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A line packing is optimal if its coherence is as small as 
possible. Most interesting examples of optimal line packings 
are achieving equality in some of the known lower bounds 
for coherence. In this paper two infinite families of real and 
complex biangular line packings are presented. New packings 
achieve equality in the real or complex second Levenshtein 
bound respectively. Both infinite families are constructed by 
analyzing well known representations of the finite groups 
SL(2, Fq). Until now the only known infinite families meeting 
the second Levenshtein bounds were related to the maximal 
sets of mutually unbiased bases (MUB). Similarly to the 
line packings related to the maximal sets of MUBs, the line 
packings presented here are related to the maximal sets of 
mutually unbiased weighing matrices. Another similarity is 
that the new packings are projective 2-designs. The latter 
property together with sufficiently large cardinalities of the 
new packings implies some improvement on largest known 
cardinalities of real and complex biangular tight frames.

© 2022 The Author. Published by Elsevier Inc. This is an 
open access article under the CC BY-NC-ND license 

(http://creativecommons.org/licenses/by-nc-nd/4.0/).

E-mail address: mikhail.ganzhinov@aalto.fi.
https://doi.org/10.1016/j.jcta.2022.105656
0097-3165/© 2022 The Author. Published by Elsevier Inc. This is an open access article under the CC 
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

https://doi.org/10.1016/j.jcta.2022.105656
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jcta
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcta.2022.105656&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:mikhail.ganzhinov@aalto.fi
https://doi.org/10.1016/j.jcta.2022.105656
http://creativecommons.org/licenses/by-nc-nd/4.0/


2 M. Ganzhinov / Journal of Combinatorial Theory, Series A 192 (2022) 105656
1. Introduction

The Grassmannian line packing problem asks for line packings with minimal coher-
ence. Packings with such properties are useful in signal processing applications [17] as 
they lead to improved error correction. The exact definition of coherence may vary in 
different applications.

Let L be a set of lines represented by the set of unit vectors ΦL ⊂ Fn where the field 
F is R or C. The angle set of the line packing L is defined as AL = {|〈x, y〉| : x, y ∈
ΦL, x �= y}. One natural way to define coherence μL of the set L is to put

μL = max
α∈AL

α.

Line packings achieving minimal coherence among all packings of the same size in Fn

are called optimal or Grassmannian line packings. For |AL| = 1, 2 and k corresponding 
line packings are called equiangular, biangular and k-angular, respectively.

Other properties of line packings may also be of great interest. A finite set of unit 
norm vectors Φ ⊂ Fn is a frame if Φ spans Fn. A frame Φ is tight if there exists a 
constant a > 0 such that av =

∑
φ∈Φ〈v, φ〉φ for any v ∈ Fn. In other words, tight frames 

generalize some aspects of orthogonal bases. If ΦL is a tight frame, then the packing L
is also called a tight frame, in which case a = |L|/n. The tightness of a frame is usually 
desired along other properties such as optimality and a small angle set.

Several lower bounds for minimal coherence are known. Packings with equality in 
those bounds are guaranteed to be optimal. One of these bounds is the Welch bound 
[20] stating that

μL ≥
√

|L| − n

n(|L| − 1)

for any n-dimensional set of lines L. The Welch bound coincides with the first Lev-
enshtein bound for line packings [16]. Line packings with equality in this bound are 
exactly equiangular tight frames (ETF). These are probably the most studied line sys-
tems [10,11,14,18]. The maximal cardinality of real or complex n-dimensional equiangular 
line packings cannot exceed 

(
n+1

2
)

and n2 lines, respectively [9]. Zauner’s conjecture [22]
predicts existence of complex ETFs of maximal cardinality n2 in every dimension. Ac-
cording to [1,15] existence of these packings seem to be related to abelian extensions of 
real quadratic fields.

Packings in n-dimensional space with cardinality larger than 
(
n+1

2
)

in the real case 
and n2 in the complex case cannot be equiangular and cannot achieve equality in the 
Welch bound. To prove optimality of line packings with cardinality in the range 

(
n+1

2
)
<

|L| ≤
(
n+2

3
)

in the real case and n2 < |L| ≤ n
(
n+1

2
)

in the complex case, it is sufficient to 
achieve equality in the second Levenshtein bound [16]. If an n-dimensional line system 
L is real, then the Levenshtein’s second bound gives that
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μL ≥
√

3|L|/2 − n(n/2 + 1)
(|L| − n)(n/2 + 1) ,

while in the complex case we have

μL ≥
√

2|L| − n(n + 1)
(|L| − n)(n + 1) .

Line systems achieving equality in the Levenshtein’s second bound are necessar-
ily {0, μL}-angular projective 2-designs. Real line systems have the structure of Q-
polynomial three class association schemes [2]. Such line systems are rare. In fact, we 
know only finitely many constructions achieving equality in the second Levenshtein’s 
bound that aren’t either maximal sets of equiangular lines or maximal sets of mutually 
unbiased bases, see [12] for a complete list. The list of known biangular projective 2-
designs (i.e., line systems achieving equality in biangular relative bounds [9,13]) is slightly 
longer, but remains finite. Biangular tight frames (biangular projective 1-designs) are in-
vestigated in [4,6] and are more numerous. Despite that, constructing biangular tight 
frames with cardinalities exceeding the upper bound for equiangular lines proves to be 
challenging. To underline this fact, the following question is posed in [4].

Question 1. Are there other “infinite families” of complex biangular tight frames in addi-
tion to maximal sets of mutually unbiased bases [21] with cardinalities exceeding square 
of dimension of the space they reside?

In this paper we construct real {0, 
√

2/q}-angular line systems of cardinality q2 − 1
in Rq−1 when q is an odd power of 2. We also construct complex {0, 

√
3/q}-angular line 

systems of cardinality (q2 − 1)/2 in C(q−1)/2 when q is a power of 3. Both constructions 
produce infinite families of systems of biangular lines which achieve equality in the 
Levenshtein’s second bound. These are the first infinite families unrelated to mutually 
unbiased bases. The cardinalities of the line systems in both families are large enough 
to give positive answer to Question 1. Interestingly, the new line systems are related to 
mutually unbiased weighing bases [3].

