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We investigate diffusive nanowire-based structures with two normal terminals on the sides and a central
superconducting island in the middle, which is either grounded or floating. Using a semiclassical calculation
we demonstrate that both device layouts permit a quantitative measurement of the energy dependent subgap
thermal conductance Gth from the spectral density of the current noise. In the floating case this goal is achieved
without the need to contact the superconductor provided the device is asymmetric, which may be attractive from
the experimental point of view. In addition, we observe that the shot noise in the floating case is sensitive to a
well-known effect of nonequilibrium suppression and bistability of the superconducting gap. Our calculations are
directly applicable to the multimode case and can serve as a starting point to understand the shot noise response
in an open one-dimensional Majorana device.

DOI: 10.1103/PhysRevB.104.125409

I. INTRODUCTION

Electronic transport in hybrid semiconductor-supercon-
ductor devices is getting a second breath in the context of re-
cent topological band theory. One of the promising directions
is a realization of topological superconductivity in a proxim-
itized semiconducting nanowire (NW) [1,2], accompanied by
emerging Majorana zero modes (MZMs) localized at its ends
[3]. While all the prerequisites for this noble goal are there,
including ballistic single-mode transport [4], strong spin-orbit
coupling [5], and thin superconducting shell capable to with-
stand strong magnetic fields [6], the nonlocal character of the
proposed MZMs remains to be proved.

The MZMs nonlocality can be probed with nonlocal
conductance measurements in normal-superconductor-normal
(NSN) NW devices [7–9]. Such a three-terminal set up ap-
proach allows to overcome the problem of superconducting
shell shunting the quasiparticle charge transport and can cap-
ture the MZMs via end-to-end conductance correlations [10]
and Andreev rectification effect [11]. An alternative to charge
transport are nonlocal thermal conductance and shot noise
measurements, which provide a universal signature of the
topological phase transition even in the presence of a mod-
erate disorder [12]. At further increasing the disorder, the
thermal conductance becomes the only measure of the nonlo-
cal quasiparticle response [13]. In the absence of heat transfer
through the superconducting shell, one can expect the thermal
conductance to be informative also in NSN devices with a
floating S island [14]. Possible relation to the shot noise mea-
surements in such structures remains, however, unknown [15].

A correspondence between the shot noise and thermal con-
ductance is a generic effect not limited to the Majorana case. A

doubling of the shot noise in disordered NS junctions [16,17]
is fundamentally related to the suppressed heat transfer in
the S lead [18,19], and can be useful to probe the subgap
density of states in such structures [20,21]. In NSN NW-based
devices the shot noise and thermal conductance are directly
related in the limit of charge neutral quasiparticle transport
that was demonstrated in a recent experiment set up in a
trivial superconducting phase [22]. It is instructive to trace
the interplay of disorder scattering and Andreev reflection
in the framework of semiclassical multimode NSN devices.
By mixing quasiparticle trajectories traversing the proximity
region at different angles, the disorder randomizes the number
of Andreev reflections (ARs) of a subgap quasiparticle from
the superconducting shell [22,23]. Since each AR process in-
verts the quasiparticle charge [24], statistically this favors the
charge neutrality of the quasiparticle population. In addition,
moderate disorder may enhance the heat conductance by pro-
moting the escape of retroreflected quasiparticles from poorly
propagating trajectories [23,25]. Thus diffusive multimode
NSN structures represent a perfect test bed of the relation
between the shot noise and thermal conductance.

Semiconductor-based hybrids also offer unique possibil-
ities for the investigation of nonequilibrium effects caused
by quasiparticles in the superconductor. Widely explored in
all-metal NSN structures [26–30], in modern NSN nanowire
devices this direction has not yet received the attention it de-
serves, being strongly outweighed by the MZM research. With
semiconductors at hand, the device asymmetry, determined by
the conductances of the N segments, can be tuned by gate
voltages that allows additional control over the shape of a
nonequilibrium quasiparticle energy distribution in the float-
ing S island, and thus over the value of the superconducting
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FIG. 1. Schematics of the two NSN device configurations and
coordinate dependencies of the key physical quantities: I electri-
cal current, μ local chemical potential, Q̇ heat flux integrated over
energy, and TN local noise temperature. The boundaries of the S
segment are marked by vertical dashed lines. The parameters used
for calculations are rL = 6 k�, rR = 2 k�, T = 0, |eV | < �.

gap [27]. This is in contrast to a fixed asymmetry in all-metal
devices equipped with tunnel barriers [27,28]. To our best
knowledge, the manifestation of this kind of nonequilibrium
effects in shot noise has not been investigated so far.

