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Abstract—This contribution aims at experimentally validating
the suitability of Gaussian mixture (GM) distributions to capture
the stochastic characteristics of outdoor terahertz (THz) wireless
channels. In this direction, we employ a machine learning enabled
approach, based on the expectation maximization algorithm, in
order to identify the suitable number of Gaussian distributions
as well as their corresponding parameters that result to an
acceptable fit. The fitting accuracy of the GMs to the empirical
distributions is evaluated by means of the Kolmogorov-Smirnov
(KS), Kullback-Leibler (KL), root-mean-square-error (RMSE)
and R2 fitting accuracy tests. These tests verify the suitability
of GMs to model the small-scale fading channel amplitude of
outdoor THz wireless links. In addition, the fitting accuracy
results indicate that as the number of mixtures increases the
resulting GMs achieve a better fit to the empirical data.

I. INTRODUCTION

The proliferation of wireless devices, due to their increasing
usage for business and entertainment activities, has drastically
increased the wireless data traffic demands [1]. In this direc-
tion, sixth generation (6G) wireless systems have turned their
attention to higher frequency bands, where unregulated and
vast amount of bandwidth can be found. Specifically, the tera-
hertz (THz) band, which spans the range of 0.1–10 THz, has
been identified as a key enabler of next-generation bandwidth-
hungry applications [2], [3].

The inherent high frequency of the THz band as well as
coordination with water vapor molecules lead to severe free-
space and molecular losses [4], [5]. Motivated by this, the vast
majority of published contributions in the area of THz channel
modeling have so far focused on characterizing the determin-
istic components of the channel [5]–[9]. In more detail, in [5]
and [6], simplified channel models for the line-of-sight (LoS)
THz wireless links operating in the ranges of 100–450 GHz
and 200–450 GHz were respectively reported. In [7] and in
[8], [9], the authors performed LoS and non-LoS (NLoS) link
measurements in the ranges of 90–200 GHz and 140 GHz,

and verified the validity of existing radio propagation channel
models. Both the aforementioned works employed the pathloss
exponent model and based on the channel measurements, they
extracted the pathloss exponent and the lognormal shadowing
parameters.

Despite the fact that the THz wireless transmissions depend
heavily on the existence of strong LoS signal components,
there are objects laid in the propagation environment that
can act as scatterers [8]–[10]. As a result, there exist NLoS
multipath components carrying significant amount of power
that can be detected by the receiver (Rx) [8]. Influenced by
this, the characterization of the THz small-scale fading has
very recently gained a considerable momentum [10]–[16].
In particular, in [10], [15] and [16], the small-scale fading
statistics of indoor THz wireless measurements was modeled
by means of the α–µ distribution. The suitability of α–µ to
accurately describe the small-scale fading channel amplitude
of indoor THz wireless channels was compared against the
Rayleigh, Rice, Nakagami-m, and lognormal distributions.
In [12], wireless THz measurements were performed in an
anechoic chamber. Based upon them a multipath THz channel
model was introduced and the corresponding small-scale fad-
ing was modeled by means of the Rayleigh and Nakagami-
m distributions. In [13] and [14], the authors proposed a
geometrical two dimensional indoor THz channel model.
According to this model a parametric Rice fading multipath
THz channel model was developed. In [11], wireless THz
measurements were conducted in anechoic chamber in the
range of 240–300 GHz. By making use of the measurements
the suitability of Gamma and Gaussian mixture models to
accurately describe the small-scale fading of the recorded THz
links was examined. The fitting accuracy was evaluated under
various metrics and it was concluded that the THz small-scale
fading can be adequately modeled as a Gamma or a Gaussian
mixture.
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To the best of the authors knowledge there has not been
any small-scale fading outdoor THz channel modeling work,
where the experimental channel gain measurements have been
modeled by means of a Gaussian mixture (GM) distribution.
We investigate the suitability of GMs to describe the small-
scale fading channel amplitude of outdoor THz links, because
the presented empirical channel gain distributions yield more
than one peaks of different amplitudes. To accommodate this,
various small-scale fading statistics works have employed
GMs [11], [17]–[19], which positions GMs as an ideal candi-
date for THz small-scale fading statistics modeling. Moreover,
according to the results of this work it is observed that, for
all the measured links a GM consisting of a sufficiently large
number of mixtures achieves an adequate fit to the empirical
distributions. The fitting accuracy of the analytical expressions
is evaluated by employing the fitting accuracy metrics of
the Kolmogorov-Smirnov (KS), Kullback-Leibler (KL), root-
mean-square-error (RMSE) and R2 tests. Furthermore, the
number of mixtures of the GM that achieved the best fit to
the empirical channel gain distributions was determined by
means of the KL test, because it stands out as the most strict
fitting criterion among the rest used in this work.