The paper is organized as follows. In Section 2 we describe the mathematical ma-
chinery and the notations that will be used through the rest of the paper. In Section 3
we construct well-known (q − 1)-dimensional representations of SL(2, Fq). In Section 4
we construct real infinite family of optimal line systems related to certain 22k+1 − 1-
dimensional representations of SL(2, F22k+1). Finally, in Section 5 we construct complex 
infinite family of optimal line systems related to (3k − 1)/2-dimensional representations 
of SL(2, F3k).
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2. Preliminaries

Let Fq be a finite field of order q = pn where p is a prime and n ∈ N. Let L/Fq be a 
quadratic field extension of Fq. If q is odd, L can be defined as Fq(ρ) where ρ /∈ Fq is a 
root of some quadratic polynomial of the form x2− s, s ∈ Fq, that is irreducible over Fq. 
If q is even, instead of x2 − s, an irreducible polynomial (over Fq) of the form x2 + x + s

can be used.
Every element z of the field L can be expressed in the form z = x + yρ and thus 

the additive group of L is isomorphic to the vector space F2
q . Let F∗

q and L∗ be the 
multiplicative groups of the fields Fq and L, respectively; these groups are cyclic. If q is 
odd, F∗

q can be decomposed into two sets of size (q−1)/2, QRq and NQRq, containing the 
squares (quadratic residues) and the nonsquares (quadratic nonresidues), respectively.

The field L has a unique nontrivial automorphism σ fixing Fq. If q is odd, then 
σ(x + yρ) = x − yρ while if q is even then σ(x + yρ) = x + y + yρ for all x, y ∈ Fq. In 
both cases

σ(z) = zq for all z ∈ L.

The functions N : L → Fq and S : L → Fq defined by

N(z) = zσ(z) = zq+1 and S(z) = z + σ(z) = z + zq

for all z ∈ L are relative norm and relative trace, respectively. A set

Cd = {t ∈ L | N(t) = d} where d ∈ F∗
q

is called a circle of the field L. If d = 1, the notation C1 = C will be used. Each circle 
consists of q + 1 elements, and C is a cyclic subgroup of L∗. The absolute trace of the 
field Fq is the function Tr : Fq → Fp defined by

Tr(x) = x + xp + . . . + xpn−1
for all x ∈ Fq.

It is well known that while the norm is a multiplicative function, the trace is additive.
Let A be an abelian group. A function ρ : A → C \ {0} is called a character of the 

group A if it is a homomorphism. The set Â formed by all characters of A is a group 
under pointwise multiplication. The group Â is always isomorphic to A. The character 
ρ0 is said to be trivial if ρ0(a) = 1 for all a ∈ A. The order of a character ρ is defined 
to be the smallest integer k such that ρk = ρ0. Additive characters of the field Fq

are homomorphisms from the additive group of the field Fq to C \ {0}. The nontrivial 
character χ of Fq can be defined by following equation

χ(x) = e2πiTr(x)/p for all x ∈ Fq.
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Similarly, multiplicative characters of a group A ≤ F∗
q are homomorphisms from A to 

C \ {0}.
A delta function δc : F → R, where F is either a field or a multiplicative group of a 

field (depending on the context) and c ∈ F is defined as

δc(x) =
{

1, if x = c

0, otherwise

for all x ∈ F . If c = 0, we simply write δ instead of δ0.
The special linear group G = SL(2, Fq) is a set of matrices {g =

[
a b
c d

]
| a, b, c, d ∈

Fq, det(g) = 1} with the group operation being matrix multiplication. The group formed 

by invertible upper triangular matrices g =
[
a b
0 d

]
where a, d ∈ F∗

q and b ∈ Fq will be 
denoted by B.

Finally, the Hilbert space of real or complex (depending on the context) functions 
over the set S is denoted by H(S) and the associated norm of a vector v ∈ H(S) is 
denoted by ||v||H(S).

3. Some representations of finite groups SL(2, Fq)

In representation theory, elements of groups are represented as linear transformations 
of vector spaces. A representation of a group G is a pair (V, φ) where V is a vector space 
and φ : G → GL(V ) is a group homomorphism. In this paper we will be interested in 
(q − 1)-dimensional representations of SL(2, Fq) and related line systems defined by the 
row and column vectors of matrices φ(g) where g ∈ SL(2, Fq). Throughout this section 
we will use G to denote specifically SL(2, Fq).

All irreducible representations of the groups SL(2, Fq) with q odd are covered (for 
example) in [19]. Throughout this section, the paper [19] will be used as the main source 
of information regarding representations of SL(2, Fq). Ultimately, some of these repre-
sentations will produce optimal line packings.

As a starting point we introduce certain reducible representations of the groups 
SL(2, Fq) which later will be decomposed into irreducible ones. Following [19] we are 
going to define matrices Tg : H(L) → H(L) for every g ∈ SL(2, Fq) entrywise by

Tg(u, v) =
{
−1

qχ(aN(u)+dN(v)−S(uσ(v))
c ), if g /∈ B

χ(abN(u))δ(v − ua), otherwise,
(1)

where g =
[
a b
c d

]
, a, b, c, d ∈ Fq and u, v ∈ L (in [19] the notation K(2)(g|u, v) is used 

for the same matrices). We shall now show that the matrices Tg form a group.

Proposition 1. The matrices Tg are unitary and form a group T . The group T is iso-
morphic to G with the group isomorphism φ : G → T defined by φ(g) = Tg for all 
g ∈ G.
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Proof. For the case where q is odd, see [19, pp. 70-72]. If q is even, then the matrices Tg

are real. The group property is equivalent to the equality

〈Tg1(u, :), Tg2(:, v)T 〉 = Tg1g2(u, v) for all g1, g2 ∈ G and u, v ∈ L. (2)

When verifying the group property several cases arise. While we will skip some technical 
details, we will give the general ideas how to prove each of the arizing cases.

