
This is an electronic reprint of the original article.
This reprint may differ from the original in pagination and typographic detail.

Powered by TCPDF (www.tcpdf.org)

This material is protected by copyright and other intellectual property rights, and duplication or sale of all or 
part of any of the repository collections is not permitted, except that material may be duplicated by you for 
your research use or educational purposes in electronic or print form. You must obtain permission for any 
other use. Electronic or print copies may not be offered, whether for sale or otherwise to anyone who is not 
an authorised user.

Asadchy, V.; Albooyeh, M.; Tcvetkova, S.; Ra'di, Y.; Tretyakov, S. A.
General approach to the synthesis of perfectly refractive metasurfaces

Published in:
Proceedings of the 2016 URSI Commission B International Symposium on Electromagnetic Theory, EMTS 2016

DOI:
10.1109/URSI-EMTS.2016.7571319

Published: 19/09/2016

Document Version
Peer reviewed version

Please cite the original version:
Asadchy, V., Albooyeh, M., Tcvetkova, S., Ra'di, Y., & Tretyakov, S. A. (2016). General approach to the
synthesis of perfectly refractive metasurfaces. In Proceedings of the 2016 URSI Commission B International
Symposium on Electromagnetic Theory, EMTS 2016 (pp. 86-89). [7571319] IEEE. https://doi.org/10.1109/URSI-
EMTS.2016.7571319

https://doi.org/10.1109/URSI-EMTS.2016.7571319
https://doi.org/10.1109/URSI-EMTS.2016.7571319
https://doi.org/10.1109/URSI-EMTS.2016.7571319


General Approach to the Synthesis of Perfectly
Refractive Metasurfaces

V. Asadchy∗, M. Albooyeh∗, S. Tcvetkova∗, Y. Ra’di∗, and S. A. Tretyakov∗

∗Department of Radio Science and Engineering, Aalto University, Finland
e-mail: viktar.asadchy@aalto.fi

Abstract—In this presentation we will introduce and discuss
a general approach to the synthesis of metasurfaces for full
control of reflected and transmitted fields. The method, which is
applicable for any linear metasurface, is based on the use of an
equivalent Z-matrix, connecting the tangential field components
at the two sides on the metasurface. Finding the impedance
matrix components, we are able to understand what physical
properties of metasurface are needed in order to realize the
desired response. Furthermore, we can find the required po-
larizabilities and/or susceptibilities of the metasurface unit cells
and design the cell structures. In particular, we will discuss
metasurfaces for perfect refraction into an arbitrary direction,
explain possible alternative physical realizations and reveal the
crucial role of bianisotropic coupling for design of perfectly
matched metasurfaces for transmission control.

I. INTRODUCTION

A metasurface is a composite material layer, designed and
optimized in order to control and transform electromagnetic
fields. The layer thickness is negligible as compared to the
wavelength in the surrounding space. Obviously, it is quite
tempting to be able to realize desired field transformations
(for example, focus or refract wave beams) using extremely
thin passive layers, because conventional alternatives, like
transmitarray antennas (also called array lenses) [1], [2], are
complicated devices, which are difficult to design and realize.
Recently, there has been considerable interest and progress in
creating metasurfaces for controlling reflected and transmitted
waves, see recent reviews in [3]–[5].
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Fig. 1. Illustration of the desired metasurface performance in the considered
example.

In this presentation we will propose a general approach
to the design of metasurfaces for arbitrary manipulations of
plane waves. We will explain the main ideas of the proposed
analytical approach to the synthesis of general functional meta-
surfaces using a simple example of a metasurface between two

isotropic half-spaces (generally different) which is designed so
that a plane wave incident from one space (the incidence angle
θi is fully refracted into a plane wave propagating in the second
space (the refraction angle θt), without polarization change, as
illustrated in Fig. 1. The reflection coefficient is exactly zero.
As an illustrative example, we consider TE-polarized plane
waves.

