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Comparison between quantum jumps and master equation in the presence of a finite environment
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We study the equivalence between the recently proposed finite environment quantum jump model and a
master equation approach. We derive microscopically the master equation for a qubit coupled to a finite bosonic
environment and show that the master equation is equivalent to the finite environment quantum jump model.
We analytically show that both the methods produce the same moments of work when the work is defined
through the two-measurement protocol excluding the interaction energy. However, when compared to the work
moments computed using the power operator approach, we find a difference in the form of the work moments. To
numerically verify our results, we study a qubit coupled to an environment consisting of ten two-level systems.
DOI: 10.1103/PhysRevE.94.032138

I. INTRODUCTION

Although the thermodynamics of small quantum systems
has been intensively studied in the past few years [1–34],
measuring thermodynamic variables, such as work, heat, and
entropy, and their fluctuations in these systems has turned
out to be a difficult task. Only recently have the work
fluctuation relations been experimentally verified in driven
closed quantum systems using the two-measurement protocol
[13,14]. For open quantum systems the situation is even more
problematic. Instead of measuring only the internal energy of
the system at the beginning and at the end of the drive, also the
heat emitted to the environment must be measured. One of the
few proposed measurement schemes to address this issue is
the calorimetric detection of the immediate environment [35].
In the calorimetric measurement, the small quantum system
is coupled to a large but finite environment. The coupling
between the system and the environment is assumed to be
weak enough such that it can be neglected in the energy
terms and modeled by stochastic jumps alone. Due to these
environment-induced jumps between the system eigenstates,
heat is exchanged with the environment. The resulting changes
in the environment energy are continuously monitored by
a detector. As a consequence, the heat released to the
environment can be measured without directly measuring the
quantum system. For a two-level quantum system (qubit), the
internal energy change of the system can also be obtained from
the heat emitted (see, for example, Appendix C in Ref. [36]).
As the environment is large and coupled to a detector, it is
assumed to be decohered into a set of energy eigenstates,
called microstates [36].
In a recent paper [36], a finite-environment quantum jump
(FEQJ) model was introduced to describe the calorimetric
process. In the model, a jump changes both the system and
the environment states. The evolution of the system is nonMarkovian as its previous history affects its future evolution
through the evolution of the environment.
In this article, we study the compatibility of the FEQJ model
with the corresponding master equation approach. We focus on
a weakly driven qubit coupled to a finite bosonic environment,
called a calorimeter from here on. The setup is illustrated in
Fig. 1. The qubit and calorimeter are assumed to be initially
thermalized by an ideal bath. During the driving protocol, we
2470-0045/2016/94(3)/032138(9)

neglect the coupling to the ideal bath as it is assumed to be
very weak compared to the inverse of the total driving time
τ . Due to the detector, the calorimeter is assumed to decohere
into its eigenstates.
We start the article by microscopically deriving the master
equation for the qubit coupled to the calorimeter. We then
show that the master equation obtained is equivalent to the
master equation formed from the FEQJ model. We also show
that both methods produce the same work moments when
the work is defined using the two-measurement protocol
(TMP) [37–39] without the interaction energy. For master
equation calculations, we additionally show that the power
operator definition of work [23,24] does not produce exactly
the same work moments due to a different order of approximations. Finally, we numerically study a qubit coupled to
an calorimeter consisting of ten two-level systems with an
energy gap equivalent to that of the qubit. We calculate the
qubit density matrix and the first two moments of work with
the FEQJ method and directly from the master equation.
We find excellent agreement between the methods when
the work is defined using the TMP without the interaction
energy. However, when compared to the work moments from
the power operator approach, we show that the agreement
sensitively depends on the form of the driving.
II. MICROSCOPIC DERIVATION OF
THE MASTER EQUATION

We focus on a two-level system (qubit) H0 = ω0 a † a
that is weakly driven by a classical source VD (t) = λ(t)a † +
λ∗ (t)a, where a = |01| and a † = |10| are, respectively, the
annihilation and creation operators in the undriven basis. The
states |1 and |0 denote the excited and ground states of the
undriven Hamiltonian H0 , respectively. The qubit Hamiltonian
is then given by Hq (t) = H0 + VD (t). As shown in Fig. 1,
the qubit is weakly coupled to a bosonic calorimeter by

†
V = k κk (a † dk + adk ), where the coupling strength κk is
†
real and dk and dk are the calorimeter’s annihilation and
creation operators associated with energy k , respectively. The

†
calorimeter Hamiltonian is given by Hc = k k dk dk .
Let us start from the total density matrix of the qubitcalorimeter composite, which can always be expressed
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By inserting the Hamiltonians and neglecting the Lamb
shift (see Appendix A for details), we obtain the following
master equation in the Schrödinger picture:
σ̇ (n,t) =

FIG. 1. Schematic illustration of the calorimetric setup. The qubit
and the calorimeter start from thermal equilibrium with an ideal
bath. During the protocol, the qubit is driven by a classical field
λ(t). The calorimeter is constantly monitored with a detector. In the
simulations, the calorimeter is assumed to contain two-level systems
with an energy gap equivalent to that of the qubit ω0 .

