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ABSTRACT

Recent investigations indicate that Sparse Bayesian Learning (SBL)
is lacking in robustness. We derive a robust and sparse Direction of
Arrival (DOA) estimation framework based on the assumption that
the array data has a centered (zero-mean) complex elliptically sym-
metric (ES) distribution with finite second-order moments. In the
derivation, the loss function can be quite general. We consider three
specific choices: the ML-loss for the circularly symmetric com-
plex Gaussian distribution, the ML-loss for the complex multivari-
ate t-distribution (MVT) with ν degrees of freedom, and the loss
for Huber’s M-estimator. For Gaussian loss, the method reduces to
the classic SBL method. The root mean square DOA performance
of the derived estimators is discussed for Gaussian, MVT, and ε-
contaminated noise. The robust SBL estimators perform well for all
cases and nearly identical with classical SBL for Gaussian noise.

Index Terms— DOA estimation, robust statistics, outliers, spar-
sity, Bayesian learning

1. INTRODUCTION

Array processing in heavy-tailed noise arises e.g. due to interference
in wireless channels and clutter in radar [1, 2]. Such noise requires
statistically robust array processing. Notions of statistical robust-
ness have been defined [3, 4, 5, 6]. Qualitative robustness can be
assessed by evaluating the Empirical Influence Function (EIF) [6].
The SBL approach is flexible through the usage of various priors,
although Gaussian are most common [7]. Recent investigations of
the EIF indicate that Sparse Bayesian Learning (SBL) is lacking in
qualitative robustness [8, 9]. Previously, we developed direction of
arrival (DOA) estimators for plane waves observed by a sensor array
based on a complex multivariate Student t-distribution data model.
A qualitatively robust and sparse DOA estimate is derived as maxi-
mum likelihood estimate based on this model. [8, 9], [6, Sec. 5.4.2].
A Bayes-optimal algorithm was proposed to estimate DOAs in the
presence of impulsive noise from the perspective of SBL in [10].

We incorporate priors with potentially strong outliers by allow-
ing various loss functions in the maximum likelihood formulation.
This leads to a robust and sparse DOA estimator which is based on
the assumption that the array data observations follow a centered
(zero-mean) complex elliptically symmetric (ES) distribution with
finite second-order moments.

In applications, the data is often normalized to constant magni-
tude as this is a simple form of mitigation against power variations
in the array data and renders the processing robust against outliers.
The normalized data only contains information through the phase of
the array data. Examples are acoustics [11], source deconvolution in
ocean acoustics [12, 13], and speaker localization [14, 15, 16, 17].

2. ARRAY DATA MODEL

Narrowband waves are observed on N sensors for L snapshots and
the array data is Y = [y1 . . .yL] ∈ CN×L. The unknown zero-
mean complex source amplitudes are the elements of X ∈ CM×L
whereM is the considered number of hypothetical DOAs on a given
grid. The source amplitudes are independent across sources and
snapshots, i.e. xml and xm′l′ are independent. A linear regression
model relates the array data Y to the source amplitudesX ,

Y = AX +N . (1)

The M columns of the dictionary A ∈ CN×M are the replica vec-
tors for all hypothetical DOAs. The noise N ∈ CN×L is assumed
independent identically distributed (iid) across sensors and snap-
shots, zero-mean, with finite variance σ2.

If K sources are present, the lth column of X is K-sparse and
we assume that the sparsity pattern is the same for all snapshots.
The active set M = {m ∈ N|xml 6= 0} is defined and AM ∈
CN×K contains the K “active” replicas from A. The model (1) is
underdetermined and K < N � M . The array covariance matrix
takes the form

Σ = AΓAH + σ2IN , (2)
Γ = diag(γ) (3)

where γ = [γ1 . . . γM ]T is the K-sparse vector of unknown source
powers.

3. ROBUST AND SPARSE BAYESIAN LEARNING

SBL is derived under a joint complex multivariate Gaussian assump-
tion on X and N . Direction of arrival (DOA) estimation for plane
waves using Sparse Bayesian learning (SBL) is proposed in Ref. [18,
Table I]. SBL provides DOA estimates based on the sample covari-
ance matrix

SY = Y Y H/L, (4)

of the array data sampleY , where (·)H denotes Hermitian transpose.
The sample covariance matrix is a sufficent statistic under the jointly
Gaussian assumption, but it is not robust against deviations from
this assumption [8]. A numerically efficient SBL implementation is
available on GitHub [19].