The results clarify the necessary physical properties of meta-
surfaces for ideal wave refraction and explain the limitations
of earlier studied realizations in form of electric and magnetic
sheets modelled by sheet impedance boundary conditions.

II. CONDITIONS ON THE EQUIVALENT CIRCUIT
PARAMETERS

Let us assume that the field at the illuminated side of the
metasurface (field in medium 1, with the wavenumber k1
and the wave impedance η1) is a plane wave (the incident
plane wave with the electric field vector Ei), and there are no
reflections. In this case the tangential field components on this
side of the metasurface read

Et1 = Eie
−jk1 sin θiz, n×Ht1 = Ei

1

η1
cos θie

−jk1 sin θiz

(1)
where z is the coordinate along the tangential component
of the incident-wave wavevector and the unit vector n is
orthogonal to the metasurface plane, pointing to the direction
of the source. We want to synthesize a metasurface which will
transform this incident wave into a refracted wave

Et2 = Ete
−jk2 sin θtz, n×Ht2 = Et

1

η2
cos θte

−jk2 sin θtz

(2)
propagating in medium 2 (characterized by k2, η2) in some
other direction, specified by the angle θt, without any loss of
power.

First, we find the amplitude of the transmitted wave Et

which corresponds to full power transmission through the
metasurface. Because the transmitted wave propagates in a
different direction than the incident wave, we equate the
normal to the metasurface components of the Poynting vector
in the two media. As a result, we find that upon transmission
through lossless matched metasurfaces

Et = Ei

√
cos θi
cos θt

√
η2
η1

(3)



Note that the amplitude of the transmitted wave can be larger
or smaller than the amplitude of the incident plane wave,
although the metasurface is lossless and the power is conserved
at transmission.
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Fig. 2. Equivalent T -circuit of a general reciprocal metasurface.

Let us write the linear relations between the tangential fields
at the two sides of the metasurface in form of an impedance
matrix:

Et1 = Z11n×Ht1 + Z12(−n×Ht2) (4)

Et2 = Z21n×Ht1 + Z22(−n×Ht2) (5)

and find such values of the Z-parameters which correspond to
this particular field transformation. Knowing Z-parameters of
a metasurface, we will hopefully be able to determine suitable
topologies of constitutive elements (the unit-cell structures)
which will realize the desired functionality. Furthermore, the
use of the equivalent T -circuit (see Fig. 2), valid for any linear
reciprocal metasurface, helps in understanding what physical
properties the metasurface should have in order to provide the
desired response.

Substituting the field values from (1)–(2), we get the fol-
lowing equations for the unknown Z-parameters:

e−jk1 sin θiz = Z11
1

η1
cos θi e

−jk1 sin θiz

− Z12
1

√
η1η2

√
cos θi cos θte

−jk2 sin θtz
(6)

e−jk2 sin θtz = Z21
1

√
η1η2

√
cos θi cos θt e

−jk1 sin θiz

− Z22
cos θt
η2

e−jk2 sin θtz

(7)

Obviously, there are infinitely many solutions for the un-
known Z-parameters, because we have only two conditions
imposed on four complex parameters. Note that solutions with
complex values of impedance parameters mean that some of
the components forming the metasurface are either lossy or
active, but all these solutions still correspond to the overall
lossless response of the metasurface, because the fields on the
two sides of the metasurface form plane waves carrying the
same power in both upper and lower half-spaces.

This observation suggests that we can impose some re-
strictions on the values of the equivalent parameters of the
metasurface and come to different realizations of metasurfaces
which all perform the same operation on incident plane waves
with this polarization and coming from this specific direction.

This possibility of multiple realizations was noticed earlier in
[6], in discussing the susceptibility models of metasurfaces.