as
ρ(t) =



αij mn (t)|ij | ⊗ |

m 

n |,

(1)

i
[σ (n,t),Hq (t)]

  ↑,k (n)
[σ(n,t)aa † + aa † σ(n,t)]
−
2
k
−
+



ρ̇I (t) =

i
[ρI (t),VD,I (t)]


1 t
− 2
dt  [VI (t),[VD,I (t  ) + VI (t  ),ρI (t)]], (3)
 −∞

where the subscript I denotes the interaction picture, e.g.,
VI (t) = ei(H0 +Hc )t/ V (t)e−i(H0 +Hc )t/ . The master equation for
σI (n,t) = Trc {ρI (t)| n  n |} then takes the form
σ̇I (n,t) =

i
[σI (n,t),VD,I (t)]


1 t
− 2
dt  Trc {[VI (t),[VI (t  ),ρI (t)]]|
 −∞


[σ (n,t)a † a + a † aσ (n,t)] ,

(5)

↑,k (n)

= gk2 

†
n |dk dk |

n ,

(6)

↓,k (n)

= gk2 

†
n |dk dk |

n ,

(7)

2π 2
κ δ(ω0
2 k

i
ρ̇(t) = L[ρ(t)] = [ρ(t),Hq (t)]

  g2
†
†
k
[ρ(t)aa † dk dk + aa † dk dk ρ(t)]
−
2
k
†

†

− gk2 adk ρ(t)a † dk − gk2 a † dk ρ(t)adk
+


gk2
†
†
[ρ(t)a † adk dk + a † adk dk ρ(t)] .
2

(8)

The results above were derived assuming that the calorimeter state can only change through the interaction with the
qubit. In electronic systems [41–43], however, the internal
relaxation of the calorimeter is commonly the fastest time
scale. In these instances, the state of the calorimeter is more
accurately described using a microcanonical ensemble instead
of a single microstate. The total density matrix then reads

σ (E,t) ⊗ σc (E),
(9)
ρ(t) =
E

where E denotes the calorimeter energy and σ (E,t) is the
qubit matrix. According to the microcanonical
ensemble,

the calorimeter matrix σc (E) = [1/N (E)] k | k  k |δEk ,E ,
where Ek is the energy of microstate | k  and N (E) is the number of microstates with energy E. The derivation of the master
equation for σ (E,t) is similar to the previous case, yielding
σ̇ (E,t) =

n 

2

 †

↑,k (nk )a σI (nk ,t)a

with
=
− k /). From the point of view of the
degrees of freedom of the qubit, Eq. (5) is non-Markovian as
the evolution depends on both the qubit’s state and the state
of the calorimeter. For the total density matrix, Eq. (5) gives a
master equation of the form
gk2

n

where σ (n,t) = i,j αij nn (t)|ij |. It should be noted that
the matrix σ (n,t) cannot be interpreted as a qubit density
matrix since its trace over qubit degrees of freedom gives
the probability of a calorimeter state | n , denoted by
p( n ,t). The reduced density matrices of the
qubit and the
calorimeter are given by ρq (t) = Trc {ρ(t)} = n σ (n,t) and
ρc (t) = Trq {ρ(t)}, respectively, where the subscript c (q) in
the trace denotes the trace over the calorimeter (qubit) degrees
of freedom.
Let us assume that the total density matrix starts from a
tensor product state of the form of Eq. (2). In the interaction
picture with respect to H0 + Hc , the time evolution of the total
density matrix is given by the following equation up to the
second order of VD and V :

↓,k (n)

−

where nk and nk are the calorimeter microstate indices that satisfy | nk  = dk | n /||dk | n || and | nk  =
†
†
dk | n /||dk | n ||, respectively. The transition rates depend
on the state of the calorimeter and are of the form

i,j,m,n

where | n  are calorimeter energy eigenstates (microstates)
forming a complete basis. In order to witness the energy
changes in the calorimeter, it is continuously monitored
with a detector. As a consequence of the monitoring, we
assume that the calorimeter decoheres instantaneously into the
environment-induced superselection basis with αij mn (t) = 0 if
m = n [40]. Consequently, the total density matrix simplifies
to

σ (n,t) ⊗ | n  n |,
(2)
ρ(t) =



†
↓,k (nk )aσ (nk ,t)a

n |}.