In the following, we derive robust and sparse Bayesian learning
which can be understood as introducing a data-dependent diagonal
weighting into (4),

RY = Y DY H/L. (5)



Different choices of D lead to different DOA estimators, e.g., D =
IN reduces (5) to (4). Another choice leads to (20) below.

Phase-only processing of the array data is an often used adhoc
approach (e.g. in seismic applications[20]) leading to robust DOA
estimators [21, 22]. This is implemented by pre-processing the array
data

Ỹ = Y � |Y | (6)

where � denotes element-wise division and |Y | is the matrix of
element-wise magnitudes of Y . Many DOA estimators depend on
the array data solely through (4) and qualitatively robust DOA es-
timators can be formulated using the phase-only sample covariance
matrix [22]

S̃Y = Ỹ Ỹ H/L, (7)

instead of (4). We note that (7) cannot be written in the form (5).

3.1. M-estimation based on ES distribution

A qualitatively robust DOA estimate was derived as maximum
likelihood estimate (MLE) based on the complex multivariate tν -
distribution as model for array data [6, Sec. 5.4.2], [9]. Assuming
X and N are zero-mean, it follows from (1) that the array data Y
are zero-mean.

Here, we follow a general approach based on loss functions and
assume that the array data Y has a centered (zero-mean) complex
elliptically symmetric (ES) distribution with positive definite Her-
mitian N ×N covariance matrix parameter Σ [23, 24]. Thus

p(Y |0,Σ) =

L∏
`=1

det(Σ−1)g(yH
` Σ−1y`). (8)

An M-estimator of the covariance matrix parameter Σ is defined as a
positive definite Hermitian N ×N matrix that minimizes [6, (4.20],

L(Σ) =
1

Lb

L∑
`=1

ρ(yH` Σ−1y`)− log det(Σ−1), (9)

where y` is the `th array snapshot and ρ : R+
0 → R+, is called the

loss function. The loss function is any continuous, non-decreasing
function which satisfies that ρ(ex) is convex in −∞ < x < ∞, cf.
[6, Sec. 4.3]. The term b is a consistency factor defined as

b = E[ψ(‖y‖2)]/N, y ∼ CNN (0, I), (10)

=
1

N

∫ ∞
0

ψ(t/2)fχ2
2N

(t)dt (11)

where ψ(t) = tρ′(t) and fχ2
2N

(t) denotes the pdf of chi-squared
distribution with 2N degrees of freedom. To arrive from (10) to
(11) we used that ‖y‖2 ∼ (1/2)χ2

2N . The consistency factor is
inserted into (9) to guarantee that the minimizer Σ̂ of (9) is a con-
sistent estimator of the covariance matrix Σ for Gaussian array data,
y` ∼ CNN (0,Σ). A derivation is given in the Appendix.

We demonstrate the loss function ρ(·) for three cases where they
are chosen so that (9) becomes an negative log-likelihood function
for the corresponding distribution: 1) Gaussian loss corresponds to
loss function of (circular complex) Gaussian distribution:

ρG(t) = t (12)

in which case the objective in (9) becomes the Gaussian objective
function tr{Σ−1SY } − log det(Σ−1) and whose solution is Σ̂ =

S. In this case b in (11) becomes b = 1 as expected, since S is con-
sistent to Σ without any scaling correction. 2) Huber’s loss given
by [6, Eq. (4.29)]

ρH(t; c) =

{
t for t 6 c2,

c2
(
log(t/c2) + 1

)
for t > c2,

(13)

The c2 parameter in (13) is mapped to a qth quantile of (1/2)χ2
2N -

distribution and we regard q ∈ (0, 1) as a loss parameter which can
be chosen by design. As default value we use q = 0.9. It is easy to
verify that b in (11) for Huber’s loss function is [6, Sec. 4.4.2],

b = Fχ2
2(N+1)

(2c2) + c2(1− Fχ2
2N

(2c2))/N, (14)

where Fχ2
2N

(x) denotes the cdf of χ2
2N distribution. 3) MVT loss

which corresponds to loss function of (circular complex) multivari-
ate t (MVT) distribution with ν degrees of freedom [6, Eq.(4.28)],

ρT(t; ν) =
ν + 2N

2
log(ν + 2t). (15)

The ν parameter in (15) is viewed as a loss parameter which can
be chosen by design. In this case, the consistency factor b is not
as easy to derive in closed form, but is computable using numerical
integration.