If at least one of the matrices gi is an element of the group B, the verification of the 
group property is simple since one of the matrices will be monomial, i.e., in each row 
and column there is exactly one non-zero entry.

If g1g2 = 1, then verification of the group property will only involve evaluation of the 
linear character sums. Verification of orthogonality of each matrix Tg also involves only 
evaluation of the linear character sums.

The most difficult case is when g1, g2 /∈ B. Now the problem can be reduced to 
computation of quadratic character sums of the form

I(v) =
∑
u∈L

χ(N(u) + S(vσ(u))).

If u = x + yρ and v = z + wρ, then the sum I(v) can be rewritten as

I(v) =
∑

x,y∈Fq

χ(x2 + xy + sy2 + xw + yz). (3)

To evaluate I(0) observe that when q is even the function f : Fq → Fq, f(x) = x2 for all 
x ∈ Fq is a bijection and thus 

∑
x∈Fq

χ(x2) =
∑

x∈Fq
χ(x) = 0. Each circle Cd contains 

q + 1 points one of which is on Fq namely 
√
d. Thus, the sum I(0) can be rewritten as

I(0) =
∑
u∈L

χ(N(u)) = χ(0) + (q + 1)
∑
u∈F∗

q

χ(N(u)) = (q + 1)
∑
u∈Fq

χ(u2) − q = −q.

All other sums I(v) are related to I(0). By performing a change of variables u → u + v

in (3) we obtain

I(v) =
∑

x,y∈Fq

χ(x2 + xy + sy2 + z2 + zw + sw2) =
∑
u∈L

χ(N(v) + N(u)) = −χ(N(v))q.

Now, verification of (2) will involve either calculation of sums I(v), calculation of linear 
character sums or the evaluation of row vectors of the matrix Tg1 at a single element. �

A group isomorphism φ defines a group homomorphism φ1 : G → GL(H(L)). Thus a 
pair (H(L), φ1) is a q2-dimensional representation of G. The next goal is to decompose 
a given q2-dimensional representation of G into smaller invariant subspaces. For t ∈ C

define an operator Rt by Rtf(v) = f(tv) for all f ∈ H(L) and v ∈ L. We have
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TgRtf(v) = Tgf(tv) = −
∑
v∈L

χ(aN(u) + dN(v) − S(uσ(v))
c

)f(tv)/q.

Now a change of variables v → σ(t)v gives

TgRtf(u) = −
∑
u∈L

χ(aN(tv) + dN(σ(t)u) − S(vσ(σ(t)u))
c

)f(u)/q = RtTgf(u)

for any f ∈ H(L). Thus, the operators Rt commute with the matrices Tg. Let π be a 
character of the group C. Let H(L)π be a subspace of H(L) consisting of elements f
that satisfy f(tu) = π(t)f(u) for all t ∈ C and u ∈ L. For all f ∈ H(L)π

RtTgf = π(t)Tgf ∈ H(L)π

which makes H(L)π an invariant subspace of the representation φ1.
If π0 is the trivial (constant) character of C, then the subspace H(L)π0 is q-dimensional 

and consists of functions that are constant on circles Cd and {0}. If the character π
is not trivial, the corresponding space H(L)π is (q − 1)-dimensional since necessarily 
f(0) = 0 for all f ∈ H(L)π. Since subspaces H(L)π are clearly orthogonal to each other, 
the whole q2-dimensional space H(L) can be decomposed into a direct sum of q + 1
subspaces H(L)π, indeed, q2 = q + q(q − 1).

Let θ = {xd | xd ∈ Cd for every d ∈ F∗
q } be a system of representatives of circles 

Cd. For each nontrivial character π, an orthonormal basis Bπ,θ = {ed} of the subspace 
H(L)π is obtained by choosing

ed(x) =
{

1√
q+1π(x/xd), if x ∈ Cd

0, otherwise.

Let Fπ,θ : H(L)π → H(F∗
q ) be the unitary transformation defined by Fπ,θ(ed) = δd for all 

ed ∈ Bπ,θ. Representations associated with subspaces H(L)π could be constructed explic-
itly as the pairs (H(F∗

q ), φπ) where φπ : G → GL(H(F∗
q )) is a group homomorphism. An 

easy way to accomplish this is to simply put φπ(g) = Tg,π,θ where Tg,π,θ = Fπ,θTgF
−1
π,θ . 

Let Tπ,θ be the set of all matrices Tg,π,θ with fixed π and θ. Explicitly, after performing 
matrix multiplications we get

Tg,π,θ(u, v) =
{

−1
q χ(au+dv

c )
∑

t∈C χ(−S(txvσ(xu))
c )π(t), if g /∈ B

π(axu/xv)χ(abv)δ(v −N(a)u), otherwise
(4)

for all v, u ∈ F∗
q .

Definition 1. Character sums of the form

Jπ(z) := 1
q

∑
χ(−S(tz))π(t) where z ∈ L
t∈C
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are called Bessel functions of the field L.

By using Bessel functions in the case g /∈ B, the matrices Tg,π,θ can be expressed as

Tg,π,θ(u, v) = −χ(au + dv

c
)Jπ(xvσ(xu)/c) for all u, v ∈ F∗

q . (5)

At this point it is good to summarize what has been done so far. We began by in-
troducing q2-dimensional representations (H(L), φ1) where matrices corresponding to 
elements g ∈ SL(2, Fq) were defined by (1). Later, representations (H(L), φ1) were de-
composed into invariant subspaces H(L)π where π is a character of C. The representation 
corresponding to the subspace H(L)π0 where π0 is trivial is q-dimensional and will not 
be needed in following sections. All other (q−1)-dimensional invariant subspaces H(L)π
where π is nontrivial were used to construct representations (H(F∗

q ), φπ). The homo-
morphism φπ is given explicitly by (4) and (5) through Bessel functions of the field L. 
Representation (H(F∗

q ), φπ) depends on the choice of representatives θ. We conclude this 
section by remarks which clarify how exactly the choice of θ affects the corresponding 
representations.