(4)
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i
[σ (E,t),Hq (t)]


↑ (E)
[σ (E,t)aa † + aa † σ (E,t)]
−
2
−

↓ (E

− ω0 )aσ (E − ω0 ,t)a †
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−
+

↑ (E

+ ω0 )a † σ (E + ω0 ,t)a


↓ (E)
[σ (E,t)a † a + a † aσ (E,t)] ,
2

where the transition
 rates are energy
(E)
=
[1/N(E)]
↑/↓
k,n ↑/↓,k (n)δEn ,E .
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above,
σav (k,t + δt)

(10)

= Trc {U (t + δt,t)σav (k,t) ⊗ | k  k |U † (t + δt,t)}
i
= σav (k,t) − δt[Hq (t),σav (k,t)]

1
†
−
δtTrc {Dm
Dm σav (k,t) ⊗ | k  k |}
2 m

dependent

III. EQUIVALENCE TO THE FEQJ MODEL

In this section, we show that the same master equation
(5) is also produced by the FEQJ model by averaging
over the stochastic trajectories. In the FEQJ model, the
interaction between the qubit and the calorimeter is described
by stochastic jumps. When a jump occurs, both the qubit and
calorimeter states change such that the energy difference of
the calorimeter states corresponds to the energy change in
the qubit. For the system studied, these jumps are caused by
†
jump operators D↓,k = gk a ⊗ dk and D↑,k = gk a † ⊗ dk . For
convenience, we denote the jump operators using only one
index Dm .
Let us assume that the calorimeter is in a microstate | k 
and the qubit is in a state |ψ at time t. According to the FEQJ
protocol [36], the probability for a jump in the time interval
[t,t + δt] is given by


†
δp =
δpm =
δtTrq+c {Dm
Dm σ ⊗ σc },
(11)
m

−

H (t) = Hq (t) + Hc −

i 
2

†
Dm
Dm ,

(12)

m

where Hq and Hc are the qubit and calorimeter Hamiltonians,
respectively. Consequently, the qubit and calorimeter
states
evolve
into
σ (t + δt) = Trc {U (t + δt,t)σ ⊗
and
σc (t + δt) =
σc U † (t + δt,t)}/(1 − δp) + O(δt 2 )
Trq {U (t + δt,t)σ ⊗ σc U † (t + δt,t)}/(1 − δp) + O(δt 2 ),
where U (t + δt,t) = 1 − i H (t)δt. Due to the assumption
that the calorimeter is in a microstate at time t, the nonunitary
evolution does not change the calorimeter state, i.e.,
σc (t + δt) = σc (t).
For time t + δt, we consider the total state averaged over
the different outcomes between [t,t + δt].
 Let us denote
this averaged total state by ρav (t + δt) = n σav (n,t + δt) ⊗
| n  n |, where σav (n,t + δt) is the conditional average over
all qubit state outcomes with calorimeter state | n  multiplied
with the probability of calorimeter state | n . As we assume
the qubit and calorimeter to be, respectively, in states |ψ
and | k  at time t, σav (n,t) = 0 when n = k and σav (k,t) =
σ (t) = |ψψ|. According to the protocol described

k 

†
k |Dm Dm }

+ O(δt 2 ),

(13)

as only the no-jump evolution contributes to σav (k,t + δt). Let
us use | km  to denote the new calorimeter microstate if a jump
caused by Dm occurred from state | k . Due to the possibility
of these jumps, σav (km ,t + δt) becomes nonzero:
σav (km ,t + δt) = δtTrc {Dm σav (k,t) ⊗ |

k 

†
k |Dm }.

(14)

The above results were obtained by assuming a fixed state
at time t. If we now average over all the possible values of
qubit and calorimeter states at time t, we get
σav (n,t + δt)
= σav (n,t) −

m

where δpm is the probability of a jump corresponding to the
jump operator Dm and the system and calorimeter states are
presented in matrix form, i.e., σ (t) = |ψψ| and σc (t) =
| k  k |, respectively. In the case that a jump caused by Dm
occurs, the qubit state changes to σ (t + δt) = Trc {Dm σ ⊗
†
σc Dm }/(δpm /δt). Similarly, the calorimeter state changes to
†
σc (t + δt) = Trq {Dm σ ⊗ σc Dm }/(δpm /δt).
In the case that there are no jumps in the time interval [t,t +
δt], the time evolution is given by the nonunitary Hamiltonian

1
δtTrc {σav (k,t) ⊗ |
2 m

−

i
δt[Hq (t),σav (n,t)]


1
†
δtTrc {Dm
Dm σav (n,t) ⊗ |
2 m

n 

n |}

1
†
δtTrc {σav (n,t) ⊗ | n  n |Dm
Dm }
2 m


 †

+
+ O(δt 2 )
δtTrc Dm σav (nm ,t) ⊗  nm nm Dm
−

m

(15)
for all n, where the overbar denotes averaging over all the
possible qubit and calorimeter states at time t and the index
nm denotes the calorimeter state | nm  from which the jump
operator Dm can cause a jump to the calorimeter state | n .
By inserting the exact form of the jump operators and defining
σ˙av (n,t) = limδt→0 [σav (n,t + δt) − σav (n,t)]/δt, the equation
becomes equivalent to Eq. (5):
σ˙av (n,t)
i
= [σav (n,t),Hq (t)]

  ↑,k (n)
[σav (n,t)aa † + aa † σav (n,t)]
−
2
k
−
+



†
↓,k (nk )aσav (nk ,t)a
↓,k (n)