Due to consistency factor used in (1), we can conclude that under
nominal Gaussian data assumption, it holds that the M-estimator is
consistent to covariance matrix Σ.

3.1.1. Source Power Estimation

Similarly to Ref. [18, Sec. III.D], we regard (9) as a function of γ
and σ2 and compute the first order derivative

∂L
∂γm

= −aHmΣ−1am +
1

Lb

L∑
`=1

‖aHmΣ−1y`‖22u(yH` Σ−1y`)

(16)

where u(t) = ρ′(t) is the weight function associated with the loss
function ρ. For Gaussian loss uG(t) = 1 while for MVT-loss (15)
the corresponding weight function is

uT(t; ν) =
ν + 2N

ν + 2t
(17)

while for Huber’s loss (13) it becomes

uH(t; c) =

{
1, for t 6 c2

c2/t, for t > c2
. (18)

Thus, an observation y` with squared Mahalanobis distance (MD)
yH` Σ−1y` smaller than c2 receives constant weight, while observa-
tions with a larger MD are heavily down-weighted. Note the simi-
larity of (16) with Ref. [18, Eq.(21)]. Setting (16) to zero gives

aHmΣ−1am = aHmΣ−1RY Σ−1am, (19)

whereRY is the weighted sample covariance matrix,

RY =
1

Lb

L∑
`=1

u(yH` Σ−1y`; ·)y`yH` . (20)

Equation (20) can be formulated in the form of (5) for D =
diag(u1, . . . , uL)/b with u` = u(yH` Σ−1y`; ·). Note that RY



1: input Y ∈ CN×L array data to be analyzed
2: choose the desired weight function u(·; ·) and loss parameter
3: constantA ∈ CN×M dictionary matrix
4: constants ν,K, jmax = 1200
5: initialize σ̂2, γnew using (24), δmin = 10−3, j = 0
6: repeat
7: j = j + 1, γold = γnew, Γ = diag(γnew)
8: Σ = AΓAH + σ̂2IN (2)

9: RY = 1
Lb

L∑̀
=1

u(yH` Σ−1y`; ·)y`yH` (20)

10: γnew
m = γold

m

(
aH
mΣ−1RY Σ−1am

aH
mΣ−1am

)
(21)

11: M = {m ∈ N | K largest peaks in γnew} active set
12: AM = [am1 , . . . ,amK ]

13: σ̂2 = σ̂2
R =

tr[(IN−AMA
+
M)RY ]

N−K (23)

14: δ = ‖γnew−γold‖1
‖γold‖1

15: until δ ≤ δmin or j > jmax

16: outputM, γnew, σ̂2

Table 1. DOA M-Estimation using Sparse Bayesian Learning

can be understood as an adaptively weighted sample covariance
matrix [6, Sec. 4.3]. RY is Fisher consistent for the covariance
matrix when Y follows a Gaussian, i.e. E[RY ] = Σ thanks to the
consistency factor b [6, Sec. 4.4.1]. We multiply (19) by γm and
obtain the fixed-point equation

γm = γm
aHmΣ−1RY Σ−1am

aHmΣ−1am
∀m ∈ {1, . . . ,M},

= γm

1
Lb

L∑̀
=1

∣∣∣aHmΣ−1y`
√
u(yH` Σ−1y`)

∣∣∣2
aHmΣ−1am

(21)

which is the basis for an iteration to solve for γ numerically. The
active setM is then selected as either the K largest entries of γ or
the entries with γm exceeding a threshold.