The rest of the paper, is organized as follows: section II
provides a brief presentation on the experimental setup, which
was used to obtain the THz channel measurements. Section III
explains the method of pre-processing the data to obtain the
channel gain measurements of each link and the method
to increase the number of the channel gain realizations.
In section IV the fundamentals of the GM distribution are
revisited. Also, the expectation maximization algorithm for
GMs is presented along with the KL, RMSE, KS and R2 test
fitting accuracy metrics. Then, section V quantifies the fitting
accuracy performance of the GMs to the empirical channel
gain distributions. Finally, section VI gives the concluding
remarks of this work.

II. EXPERIMENTAL SETUP

The outdoor multipath THz measurements were conducted
in the campus of Aalto University in Finland. Fig. 1 illustrates
a top-view of the campus area. Each measured link is defined
by a unique transmitter (Tx) and Rx pair. The Tx and Rx
were both equipped with a single antenna. Furthermore, during
every measurement session the Tx and Rx were static and only
the transceiver pair of interest was active. The employed mea-
sured links are defined as Tx3–Rx1, Tx8–Rx1, Tx15–Rx1,
Tx17–Rx1, Tx19–Rx2, and Tx25–Rx2, where only Tx25–Rx2
was in NLoS conditions.

The transmissions of each Tx–Rx link were conducted
at the center radio frequency (RF) of 142 GHz with a total
bandwidth of 4 GHz. The RF transmit power supplied to the

Fig. 1: Top-view of the outdoor campus premises.

Tx was 5 dBm, while the Tx and Rx antenna heights were
both equal to 1.85 m. The Rx was equipped with a sectoral
horn antenna yielding a gain of 19 dBi, whereas the Tx was
equipped with an omni-directional antenna. Moreover, during
the measurement of each Tx–Rx link, the Rx antenna was
rotated with an angular step of 5o. More details about the
experiment setup can be found in [20].

III. BACKGROUND KNOWLEDGE

A. Preprocessing of the measurement data

The channel sounding performed for each of the employed
Tx–Rx links yields power angular delay profiles (PADP). The
PADPs of a link correspond to a discrete set of propagation
paths and can be expressed as [10]

PADP (ϕ, t) =
I∑

i=1

GaPiδ(ϕ− ϕi)δ(t− ti), (1)

where ϕi, ti and Pi are the azimuth angle at the Rx, the
propagation delay time and gain of the i-th propagation path,
respectively. The parameters I and δ (·) represent the total
number of multipath components and the Dirac delta function,
respectively. Also, Ga = 19 dBi stands for the total combined
gain of the Tx and Rx antennas.

In order to investigate the suitability of Gaussian mixture
distributions (GMs) to describe the small-scale fading distri-
butions of THz wireless channels, the measured gains of the
detected paths of each link will be employed. Hence, to retain
the stochastic behavior of a link the deterministic pathloss
must be eliminated. This is accomplished by normalizing the
pathgain measurements mean of each link to unity [10]. This



is expressed as

ζ2i =
Pi∑I
i=1 Pi

I

, (2)

where ζi is the pathloss normalized path amplitude.

B. Generation of different channel realizations

The high frequencies of the THz band lead to wavelengths
comparable in size to the obstacles laid in the propagation
environment. This constitutes the propagating THz electro-
magnetic waves prone to blockage [4]. Moreover, the free
space loss and molecular absorption loss due to the atmo-
spheric water vapor significantly attenuate the propagating
THz wireless signals [5]. As a consequence the blockage
and attenuation losses drastically reduce the NLoS multipath
components, which are capable of reaching the Rx and still
carry a significant amount of power. Despite this fact, it has
been experimentally verified that, there are surfaces that can
act as scatterers in the THz band [8], [9], [21], [22]. This
leads to the existence of reflected NLoS multipath components
carrying a significant amount of power capable of being
detected by the Rx.

