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We propose a theoretical model of a ferroelectric metal where spontaneous electric polarization coexists with
the conducting electrons. In our model we adopt a scenario when conducting electrons interact with two soft
transverse optical phonons, generalize it to the case when there is a spontaneous ferroelectric polarization in the
system, and show that a linear coupling to the phonons emerges as a result. We find that this coupling results
in anisotropic electric transport which has a transverse to the current voltage drop. Importantly, the obtained
transverse component of the resistivity has distinct linear dependence with temperature. Moreover, we show
that the coupling enhances superconducting transition temperature of the ferroelectric metal. We argue that our
results help to explain recent experiments on ferroelectric strontium titanate as well as provide new experimental
signatures to look for.
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Introduction. The strontium titanate-based (STO) com-
pound has a rich phase diagram upon chemical doping
and temperature variation, which includes seemingly self-
exclusive ferroelectric and superconducting states, see, for a
review, Refs. [1–3]. To begin with, we note that the pristine
SrTiO3 is a wide-band-gap quantum paraelectric insulator. It
can be tuned into a ferroelectric state by partial substitution
of Sr ions with Ca, Ba, or Pb [4–6], isotope substitution of
oxygen [7], and applying stress [8]. The structural formation
is associated with the soft transverse optical (TO) lattice vibra-
tion. The gap in the dispersion of this phonon mode vanishes
at the transition [1,2].

On the other hand, STO becomes semiconducting (or
metallic) with partial substitution of Sr with Nb, La, or with
oxygen reduction, see, for details, Refs. [1–3]. The charge
transport measurements show the square temperature de-
pendence of resistivity within an unusually wide region of
material parameters [2,9]. Another remarkable property of the
material is the existence of the superconductivity despite of
the rather low electron density. Studies of superconductiv-
ity in this material have a very long history, [1–3], dating
back to experimental work [10]. However, the mechanism of
Cooper pairing in STO is still currently under debate. First of
all, the superconducting transition temperature mediated by
acoustic phonons in STO was estimated to be negligibly small
[11], thus, ruling out conventional phonon pairing mechanism.
Moreover, the superconductivity in this system emerges in a
situation when Fermi energy is an order of magnitude smaller
than the Debye frequency. Furthermore, the proximity of the
system to a ferroelectric quantum critical point suggests that
soft TO phonons might be important.

A possible solution to the problem of superconductivity in
STO was proposed a long time ago by Ngai, who introduced
a model of superconducting instability based on electron cou-
pling tuned by a pair of TO phonons [12]. In paraelectric STO

the electron scattering by transverse phonons is proportional
to the second power in lattice displacement amplitude. Below
we will be referring to this mechanism as the two-phonon. The
two-phonon mechanism is distinct from the electron scattering
by acoustic phonons, which is described by the gradient of
lattice displacement. Later Epifanov et al. studied the T 2 de-
pendence of conductivity due to the two-phonon mechanism
near ferroelectric phase transition [13,14].

Recent observation of the enhancement of superconduct-
ing transition temperature in STO upon oxygen isotope
substitution, which brings the system closer to the fer-
roelectric transition, has reinvigorated this subject [15].
Proximity to a ferroelectric instability strongly suggests that
the soft TO phonons play an influential role. Thus, the model
of two-phonon scattering was brought forward to revisit the
temperature dependence of charge transport [16,17] and study
the effect of oxygen isotope substitution on superconducting
transition temperature [18–20].

The story is far from being complete. Recently, the signa-
tures of ferroelectric instability has been observed in n-doped
Sr1−xCaxTiO3−δ , [21–24]. It was found that superconductivity
and ferroelectricity may coexist in this material [21,23,24].
The resistivity showed anomalous temperature dependence,
suggesting the emergence of an additional scattering chan-
nel [22–24]. The coexistence of metallic and ferroelectric
phases might be understood within the dipole model. The
ferroelectric instability is based on the interplay between
the long-range dipole-dipole interaction and the short-range
repulsion between ions. The former favors ferroelectric struc-
ture formation with the emergence of electric dipole moment
per unit cell, and the latter supports the paraelectric phase,
please see Ref. [25], and for a review, see Ref. [26]. In metals,
itinerant electrons screen dipole-dipole interaction and, thus,
eliminate ferroelectricity. However, supported by the experi-
ments [21–24], ferroelectricity may survive in weakly doped
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semiconductors presumably due to the long Thomas-Fermi
screening length or local-bonding contributions [27].

