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Velvet noise is a sparse ternary pseudo-random signal containing only
a small portion of non-zero values. In this work, the derivation of the
spectral properties of velvet noise is presented. In particular, it is shown
that the original velvet noise is white, i.e. has a constant power spec-
trum. For velvet noise variants with altered probability of polarity, the
spectral characteristics are analytically derived. Crushed additive velvet
noise is shown to have potential in the design of coloured sparse noise
sequences, which are useful in acoustic signal processing.

Introduction: Velvet noise (VN) is a class of sparse ternary pseudo-
random number sequences containing only values −1 , 0, and 1 at semi-
regular intervals [1]. When its samples are used as a digital audio signal,
a noisy sound is produced that is perceived as less rough than Gaussian
white noise, despite its high sparsity. Especially original VN (OVN) has
this remarkable property [1, 2]. Convolution of any other signal with VN
can be implemented efficiently, when the sparsity of VN is accounted
for [1, 3]. Several signal processing applications based on VN have
evolved, such as artificial reverberation [1, 3–5], audio decorrelation [6,
7], speech synthesis [8, 9], and acoustic measurements [10].

Spectrally, VN is known to sound similar to white noise [1, 2], al-
though a theoretical proof that its power spectral density (PSD) is con-
stant has not been reported previously. So called crushed variants of VN
have also been proposed, in which an unequal probability for the sign
of non-zero samples yields coloured spectra, especially with suppressed
low frequencies [9, 11]. Also, it was experimentally observed that for
some particular VN sequences, changing the sign probability does not
affect the spectrum at all [11]. It is of practical interest that spectral
colouration is obtained without explicitly applying a digital filter and
that the coloured VN sequences remain sparse, so the efficiency of con-
volution [3] is not compromised.

This letter presents the proof that VN is spectrally white. Additionally,
we derive analytically the spectral colour of crushed VN sequences hav-
ing an altered probability of polarity. The results presented in this letter
are helpful in the development of signal processing techniques employ-
ing VN.

Sparse random ternary sequences: We first define a general sparse ran-
dom ternary discrete sequence x by

x[n] =
{

σ [m] for n = τ [m],
0 otherwise.

(1)

where n denotes the time index in samples, m ∈ Z is the impulse index,
and τ [m] ∈ Z and σ [m] = ±1 are the location and sign of the non-zero
impulse, respectively. For convenience, we choose the impulse location
to ascend strictly monotonically, i.e. τ [m] > τ [m − 1] . The mean spac-
ing between two impulses is

T = E(τ [m] − τ [m − 1]), (2)

where E(·) is the expected value. The probability of each sign is denoted

p+ = p(x[n] = 1 | x[n] �= 0)

p− = p(x[n] = −1 | x[n] �= 0).
(3)

The impulse placement and sign are generated by different random
processes, depending on the VN variant. Figure 1 shows one sequence
as an example.

Equal sign probability: We now show that all infinite length random
ternary sequences with equal sign probability are white.

Theorem 1. Let x be a random ternary sequence of −1 , 0, and 1 with
equal sign probability, i.e. p+ = p− = 1

2 , where all the signs σ [m] are
determined independently. Then x is a white sequence.

Fig. 1 An example ternary sparse sequence: additive random noise (ARN)
with equal sign probability p+ = p− = 1

2 and T = 25. Only the non-zero
values are shown

Proof. For a sequence to be white, it needs to have a constant PSD.
The Wiener–Khinchin theorem links the PSD S(ω) and the autocorrela-
tion sequence rxx[k] by the discrete-time Fourier transformation (DTFT),
such that

S(ω) =
∞∑

k=−∞
rxx[k]e−ıωk, (4)

where ı = √−1 and ω = 2π f / fs is the angular frequency, when fs is
the sampling rate. If the autocorrelation rxx[k] is an impulse, i.e. rxx[k] =
αδ[k] , where δ[k] is the Kronecker delta, its DTFT is a constant and the
sequence is white. The autocorrelation for a sequence with a discrete set
of possible values σi ∈ {−1, 0, 1} is expressed as

rxx[k] = E(x[n]x[n + k]) =
∑

i

p(x[n]x[n + k] = σi)σi. (5)

The autocorrelation value rxx[0] is equal to

rxx[0] = E(x[n]2) = p(x[n]2 = 1) · 1 = 1

T
. (6)

For other shifts k �= 0 , we require the probabilities of finding
p(x[n]x[n + k] = {−1, 0, 1}) . The outcome p(x[n]x[n + k]) = 0 occurs
exactly when either x[n] or x[n + k] is zero and does not contribute non-
zero terms to Equation (5). For the non-zero terms, note that all signs
are drawn independently and with equal probability, which implies that
when taking two random non-zero peaks and multiplying them, there is
equal probability that the result might turn out to be 1 or −1 , thus

rxx[k]|k �=0 = E(x[n]x[n + k]) = p(x[n]x[n + k] = 0) · 0

+ p(x[n]x[n + k] = 1) · 1

+ p(x[n]x[n + k] = −1) · (−1) = 0.