III. TELEPORTATION METASURFACE

Considering equations (6) and (7), we observe that while the
left-hand sides are single exponential functions (corresponding
to either incident or transmitted wave), the right-hand sides are
sums of two different exponents. This property indicates that
in general the Z-parameters of the metasurface will depend
on the coordinate z, that is, the metasurface is, in general,
not uniform. However, there is an interesting and very simple
solution corresponding to a homogeneous metasurface. If we
assume that Z12 = Z21 = 0, then both equations are satisfied
with

Z11 = η1
1

cos θi
, Z22 = −η2

1

cos θt
(8)

In this scenario, the metasurface is formed by a matched
absorbing layer (the input resistance Z11), a PEC sheet, and
an active layer (an “anti-absorber” [7]) on the other side.
The incident plane wave is totally absorbed in the matched
absorber. The negative-resistance sheet (resistance Z22) to-
gether with the wave impedance of medium 2 forms a self-
oscillating system whose stable-generation regime corresponds
to generation of a plane wave in the desired direction (the
refraction angle θt). This structure is similar to the “telepor-
tation metasurface” introduced in [7] for tunneling of waves
without changing their propagation direction. As shown in [7],
if the reflector separating the resistive and active layers is made
at least slightly imperfect (parameters Z12 and Z21 are very
small but not exactly zero), the amplitude and phase of the
transmitted wave is synchronised with the incident field.

IV. TRANSMITARRAY

The teleportation metasurface is a theoretically perfect
realization of the desired transformation of plane waves in
transmission. In particular, when the incidence angle equals θi,
the reflection coefficient is exactly zero. However, because the
input resistance seen from medium 2 is negative, reflections of
waves coming from medium 2 are very strong and within the
linear model of the negative resistance the reflection coefficient
tends to infinity for waves coming from the direction θt. In
this self-oscillating realization, the amplitude of the field in
medium 2 is established due to non-linear saturation of the
negative resistance device.

Let us next consider possible realizations demanding that
the input impedance of the metasurface seen from medium 2
is matched to the wave impedance in medium 2, so that waves
coming from the direction θt will not produce any reflections.
This requirement can be satisfied if we demand that

Z22 = η2
1

cos θt
(9)

Now we can find a realization of the metasurface as a non-
reciprocal system where the ideal voltage source in the output
branch is defined by

Z21 =
2
√
η1η2√

cos θi cos θt
e−j(k2 sin θt−k1 sin θi)z (10)



as follows from eq. (7). If the desired response for illumination
from medium 1 is the only requirement, we can set Z12 = 0
and Z11 = η1

1
cos θi

, so that for illuminations from medium 1 at
the incidence angle θi the metasurface is acting as a matched
absorber (matched receiving antenna array).

This realization obviously corresponds to conventional
transmitarrays [1]. The incident plane wave is received by a
matched antenna array on one side of the surface and the
wave is launched again into medium 2 with a transmitting
array antenna. In the ideal situation the transmitarray is overall
lossless, as the resistance seen from the illuminated side is
in fact the radiation resistance of the transmitting array (the
two arrays need to be connected by matched cables). The
same model describes also the concept of field control and
active cloaking using active Huygens’ surfaces [8], [9]. In
that scenario, there is no connection between the receiving
side (realized as a matched absorber) and the active array.
The incident field is assumed to be known and the amplitudes
and phases of sources feeding the radiating array are set
accordingly.

V. METASURFACE FORMED BY LOSSLESS ELEMENTS

In the above example realizations, metasurfaces contained
both lossy and active elements, which may require complicated
and expensive realizations. It is therefore of interest to consider
if and how one can realize the same functionality using only
reactive components. To study this question, we again consider
the main set of requirements on the Z-parameters of an ideal
refractive metasurface (6) and (7) and look for a solution where
all Z-parameters are purely imaginary:

e−jk1 sin θiz = jX11
1

η1
cos θi e

−jk1 sin θiz

− jX12
1

√
η1η2

√
cos θi cos θte

−jk2 sin θtz
(11)

e−jk2 sin θtz = jX21
1

√
η1η2

√
cos θi cos θt e

−jk1 sin θiz

− jX22
cos θt
η2

e−jk2 sin θtz

(12)