Remark 1. It is clear that the particular form of the representations (H(F∗
q ), φπ) depends 

on the particular choice of representatives θ. Let θi = {xd,i | xd,i ∈ Cd for every d ∈ F∗
q }, 

i = 1, 2 be two different systems of representatives. From the definition of Bessel functions 
it is easy to see that

Jπ(tz) = π(t)Jπ(z) for all t ∈ C. (6)

From (6) follows that

Tg,π,θ2(u, v) = Tg,π,θ1(u, v)π(xu,2/xu,1)π(xv,2/xv,1), (7)

when g /∈ B and (7) holds also in the case g ∈ B which can be verified directly. In the 
following sections sets of biangular lines will be represented by row and column vectors 
of matrices Tg,π,θ. Equation (7) implies that the choice of θ does not affect the structure 
of the resulting line system.

Remark 2. If q is even, by using perfectness of the field L, it is possible to choose 
representatives of the circles Cd to be θ = {

√
d | d ∈ F∗

q }. With this particular choice,

Tg,π(u, v) =
{
−χ(au+dv

c )Jπ(
√
vu/c), if g /∈ B

χ(abu)δ(v −N(a)u), otherwise.

In order to get rid of square roots in these expressions, the matrices Tg,π, will be defined 
for q even. Notice that u2 = N(u) for all u ∈ Fq. Let Tg,π(v, u) = Tg,π,θ(N(v), N(u)) for 
all v, u ∈ F∗

q . Explicitly by performing substitution we have
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Tg,π(u, v) =
{
−χ(aN(u)+dN(v)

c )Jπ(vu/c), if g /∈ B

χ(abN(u))δ(N(v) −N(au)), otherwise

for all v, u ∈ F∗
q . The matrices Tg,π define representations (H(F∗

q ), φ2,π) where homo-
morphisms φ2,π are defined by φ2,π(g) = Tg,π for all g ∈ G.

4. Sets of biangular lines related to representations of SL(2, F22k+1)

This section is dedicated to real line systems Lπ represented by row or column vectors 
of matrices Tg,π related to representations (H(F∗

q ), φ2,π). In the first part of this section 
we will derive Propositions 2-4 which express basic properties common to all such line 
systems. In particular, Proposition 4 gives a lower bound on coherence; line systems 
achieving this lower bound are always biangular. We will show then, that a particular 
infinite family achieving the lower bound in Proposition 4 actually exists. This is done 
by establishing a connection through Hasse-Davenport relations between some of the 
functions Jπ and a certain additive character sums.

The usual p-norm of a vector v ∈ H(F∗
q ) is denoted by ||v||p where 1 ≤ p ≤ ∞. For 

c ∈ Fq define Jπ,c(x) = Jπ(cx) and χc(x) = χ(cN(x)) for all x ∈ Fq. Some important 
basic properties of the functions Jπ which will be needed later are described in following 
proposition.

Proposition 2. For q even and π a nontrivial character of C, the following properties of 
the functions Jπ hold:

1. Jπ(x) ∈ R and Jπ(x) = Jπ(x) for all x ∈ F∗
q .

2. ||Jπ||22 = 1.
3. ||J2

π||22 = 2
q .

4. ||JπJπ,c||22 = 1
q when c �= 0, 1.

Proof. To prove the first identity observe that S(xσ(t)) = S(xt) and π(t) = π(σ(t))
which gives

Jπ(x) =
∑
t∈C

χ(S(xt))π(t)/q =
∑
t∈C

χ(S(xσ(t)))π(σ(t))/q =
∑
t∈C

χ(S(xt))π(t)/q = Jπ(x)

and on the other hand

Jπ(x) =
∑
t∈C

χ(S(xt))π(t)/q =
∑
t∈C

χ(S(xt))π(t)/q = Jπ(x),

for all x ∈ F∗
q . The second identity is obvious since the matrices Tg,π are orthogonal. 

For the third identity, fix g1 =
[

0 1
1 0

]
and set g2(d) =

[
0 1
1 d

]
for d ∈ Fq. Now g2(d)g1 =

g3(d) =
[

1 0
d 1

]
, Tg2(d),πTg1,π = Tg3(d),π and explicitly
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Q(d) := Tg3(d),π(1, 1) = χ(dN(0))J2
π(0) +

∑
x∈F∗

q

Jπ(x)2χ(dN(x)) for all d ∈ Fq.

Since N(x) = x2 for all x ∈ Fq, the functions χ(dN(t))/√q form an orthonormal basis 
of H(Fq) and therefore (by Parseval’s theorem) ||Q||2H(Fq) = q||J2

π||22. On the other hand, 
the values of the function Q are known:

Q(d) = Tg3(d),π(1, 1) =
{
−χ(N(1)/d)2Jπ(1/d) if d �= 0
1 if d = 0,

for all d ∈ F . We conclude that ||Q||2H(Fq) = 12 + ||Jπ||22 = 2 and thus ||J2
π||22 = 2

q .
The fourth identity can be proved in the same way as the third identity by choosing 

g1(c) =
[

0 c
c−1 0

]
with any fixed c �= 0, 1 to get for all d ∈ Fq

Qc(d) := Tg3(c,d),π(1, 1) = χ(dN(0))Jπ(0)Jπ(c · 0) +
∑
y∈F∗

q

Jπ(x)Jπ(cx)χ(dN(x))

where g3(c, d) = g2(d)g1(c). Explicitly

Qc(d) = Tg3(c,d),π(1, 1) =
{
−χ((c2 + 1)N(1)/d)Jπ(c/d) if d �= 0
0 if d = 0.

Since |χ(y)| = 1 for all y ∈ Fq, we have ||Qc||22 = 02 + ||Jπ||22 = 1 and thus ||JπJπ,c||22 =
1
q . �

Now it is time to define line systems Lπ in the case when q is even by giving explicitly 
corresponding sets of representatives.

