting, we generalize
the DRA problem studied in the paper as follows:

min
yi∈Rpi

n∑
i=1

φi(yi),

s.t.
n∑
i=1

(Aiyi − bi) = 0,

(9)

where φi(yi) : Rpi → R is a local cost function associated
with agent i; yi ∈ Rpi represents the allocated resource to the



agent i; the overall resources
∑n
i=1 bi, bi ∈ Rp is constant

and the parameter matrices Ai ∈ Rp×pi .
Assumption 3: The cost function φi : Rpi → R is closed,

proper and convex. φi has at least one subgradient at yi and
φi(yi) <∞. The minimum of DRA problem (9) is attained.

Assumption 3 allows φi to be non-differentiable [27].
A. Lagrangian Dual

Define the Lagrangian associated with DRA (9) as

L(yi, x) =

n∑
i=1

φi(yi) + xT

n∑
i=1

(Aiyi − bi), (10)

where x ∈ Rp is the Lagrangian multiplier vector (or dual
variable) associated with (9). We derive the Lagrangian dual
function f(x) = infyi∈Rpi L(yi, x) as follows:

f(x) =− xT

n∑
i=1

bi + inf
yi∈Rpi

n∑
i=1

(φi(yi) + xTAiyi)

=− xT

n∑
i=1

bi − sup
yi∈Rpi

n∑
i=1

((−AT
ix)Tyi − φi(yi)).

Then, by using the conjugate3, we have

f(x) =− xT

n∑
i=1

bi −
n∑
i=1

φ∗i (−AT
ix). (11)

Since φi is convex from Assumption 3 and there is no
inequality constraint in DRA problem (9), Slater’s condition
holds [28, Section 5.2.3] which means strong duality holds
from Slater’s theory, i.e., the duality gap is zero. As a result,
the Lagrangian dual of DRA problem (9) is to maximize
f(x), which is

max
x∈Rp

f(x) = −xT

n∑
i=1

bi −
n∑
i=1

φ∗i (−AT
ix). (12)

Denote
fi(x) =xTbi + φ∗i (−AT

ix). (13)

We know fi(x) is convex based on Assumption 3. Then, the
Lagrangian dual (12) can be changed to

min
x∈Rp

n∑
i=1

fi(x). (14)

Remark 1: There are some existing GD based algorithms,
e.g., [29] and [30], to solve problem (14) over a digraph
satisfying Assumption 2. However, these algorithms require
fi(x) in (13) to be differentiable. In other words, if fi(x)
in (13) is non-differentiable, these algorithms are no longer
applicable. Considering this point, we propose an ADMM
based algorithm satisfying both Assumptions 2 and 3 (al-
lowing fi(x) in (13) to be non-differentiable).
B. D-ADMM-FTERC Solution

In this subsection, we will use and modify D-ADMM-
FTERC algorithm developed in [17] to solve the Lagrangian
dual problem (14). Furthermore, since the duality gap is
zero between Lagrangian dual problem (14) and DRA prob-
lem (9), we propose D-ADMM-FTERC based algorithm to
address the DRA problem (9).

3Let φ(y) : Rp → R. The function φ∗ : Rp → R defined as φ∗(x) =
supy∈Rp (xTy − φ(y)) is called the conjugate of the function φ(y).

In order to distributively solve (14) and to use the ADMM
structure simultaneously, a separate decision variable xi for
node vi is introduced and the constraint xi = xj is imposed
to guarantee that the node decision variables are equal. In
this way, problem (14) is reformulated as

min
X∈Rnp

n∑
i=1

fi(xi),

s.t.xi = xj ,∀vi, vj ∈ V,
(15)

Where X := [xT
1, x

T
1, . . . , x

T
n]T. Denote a closed nonempty

convex set: C = {[xT
1, x

T
1, . . . , x

T
n]T ∈ Rnp |xi = xj}. By

making variable z ∈ Rnp as a copy of X , the problem (15)
changes to

min
X∈Rnp

n∑
i=1

fi(xi),

s.t.X = z, z ∈ C.
(16)

Thus, by defining g(z) as the indicator function of the set C
in the following

g(z) =

{
0, if z ∈ C,
∞, otherwise,

(17)

the problem (16) becomes

min
X∈Rnp,z∈Rnp

n∑
i=1

fi(xi) + g(z),

fi(xi) = max
yi∈Rpi

(−xT
iyi − φi(yi)) + xT

ibi,

s.t.X − z = 0,

(18)

where fi(xi) comes from f(x) in (13). For the convenience
of notation, denote F (X) =