2

 †

↑,k (nk )a σav (nk ,t)a

−


[σav (n,t)a a + a aσav (n,t)] ,
†

†

(16)

with transition rates given by Eqs. (6) and (7) and the indices
nk and nk satisfying | nk  = dk | n /||dk | n || and | nk  =
†
†
dk | n /||dk | n ||, respectively. In a similar manner, when the
calorimeter reaches a microcanonical ensemble immediately
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after a jump, the FEQJ model produces a master equation
equivalent to Eq. (10) (see Appendix B).
IV. MOMENTS OF WORK

Due to the difference in calculating thermodynamics observables, the equivalence between the master equations is not
enough to guarantee that the distributions of the observables
are equivalent in both methods. In this section we show that
the moments of work produced by the methods are indeed
identical when using the TMP without the interaction energy.
However, the power operator approach is found not to agree
with the TMP results without certain assumptions of the
driving. We assume here that at time t = 0 both the qubit and
the calorimeter start from thermal equilibrium with respect
to inverse temperature β such that they can be expressed as
a tensor product ρ(0) = ρq (0) ⊗ ρc (0), which is a stationary
solution of Eq. (8).
A. The FEQJ method

The work done in a single FEQJ trajectory can be obtained
with a projective energy measurement for both the qubit and
the calorimeter in the beginning (t = 0) and end of the drive
(t = τ ). The work is then defined as the energy difference
between the final and initial outcomes. That is, the qubitcalorimeter interaction is neglected in the work values.
In the case of a qubit, the additional projective energy
measurements for the qubit are not necessary as the calorimeter
itself acts as a measurer. The initial and final energy of the qubit
can be determined from the last jump before the drive and
from the first jump after the drive, respectively. The total heat
exchanged during the drive is given by summing over the heat
exchanges caused by the jumps in the trajectory. A jump down
and a jump up in the qubit cause an ω0 heat emission to the
calorimeter and an ω0 heat absorption from the calorimeter,
respectively. The work of a trajectory is then obtained as the
change in the internal energy of the qubit plus the total heat
released to the calorimeter. This leads to a work distribution
equivalent to that of the double projective measurements for
both the qubit and the calorimeter [36].
As shown in Appendix C, the moment generating function
of the resulting work distribution can be expressed as

H
H
(17)
eiμWTMP  = Trq+c T← eiμ[Hq+c (τ )−Hq+c (0)] ρ(0) ,
where Hq+c (t) = Hq (t) + Hc is the Hamiltonian of the composite system without the interaction Hamiltonian and T←
is the time ordering operator. The superscript H denotes the
H
(t) = Hq+c (t)V (t,0), where
Heisenberg picture, such that Hq+c
t
the superoperator V (t,0) = T← exp[ 0 L(t  )dt  ] acts on the
objects on the right side of it. The moments take the form

∂ n eiμWTMP  
n
= (−i)n
WTMP

∂μn
μ=0
  H
n
H
= Trc+q T← Hq+c (τ ) − Hq+c
(0) ρ(0)
n  

 H
n−m H
m
n
Trc+q Hq+c
=
Hq+c (0) ρ(0) .
(τ )
m
m=0
(18)

These correlation functions can be calculated directly using the
master equations (8) and (10). As these equations are linear in
terms of the density matrices, we can express the moments as
n  

n
n
(−Ek − ω0 δi,1 )m
WTMP =
m
m=0 i,k
 H
n−m
× Trc+q Hq+c
(τ )
χ (i,k,τ ) ,
(19)
where χ (i,k,τ ) is a density matrix that evolves according
to the master equation with initial value χ (i,k,0) = |ii| ⊗
| k  k |. As shown in the previous section, both methods
produce equivalent evolution for the density matrix. Thus,
they also produce equivalent evolution for χ (i,k,τ ) and
consequently equivalent moments of work.
B. Power operator approach

For direct master equation calculations, the moments of
work can be alternatively calculated with the power operator
approach, which can be derived by starting from the two
measurement protocol of an isolated system whose evolution
is unitary during the protocol [24]. With the power operator
approach, the first two work moments for the total isolated
system are given by [23,24]
 τ
WP  =
dt Trc+q {P Hu (t)ρ(0)},
(20)
0
 τ
 t1
WP2 = 2
dt1
dt2
0

0

× Re{Trc+q {P Hu (t1 )P Hu (t2 )ρ(0)}},

(21)

where H (t) is the total Hamiltonian of the composite system,
P (t) = ∂t H (t), and the superscript Hu denotes the usual
Heisenberg picture of unitary evolution. When the driving term
only acts on the qubit degrees of freedom, P (t) = ∂t Hq (t).
Equations (20) and (21) can then be calculated by replacing
the unitary evolution with the one given by the master equation
(8) in the finite-environment case, or with a Lindblad equation
in the case of an infinite environment [24]. However, as the
approximations are done in a different order as compared to
the way of calculating the work with the FEQJ method, the
resulting moments of work are not completely identical unless
certain assumptions are made on the driving.
To illustrate this, let us start from the average work given
by FEQJ method, which can also be expressed as
 τ