Definition 2. The line system where each line is represented by a vector in the set

Φπ = {χaJπ,y | a ∈ Fq, y ∈ F∗
q } ∪ {δy | y ∈ F∗

q } ⊂ H(F∗
q ),

is denoted by Lπ.

Each vector in Φπ is a row vector in some matrix Tg,π where g ∈ G. On the other 
hand, any row vector of any matrix Tg,π is parallel with some vector of the set Φπ.

Proposition 3. If q is even, |Φπ| = q2 − 1 for all nontrivial characters π and q > 2. All 
vectors in Φπ are real and non-parallel.

Proof. The set Φπ contains q−1 vectors of the form δy as well as at most q(q−1) vectors 
of the form χaJπ,y. All these vectors are real according to part 1 of Proposition 2. The 
cardinality of Φπ is thus at most q2 − 1. It remains to show that cardinality of Φπ is at 
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least q2 − 1 by showing that there are no parallel vectors in the description of the set 
Φπ.

The multiplicative group L∗ is a subgroup of GL(2, Fq) where every element z =
b + cρ ∈ L∗ is represented by the invertible matrix gz ∈ GL(2, Fq) where gz =

[
b sc
c b + c

]
and s ∈ Fq as in Section 2. Matrix gz is upper triangular exactly when c = 0, in this 
case gz is a scalar matrix and hence z ∈ F∗

q ⊂ L∗. Matrices associated with elements 
z ∈ C have det(gz) = N(z) = 1 and thus form a cyclic subgroup of SL(2, Fq). Since 
C ∩ F∗

q = {1}, the only upper triangular matrix corresponding to elements of C is the 
identity matrix.

Let z0 be a generator of C. From the group property of C follows

〈T r
gz0 ,π

(u, :), T t
gz0 ,π

(v, :)〉 = T r−t
gz0 ,π

(u, v) for all 0 ≤ r, t < q + 1.

If r = t, then T r−t
gz0 ,π

is an identity matrix. In all other cases matrices gr−t
z0 are not upper 

triangular since C ∩ F∗
q = {1}. Thus, the absolute values of entries of matrices T r−t

gz0 ,π

are thus contained in the set {|Jπ(x)| | x ∈ F∗
q }. From part 3 of Proposition 2 follows 

that |Jπ(x)| ≤ 4
√

2
q < 1 for all x ∈ F∗

q . This can be used to deduce that all row vectors 
Tgr

z0
,π, 0 ≤ r < q + 1 are on different lines. Thus, one of the vectors in the each pair 

{Tgzr0
,π(v, :), −Tgzr0

,π(v, :)}, 0 ≤ r < q+1, v ∈ F∗
q is contained in the set Φπ, proving that 

|Φπ| = q2 − 1. �
Our next goal is to determine a lower bound for the coherence of the line packings 

Lπ.

Proposition 4. Let q be even. For all nontrivial characters π of the circle C, μLπ
≥

√
2/q

holds. Equality can only be achieved if Lπ is {0, 
√

2/q}-angular.

Proof. From Proposition 3 follows that the angle set of Lπ is AL = {|Jπ(x)| | x ∈ F∗
q }. 

Absolute values of the functions Jπ can be estimated with the help of Proposition 2. 
Indeed, parts 2 and 3 of Proposition 2 imply that the maximal absolute value must be 
at least 

√
2/q since from the Hölder inequality follows

2/q = ||J4
π||1 ≤ ||J2

π||1||J2
π||∞ = ||J2

π||∞.

On the other hand, if the maximal absolute value of the function Jπ is exactly 
√

2/q
then coordinatewise

Jπ(x)4 ≤ 2Jπ(x)2/q for all x ∈ F∗
q

and equality occurs only if Jπ(x) ∈ {0, ±
√

2/q} for all x ∈ F∗
q . In this case AL =

{0, 
√

2/q} and the line system Lπ is biangular. �
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The main goal of this section is to show that there actually exists a nontrivial character 
π of the group C such that coherence of Lπ achieves equality in Proposition 4 and in 
the Levenshtein’s second bound. If q = 22k+1 then

22k+1 ≡ (−1)2k+1 = −1 mod 3 (8)

and thus q + 1 is always divisible by 3. Since the character group of C is isomorphic to 
C, there exist exactly three characters π such that π3 = π0. One of these characters is 
obviously π0 which defines the q-dimensional representation. The other two characters 
are of order 3. When one is π, other is always π. These two characters will define the 
same line system Lπ = Lπ and the same Bessel function Jπ = Jπ on F∗

q .
We will show that characters of order 3 always produce line systems Lπ with optimal 

properties. To prove optimality of these line systems, Gauss sums will be introduced in 
Definition 3 and some of their properties will be introduced in Propositions 5 and 6.

Definition 3. A Gauss sum is a sum of the form

G(χ, π) =
∑
x∈F∗

q

χ(x)π(x)

where χ is an additive character of the field Fq and π is a multiplicative character of the 
field Fq.

Proposition 5. For a nontrivial additive character χ, Gauss sums have the following 
properties

1. |G(χ, π)| = √
q for π nontrivial,

2. G(χ, π) = −1 for π trivial,
3. G(χ, π) = π(−1)G(χ, π).

The properties of Gauss sums in Proposition 5 are well known.

Proposition 6 (Hasse–Davenport relations, [8]). Let Fq be a finite field with q elements 
and let L/Fq be its extension of degree s. Let χ, ρ be (nontrivial) additive and multiplica-
tive characters of the field Fq, respectively. Let N, S be the norm and the trace from L to 
Fq, respectively. Let χ′(z) = χ(S(z)) and ρ′(z) = ρ(N(z)) be additive and multiplicative 
characters of the field L. Then

(−1)sG(χ, ρ)s = −G(χ′, ρ′) (Hasse–Davenport lifting relation).