Here we investigate a diffusive NSN NW-based device
from the perspective of shot noise measurements using the
semiclassical approach of Nagaev and Büttiker [18,19]. We
also discuss how the energy dependent subgap thermal con-
ductance of the central S segment owing to proximity effect
can be deduced from the Usadel theory [26] and how the
nonequilibrium effects impact the superconducting gap [27].
We consider two different layouts widely used in Majorana
setups with a central superconducting island either connected
to a grounded macroscopic terminal or floating. Grounding
the superconductor turns it into a perfect sink for charge and
for above-gap quasiparticles, which is a crucial distinction
between these cases. In the grounded case the nonlocal shot
noise is sensitive to the thermal conductance of the proximi-
tized segment. In the floating case the impact of the thermal
conductance on the shot noise is weaker and depends on
the device asymmetry. This makes the floating island ge-
ometry considerable for experimentalists, since a technically
challenging step of contacting the thin superconducting shell
[6,31–33] can be omitted in this case. On the other hand,
a peculiar behavior of the superconducting gap on the bias
voltage and asymmetry in the floating geometry opens up a
new avenue for the investigation of nonequilibrium effects in
proximity devices by means of the shot noise measurements.

II. SEMICLASSICAL MODEL

We consider a diffusive nanowire (NW) connected to two
normal reservoirs (N) and a superconducting contact in the
middle (S), which divides the wire into two normal sections
with the resistances rL and rR (see the first row in Fig. 1).

The normal NW segments on both sides of the S contact
are assumed to be much longer than the superconducting
coherence length and the applied voltage is much higher than
the Thouless energy L � √

h̄D/eV ,
√

h̄D/�, where D is the
diffusion coefficient. This allows us to neglect the penetration
of the superconducting condensate from the proximity region
underneath the S contact into the normal segments and treat
them as metallic diffusive conductors [18,19]. The length of
the S segment (the part of the device consisting of a part of
NW and S contact above it) is assumed to be much larger
than both the NW diameter and the superconducting coher-
ence length, which enables us to describe the quasiparticle
transport via this segment as effectively one dimensional and
neglect the processes of Cooper pair splitting and elastic co-
tunneling [34], as well as the Coulomb blockade effects [14].
S/NW interface quality is assumed to be nearly ideal, so that
the probability of the AR by far exceeds that of the normal
quasiparticle reflection. Inelastic scattering in the NW and in
the S island is absent. The thermal conductance Gth of the S
segment is assumed to be finite at energies below the super-
conducting gap �. Above the gap, the S contact shunts both
electrical and thermal currents, thus in this energy range the
thermal conductance is much larger than that of the adjacent
normal NW segments and assumed to be infinite. Throughout
the paper we define the thermal conductance similarly to the
electrical conductance as Gth ≡ e2ν∗ D∗A/L, where e is the
elementary charge and ν∗, D∗ are, respectively, the density
of states and diffusion coefficient of the subgap quasiparticles
in the S segment, A is the cross section of the NW, and L
is the length of the S segment. This choice is convenient for
our purpose of solving a nonequilibrium finite-bias problem.
Note that in general Gth may depend on energy owing to the
superconducting proximity effect, as we address later below.

In the following we consider two possible realizations
of the NSN devices (see schematic device configurations in
Fig. 1), with the central S segment either being a part of
a grounded superconducting terminal (reservoir) or a float-
ing island. These layouts are referred to, respectively, as the
grounded and the floating cases. The grounded case corre-
sponds to a three-terminal NSN device for which the bias
voltage V is applied to the left N terminal, whereas the S
terminal and the right N terminal are grounded. Correspond-
ing chemical potentials are μL = −eV , μS = 0, and μR = 0.
The floating case corresponds to a two-terminal NSN device
for which, without the loss of generality, we also choose the
chemical potential of the S segment equal to zero μS = 0,
therefore μL = −eV rL/(rL + rR) and μR = eV rR/(rL + rR).