H
WTMP  =
dtTrc+q ∂t Hq+c
(t)ρ(0)
0


=

0

τ

dtTrc+q {∂t Hq (t)ρ(t)}



τ

+

dtTrc+q {Hq+c (t)ρ̇(t)},

0



τ

= WP  +

dtTrc+q {Hq+c (t)L[ρ(t)]}, (22)

0

where L[ρ(t)] is given by Eq. (8). Clearly, the average works are equivalent for all driving times τ only if
Trc+q {Hq+c (t)L[ρ(t)]} is zero for all t. Inserting Eq. (8), the
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difference between the average work values simplifies to

WTMP  − WP  = −
[ ↓,k (n) + ↑,k (n)]

0.8

n,k

0.6



1|ρME
q |1

τ

×

dt Re{λ(t)0|σ (n,t)|1}. (23)
0

For a sinusoidal driving λ(t) = λ0 sin(ωd t), the term
Re{λ(t)0|σ (n,t)|1} is generally nonzero. However, in the
case of resonant driving, i.e., ωd = ω0 , the term becomes zero
if the fast oscillating terms of the drive are neglected. This can
be shown by changing into an interaction picture with respect
to H0 :

[ ↓,k (n) + ↑,k (n)]
WTMP  − WP  = −
n,k



τ

×

dtRe{λI (t)0|σI (n,t)|1}, (24)
0

where the driving term λI (t) = eiω0 t λ(t) and I denotes the
interaction picture. As we start from thermal equilibrium,
σI (n,0) is real for all n. In the interaction picture, the
master equation (5) is real and consequently σI (n,t)
stays real for all t. When the fast oscillating terms in
the drive are neglected, λI (t) = iλ0 /2 becomes imaginary
and consequently Re{λI (t)1|σI (n,t)|0} = 0. A similar
difference occurs also in the higher moments.
The difference exists also when the qubit is coupled to an
infinite or memoryless environment. In this case the evolution
can be described with Eq. (10) by replacing all σ of different
energies with ρq (t) and removing the energy dependence of
the transition rates. As the equation is then in the Lindblad
form, the standard quantum jump method can be used. For
the system studied, the difference between the average work
becomes
WTMP  − Wp 
= −(

↓

+



τ

↑)

ωd/ω0 = 1.1

0.7

dtRe{λI (t)0|ρq,I (t)|1}, (25)
0

where ρq,I (t) is the qubit density matrix in the interaction
picture with respect to H0 , and ↓ and ↑ are the transition
rates for jump down and up, respectively. Again, for a resonant
sinusoidal driving, the difference becomes zero if the fast
oscillating terms of the drive are neglected.
Both definitions give the same work moments also if the
qubit is driven adiabatically and the jumps occur between
the instantaneous eigenstates. However, in the case of nearly
adiabatic off-resonance driving [28], the definitions can lead
to different work moments [44].
V. NUMERICAL RESULTS

We focus on a weakly driven qubit coupled to a finite
calorimeter consisting of ten two-level systems, whose energy
gap is equivalent to that of the qubit. The qubit is assumed to
be coupled to each two-level system with the same coupling
strength. Both the qubit and the calorimeter start from thermal
equilibrium such that the initial total density matrix can be

ωd/ω0 = 1.0
ωd/ω0 = 0.9

0.5
0.4
0.3
0.2
0.1
0

20

40
60
ω0t/(2π)

80

100

FIG. 2. Time evolution of the qubit’s excited-state population
given by direct master equation calculations [Eq. (10)] for different
driving frequencies ωd . The calorimeter consist of ten two-level
systems with an energy gap equivalent to that of the qubit. The drive
is discretized using 106 equidistant time steps. The driving amplitude
λ0 = 0.05ω0 and the coupling strength |g|2 = 0.01/(ne ), where
ne = 10 is the number of two-level systems in the calorimeter.

written as
ρ(0) = ρq (0) ⊗ ρc (0)
 e−β(Ek +ω0 δi,1 )
=
|ii| ⊗ |
Zq Zc
i,k

k 

k |,

(26)

where
β is the inverse temperature of the ideal bath, Zq =
 −βω
0 δi,1
e
is the partition function of the qubit, and Zc =
i
 −βEk
e
is the partition function of the calorimeter. We
k
study three sinusoidal driving protocols: a resonant driving
ωd = ω0 and nonresonant driving frequencies ωd = 0.9ω0
and ωd = 1.1ω0 . In the simulations, we use the driving
amplitude λ0 = 0.05ω0 . For simplicity, we focus on the
case where the calorimeter relaxes to a microcanonical state
instantaneously after a jump. Consequently, there are only 11
calorimeter states to consider. We use the coupling strength
|g|2 = 0.01/(ne ), where ne = 10 is the number of two-level
systems in the calorimeter.
We calculate the time evolution of the qubit density matrix
directly by evolving the master equation. The time evolution
of the qubit’s excited-state population is illustrated in Fig. 2
for the driving frequencies ωd /ω0 = 0.9, 1.0, and 1.1. As can
be seen from the figure, resonant driving pumps the qubit
from the ground state to the excited state and vice versa much
more efficiently than the nonresonant driving frequencies
ωd = 0.9ω0 and 1.1ω0 . Due to the coupling to the calorimeter,
the excited state population’s oscillation caused by the drive
weakens in time.
In order to compare the master equation evolution to the
FEQJ results, we calculate the trace distance between the total
density matrices of the methods. As the total density matrices
are Hermitian, the trace distance can be calculated as
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FIG. 3. Maximum trace distance T between the total density
matrices given by the FEQJ simulations ρ QJ and direct master
equation calculations ρ ME as a function of the number of trajectories
in the FEQJ simulations. The parameters are the same as in Fig. 2.