Let π be a multiplicative character of the field Fq of order m dividing q − 1. Then

m−1∏
G(χ, ρπa) = −ρ−m(m)G(χ, ρm)

m−1∏
G(χ, πa) (Hasse–Davenport product relation).
a=0 a=0
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Results of L. Carlitz concerning the evaluation of some additive character sums will prove 
to be useful. In fact, we will prove that when a character π has degree 3, the values of 
the functions Jπ are directly related to additive character sums presented in the next 
proposition.

Proposition 7 (L. Carlitz, [5]). Let Fq be a field with q = 22k+1 elements and χ its 
nontrivial additive character. Then

∑
x∈Fq

χ(ax3 + bx) ∈ {0,±2k+1}

while at least one of the parameters a, b is nonzero.

Finally, two simple auxiliary lemmas will be needed.

Lemma 1. Let r ∈ {1, 2, 3, . . .} and n odd with gcd(r, n) = 1. Let f : Z/nZ → C with be 
a function with the following two properties

1. |f(k)| = r for all k ∈ Z/nZ.
2. f(k) =

∑
0≤j≤n−1 aje

2πijk/n with integral coefficients aj for all 0 ≤ j ≤ n − 1.

Let s : Z/nZ → {−1, 1} be any function. If the function s(k)f(k) : Z/nZ → C can be 
expressed in the form

s(k)f(k) =
∑

0≤j≤n−1
bje

2πijk/n (9)

with integral coefficients bj for all 0 ≤ j ≤ n − 1, then the function s(k) is necessarily a 
constant.

Proof. Assume that there exist functions f(k) and nonconstant s(k) satisfying the re-
quirements of Lemma 1. Assume further that equation (9) holds with integral coefficients 
bj for all 0 ≤ j ≤ n − 1. Let S = {k ∈ Z/nZ | s(k) = −1}; since s(k) is not constant, 
|S| < n. Now we determine the H(Z/nZ)-norm of the function g(k) = (1 − s(k))f(k) in 
two different ways. Direct computation gives

||g||2H(Z/nZ) =
∑

0≤k<n

|(1 − s(k))f(k)|2 = 4|S|r2.

Alternatively, the same norm can be computed on the Fourier side

||g||2H(Z/nZ) = n
∑

0≤k<n

(aj − bj)2 = n · s, where s ∈ N.

This leads to a contradiction since the first value is not divisible by n. �
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Lemma 2. Let q be even and π be a nontrivial character of the unit circle C ⊂ L of order 
3. Then Jπ(x) is rational of the form k/q for all x ∈ Fq.

Proof. Since the character π is of order 3, π(t) ∈ {1, e2πi/3, e−2πi/3} for all t ∈ C. 
Additionally χ(S(xt)) = χ(S(xσ(t))) and π(t) = π(σ(t)) for all t ∈ C, x ∈ Fq. Also 
π(1) = 1. For a generator t0 of C we have

Jπ(x) =
∑
t∈C

χ(S(xt))π(t)/q = χ(x)π(1)/q +
∑

1≤n≤q/2

χ(S(xtn0 ))(π(tn0 ) + π(tq+1−n
0 ))/q.

Every summand in the last sum is either 2/q or −1/q, which completes the proof. �
The following theorem is the main result of this paper.

Theorem 1. Let q = 22k+1 and π be a nontrivial character of the unit circle C ⊂ L of 
order 3. Then the line system Lπ of Definition 2 is (q−1)-dimensional and |Lπ| = q2−1. 
Additionally Lπ is biangular with ALπ

= {0, 
√

2/q}.

Proof. The fact that Lπ is (q − 1)-dimensional follows directly from Definition 2 while 
cardinality of Lπ were determined in Proposition 3. It remains is to determine the angle 
set of line systems Lπ.

Let L̂ be the group of multiplicative characters of the field L and ψ : L∗ → L̂ be some 
fixed isomorphism. The group L∗ is a direct product of two subgroups C and F∗

q which 
have orders q+1 and q−1 respectively. The characters in ψ(C) ≤ L̂ are constant on the 
lines lt = tF∗

q where t ∈ C while the characters in ψ(F∗
q ) ≤ L̂ are constant on the circles 

Cd where d ∈ F∗
q . A character π∗ of the group C is a restriction of the corresponding 

character π∗ ∈ ψ(C). This correspondence is a bijection.
Let ξ be a generator of the multiplicative group F∗

q then the character

ρ(ξk) = e2πki/(q−1) for all 0 ≤ k < q − 1 (10)

generates all multiplicative characters of F∗
q . In this case character ρ∗ = ρ ◦N generates 

ψ(F∗
p ). From now on it will be assumed that the character ρ is defined according to (10)

with some fixed ξ.
Define the function f : Z/(q−1)Z → C by f(r) := G(χ ◦S, π∗ρr∗). Since the characters 

ρr∗ are constant on the circles Cd, it is possible to rewrite the expression for f(r) into 
the form

f(r) =
∑
z∈L∗

χ(S(z))π∗(z)ρr∗(z) =
∑
x∈F∗

q

ρr∗(x)
∑
t∈C

χ(S(xt))π∗(t) = q
∑
x∈F∗

q

ρr(x)Jπ(x)

= q
∑

e
2πikr
q−1 Jπ(ξk),
1≤k<q−1
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where z = xt and x = ξk ∈ F∗
q , t ∈ C. Thus, the function f(r) can be expressed as a sum 

of different orthogonal components. The amplitude of each component e
2πi·k
q−1 is qJπ(ξk).

From now on assume that the character π∗ = π is of order 3, which means that the 
corresponding character π∗ is also of order 3. Because of (8), this is possible only if 
q = 22k+1.

It is possible to compute the exact value of f(0) by using the fact that the character 
π∗ is constant on the lines lt and the fact that 

∑
t∈C π(t) = 0. Indeed,

f(0) =
∑
t∈C

π(t)
∑
x∈F∗

q

χ(S(xt)) = q − 1 −
∑

t∈C\{1}
π(t) = q.