Motivated by these experiments, [21–24], we propose and
study a model of electron scattering by one TO phonon in
the presence of spontaneous ferroelectric polarization (the
one-phonon mechanism). The model is a generalization of the
two-phonon mechanism [12] to the ferroelectricity, and adds
up with two-phonon mechanism [12–14]. We show that below
the structural transition, the decrease in temperature enhances
electric resistivity due to the onset of ferroelectric polariza-
tion. At lower temperatures, we predict linear in temperature
suppression of resistivity. We also calculate the contribution
of one-phonon scattering processes to the superconducting
transition temperature. We argue that our mechanism might
dominate over the two-phonon mediated pairing deep in the
ferroelectric phase.

Model. We start with introducing a model of a ferroelectric
metal (polar metal), which consists of electrons interact-
ing with TO phonons. The TO phonons are responsible for
the ferroelectricity in the system, whereas the electrons are
responsible for the electric conduction. The electrons are de-
scribed by the Hamiltonian,

He =
∫

r
ψ†(x)

(
− ∂2

r

2m
− μ

)
ψ (x), (1)

where ψ†(x), ψ (x) are the electron creation and annihila-
tion operators, μ is the chemical potential, m is the mass of
electrons, x = (r, t ) is a general coordinate, and

∫
r(· · · ) ≡∫

dr(· · · ). The Hamiltonian of two degenerates denoted by
a = 1, 2 branches of TO phonons is

H (a)
ph =

∑
q

ωq

(
b†

a;qba;q + 1

2

)
, (2)

where ωq =
√

ω2
TO + s2q2 is the spectrum with s being the

speed of sound and ωTO being the TO phonon gap. Polariza-
tion vector P(x) describing the TO phonons is

P(x) =
∑
a;q

ea;q√
V

Aq[ba;q(t )eiqr + b†
a;q(t )e−iqr], (3)

where V is the volume of the material, ea;q is the unit
vector in the direction of polarization of a = 1, 2 branches
of TO phonons with wave-vector q, and b†

a;q, ba;q are the
bosonic creation and annihilation operators. We consider
A2

q = �2
0/(4πωq), where �0 is a material-dependent coef-

ficient determined via Lyddane-Sachs-Teller relation for the
static dielectric function ε0(q) = �2

0/ω
2
q [16]. The identity

unit vectors satisfy is∑
a=1,2

ea;q,αea;q,β = δαβ − qαqβ

q2
, (4)

where α, β = x, y, z. We assume that ωTO vanishes at temper-
ature TFE (ferroelectric - paraelectric transition temperature),
and the system becomes ferroelectric below this temperature
forming spatially homogeneous spontaneous electric polariza-
tion 〈P(x)〉 = P0. For temperatures T < TFE the phonon gap
is ωTO ∝ |P0|.

We assume that in the paraelectric state electrons inter-
act with two TO phonons, [12–14]. Namely, it is impossible

FIG. 1. Feynman diagrams for (a) and (b) the effective electron
interaction and (c) and (d) self-energy. Here the wavy line is the
phonon Green’s function. Object P0 in (a) and (c) denotes the one-
phonon contribution to the interaction in case of ferroelectric order.
(b) and (d) describe two-phonon interaction.

for electrons to interact with one TO phonon via ∝ [div ·
P(x)]ψ†(x)ψ (x) term (of the Frohlich type), however, it is
possible for electrons to interact with two TO phonons via
∝P(x) · P(x)ψ†(x)ψ (x) term. In what follows, we generalize
the two-phonon mechanism to the ferroelectric case when
〈P(x)〉 = P0 in the system. We then write for the interaction
between electrons and the TO phonons,

He-ph = g
∫

r
[P0 + P(x)]2ψ†(x)ψ (x), (5)

where g is the electron-phonon interaction constant. We will
be using h̄ = kB = 1 units throughout the paper.

We note in passing that we do not consider Coulomb
repulsion between the electrons and the focus on the electron-
phonon interaction only. The reason for that is the large
dielectric constant. Moreover, we assume that the electrons
do not screen finite electric polarization P0.

Effective electron interaction. Here we discuss corrections
to electron quantum lifetime and conductivity due to the
electron-phonon interaction. We choose to work in Keldysh
formalism as it conveniently describes fluctuations of the sys-
tem about its equilibrium at finite temperatures, please see the
Supplemental Material (SM) [28].