where ρ ME denotes the total density matrix given by the master
equation evolution (10), ρ QJ denotes the total density matrix
formed from the FEQJ trajectories, and μj are the eigenvalues
of the matrix ρ ME − ρ QJ . Figure 3 shows the maximum trace
distance between the total matrices as a function of the number
of trajectories in the FEQJ simulations. For all the driving
frequencies studied, the FEQJ density matrix approaches the
ME density matrix by increasing the number of trajectories.
This agrees with the theoretical prediction that both methods
give identical evolution within the numerical accuracy.
We also investigated the work statistics produced by the
methods. For all the driving frequencies, we calculate the
first two moments of work with both methods by using the
two-measurement protocol without the interaction energy.
For the direct master equation calculations, we additionally

1.25

WTMP / WP

1.20

WP /(h̄ω0 )

1.30

1.15
1.10

ωd/ω0 = 1.1

2
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1

0
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0
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100

ω0 t/(2π)
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0.90
0
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60
ω0t/(2π)

80

100

FIG. 4. Comparison between the average work given by the
power operator approach (POA) WP  and the two-measurement
protocol WTMP  for different driving frequencies. The POA results
are given by the direct master equation calculations. The lines
correspond to TMP average work values given by direct master
equation calculations and the markers correspond to the ones given
by the FEQJ simulations. The parameters are the same as in Fig. 2.
The inset shows the average work of the power operator approach
given by the direct master equation calculations.

20

40
60
ω0t/(2π)

80

100

FIG. 5. Comparison between the second moment of work given
2
 for different driving
by the POA WP2  and the TMP WTMP
frequencies. The POA results are given by the direct master equation
calculations. The lines correspond to TMP second work moment
values given by direct master equation calculations and the markers
correspond to the ones given by the FEQJ simulations. The parameters
are the same as in Fig. 2. The inset shows the second work moment
of the power operator approach given by the direct master equation
calculations.

calculate the moments using the power operator approach.
The results for the average work are presented in Fig. 4. The
inset shows the average work given by the power operator
approach. As can been seen from the inset, the resonant driving
produces much larger work values than the nonresonant
driving. This is due to the fact that the resonant driving
pumps the qubit from the ground state to the excited state
with a much higher rate as already witnessed in Fig. 2.
For resonant driving, the power operator definition of work
agrees well with the two-measurement-protocol results as
the contribution of the fast oscillating terms in Eq. (23) is
small due to weak and periodic driving. However, the power
operator definition of work significantly deviates from the
two-measurement-protocol results in the case of nonresonant
driving. Already in the case of a slightly-off-resonance driving
of ωd /ω0 = 1.0 ± 0.1, the average work from the TMP and
the power operator approaches differs up to 10% with the
parameters studied. As proven in Sec. IV A, the FEQJ model
and the direct master equation calculations are found to agree
when using the TMP definition of work regardless of the
driving frequency.
For the second moment of work (Fig. 5), the TMP and power
operator approach are found to agree in the case of resonant
driving. For the nonresonant driving of ωd /ω0 = 1 ± 0.1, the
approaches differ even more than in the case of the average
work, up to 20%. Regardless of the driving frequency, the
second work moments of the FEQJ model and the direct master
equation calculations are found to agree when using the TMP
definition of work as illustrated in Fig. 5.
VI. CONCLUSION

In this article we have studied the compatibility of the
FEQJ model and the corresponding master equation. We have
shown theoretically that the two methods produce equivalent
evolution for the total density matrix. We have additionally
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shown that both methods produce equivalent work moments
when the work is defined using the TMP without the interaction
energy. However, the power operator definition of work can
deviate from the TMP work values due to a different order of
approximations. In the case of adiabatic driving or sinusoidal
resonant driving, the power operator approach agrees with the
TMP work values.
To illustrate the results, we have numerically studied a qubit
coupled to ten two-level systems with an energy gap equivalent
to the one of the qubit. We have shown that the FEQJ model and
the master equation produce equivalent density matrix evolution and TMP work values within the numerical accuracy. We
have also shown that with the parameters studied, the average
work given by the power operator approach can differ from the
TMP results by 10% due to a slightly-off-resonance sinusoidal
driving ωd = 1.0ω0 ± 0.1ω0 . In the case of the second moment
of work, the deviation is even larger. This highlights the
importance of treating work consistently with the method that
is used to describe the dynamics. In the case of FEQJ, the TMP
without the interaction energy appears to be the natural choice
as the model itself neglects the interaction energies.
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APPENDIX A: DERIVATION OF EQ. (5) FROM EQ. (4)