III. GENERAL CONSIDERATIONS

Before going into the details of our calculation, we illus-
trate the underlying physics of the NSN structure in a few
representative cases at a zero bath temperature and finite bias
in Fig. 1, neglecting so far the proximity effect and nonequi-
librium superconductivity effects in the S segment [26]. Blue
arrows in the upper sketches indicate the propagation of the
electric current I . The key difference between both device
configurations is that the electric current I flows only through
the left NS segment in the grounded case and through the
whole device in the floating case. Note that in the latter

125409-2



THERMAL CONDUCTANCE AND NONEQUILIBRIUM … PHYSICAL REVIEW B 104, 125409 (2021)

case the current in the S segment is carried by the Cooper
condensate and flows predominantly inside the superconduc-
tor. The propagation of current has obvious consequences for
the local chemical potential μ, see the spatial profiles of both
quantities in respective panels of Fig. 1. This and other data
are the results of the calculations with the parameters men-
tioned in the caption. Nonequilibrium subgap quasiparticles
gain energy from the electric field and propagate diffusively
along the NW, relaxing in one of the N terminals. The di-
rection of the heat flux is indicated by the red arrows. Finite
Gth enables nonequilibrium quasiparticles to traverse the S
segment and results in a nonzero heat flux Q̇ in the S seg-
ment. The spatial dependence of the heat flux is shown in
the corresponding panel of Fig. 1. Note that in general Q̇
changes sign somewhere in the middle of the NSN device
and depends on a coordinate, which is a consequence of the
Joule heating released in the normal segments that relaxes
in the N terminals. In the limit of Gth = 0 shown by yellow
lines, as well as in the special case of the symmetric floating
NSN device, the heat flux via the S segment vanishes and
the two normal segments completely decouple. Nonequilib-
rium quasiparticle populations which build up in the biased
NSN NW are characterized by coordinate-dependent elec-
tronic energy distributions (EEDs) f (ε), which we calculate
in the next section. Relevant to the shot noise measurements
in diffusive conductors is the notion of the noise tempera-
ture TN = (kB)−1

∫
f (1 − f )dε, which is a measure of local

nonequilibrium. The lower panels of Fig. 1 demonstrate the
spatial profiles of the TN. Note that in the limit of Gth = 0 the
right N segment remains in equilibrium in the grounded case,
whereas it acquires a finite TN > 0 in the floating case.

IV. ENERGY DISTRIBUTIONS

Following the semiclassical approach of Nagaev and Büt-
tiker [18,19] we calculate the EEDs f1(ε) and f2(ε) on the
two boundaries of the S segment at x = x1 and x = x2, see
Fig. 1. The vicinity of the superconductor imposes an impor-
tant constraint on the EED at subgap energies. For the case
of a perfect lateral interface between the superconductor and
the NW, which is assumed below, AR is the only process of
quasiparticle scattering from the interface. Since the number
of AR in the diffusive case is a random quantity [22], statis-
tically this results in equal amounts of the electronlike and
holelike subgap quasiparticles in the S segment, that is the
function f (ε, x) for x ∈ [x1, x2] obeys the relation f (ε, x) =
1 − f (−ε, x). Note that this symmetry automatically guaran-
tees that the chemical potential of the subgap quasiparticles
coincides with that of the Cooper pairs, i.e., μ(x) = 0.

At subgap energies the electric current in the S segment
is carried by the Cooper condensate, therefore the conserva-
tion of electric current cannot be used to set the boundary
conditions for the EED. The proper boundary conditions
for |ε| � � are obtained from the conservation of a par-
tial heat flux at a given energy. We define such a heat flux
as δQ̇(ε, x) = −ν(ε)D(ε)[ε − μ(x)]∇ f (ε, x)δε, where ν(ε)
and D(ε) are the density of states, diffusion coefficient and
chemical potential at this energy and δε is the width of in-
finitesimal energy window. Having in mind that AR mixes
the two types of quasiparticles in our hybrid system, we ob-

serve that the correct conserved quantity is the sum of the
partial heat fluxes carried by the electronlike and holelike
quasiparticles at the same excitation energy |ε|. That is the
quantity δQ̇(ε, x) + δQ̇(−ε, x) ∝ −∇F (ε, x), where we in-
troduced F (ε, x) ≡ f (ε, x) − f (−ε, x).