In order to obtain effective electron interaction, as usual,
we integrate out the phonons. To second order in electron-
phonon interaction we obtain two processes shown in
Figs. 1(a) and 1(b). Processes Fig. 1(b) describe interaction
of electrons with two TO phonons [due to ∝P2(x) in Eq. (5)],
whereas those in Fig. 1(a) describe the interaction of electrons
with one TO phonon [due to ∝P0 · P(x) in Eq. (5)] given that
there is a spontaneous electric polarization P0 in the system.
The processes in Fig. 1(b) were studied in Refs. [12–14,16–
20], and we refer to these works for details, the processes in
Fig. 1(a) are new and are the subject of the following analysis.
The effective electron interaction due to these processes [wavy
line in Figs. 1(a) and 1(c)] is

V R/A
1 (q; ω) = (2gP0Aq)2 sin2(φqP0 )DR/A(q; ω), (6)
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where DR/A(q; ω) = 2ωq/[(ω ± i0)2 − ω2
q] is the TO phonon

(retarded/advanced) Green’s function. We have defined an
angle between q and P0 as cos(φqP0 ) ≡ (q · P0)/(qP0).

With all the details given in the SM [28] we here present
essential results and experimental predictions of the model.

Self-energy and resistivity. The experiments, see, for a
review, Refs. [1,2] show that the resistivity of metallic STO
is proportional to T 2 at low temperatures. In a typical Fermi
liquid, such temperature dependence originates from the
electron-electron Coulomb interaction. However, in metallic
STO, due to a large dielectric constant, Coulomb interaction
is expected to be weak. In Refs. [13,14,16–18] it was theo-
retically suggested that the T 2 contribution to the resistivity
due to the two-phonon mechanism can be significant. Namely,
the self-energy Fig. 1(d) due to the electron-phonon processes
which are depicted in Fig. 1(b) results in the decay-rate pro-
portional to the T 2, which is independent of the electronic
density of states [16].

In another set of experiments Refs. [21–23] it was ob-
served that substitution of Sr atoms with Ca, i.e., by creating
Sr1−xCaxTiO3 compound, results in the ferroelectric transition
of the material. Moreover, it was shown that the ferroelec-
tric order survives when the Sr1−xCaxTiO3 is made metallic
by doping it. Furthermore, the experiments clearly observe
a new boson mode the conducting electrons scatter by in
the ferroelectric phase, which results in the nonmonotoneous
temperature dependence of the resistivity in the vicinity of the
ferroelectric transition [21–23].

Let us analyze how the electron scattering on one-phonon
interaction derived in Eq. (6) affects the resistivity of the
system. Taking the imaginary part of the electron-self energy
Fig. 1(c) and setting frequency to zero, we find the elec-
tron decay rate due to scattering via one-phonon mechanism,
τ−1

1k . Setting momentum of the electron k = kF ≡ √
2mμ,

we obtain

1

τ1k
= 2

[
1 + cos2(φkP0 )

](
2πg

�0P0

TBG

)2

ν

× T ln

∣∣∣∣∣∣tanh

⎛
⎝

√
T 2

BG + ω2
TO

2T

⎞
⎠coth

(ωTO

2T

)∣∣∣∣∣∣, (7)

where ν = mkF/2π2 is the density of electron states per spin
and TBG = 2skF is the Bloch-Gruneisen temperature. Let us
separate the isotropic part from the angle-dependent one by a
redefinition of τ−1

1k ≡ τ−1
1 [1 + cos2(φkP0 )].

The temperature dependence of the isotropic part of the
decay rate is shown in Fig. 1(a). At the ferroelectric transition
P0 → 0 in the prefactor of Eq. (7) taking care of the logarithm,
which formally diverges due to ωTO → 0 at the transition.
Hence, right at the transition the decay rate vanishes as
shown in Fig. 1(a). Slightly below the ferroelectric transition
TFE � T , the decay rate increases with the decrease in tem-
perature as shown in Fig. 2. We may assume P0 and ωTO to
be temperature independent far from the transition. In this
case, at TFE > T � TBG, ωTO, the decay rate scales linearly
with temperature, and for the region TFE, TBG > T > ωTO,
we find τ−1

1 ∝ T ln |2T/ωTO|. As another example, let us
note that τ1 ∝ kF at T > TBG. It is drastically different from

FIG. 2. (a) Temperature dependence of the decay rate due to
electron scattering by one TO phonon. Assuming temperature de-
pendence in P2

0 (T ) ∝ ω2
TO(T ) = ω2

TO(0)(1 − T/TFE ), the curves are
plotted for TBG/ωTO(0) = {0.2, 0.5, 1.5}. The amplitude decreases
with the increase in TBG/ωTO(0). (b) Schematics of the Hall bar
to measure the electric transport anisotropy given in Eq. (8). With
the direction of the electric polarization being on the x-y plane, the
current is passed at some angle χ with respect to the polarization,
for example, in the y direction. (c) Schematics of the temperature de-
pendence of the longitudinal resistivity given in Eq. (8). For T > TFE

the resistivity is expected to be ∝T 2 due to two-phonon mechanism
Refs. [13,14,16,17]. Below TFE the one-phonon mechanism Eq. (7)
depicted in (a) sets in, in addition to two-phonon ∝ T 2, resulting in
an increase in the resistivity.