In order to conduct small-scale fading analysis a large num-
ber of channel coefficient samples is required. To overcome
the experimental setup limitation on providing the required
number of samples, we generate different channel realizations.
This is accomplished by changing the phases of the multi-
path components [10], [23]. The assumed stochastic phases
follow the uniform distribution U (0, 2π) and the channel
coefficient of a single-input-single-output (SISO) system can
be obtained as [23]

h =
∑
i=1

ζi exp (−j2πfti) exp (jψi) , (3)

where ψi ∈ U (0, 2π) and f stand for the uniformly dis-
tributed random phase of the i–th multipath component and
the frequency, respectively. Furthermore, by assuming that
the channel amplitude of the coefficients does not change
dramatically among the progressing time ti, then the channel
can be considered as flat-fading, i.e. ti = 0 [23].

IV. EM–BASED FITTING APPROACH

A. The Gaussian Mixture Model

Recently several works have studied and experimentally
verified the existence of the small-scale fading phenomenon
in wireless THz links [10]–[12]. In addition, it was observed
that there are propagation scenarios, where the small-scale
fading channel amplitude presents significant fluctuations [11].
Hence, analytical distributions expressions capable of fitting
single-peak channel amplitude scenarios are now inadequate.

However, by taking into account small-scale fading THz and
lower frequencies studies, mixture distributions such Gaussian
and Gamma can be employed instead [11], [17]–[19].

The GMs have been extensively employed to describe the
small-scale fading statistics of RF wireless channels [11], [17],
[18]. The probability density function (PDF) of a GM is
expressed as

fgm (x) =
K∑
i=1

wi

exp
(
− (x−µi)

2

2σ2
i

)
√

2πσ2
i

, (4)

where K and wi stand for the number of GM components and
the weight of the i–th mixture component, respectively. The
parameters µi and σi represent the mean and standard devia-
tion of the i–th GM component, respectively. Furthermore, wi

follows the criteria of 0 ≤ wi ≤ 1 and
∑K

i=1 wi = 1. Also, it
should be noted that since the GM distribution is expressed as
the sum of individual and independent Gaussian distributions,
it offers analytical tractability even for GMs of large K.

B. The Expectation Maximization Algorithm

To identify the weights and the parameters of the Gaussian
distributions that lead to a GM achieving the best possible
fit to the empirical data an appropriate method should be
employed. The EM algorithm is a machine learning technique
that simplifies maximum-likelihood-estimate (MLE) problems
and is vastly used in calculating the parameters of mixture
models [11], [17].

The EM algorithm consists of two steps, namely the expec-
tation (E) and maximization (M) steps [24]. As input parame-
ters the EM algorithm requires the K number of mixtures and
the vector y = (y1, ..., yn) of the n channel gain measurements
of a link. Then the mixtures parameters are updated at the
M–step during the m+ 1 iteration of the EM algorithm until
the convergence criterion is met. The convergence criterion is
defined as

|L[m+1] − L[m]| > ϵ, (5)

where ϵ stands for the selected convergence value. Meanwhile,
L[m] is defined in (6) and denotes the MLE log-likelihood at
the m–th iteration of the EM

L[m] =
1

n

n∑
i=1

ln

 K∑
j=1

w
[m]
j ϕ

(
yi | µ[m]

j , σ
[m]
j

) , (6)

where j ∈ [1,K], i ∈ [1, n] and ln (·) stands for the natural
logarithm. Also, ϕ

(
yi | µ[m]

j , σ
[m]
j

)
stands for the Gaussian

distribution of the j–th mixture component, which at the
m–th iteration of the EM has mean and standard deviation



values equal to µ[m]
j and σ[m]

j , respectively. Furthermore, (7)
implements the E–step of the algorithm

γ
[m]
ij =

w
[m]
j ϕ

(
yi | µ[m]

j , σ
[m]
j

)
∑K

l=1 w
[m]
l ϕ

(
yi | µ[m]

l , σ
[m]
l

) . (7)

After the E–step, EM algorithm implements the M–step. The
M–step yields the updated values of the distribution parameters
of the j–th mixture at the m+ 1 step of the algorithm, which
for the case of a GM are calculated as in (8)–(10)

w
[m+1]
j =

∑n
i=1 γ

[m]
ij

n
(8)