(7)

Hence, any VN sequence consisting of random impulses having inde-
pendently determined positive or negative sign with equal probability is
white, regardless of the impulse placement τ . �

Unequal sign probabilities: Crushed VN sequences [11] have unequal
sign probability. These sequences are not always white, but the PSD de-
pends on the impulse placement and the sign probability [11].

All outcomes with x[n]x[n + k] = 0 do not need to be considered, as
they will not change the expected value. The terms for non-zero out-
comes are

rxx[k] = E(x[n]x[n + k]) = p(x[n] = 1 ∩ x[n + k] = 1) · 1

+ p(x[n] = 1 ∩ x[n + k] = −1) · (−1)

+ p(x[n] = −1 ∩ x[n + k] = 1) · (−1)

+ p(x[n] = −1 ∩ x[n + k] = −1) · 1.

(8)

Using the independence of sign and placement processes, we exemplar-
ily compute the first term, for k = 0 ,

p(x[n] = 1 ∩ x[n] = 1) · 1 = p(x[n] = 1) · 1

= p+ p(x[n] �= 0) · 1 = 1

T
p+ · 1,

(9)

and, expressing union of outcomes through the conditional probability
p(A ∩ B) = p(A | B)p(B) , for k �= 0 we obtain

p(x[n + k] = 1 ∩ x[n] = 1) · 1

= p(x[n + k] = 1 | x[n] = 1)p(x[n] = 1) · 1

= p+ p(x[n + k] �= 0 | x[n] �= 0) p+ p(x[n] �= 0) · 1

= p+q[k]p+
1

T
· 1,

(10)
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Fig. 2 Sequences of occurrence probabilities of three exemplary sequences

where 1
T is the probability of an impulse at x[n] . We define q[k] , which

denotes the sequence of probabilities for another pulse to occur at each
distance, k samples away from a given pulse, i.e.

q[k] = p(x[n + k] �= 0 | x[n] �= 0) − δ[k]. (11)

It can be understood as the “success probability” of a Bernoulli ex-
periment at each distance k . Note that p(x[n] �= 0 | x[n] �= 0) = 1 ,
whereas, by definition of q[k] as the probability of hitting another, differ-
ent impulse at a distance k , a ternary sequence has q[0] = 0 . Figure 2
shows the occurrence probabilities for different sequences. By express-
ing all the terms from Equation (8) in the same way as Equation (10),
the auto-correlation can be written as

rxx[k] = q[k]

T
(p+ p+ − p+ p− − p− p+ + p− p−) + δ[k]

T
(p+ + p−)

= q[k]

T
(1 − 2p+)2 + δ[k]

T
(12)

= 1

T
(δ[k] + q[k](1 − 2p+ )2).

Please note, that expression (12) specialises to Equation (7) for p+ =
p− = 1

2 , so that regardless of q , sequences with equal sign probability
have an impulse as the autocorrelation function and therefore are white.

Theorem 2. Let rxx be as in Equation (12) with q[0] = 0 . The PSD of
ternary sequences with unequal sign probabilities is

S(ω) = 1

T
(1 + Q(ω)(1 − 2p+ )2). (13)

Proof. The statement follows directly from Equations (4) and (12),
where Q(ω) is the DTFT of q[k] . �

Thus, the resulting PSD of crushed sparse random sequences is char-
acterised in two ways: the impulse placement process and the resulting
occurrence probabilities determine the shape of the spectrum, while the
sign probability regulates the amount of deviation from a constant PSD,
in which more unipolar sequences deviate more strongly. Next, we give a
number of examples of crushed sparse noise from the literature, differing
only by the process of generating the impulse locations τ [m] .

Crushed additive random noise: The impulse locations of the whole
class of ARN sequences are determined by additive random sampling
[12]:

τ [m] = τ [m − 1] + �[m], (14)

where the additive index updates �[m] are realisations of any random
process generating integers. If the sequence of pulse locations should
remain strictly monotonically increasing, the updates should be drawn

from N . The occurrence probabilities of an ARN sequence is then found
by the compound distribution

q[k] =
∞∑

N=1

(

N︷ ︸︸ ︷
p� ∗ p� ∗ . . . ∗ p�)(|k|) =

∞∑
N=1

p∗N
� (|k|), (15)

where p∗N
� denotes the N -fold self convolution of the probability density

function (PDF) underlying the additive index variable in the ARN gener-
ation (14). For q[0] = 0 , p� has strictly positive support, i.e. p�[k] = 0
for k ≤ 0 . The above term has the DTFT

Q(ω) = 2R

( ∞∑
N=1

PN
� (ω)

)
= 2R

(
P�(ω)

1 − P�(ω)

)
, (16)

where R denotes the real-valued part.
This result implies that for each sequence produced using additive

index generation, the PSD can be found via the DTFT of the PDF un-
derlying the additive index generation, i.e. the characteristic function of
the additive random variable.