the two-phonon process, which is independent of kF at these
temperatures [16]. It is also instructive to compare the ob-
tained decay rate with the one due to electron scattering on
acoustic longitudinal phonons (obtained from the Frohlich-
type interaction). There, the decay rate is ∝ νT/T 2

BG at high
temperatures T � TBG, whereas ∝νT 3/T 2

BG at low tempera-
tures T 	 TBG [29,30].

Let us calculate the electric current in the system. In the SM
[28], we construct the kinetic equation with the collision inte-
gral defined by the impurity, one- and two-phonon scattering
processes. The kinetic equation is solved to give the electric
current,

j = σ
(

1 − τ

5τ1

)
E − σ

2τ

5τ1
(E · P0)P0

1

P2
0

, (8)

in which σ = e2νD is the conductivity, where D = v2
Fτ/3 is

the diffusion coefficient, and τ−1 = τ−1
imp + τ−1

1 + τ−1
2 is the

total decay rate due to the isotropic impurity, one- and two-
phonon scattering processes (in general, the decay rate due
to the electron-electron Coulomb interaction should also be
included).
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Obtained anisotropy of the electric current [the second term
in Eq. (8)] results in the transverse responses. For example, in
Fig. 2(b) we schematically show the Hall-bar setup where the
electric current is passed in the y direction at some angle χ to
the electric polarization, which is on the x-y plane. The voltage
drop in the direction perpendicular to the current is measured
either in opposite or along diagonal gates to study the angle
dependence, ∝cos(χ ) sin(χ ), of the transverse part of Eq. (8).
Most importantly, as can be deduced from Eq. (8), only the
anisotropic part of the resistivity depends on temperature as
shown in Fig. 2(a).

The longitudinal part of the resistivity in the ferroelectric
phase is more complicated as the two-phonon mechanism
(also impurity scattering and others) contributes to it as well.
In Fig. 2(c) we schematically plot the temperature dependence
of the longitudinal part of the resistivity Eq. (8). There, for
T > TFE the resistivity is expected to be ∝T 2 due to the two-
phonon mechanism as predicted in Refs. [13,14,16,17]. Below
TFE the one-phonon mechanism Eq. (7) sets in resulting in an
increase of the resistivity with a characteristic dip at TFE. The
two-phonon mechanism exists in the ferroelectric phase as
well because ωTO → 0 at the transition, allowing for the ∝T 2

results of Refs. [13,14,16,17] to be applicable. We argue that
this picture explains experimental results of Refs. [21–23].

We conclude that by subtracting from the longitudinal
resistivity its temperature-squared part of the fit in the fer-
roelectric phase, one should explicitly obtain a one-phonon
contribution with a characteristic temperature dependence
shown in Fig. 2(a). In addition, the same temperature de-
pendence, shown in Fig. 2(a), is expected in the measured
transverse voltage.

Superconducting transition temperature. Let us now pro-
ceed with the calculation of correction of one-phonon process
to the Cooper pairing in ferroelectric metal. To qualitatively
estimate the superconducting transition temperature, we adopt
the approach of Refs. [31,32]. The pole in the fermion
scattering amplitude in the Cooper channel determines the
superconducting transition temperature. The equation for the
respective vertex part is given by

�(q) = V (q) −
∫

p
V (q − p)

tanh
( ξp

2T

)
2ξp

�(p). (9)

where ξp = p2/2m − μ, V (q) = V1(q) + V2(q) is the
electron-electron attraction potential to be specified for
one and two TO phonon coupling mechanisms, V1(q) and
V2(q), respectively, in what follows.