This is a system of four real-valued equations for four real
unknowns Xij , which has a unique solution:

X11 = − η1
cos θi

cotα (13)

X22 = − η2
cos θt

cotα (14)

X12 = X21 = −
√
η1η2√

cos θi cos θt

1

sinα
(15)

where α = (k2 sin θt − k1 sin θi)z. Formulas (13)–(14) agree
with the result of [10], obtained within the frame of the
generalized scattering parameters approach.

The metasurfaces modelled by (13)–(15) are reciprocal
(X12 = X21). Actually, the same solution follows from (6)–
(7) if we demand that a plane wave coming from the second
medium (the incidence angle θt) is fully transmitted into

the first medium in the direction θi. The required physical
properties of such metasurfaces can be understood from the
corresponding equivalent T -circuit. The circuit is asymmet-
ric, because X11 6= X22. This structure of the Z-matrix
corresponds to bianisotropic omega layers, see a discussion
in [11]. Possible appropriate topologies include arrays of
Ω-shaped particles, arrays of split rings, double arrays of
patches (different patches on the two sides of a thin dielectric
substrate), and more [12], [13]. A more complicated set of
three parallel reactive sheets was proposed in [10].

Note that in the current literature on lossless metasurfaces
for refraction control nearly always only symmetric metasur-
faces have been considered and used (see [4], [5]). Usually,
it is assumed that electric and magnetic surface currents Je

and Jm which flow on the metasurface are modelled by two
corresponding impedance or admittance relations:

Je = n×Ht1 − n×Ht2 = YeEt = Ye
Et1 + Et2

2
(16)

Jm = −n× (Et1 −Et2) = YmHt = Ym
Ht1 + Ht2

2
(17)

Here Et and Ht are the tangential electric and magnetic fields
at the metasurface plane. Forming sums and differences of (4)
and (5) it is easy to see that relations (16) and (17) can hold
only if the metasurface is symmetric, that is, when Z11 = Z22

and there is no bianisotropic coupling. However, as is clear
from (13)–(15), perfect lossless refraction at an angle which
is not equal to the incidence angle is possible only if there is
bianisotropic omega coupling in the metasurface. This is the
reason why earlier publications (see the review in [5]) state that
there must be at least small reflections or there is a need to use
active elements. Probably the only exception is the accepted
paper [10] where equations (13)–(15) also appear. Note also
that the role of the omega-type bianisotropy of metasurfaces
has been discussed in the review paper [3], and omega layers
have been successfully used in single-layer metamirrors [14].

VI. CONCLUSIONS

In conclusion, we have introduced a general approach to
the synthesis of metasurfaces for arbitrary manipulations of
plane waves. Here, we have explained the main ideas of
the method on an example of a metasurface which perfectly
refracts plane waves incident at an angle θi into plane waves
propagating in an arbitrary direction defined by the angle
θt. The general synthesis approach shows a possibility for
alternative physical realizations, and we have discussed three
possible device realizations: self-oscillating teleportation meta-
surface, conventional transmitarray, and a metasurface formed
by only lossless components. The crucial role of omega-type
bianisotropy in the design of lossless-component realizations
has been revealed.

We think that the reason why the role of metasurface
bianisotropy in controlling refraction has not been appreciated
earlier is that in this field transformation the wave polarization
does not change, and it appears natural to expect that bian-
isotropic effects, such as chirality, are not needed. However,



as we have shown here, omega coupling effects, which do
not change polarization, are crucial in engineering perfectly
matched lossless refractive metasurfaces.

In the presentation, we will discuss how the required values
of the Z-parameters (13)–(15) relate to the required polar-
izabilities and susceptibilities of the metasurface unit cells,
providing a complete design tool.
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