By inserting the Hamiltonians into Eq. (4), it takes the form
σ̇I (n,t) =

i
[σI (n,t),VI (t)]



1 t

− 2
dt 
κk2 (e−i(ω0 −ωk )t−i(ω0 −ωl )t
 −∞
k,l
×
+e

†
†
n |[adk ,[adl ,ρI ]]|
−i(ω0 −ωk )t+i(ω0 −ωl )t 


+ ei(ω0 −ωk )t+i(ω0 −ωl )t 
+e

i(ω0 −ωk )t−i(ω0 −ωl )t 





n
†
†
n |[adk ,[a dl ,ρI ]]|

n

n |[a

†

dk ,[a † dl ,ρI ]]|

n

n |[a

†

†
dk ,[adl ,ρI ]]|

n ),
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+
=

n )

i
[σI (n,t),VI (t)]

1 2
−
g {νk (n)[σI (n,t)aa † + aa † σI (n,t)]
2 k k

(A2)
†

where gk2 = 2π κk2 −2 δ(ω0 − ωk ), νk ( n ) =  n |dk dk | n ,
†
ηk ( n ) =  n |dk dk | n , and nk and nk are the calorimeter
microstate indices that satisfy | nk  = dk | n /||dk | n || and
†
†
| nk  = dk | n /||dk | n ||, respectively. The expression can
be simplified by defining the up and down transition rates
↑,k (

n)

= gk2 νk (

n ),

(A3)

↓,k (

n)

= gk2 ηk (

n ).

(A4)

Using these transition rates the master equation takes the same
form as in Eq. (5).
APPENDIX B: EQUIVALENCE BETWEEN THE MASTER
EQUATION OF EQ. (10) AND THE FEQJ MODEL WHEN
THE CALORIMETER RELAXES INSTANTANEOUSLY TO
A MICROCANONICAL STATE AFTER A JUMP

Let us assume that the internal relaxation of the calorimeter
is the fastest time scale such that the calorimeter relaxes
instantaneously after a jump into a microcanonical ensemble
of the states corresponding to the same energy and stays in
the microcanonical ensemble until another jump. We can still
use the FEQJ model to calculate the qubit dynamics by using
an averaged calorimeter state instead of a single calorimeter
microstate in Eqs. (11) and (12).
Let us assume that the calorimeter has energy E at time t.
For time t + δt, where δt is very short,
we consider again
the averaged total state ρav (t + δt) = n σav (En ,t + δt) ⊗
σc (En ), where σav (En ,t + δt) is the conditional average over
all qubit state outcomes with calorimeter energy En multiplied
with the probability of calorimeter energy En . As we assume
the calorimeter to have an energy E at time t, σav (En ,t) = 0
when En = E. According to the FEQJ protocol [36],
σav (E,t + δt)
= Trc {U (t + δt,t)σav (E,t) ⊗ σc (E)U † (t + δt,t)}
i
= σav (E,t) − δt[Hq (t),σav (E,t)]

1 
†
−
δtTrc {Dm,k Dm,k σav (E,t) ⊗ σc (E)}
2 m k∈{↑,↓}
−

1 
†
δtTrc {σav (E,t) ⊗ σc (E)Dm,k Dm,k }
2 m k∈{↑,↓}

+ O(δt 2 ),
n

†

dk ,[adk ,ρI ]]|

+ ηk (n)[σI (n,t)a † a + a † aσI (n,t)]},

where the frequency ωk = k /. We can simplify the expres
0
sion by taking into account that the time integral −∞ dt  eiωt =
π δ(ω) − iP(1/ω), where P is the Cauchy principal value and
the imaginary part only affects the Lamb shift. Neglecting the
Lamb shift,
i
[σI (n,t),VI (t)]

1 2
†
−
g ( n |[adk ,[a † dk ,ρI ]]|
2 k k

†

−2ηk (nk )aσI (nk ,t)a † −2νk (nk )a † σI (nk ,t)a

(A1)

σ̇I (n,t) =

n |[a

(B1)

as only the no-jump evolution contributes to σav (E,t + δt).
Due to the possibility of a jump corresponding to energy
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change ω0 , σav (E + ω0 ,t + δt) and σav (E − ω0 ,t + δt)
become nonzero:
σav (E + ω0 ,t + δt)



†
Dm,↓ σav (E,t) ⊗ σc (E)Dm,↓ , (B2)
= δtTrc
m

σav (E − ω0 ,t + δt)



†
= δtTrc
Dm,↑ σav (E,t) ⊗ σc (E)Dm,↑ . (B3)

where is the calorimeter state and the transition rate m ( ) is
†
†
defined such that Trq {Cm σ Cm } = Trq+c {Dm σ ⊗ |  |Dm }
for all qubit states σ = |ψψ|.
Using the calorimeter traced jump operators, the trajectory’s probability can be written as [36]