Let us first revisit the two-phonon mechanism of supercon-
ductivity in paraelectric metal [12,19,20]. At TBG, ωTO > T ,
estimating coth(ωk/2T ) ≈ 1, we obtain

V2(q) = −
(

g�2
0

2π

)2 ∫
k

{
1 + [k · (k + q)]2

k2|k + q|2
}

× 1

ωkωk+q

1

ωk + ωk+q
. (10)

The first factor under the integral originates from the trans-
verse polarization of phonons, whereas the terms on the
second line originate from the dispersion dependence of
the phonon Green’s function. To estimate the transition

temperature, we consider (10) in the long-wave limit. Setting
V2(0), we reproduce previous result [19,20],

Tc ∝ μe−1/λ2ν,

λ2 =
(

g�2
0

2π

)2 1

2s3
ln

[
sq0

max(TBG, ωTO)

]
,

where q0 is the large momentum cutoff which is determined
by the lattice spacing. It was noted that as the paraelectric
system is tuned closer to the ferroelectric instability, the soft-
ening of TO phonon gap might enhance the superconducting
transition temperature [19,20]. We also note that although due
to λ2ν ∝ TBG ln[sq0/TBG], the domelike shape dependence of
the superconducting transition temperature on the electron
density is expected [20], it is rather beyond the assumed
approximations of the theory [19].

We argue that in the ferroelectric metal one-phonon cou-
pling processes will be taken into account as well. The
respective interaction term is given by the static part of Eq. (6),
V1(q) = − 1

πω2
q
(g�0P0)2 sin2 φqP0 .

We seek for the transition temperature to s-wave supercon-
ducting state. Substituting V1(q) into Eq. (9) and integrating
the resulting equation over the directions of momentum q, in
the long-wave limit we obtain

Tc ∝ μ exp

{
− 1

(λ1 + λ2)ν

}
,

λ1 = 2

3π

(
g�0P0

TBG

)2

ln

(
ω2

TO + T 2
BG

ω2
TO

)
. (11)

Here we assumed ωTO > s
vF

T . As the system is tuned deep
into the ferroelectric state, the phonon gap ωTO increases
and, hence, the two-phonon contribution to the interaction
potential decreases logarithmically in accordance with (11).
We note that just the two-phonon mechanism gives roughly
the same Tc in the paraelectric and ferroelectric versions of the
metal (we keep in mind STO [21–24]). This is because ωTO in
the ferroelectric phase of ferroelectric metal increases and can
become of the same value as that of the paraelectric metal.
On the other hand, the one-phonon mechanism in the ferro-
electric phase of the metal adds up to the two-phonon’s. The
one-phonon mechanism might even be dominant at the su-
perconducting transition temperature at ωTO � TBG provided
P0/ωTO � (�0/4πs3/2)

√
ln |sq0/ωTO|. This is consistent with

the experiments [21–24] which observe enhancement of Tc

inside the ferroelectric phase of the ferroelectric STO as com-
pared to the paraelectric STO.

It is instructive to comment on the density of states de-
pendence of the one-phonon contribution to the transition
temperature, noting λ1ν ∝ T −1

BG ln(1 + T 2
BG/ω2

TO). At ωTO >

TBG, the exponent in (11) follows the usual BCS dependence
on the density of states. However, at TBG > ωTO, with the
logarithmic accuracy the interaction constant is inversely pro-
portional to the Bloch-Gruneisen temperature squared, hence,
λ1ν ∝ ν/T 2

BG ∝ m/kF . Surprisingly, in this case the decrease
of the doping might enhance one-phonon contribution and
increase Tc. Based on our findings, the superconducting tran-
sition temperature might have domelike shape as a function
of carrier concentration in the ferroelectric phase due to the
one-phonon contribution.
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We note in passing that by approximating angular depen-
dence of one-phonon coupling Eq. (6) by its average (see
also Ref. [28]), we have provided arguments for the isotropic
superconductivity in the ferroelectric phase. In general, the
superconductivity in ferroelectric phase will be anisotropic.
Moreover, ferroelectric phase will contain domains with dif-
ferent directions of the electric polarization, which might
influence the superconducting temperature [33]. Both ques-
tions are left for future research.

Conclusions. To conclude, we showed that a new mecha-
nism of electron interaction with one TO-phonon emerges in
the ferroelectric phase of the metal, compared to a well-known
[12–14,16–20] two-phonon mechanism in the paraelectric
phase. We calculated the temperature dependence of resistiv-
ity and predicted anisotropic electric current response as one
of the smoking gun signatures of the ferroelectric polariza-
tion onset. We also analyzed the superconducting transition
temperature in the ferroelectric phase. We think that our re-
sults for the temperature dependence of the resistivity in the
vicinity of the ferroelectric transition given in Eqs. (7) and

(8) as well as for the increase in the superconducting tran-
sition temperature given in Eq. (11) qualitatively agree with
the experimentally observed ones in Sr1−xCaxTiO3 systems
[21–24]. In particular, the one-phonon scattering mechanism
explains the experimentally observed dip in the resistivity at
the ferroelectric transition temperature, and the enhancement
of the superconducting transition temperature in the ferroelec-
tric STO.
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