µ
[m+1]
j =

∑n
i=1 γ

[m]
ij yi∑n

i=1 γ
[m]
ij

(9)

σ
[m+1]
j =

√√√√√∑n
i=1 γ

[m]
ij

(
yi − µ

[m+1]
j

)2

∑n
i=1 γ

[m]
ij

. (10)

The convergence of the EM algorithm depends on K and
the initialization values of the mixtures parameters, which are
provided as input to the algorithm. There are several methods
that are able to provide the initialization values of the mixtures
parameters. One the most common is to employ the K–
nearest–neighbours (KNN) algorithm [25]. Hence, in this work
the mixtures initialization parameters are calculated by means
of the KNN. In more detail, we make use of the statistics and
machine learning toolbox of the MATLAB software, which
implements the EM for GMs and employs the KNN to extract
initialization values for the mixtures parameters.

C. Fitting Accuracy Metrics

To evaluate the fitting of GMs with different values of
K to the empirical distributions, appropriate fitting accuracy
metrics must be employed. Namely such metrics are the KS,
KL divergence, RMSE and R2 tests [10], [26]–[28].

The KS goodness of fit test is defined as [10]

max (|Femp (x)− Fgm (x)|) ≤

√
− 1

2N
ln

(
A

2

)
, (11)

where Femp (x) and Fgm (x) stand for the empirical and ana-
lytical cumulative density function (CDF) values, respectively.
Furthermore, N and A = 5% are the number of empirical CDF
values and the selected significance level, respectively.

The KL divergence is defined as the distance among the
empirical and an analytical PDF and is expressed as [10]

KL = −
∑
x∈χ

femp (x) ln

(
fgm (x)

femp (x)

)
, (12)

where femp (x) and fgm (x) designate the empirical and ana-
lytical PDF values, respectively, while χ ∈ [1, N ]. The lesser
the value of KL the better the fit of the analytical PDF to the
empirical distribution.

The RMSE is defined as [29]

R̂ =

√√√√ 1

N

N∑
i=1

(femp (xi)− fgm (xi))
2
. (13)

The lower the value of R̂ the better the fit of the analytical
PDF to the empirical distribution.

The R2 test is defined as [28]

R2 = 1−
∑N

i=1 (femp (xi)− fgm (xi))
2∑N

i=1 (femp (xi)− θ)
2

, (14)

where θ =
∑N

i=1
femp(xi)

N . The range of values of R2 is within
the [0, 1] interval. As R2 → 1 the better the fit of the examined
analytical PDF to the empirical distribution.

V. RESULTS & DISCUSSION

In this section, we verify the fitting capabilities of GM in
several outdoor THz measurements. In more detail, measure-
ments performed in 6 outdoor links are used. For each link
the EM algorithm is repeated for a different value of K in the
range of [2, 20]. The EM algorithm iterated for 100×K times
or until it converged to a solution based on the predetermined
MLE threshold, which is set to be equal to 10−8. Afterwards,
based on the KL metric, the best K for each of the investigated
links is selected. The reason behind selecting the KL metric
lies in the fact that KL is considered one of the strictest fitting
performance indicators.

Table I reports the GM fitting accuracy for different values
of K. The first and second columns stand for the transceiver
link index and Tx–Rx separation distance, respectively. The
third and fourth columns stand respectively for the fitting
accuracy results according to the KL and RMSE metrics,
while the last column depicts the corresponding value of K
of the GM. According to the KS test for all of the examined
links, the GMs of all K yield an acceptable fit. Moreover,
R2 = 1 for K that is equal to or greater the 4, 6, 6, 3,
2 and 5 for the GMs of the links Tx25–Rx2, Tx19–Rx2,
Tx17–Rx1, Tx15–Rx1, Tx8–Rx1, and Tx3–Rx1, respectively.
For Tx25–Rx2, according to the KL criterion, the best fit is
achieved for the GM with K = 18. For the Tx17–Rx1, the



TABLE I: Fitting accuracy metrics of GMs with different
values of K.