3.1.2. Noise Variance Estimation

The original SBL algorithm exploits Jaffer’s necessary condition
[25, Eq. (6)] which leads to the noise subspace based estimate [26,
Eq. (15)], [18, Sec. III.E],

σ̂2
S =

tr
[
(IN −AMA+

M)SY
]

N −K , (22)

where (·)+ denotes the Moore-Penrose pseudo inverse. This noise
variance estimate works well with DOA estimation [18, 27, 28] with-
out outliers in the array data. For ES distributed array data, we es-
timate the noise based on (19). This results in the robust noise vari-
ance estimate

σ̂2
R =

tr
[
(IN −AMA+

M)RY
]

N −K , (23)

for the full derivation see [9]. For Gaussian loss function, RY =
SY , the expressions (22), (23) are identical.

3.1.3. Initialization

In our algorithm we need to give initial values of source signal pow-
ers γ and the noise variance σ2. These are computed as follows:

γnew
m =

aHmSY am
‖am‖4

, m = 1, . . . ,M

M = {m ∈ N | K largest peaks in γnew}

σ̂2 = σ̂2
S =

tr
[
(IN −AMA+

M)SY
]

N −K

(24)

4. SIMULATION RESULTS

DOA estimation performance is assessed by DOA root mean squared
error (RMSE) versus array signal to noise ratio (ASNR) by numeri-
cal simulations using synthetic array data.

Array data Y are generated for scenarios with a single plane
wave (K = 1) with complex circularly symmetric zero-meaan
Gaussian amplitude from DOA −45◦ and additive noise observed
by a uniform linear array with N = 20 elements at half-wavelength
spacing. Here, ASNR = Nγ1/σ

2, cf. [29, Eq. (8.112)]. The dic-
tionaryA contains M = 18001 replica vectors which are computed
for the high resolution DOA grid {0.00◦, 0.01◦, . . . , 179.99◦}.
Three types of noiseN = [n1 . . .nL] in (1) are simulated:
Gaussian: n` ∼ CN (0, σ2IN ), the nominal assumption.
MVT: We first generate independent z` =∼ CN (0,Σ) using (2)
and s ∼ χ2

ν then y` = z`
√
ν/s ∼ Ctν -distributed, cf. [8] and

[6, Sec. 4.2.2]. The limiting distribution of Ctν -distributed noise for
ν →∞ is Gaussian.
ε-contaminated: n` is drawn from CN (0, σ2IN ) with probability
(1−ε) and with outlier probability ε from CN (0, (λσ)2IN ), where
λ is called the outlier strength. The resulting noise covariance matrix
is (1 − ε + ελ2)σ2IN . The limiting distribution of ε-contaminated
noise for ε→ 0 and any constant λ > 0 is Gaussian.

The proposed DOA M-estimation algorithm using SBL is dis-
played in Table 1. For performance comparison, we evaluate DOA
estimates by the conventional beamformer (CBF), by the SBL im-
plementation SBL v4.m [19] and by SBL applied to phase-only
data (6) for identical synthetic data realizations Y . Additionally, the
Cramér-Rao Bound (CRB) for DOA estimation for a single source in
additive white Gaussian noise (AWGN) is shown [29, Eqs. (8.130)
with (8.702)]. A semiparametric stochastic CRB for DOA estima-
tion under the (complex) ES data model assumption is in [30].

Figure 1 shows results for RMSE of DOA estimates in scenarios
with L = 25 snapshots and N = 20 sensors. RMSE is averaged
over 4 · 104 iid realizations of DOA estimates from array data Y .
There are more snapshots L than sensors N , ensuring full rank SY ,
S̃Ỹ , andRY almost surely.

Simulations for Gaussian noise are shown in Fig. 1(a). Here, the
CBF is the maximum-likelihood DOA estimator and approaches the
Gaussian CRB for ASNR greater 4 dB. All four SBL-type DOA es-
timators perform slightly worse than the CBF. We see that the SBL4
using MVT-loss (label “SBL4-T” in the legend) for loss parameter
ν = 2.1 and using Huber’s-loss (label “SBL4-H”) for loss parameter
q = 0.9 perform equally due to the consistency factor b introduced in
(13) and (15). SBL4 with and without phase-only pre-processing (la-
bels “SBL4-phase” and “SBL4-G”, respectively) perform very sim-
ilarly and slightly worse than the others.