It is possible to use the Hasse–Davenport product relation on the characters π∗, ρ∗ and 
χ ◦ S in order to obtain

2∏
a=0

G(χ ◦ S, πa
∗ρ

r
∗) = −ρ−3r(3)G(χ ◦ S, ρ3r

∗ )
2∏

a=0
G(χ ◦ S, πa

∗) when r �= 0. (11)

Now we have to simplify (11). On the left-hand side of (11) notice that f(r) = G(χ ◦
S, π1

∗ρ
r
∗) = G(χ ◦S, π2

∗ρ
r
∗). The reason for that is because characters π and π2 = π define 

the same Bessel function Jπ on F∗
q and hence the same function f(r). Now, the left-hand 

side of (11) becomes

2∏
a=0

G(χ ◦ S, πa
∗ρ

r
∗) = G(χ ◦ S, ρ∗)f(r)2 when r �= 0.

On the right-hand side notice that ρ−3r
∗ (3) = 1 since 1 = 3 in fields of characteristic 2. 

Additionally, q = f(0) = G(χ ◦ S, π∗) = G(χ ◦ S, π2
∗). And finally, G(χ ◦ S, π0

∗) = −1 by 
Proposition 5.2 since π0

∗ is a trivial character. Now, the right-hand side of (11) becomes

−ρ−3r(3)G(χ ◦ S, ρ3r
∗ )

2∏
a=0

G(χ ◦ S, πa
∗) = q2G(χ ◦ S, ρ3r

∗ ) when r �= 0. (12)

By using all described simplifications and by dividing both sides of (11) by G(χ ◦ S, ρ∗)
we obtain

f(r)2 = q2G(χ ◦ S, ρ3r
∗ )

G(χ ◦ S, ρr∗)
when r �= 0. (13)

To further simplify (13) we can use part 3 of Proposition 5 and the fact that ρ∗ = ρ ◦N
to get

q2

r
= G(χ ◦ S, ρr∗) = G(χ ◦ S, ρ−r

∗ ) when r �= 0.

G(χ ◦ S, ρ∗)
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This transforms (13) into

f(r)2 = G(χ ◦ S, (ρ ◦N)3r)G(χ ◦ S, (ρ ◦N)−r) when r �= 0.

By using the Hasse–Davenport lifting relation the last equation can be transformed into

f(r)2 = G(χ, ρ3r)2G(χ, ρ−r)2 when r �= 0,

and finally

f(r) = ±G(χ, ρ3r)G(χ, ρ−r) when r �= 0. (14)

Now, we define a function g : Z/(q − 1)Z → C such that g(r) = G(χ, ρ3r)G(χ, ρ−r) for 
all r ∈ Z/(q − 1)Z, explicitly

g(r) =
∑
x∈F∗

q

ρ(x)3rχ(x)
∑
y∈F∗

q

ρ−r(y)χ(y).

The variable change y = tx3, t ∈ F∗
q in previous sum (the function tx3 is a bijection as 

long as q = 22k+1) gives

g(r) =
∑
t∈F∗

q

∑
x∈F∗

q

ρ(x)3rρ(tx3)−rχ(x + tx3) =
∑
t∈F∗

q

ρ(t)−r
∑
x∈F∗

q

χ(x + tx3)

=
∑

0≤k<q−1

e−2πikr
∑
x∈F∗

q

χ(x + ξkx3)

which is the Fourier transform of g(r). Coefficients corresponding to frequencies e−2πikr

are given by the sums

a−k =
∑
x∈F∗

q

χ(x + ξkx3) ∈ {−1, 22+1 − 1,−2k+1 − 1},

where exact set of the values is determined according to Proposition 7. Notice that 
1 = g(0) �= f(0) = q. This can be adjusted by introducing the new function g1(r) =
g(r) + (q − 1)δ(x). We have

g1(r) =
∑

0≤k<q−1

e−2πikr
∑
x∈Fq

χ(x + ξkx3) for all 0 ≤ r < q − 1.

Finally, by comparing properties of functions g1(r) and f(r) we observe

1. g1(0) = f(0) = q and f(r) = ±g1(r) for all r ∈ Z/(q − 1)Z.
2. |g1(r)| = q for all r ∈ Z/(q − 1)Z and gcd(q, q − 1) = 1.
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3. f(r) can be expressed in the form f(r) =
∑

0≤j<q−1 aje
2πijr/(q−1) where aj =

qJπ(ξk) ∈ Z for all 0 ≤ j < q − 1 where by Lemma 2 all values of qJπ are inte-
gral.

4. g1(r) can be expressed in the form g1(r) =
∑

0≤j<q−1 bje
2πijr/(q−1) where bj =∑

x∈F χ(x + ξ−kx3) ∈ {0, ±2k+1} according to Proposition 7.

From Properties 1-4 we conclude that the functions g1(r) and f(r) satisfy the require-
ments of Lemma 1 and thus either g1(r) = f(r) or g1(r) = −f(r) for all r. Since 
f(0) = g1(0) = q we conclude that g1(r) = f(r) for all r and

Jπ(ξk) = 1
q

∑
x∈F

χ(x + ξ−kx3) ∈ {0,±
√

2/q} for all 0 ≤ k < q − 1

determining the angle set of Lπ. �
Small-dimensional line systems coming from Theorem 1 deserve special remarks.

Remark 3. If q = 8, then Theorem 1 gives a system of 63 {0, 1/2}-angular lines in R7

which is isomorphic to the line system generated by the roots of the lattice E7.

Remark 4. If q = 32 then a system of 1023 {0, 1/4}-angular lines in R31 given by Theo-
rem 1 is not unique. A nonisomorphic line system with the same parameters was found 
by the author of this article via a (nonexhaustive) computer assisted search.

5. Sets of biangular lines related to representations of SL(2, F3k)

In this section we investigate complex line systems associated with (q − 1)/2-
dimensional representations of the groups SL(2, Fq) with q being odd. Values of Bessel 
functions associated with these representations are explicitly determined in [7]. How-
ever, the corresponding line systems are not investigated anywhere and seem to remain 
unknown.