∑n
i=1 fi(xi). Thus, denote the

Lagrangian associated with (18) as
L(X, z, λ) = F (X) + g(z) + λT (X − z), (19)

with λ ∈ Rnp being the Lagrange multiplier. By Denoting
zi ∈ Rp as the i-th element of vector z, at iteration k, the
corresponding augmented Lagrangian of problem (18) is
Lρ(X

k, zk, λk) (20)

=

n∑
i=1

fi(x
k
i ) + g(zk) + λk

T
(Xk − zk) +

ρ

2
‖Xk − zk‖2

=

n∑
i=1

(
fi(x

k
i ) + λki

T
(xki − zki ) +

ρ

2
‖xki − zki ‖2

)
+ g(zk),

fi(x
k
i ) = max

yi∈Rpi
(−φi(yi)− xki

T
Aiyi) + xki

T
bi.

By ignoring terms that are unrelated to the decision variable
of the minimization iteration (i.e., xi, z), ∀vi ∈ V , the
distributed ADMM updates become:
xk+1
i = arg min

xi∈Rp

fi(xi) + λki
T
xi +

ρ

2
‖xi − zki ‖2, (21)

zk+1 = arg min
z∈Rnp

g(z) + λk
T
(Xk+1 − z) +

ρ

2
‖Xk+1 − z‖2

= arg min
z∈Rnp

g(z) +
ρ

2
‖Xk+1 − z +

1

ρ
λk‖2, (22)

λk+1
i =λki + ρ(xk+1

i − zk+1
i ), (23)

where fi(xi) is defined in (18) and the last term in (22) is



calculated from 2aTb + b2 = (a + b)2 − a2 with a = λk/ρ
and b = Xk+1 − z.

For zk+1 update (22), based on the works in [16], [17], it
is an average consensus problem and at each iteration k, we
set zki = xk+1

i +λki /ρ,∀i as the input for distributed FTERC
Algorithm 1 to get the output zk+1

i = 1
n

∑n
j=1 z

k
j for each

node i.
As we can see, λk+1

i update (23) is trivial. However, xk+1
i

update (21) is a min-max optimization problem which is
not obvious to solve. Therefore, we show a solution in the
following subsection.

C. Solution to xk+1
i Update

Restructure xk+1
i update (21) as

xk+1
i = arg min

xi

max
yi
{−φi(yi)− xT

iAiyi + xT
ibi + λki

T
xi

+
ρ

2
‖xi‖2 − ρxT

iz
k
i +

ρ

2
‖zki ‖2}

= arg min
xi

max
yi
{−φi(yi)− xT

i(Aiyi − bi − λki + ρzki )

+
ρ

2
‖xi‖2}

= arg min
xi

max
yi
{−φi(yi) +

ρ

2
[‖xi‖2 −

2xT
i

ρ
(Aiyi

− bi − λki + ρzki )]}

= arg min
xi

max
yi
{ρ

2
[‖xi −

1

ρ
(Aiyi − bi − λki + ρzki )‖2

− ‖1

ρ
(Aiyi − bi − λki + ρzki )‖2]− φi(yi)}, (24)

where ρ
2‖z

k
i ‖2 is dropped out from the second equality as it

is not related to the min-max problem.
Since the min-max objective function (24) is convex in xi

for any given yi and concave in yi for any given xi, based on
the minimax theory in [31, Proposition 2.6.2], the min-max
problem (24) can be transformed to the max-min problem as
follows:

yk+1
i = arg max

yi
min
xi

{ρ
2

[‖xi −
1

ρ
(Aiyi − bi − λki + ρzki )‖2

− ‖1

ρ
(Aiyi − bi − λki + ρzki )‖2]− φi(yi)}. (25)

Let yk+1
i be the inner maximizer of min-max objective func-

tion (24) such that (xk+1
i , yk+1

i ) is a saddle point4 for (24).
Therefore, based on [31, Proposition 2.6.2], (yk+1

i , xk+1
i ) is

the outer-inner solution to the max-min problem (25). As
xk+1
i is the inner solution to (25), max-min problem (25)

can be changed to

yk+1
i = arg max

yi

{−ρ
2
‖1

ρ
(Aiyi − bi − λki + ρzki )‖2 − φi(yi)},

(26)

by designing xk+1
i as

xk+1
i =

1

ρ
(Aiy

k+1
i − bi − λki + ρzki ). (27)

4For the problem minx supy φ(x, y), a pair of vectors (x∗, y∗) is called
a saddle point of φ if φ(x∗, y) ≤ φ(x∗, y∗) ≤ φ(x, y∗) [31, Definition
2.6.1].