Figure 1(b) shows simulations for MVT noise with noise pa-
rameter ν = 2.1 being small. We observe that SBL-T performs best,
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Fig. 1. RMSE of DOA estimators vs. ASNR. Simulation for uniform line array, N = 20 sensors, L = 25 array snapshots, and dictionary
size M = 18001 corresponding to DOA resolution 0.01◦, averaged over 104/L realizations. Noise: (a) Gaussian, (b) MVT (ν = 2.1), (c)
ε-contaminated (ε = 0.05, λ = 10). The CRB line is for Gaussian noise model.

closely followed by phase-only processing with SBL4-G and SBL-H
which perform equally.

Here, the loss parameter ν used by SBL4-T is identical to the
MVT noise parameter ν and thus SBL4-T is expected to work well
in this case. In Fig. 1(b), SBL4-T closely follows the Gaussian CRB
for ASNR > 6 dB, although a small gap at high ASNR remains. In-
stead of comparing to the Gaussian CRB, a semiparametric stochas-
tic CRB for DOA estimation under the ES data model would be more
appropriate for MVT noise [31, 30]. The assumption that ν is known
a priori is somewhat unrealistic. Original SBL4 and CBF exhibit
largest RMSE at high ASNR.

Results for ε-contaminated noise are shown in Fig. 1(c) for out-
lier probability ε = 0.05 and outlier strength λ = 10. Phase-only
processing with SBL4 shows lowest RMSE below ASNR= 7 dB,
followed by the SBL4-T using loss parameter ν = 2.1 and with
slight penalty Huber’s loss. Poorest RMSE exhibit CBF and SBL4-
G indicating strong impact of outliers. The asymptotic gap to the
Gaussian CRB that is visible in Fig. 1(c) is evaluated in [32, Sec.
III].

5. CONCLUSION

A robust and sparse DOA estimate was derived based on array data
following a zero-mean complex elliptically symmetric distribution
with finite second-order moments. The framework is based on a
loss functions which can be chosen freely subject to certain exis-
tence and uniqueness conditions. Three choices for loss function are
discussed: the ML-loss function for the circular complex multivari-
ate t-distribution with ν degrees of freedom and the loss function
for Huber’s M-estimator. For Gaussian loss, the method reduces to
Sparce Bayesian Learning.

Finally, we discussed and compare the root mean square DOA
estimator performance of the derived estimators for Gaussian, MVT,
and ε-contaminated noise. The robust SBL estimators perform well
in simulations for MVT and ε-contaminated noise and nearly identi-
cal with classical SBL for Gaussian noise.

6. APPENDIX

Here the consistency factor b is evaluated for Huber’s loss function
(13) and the MVT loss function (15). It is well known that for el-

liptical distributions an M-estimator is consistent estimator of σΣ,
where the constant σ is a solution to [23, eq. (49)]:

1 = E
[
ψ(yHΣ−1y/σ)

]
/N, (25)

where ψ(t) = tu(t) = tρ′(t) as defined earlier. Assuming y ∼
CNN (0,Σ), then we can scale the chosen loss function ρ(t) such
that (25) holds for σ = 1. Namely, for

ρb(t) = ρ(t)/b ( and ub(t) = u(t)/b ),

where b is a scaling constant defined in (10), it clearly holds that
1 = E

[
ψb(y

HΣ−1y)
]
/N for ψb(t) = tub(t). This implies that

σ = 1 and that the M-estimator with loss ρb(·) is consistent to the
covariance matrix Σ when data is from CNN (0,Σ) distribution.

For Huber’s loss function (13) the b in (11) can be solved in
closed form as

b =
1

N

∫ ∞
0

(t/2)uH(t/2)fχ2
2N

(t)dt (26)

=
1

2N

∫ 2c2

0

tfχ2
2N

(t)dt+
1

N

∫ ∞
2c2

c2fχ2
2N

(t)dt (27)

= Fχ2
2(N+1)

(2c2) + c2(1− Fχ2
2N

(2c2))/N, (28)

where Fχ2
n
(x) = P{X ≤ x} is the cumulative distribution of a

central χ2 distributed random variableX with n degrees of freedom.
For the MVT loss in (15) we evaluate (11) by numerical integration.
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