 N 
N
PQJ i,f, 0 , N , Dmk k=1 , tk k=1
N




N
= (δt) P [i, 0 ]
mk ( k−1 ) f |Ueff (τ,tN )



m

×

Averaging over all the trajectories with different qubit and
calorimeter states at time t, we get
i
δt[Hq (t),σav (En ,t)]

1 
†
−
δtTrc {Dm,k Dm,k σav (En ,t) ⊗ σc (En )}
2 m k∈{↑,↓}

= σav (En ,t) −

k=1

Ueff (tk+1 ,tk )

1 
†
δtTrc {σav (En ,t) ⊗ σc (En )Dm,k Dm,k }
2 m k∈{↑,↓}

†
δtTrc {Dm,↓ σav (En − ω0 ,t) ⊗ σc (En − ω0 )Dm,↓ }
+

−

m

+

†

By inserting the exact form of the jump operators and defining
σ˙av (k,t) = limδt→0 [σav (k,t + δt) − σav (k,t)]/δt, the equation
becomes equivalent to Eq. (5):
σ˙av (En ,t)
i
[σav (En ,t),Hq (t)]


↑ (E)
−
[σav (En ,t)aa † + aa † σav (En ,t)]
2
↓ (En

− ω0 )aσav (En − ω0 ,t)a †

−

↑ (En

+ ω0 )a † σav (En + ω0 ,t)a

+

by




tk

× PQJ i,f,

For simplicity, let us focus on the case where the calorimeter
stays in the same microstate between the jumps. We denote
the probability of a quantum trajectory with N jumps by
N
PQJ [i,f, 0 , N ,{Dmk }N
k=1 ,{tk }k=1 ], where i is the initial state
of the qubit, f is the final state of the qubit, 0 is the initial state
of the calorimeter, N is the final state of the calorimeter, and a
jump caused by Dmk = gmk Amk ⊗ Bmk occurs at time tk . As the
calorimeter’s state does not change between the jumps
we can
√
use the calorimeter traced jump operators Cm =
(
)Am ,
m


Hq (t) − i
2 i

 
i(

0,



N,

Dmk

†
k )Ai Ai


N
,{t }N .
k=1 k k=1

dt ,

(C2)

N

×Trc+q {|f f | ⊗ | N  N |χ (i,
n  

n
=
(−ωi − E0 )k
k
k=0 i, 0
 n−k
×Trc+q Hq+c
(τ )χ (i, 0 ,τ ) ,

=

APPENDIX C: WORK AMOUNTS GIVEN BY
THE FEQJ METHOD



By summing over the trajectories that start from the same initial
states and produce equivalent final states, we can express the
moments as
n

 n
n
(ωf + EN )n−k (−ωi − E0 )k
WTMP =
k
k=0 i,f, ,
0

↑/↓ (E)

tk+1



N
× PQJ i,f, 0 , N , Dmk k=1 ,{tk }N
k=1
n  

n
=
(ωf + EN )n−k (−ωi − E0 )k
k
traj k=0


↓ (En )
†
†
[σav (En ,t)a a + a aσav (En ,t)] , (B5)
2

with
transition
rates
given

[1/N(E)] k,n ↑/↓,k (n)δEn ,E .

(C1)

traj

(B4)

−



where Hq (t) is the qubit Hamiltonian and T← is the time
ordering operator. The TMP moments of work are then given
by [36]

n
=
[ωf + EN − (ωi + E0 )]n
WTMP

m

=

2


AmN+1−k Ueff (tN+1−k ,tN−k ) |i ,


i
= T← exp −


δtTrc {Dm,↑ σav (En + ω0 ,t) ⊗ σc (En + ω0 )Dm,↑ }

+ O(δt 2 ).

N


where | k  is the calorimeter state after the kth jump and the
no-jump evolution is given by

σav (En ,t + δt)



k=1

0 ,τ )}

(C3)

where Hq+c (t) = Hq (t) + Hc is the Hamiltonian of the
composite system without the interaction Hamiltonian and
χ (i, 0 ,τ ) is a density matrix of the total system evolved
according to the master equation (8) with initial value
χ (i, 0 ,0) = |ii| ⊗ | 0  0 |. As Eq. (8) is linear, we can
simplify the expression to be
n  

 n−k
n
n
k
=
(τ )V (τ,0)Hq+c
(0)ρ(0) ,
WTMP
Trc+q Hq+c
k
k=0
(C4)
where ρ(0) is the initial total density matrix operated by
k
(0) at time t = 0. The resulting matrix is evolved in
Hq+c
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time according to Eq. (8). This time evolution is given by
t
the superoperator V (t,0) = T← exp[ 0 L(t  )dt  ] that acts on
the objects on the right side of it. The corresponding moment
generating function is given by

H
H
(C5)
eiμWTMP  = Trq+c T← eiμ[Hq+c (τ )−Hq+c (0)] ρ(0) ,

where the superscript H denotes the Heisenberg picH
(t) = Hq+c (t)V (t,0). In the case that
ture such that Hq+c
the calorimeter instantaneously reaches a microcanonical ensemble after a jump, the derivation is similar
and leads to the same form of the moment generating
function.
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