Link d (m) KL R̂ (dB) K
Tx25–Rx2 57.71 0.233 −11.18 4
Tx25–Rx2 —— 0.126 −13.48 12
Tx25–Rx2 —— 0.116 −13.37 17
Tx25–Rx2 —— 0.106 −13.4 18
Tx25–Rx2 —— 0.112 −13.33 20
Tx19–Rx2 42.35 0.105 −16.42 4
Tx19–Rx2 —— 0.037 −18.3 12
Tx19–Rx2 —— 0.026 −18.58 17
Tx19–Rx2 —— 0.026 −18.58 18
Tx19–Rx2 —— 0.024 −18.61 20
Tx17–Rx1 94.66 0.152 −14.76 4
Tx17–Rx1 —— 0.03 −18.74 12
Tx17–Rx1 —— 0.043 −17.83 17
Tx17–Rx1 —— 0.043 −17.78 18
Tx17–Rx1 —— 0.026 −18.85 20
Tx15–Rx1 58.68 0.046 −17.5 4
Tx15–Rx1 —— 0.029 −18.03 12
Tx15–Rx1 —— 0.025 −18.17 17
Tx15–Rx1 —— 0.025 −18.13 18
Tx15–Rx1 —— 0.025 −18.15 20
Tx8–Rx1 23.1 0.067 −14.99 4
Tx8–Rx1 —— 0.067 −15 12
Tx8–Rx1 —— 0.061 −15.29 17
Tx8–Rx1 —— 0.061 −15.26 18
Tx8–Rx1 —— 0.058 −15.38 20
Tx3–Rx1 45.19 0.125 −16.02 4
Tx3–Rx1 —— 0.029 −18.25 12
Tx3–Rx1 —— 0.025 −18.52 17
Tx3–Rx1 —— 0.024 −18.57 18
Tx3–Rx1 —— 0.024 −18.62 19

GM that yields the best fit to the data is a mixture of K = 20
components, which is shown by both the KL and RMSE
metrics. For Tx19–Rx2 link the best fit is accomplished by the
GM with K = 17, which is obtained according to both the KL
and RMSE metrics. For Tx3–Rx1 according to the KL metric
the GM that yields the best fit to the data consists of K = 18
components. For Tx15–Rx1 the best fit is accomplished by
a GM with K = 17, which is obtained by both the KL and
RMSE metrics. For Tx8–Rx1 the best fit is achieved by a GM
with K = 17 components according to the KL value.

Figs. 2(a)–(f), illustrate the fitting of the GMs with different
values of K to the empirical channel gain distributions of the
Tx25–Rx2, Tx17–Rx1, Tx19–Rx2,Tx3–Rx1, Tx8–Rx1, and
Tx15–Rx1, respectively. From Fig. 2, it is evident that the
increase of K leads to GMs that yield a more accurate fit to
the empirical distributions. This is in accordance with the KL
and RMSE values shown in Table I. Furthermore, Fig. 2 shows
that the selection of K by means of the KL test leads to the
GM with the best fit possible to the empirical channel gain
distributions.

(a) (b)

(c) (d)

(e) (f)

Fig. 2: Fitting of the GMs to the empirical channel gain PDF
histograms of Tx25–Rx2, Tx17–Rx1, Tx19–Rx2, Tx3–Rx1,
Tx8–Rx1, and Tx15–Rx1.

VI. CONCLUSIONS

In this work the suitability of GMs to model the small-
scale fading channel gain amplitude of outdoor THz links was
investigated. The goodness of fit of the GMs was evaluated by
the KL, KS, RMSE and R2 fitting accuracy metrics. The KS
and R2 tests were ascertained to be the least relevant fitting
accuracy criteria to define the best K of each link. In more
detail, according to the KS test the GMs with K ∈ [2, 20]
achieved a good fit to the empirical distributions for all of
the examined links. Meanwhile, the R2 test led to R̂ = 1 for
values of K as low as even equal to 2, which for example was
the case for the GM fitted to Tx8–Rx1. On the other hand
the KL test was found to be the most strict fitting accuracy
criterion and hence it was employed to determine the K of
the GM that yielded the best fit to the empirical channel gain
distributions. Overall, this work highlighted the suitability of



GMs to model the small-scale fading channel gain amplitude
of not only indoor but also outdoor THz wireless links.
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H. Arslan, and M. Uysal, “Statistical modeling of propagation channels
for terahertz band,” in IEEE Conf. on Standards for Commun. and
Networking (CSCN), Helsinki, Finland, Sep. 2017, pp. 275–280.
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