When q is odd, the circle C contains an even number of elements and there exists a
unique multiplicative character π2 of C of order 2. Let θ = {yd | yd ∈ Cd for every d ∈
F∗
q } be some system of representatives of circles Cd and f : F∗

q → L∗ a function defined 
by the equation f(d) = xd. It turns out that the representation (H(F∗

q ), φπ2) can be 
further decomposed into invariant subspaces.

Proposition 8 (See [19]). Let q be odd. If u, v ∈ F∗
q such that uv ∈ NQRq, then 

Tg,π2,θ(u, v) = 0 for all g ∈ SL(2, Fq).

Corollary 1. The representation (H(F∗
q ), φπ2) can be decomposed into two subrepresen-

tations, namely (H(QRq), φ+
π ) and (H(NQRq), φ−

π ) where

2 2
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φ+
π2

(g) = T+
g,π2,θ

∈ GL(H(QRq)) such that T+
g,π2,θ

(u, v) = Tg,π2,θ(u, v) for all u, v ∈ QRq

and

φ−
π2

(g) = T−
g,π2,θ

∈ GL(H(NQRq)) such that T−
g,π2,θ

(u, v) = Tg,π2,θ(u, v)

for all u, v ∈ NQRq.

Proposition 9 (Curtis, Shinoda [7]). If q is odd, then for all z ∈ F∗
q

Jπ2(z) = −π′
2(z)G(χ, π′

2)(χ(−2z) − χ(2z))/q,

where π′
2 is the unique multiplicative character of F∗

q of order 2.

Remark 5. Propositions 8 and 9 together with (6) make it possible to explicitly compute 
absolute values of the function Jπ2 . Indeed on the circles Cd where d ∈ QRq, if xd is any 
of two possible elements such that x2

d = d, then

Jπ2(txd) = −π′
2(xd)G(χ, π2)(χ(−2xd) − χ(2xd))π2(t)/q for all t ∈ C.

Since

|π′
2(xd)| = |π2(t)| = 1, |G(χ, π2)| = √

q and

|χ(−2xd) − χ(2xd)| ∈ {|2sin(2πk/p)| | k ∈ Z/pZ}

for all xd ∈ F∗
q and t ∈ C, the absolute values of the function Jπ2 on the circles Cd where 

d ∈ QRq always belong to the set

Aπ2 = {|2sin(2πk/p)
√
q

| | k ∈ Z/pZ}.

On the other hand, Proposition 8 implies that Jπ2(z) = 0 if z ∈ Cd, where d ∈ NQRq. 
By combining two previous cases we conclude that the absolute values of the function 
Jπ2 are always contained in the set Aπ.

In Section 4 we defined line systems Lπ2 in the case when q is even through the sets of 
representatives Φπ. Line systems Lπ2 in the case where q is odd can be defined similarly 
by taking all row vectors of the matrices Tg,π2,θ modulo phases.

Definition 4. The line system where each line is represented by a vector in the set

Φπ2,θ = {χa(Jπ2,y ◦ f) | a ∈ Fq, y ∈ F∗
q } ∪ {δy | y ∈ F∗

q } ⊂ H(F∗
q ),

is denoted by Lπ2 .
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According to Remark 1 the line system Lπ2 doesn’t depend on the choice of θ. The 
following is an analogue to Proposition 3.

Proposition 10. If q > 3 is odd, the set of representatives Φπ2,θ defines a line system Lπ2

consisting of q2 − 1 complex lines in H(F∗
q ). All vectors in Φπ2,θ are non-parallel.

Proof. We show that the set S ⊂ SL(2, Fq) where

S = {
[

1 0
0 1

]
} ∪ {

[
0 −a−1

a d

]
| a ∈ F∗

q , d ∈ Fq}

generates q2 − 1 complex lines with representatives in Φπ2,θ. The set of matrices

S1 = {g1g
−1
2 |g1 �= g2, g1, g2 ∈ S}

contains only matrices which are not in B. Now, we have that

〈Tg1,π2,θ(u, :), Tg2,π2,θ(v, :)〉 = Tg1g
−1
2 ,π2,θ

(u, v) (15)

for all g1, g2 ∈ G because of the group property of the matrices Tg,π2,θ where g ∈ G. In 
particular, (15) holds for all g1, g2 ∈ S. When g1, g2 ∈ S and g1 �= g2, we have g1g

−1
2 ∈ S1

and the absolute values of the angles between row vectors of matrices Tg1,π2,θ and Tg2,π2,θ

are contained in the set Aπ2 because of (5) for all matrices Tg,π2,θ where g /∈ B. If g1 = g2, 
we have that

〈Tg1,π2,θ(u, :), Tg1,π2,θ(v, :)〉 = 0

for all u �= v because of the unitarity of matrices Tg1,π2,θ.
Since every element of the set Aπ2 is strictly smaller than 1 as long as q > 3, we 

conclude that every row vector of every matrix corresponding to an element in the set S
defines a different line, together producing q2 − 1 different lines in H(F∗

q ). On the other 
hand, cardinality of Φπ2,θ cannot exceed q2 − 1 which means that cardinality of the set 
Φπ2,θ is exactly q2 − 1. �
Now we are ready to combine Propositions 8 to 10 into the main result of this section.

Theorem 2. Let q = 3k with k ≥ 2. Then the line system Lπ2 of Definition 4 is (q − 1)-
dimensional and |Lπ2 | = q2 − 1. Additionally, Aπ2 = {0, 

√
3/q}, and half of the lines, 

denoted by L+
π2

, are entirely in the subspace H(QRq) while the other half, denoted by 
L−
π2

, is in the subspace H(NQRq).

Proof. The angle set Aπ2 is given in the Remark 5. The cardinality of Lπ2 can be 
determined from Proposition 10. Proposition 8 can be used to conclude that half of the 
vectors of the each basis Tg,π2,θ where g ∈ S lies in H(QRq) while other half lies in 
H(NQRq). �
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Remark 6. If q = 9 then Theorem 2 produces a system of 40 {0, 1/
√

3}-angular lines in 
C4. An isomorphic line system is given (for example) in [3] and [13].
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