As an example, the basic ARN [2] uses samples from a discrete uni-
form distribution, obtained by

�[m] = 	(2T−1)u[m]
, (17)

where 	·
 is the ceiling operation and u[m] ∼ U (0, 1) originates from a
continuous uniform distribution, see Figure 1. The corresponding PDF
is

p�[k] =

⎧⎪⎨
⎪⎩

1

2T − 1
for 1 ≤ k ≤ 2T − 1

0 otherwise
, (18)

and q shown Figure 2a) is found using Equation (15). Through Equation
(16), the PSD can also be found without explicitly computing q , by
means of the DTFT of the index update PDF, which is

P�(ω) = D2T−1(ω)e−ıωT , (19)

where the latter factor performs a time shift by T samples and where
DN (x) is the periodic sinc function, defined as

DN (x) =

⎧⎪⎨
⎪⎩

sin(Nx/2)

N sin(x/2)
x �= 2πk, k ∈ Z

(−1)k(N−1) x = 2πk, k ∈ Z

. (20)

Now, Theorem 2 gives the PSD shown in Figure 3a. Crushed addi-
tive random noise (CARN) with uniform updates turns out to have low-
frequency attenuation with some high-frequency ripple. The sign proba-
bility controls the amount of low-frequency attenuation and the density
1/T controls the cutoff frequency.

Changing the additive index update PDF allows for generating dif-
ferent sequences with a wide range of colours. A simple example of a
sequence with lowpass character is obtained by “inflating” the uniform
update PDF, so that a larger proportion of gaps is only a single sample
long, as in

p�[k] =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1 − α

2Tα − 2
for 2 ≤ k ≤ 2Tα − 1

α for k = 1

0 otherwise

. (21)

The occurrence probabilities for such a sequence are shown in Figure 2b.
The resulting PSD, see Figure 3b, is found in a similar way as above.

Crushed totally random noise (CTRN): TRN [2] uses a completely ran-
dom set of unique indices m , so that the probabilities of placing an
impulse at each position are independent and

p(x[n] �= 0) = 1

T
. (22)

such that the occurrence probabilities are

q[k] = p(x[n + k] �= 0 | x[n] �= 0) − δ[k]

= 1

T
+ δ[k](1 − 1

T
) − δ[k].

(23)

The DTFT of q can be written as

Q(ω) = 1

T
(δ(ω) − 1). (24)
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Fig. 3 Derived PSDs of different crushed VN variants at fs = 48 kHz. Light
grey lines show PSDs obtained through 100-s long simulations. (a) The
CARN with uniform additive index update and (c) the COVN show highpass
behaviour, when the sign probability p+changes, whereas (b) the CARN with
“inflated” uniform updates has attenuated high frequencies

Alternatively, TRN can be described as a special case of ARN, via an
equivalent additive index generation process with the PDF:

p�[k] = 1

T

(
1 − 1

T

)k−1

	[k − 1], (25)

where 	 is the unit step function, i.e. 	[k] = 0 for k < 0 and 	[k] = 1
otherwise.

The DTFT of ak	[k] is 1/(1 − ae−ıω ) . Together with a one-sample
time shift, the DTFT becomes

P�(ω) = 1

T

e−ıω

1 − (1 − 1
T )e−ıω

= 1

T (eıω − 1) + 1
, (26)

so that

Q(ω) = 2R

(
P�(ω)

1 − P�(ω)

)
= 2R

(
1

T (eıω − 1) + 1 − 1

)

= 1

T
δ(ω) − 1

T
.

(27)

Thus, as observed by Werner [11], in contrast to the other variants
presented, the CTRN does not change colour when its sign probability
is modified.

Crushed original velvet noise: The impulse locations of OVN [2] are
determined by

τ [m] = 	T (m − 1 + u[m])
. (28)

Note that the OVN is not an ARN sequence as the gaps between im-
pulses are not independent. The corresponding occurrence probabilities
of the OVN are

q[k] = 1

T
− 1

T

⎧⎪⎨
⎪⎩

1 − |k|
T

−T ≤ k ≤ T

0 else.
(29)

The sequence of occurrence probabilities has a negative triangular shape
around k = 0 , such that close neighboring impulses are less likely,
whereas larger distances have equal likelihood of occurrence, see Fig-
ure 2c. A triangular sequence, as in Equation (29), is obtained through
the convolution of two rectangular sequences. Hence, its DTFT is ex-
pressed as the square of the period sinc function, the DTFT of a rectan-

gular sequence:

Q(ω) = δ(ω)

T
− (DT (ω))2. (30)

Theorem 2 now gives the concrete PSD for the crushed original VN
(COVN) [11]. Figure 3c shows the PSD of the COVN, which introduces
stronger low-frequency attenuation than the CARN with uniformly dis-
tributed updates.

Conclusion: Proofs of the spectral colouration of VN and several
variants have been provided. Firstly, it was shown that ternary sequences
having equal probability for both signs, such as the OVN, ARN, and
TRN, always have a long-term white spectrum. Secondly, a way of
calculating the PSD of ternary sequences with unequal sign probability
was introduced. As examples, the spectral characteristics of crushed
VN variants were presented. The result shown for the CARN has
the widest implications, as different spectral characteristics can be
achieved by changing the additive index update PDF. This paves the
way for the design of coloured sparse noise sequences, which are widely
applicable in audio and acoustic signal processing, such as in artificial
reverberation algorithms.
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