Algorithm 2 DRA-ADMM-FTERC
1: Input: n′ (upper bound on n), ρ > 0, kmax (ADMM

maximum iterating number)
2: Initialization: Node vi ∈ V sets x0i , z

0
i , λ

0
i and k = 0

3: Node vi ∈ V does the following:
4: while k ≤ kmax do
5: Compute yk+1

i by Eq. (28)
6: Compute xk+1

i by Eq. (27)
7: Set zki = xk+1

i + λki /ρ, put k, zki as input to Algo-
rithm 1 and get output zk+1

i = 1
n

∑n
j=1 z

k
j

8: Compute λk+1
i by Eq. (23)

9: if ADMM stopping criterion is satisfied then
10: Stop DRA-ADMM-FTERC
11: end if
12: k ← k + 1
13: end while
14: Output: Node vi ∈ V obtains the solution: y∗i

What is more, yk+1
i in (26) can be transformed equally to

yk+1
i = arg min

yi

{ 1

2ρ
‖Aiyi − bi − λki + ρzki ‖2 + φi(yi)}.

(28)
Remark 2: xk+1

i update (21), which is a min-max prob-
lem, can be solved in the following two steps: (i) solve the
min subproblem (28) to get yk+1

i and (ii) update xk+1
i using

the closed form (27) with yk+1
i obtained previously.

D. DRA-ADMM-FTERC Algorithm

Now, we are ready to summarize our Algorithm 2 to solve
the DRA problem (9). We name the algorithm as DRA-
ADMM-FTERC. Note that the ADMM terminates when the
stopping criterion5 is satisfied or the maximum number of
optimization iteration, kmax is reached.

In the following theorem, we state that when the optimal
x∗ to the Lagrangian dual problem (14) is achieved asymp-
totically, the solution to the DRA problem (9) can also be
achieved asymptotically.

Theorem 1: Under Assumptions 1-3, for DRA-ADMM-
FTERC Algorithm 2, when k → ∞,∀i, xki → x∗ which
is the optimal solution to the Lagrangian dual (14). When
k → ∞, (yk1 , yk2 , . . . , ykn) is the primal optimal to DRA
problem (9) and converges at a rate of O(1/k).

Proof: To solve the Lagrangian dual problem (14), the
D-ADMM-FTERC from [17] is used. Thus, based on [17,
Theorem 2], the ergodic average of xki converges to x∗, i.e.,
1
k

∑k
s=1 x

s
i → x∗ at a rate of O(1/k), which also means

xki → x∗, k →∞,∀i.
Inspired by [8, Theorem 2], in order to prove

(yk1 , y
k
2 , . . . , y

k
n), k → ∞ is the primal optimal to DRA

problem (9), we need to prove that

∂φi(y
k
i ) +AT

ix
∗ → 0, k →∞,∀i, (29)

n∑
i=1

(Aiy
k
i − bi)→ 0, k →∞, (30)

5The stopping criterion can be referred to [27, Section 3.3.1].



where ∂φi(y
k
i ) is the subgradient of function φi at yki

and (29) comes from the Lagrangian (10) associated with
DRA problem (9). Recall the yk+1

i update (28) which is a
minimization problem, than, we get

0 = ∂φi(y
k+1
i ) +

1

ρ
AT
i(Aiy

k+1
i − bi − λki + ρzki ),∀k ≥ 0.

Based on the xk+1
i update (27), we have

∂φi(y
k
i ) +AT

ix
k
i = 0,∀k ≥ 1. (31)

As it is proved previously that xki → x∗, k → ∞, (29) can
be proved.

In order to prove (30), from xk+1
i update (27), we obtain

ρ

n∑
i=1

xk+1
i =

n∑
i=1

(Aiy
k+1
i − bi) +

n∑
i=1

(ρzki − λki ). (32)

From step 7 of DRA-ADMM-FTERC Algorithm 2, we know
zk+1
i = 1

n

∑
vi∈V(xk+1

i + λki /ρ), which is also

ρ

n∑
i=1

zk+1
i =

n∑
i=1

(ρxk+1
i + λki ). (33)

Integrating (33) into (32) we get
n∑
i=1

(Aiy
k
i − bi) = ρ

n∑
i=1

(zki − zk−1i ). (34)

Similar as xki → x∗, k →∞,∀i, from [17, Theorem 2], the
ergodic average of zki converges to z̄∗ (we denote z̄∗ as the
optimal for zk+1

i update of each node i), i.e., 1
k

∑k
s=1 z

s
i →

z̄∗ at a rate of O(1/k), which means zki → z̄∗, k → ∞,∀i.
As a result, (30) is proved.

In addition, based on the relationship between yki and xki
in (27), since the ergodic average of xki converges to x∗ at
a rate of O(1/k), the ergodic average of yki also converges
to its optimal at a rate of O(1/k).

Remark 3: We need Assumption 1 to run DRA-ADMM-
FTERC. Note that n′ (n′ ≥ n) in Assumption 1 is a
piece of global information, i.e., DRA-ADMM-FTERC is
a distributed optimization method, not a decentralized one.
Though there exist distributed solutions for computing n′,
e.g., [24], inside DRA-ADMM-FTERC (Algorithm 2), we
can replace FTERC (Algorithm 1) to be finite-time dis-
tributed termination (FTDT) algorithm in [32, Section II-
F] which does not require any global information. In such
a way, DRA-ADMM-FTDT will become a decentralized
optimization method.

IV. EXAMPLES

Consider the following convex cost function satisfying
Assumption 3 borrowed from [6], [33]

min
yi∈R

Φ(y) =

n∑
i=1

φi(yi), φi(yi) = wi(yi − ai)4 (35)

where y = [y1, y2, . . . , yn]T with parameters wi ∈ (0, 4],
ai ∈ [−2, 4] randomly. We set n = 6, Ai = I, ∀i and
the equality constraint parameter bi = i, i = 1, 2, . . . , n.
As a result,

∑n
i=1 bi = 21. The centralized CVX is used
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Fig. 2. Algorithm performance comparison: (a) objective function residual;
(b) normalized primal variable residual; (c) feasibility check.

to find the optimal solution y∗ = [y∗1 , y
∗
2 , . . . , y

∗
n]T =

[4.6585, 5.7118,−0.0153, 1.5717, 4.6335, 4.4399]T.
We adopt algorithms in [4], [6] for comparison with DRA-

ADMM-FTERC. In detail, for the nonlinear GD algorithm
in [6], we set v1 = 0.4, v2 = 1.4, η = 0.0002 (without
quantization); for the linear GD algorithm in [4], we set η =
0.0002. For the sake of comparison, we use the undirected
cycle network with symmetric and doubly stochastic weights.
In general, our DRA-ADMM-FTERC algorithm can work
for directed strongly connected graphs and non-differential
objective functions.

Fig. 2 shows the performance comparison among DRA-
ADMM-FTERC, nonlinear GD in [6] and linear GD in [4].
One can see DRA-ADMM-FTERC converges faster from
Fig. 2 (a) and (b). The feasibility condition check is demon-
strated in Fig. 2 (c). The GD based algorithms in [4], [6]
need the feasibility condition

∑n
i=1 yi − 21 = 0 to be satis-

fied initially and can preserve solution-feasibility over time.
DRA-ADMM-FTERC algorithm, on the other hand, does not
require initial feasibility (i.e., the initial condition can be
random) and can reach feasibility constraint asymptotically,
which is one improvement over the GD based algorithms.

Fig. 3 (a), (b), (c) describe the primal variable yki , dual
variable xki and zki (as a copy of xki ), respectively. For the
convenience of presentation, we choose k from 1 to 300. One
can see yki reaches y∗ and we have xki = zki ,∀i asymptoti-
cally. It is worth noting that zki = zkj ,∀i, j, k from Fig. 3 (c),
which demonstrates the effectiveness of Algorithm 1 used in
step 7 of DRA-ADMM-FTERC Algorithm 2.

V. CONCLUSIONS

A distributed algorithm is proposed to solve the resource
allocation problem over directed graphs. Thanks to the nature
of ADMM algorithm, our proposed ADMM based solution
can be applied to non-differential objective functions and has
no requirement for variable initialization compared to some
gradient descent ones. Furthermore, the fast convergence
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Fig. 3. DRA-ADMM-FTERC variables: (a) primal yki ; (b) dual xki ; (c)
zki update from distributed FTERC Algorithm 1.

performance related to the optimization iteration counter is
demonstrated via a comparison example.

Future work will be validating the performance of pro-
posed algorithm on large-scale systems, targeting non-convex
objective functions and considering more (possible non-
convex) constraints such as additional inequality constraints.
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