In the diffusive transport regime, within each NW segment,
the EED satisfies the equation ∂2

∂x2 f (ε, x) = 0 and interpolates
linearly as a function of x between the boundary conditions
[35]. Thus, the conservation of the heat flux is expressed as

|ε| < �:

F1(ε) − FL(ε)

rL
= [F2(ε) − F1(ε)]Gth,

FR(ε) − F2(ε)

rR
= [F2(ε) − F1(ε)]Gth, (1)

where the functions FL, R are given by the equilibrium Fermi-
Dirac EEDs f0(ε − μL, R) and functions F1, 2 correspond to
the boundaries of the S segment at x = x1 and x = x2. The
solution of (1) is straightforward:

|ε| < �:

f1 = 1

2

(
1 + FRrL + FL(rR + 1/Gth )

rL + 1/Gth + rR

)
,

f2 = 1

2

(
1 + FLrR + FR(rL + 1/Gth )

rL + 1/Gth + rR

)
. (2)

For above-gap energies |ε| > � we neglect the ARs and
assume that the S segment essentially behaves as a piece of
normal metal with the conductance much higher than that of
the normal NW segments. Thus f (ε) is independent of the
coordinate for x ∈ [x1, x2]. In the grounded case the EED in
the S segment is simply given by the equilibrium EED with
μ = μS ≡ 0. In the floating case the EED is calculated from
matching the quasiparticle currents in the neighboring normal
segments at x = x1 and x = x2 and acquires a familiar linear
combination of the boundary conditions at the left and right N
terminals [35]:

|ε| ��:

f1,2 =
{

f0, grounded,
( fRrL + fLrR)/(rL + rR), floating. (3)

It is straightforward to see that the Eqs. (2) and (3) contain
a limiting case of a diffusive wire with N and S contacts. This
situation is achieved for both device layouts taking rR = 0 and
Gth = 0. In this case the voltage drop on the right N section
is zero, μR = 0, and f2(ε) is given by the equilibrium EED.
The energy distribution at x = x1 has a well-known double-
step shape [18] with f1(ε) = 1/2 for |ε| < �, |eV | and 0 or 1
otherwise.

In general, the situation is more sophisticated and in order
to demonstrate the main physics we discuss now the EED for
a marginal case of the energy independent Gth. This situation
corresponds to the case of an Andreev wire with the diameter
much larger than ξn = √

h̄D/kBT that allows us to neglect
the proximity effect at all relevant energies. In Fig. 2 we plot
the EED in the middle of S segment for both device layouts
at various bias voltages. Different line styles correspond to
three representative values of Gth, see the legend. The vertical
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FIG. 2. The EED in middle of the S segment, f ≡ ( f1 + f2)/2, at
several applied biases. Arrows on the graphs denote specific energies:
black arrow �, red arrow |eVL|, blue arrow |eVR|. Resistances of the
normal segments are the same as in Fig. 1, T = 50 mK.

arrows show the positions of the chemical potentials and the
gap edges as explained in the caption. For small enough bias
voltages the EED has three steps in the grounded case and
four steps in the floating case (upper panels in both columns).
These steps are smeared by the finite temperature. The effect
of the increasing Gth is to diminish the amount of subgap
quasiparticles in the S segment by sinking them into the right
N terminal. This results in the increase/decrease of the EED
for ε < 0/ε > 0. In addition, the step in f (ε) occurs each time
the voltage drop on one of the normal NW segments equals
�, these steps at the gap edges are sharp. In the grounded case
f (|ε| > �) is equilibrium, see Eq. (3) and the lower panel in
the left column of Fig. 2. In the floating case the situation is
much richer and the EED may be nonmonotonic and exhibit
up to five steps depending on the relation between the voltage
drops VL, R and the superconducting gap, see the lower panel
in the right column of Fig. 2. In this panel we have taken into
account a renormalization of � caused by the nonequilibrium
quasiparticle EED in the superconductor calculated for the
sweep-up solution branch, see Sec. V B for the details. Note
that such EEDs in the S segment can be directly measured
with a local tunnel probe using transport [36] or noise [37]
approaches.

V. RELATION TO A COMPLETE THEORY

Full understanding of a nonequilibrium configuration in-
volving superconductivity usually requires a self-consistent
numerical solution of the Usadel equations [38]. Such an
approach was realized in Ref. [26] for the all-metal NSN
structure, which has certain similarities with our geometry.
The key difference is that in NW-based devices considered
here the voltage drop on the superconductor is negligible
and the shape of the nonequilibrium EED is controlled by
the resistances of the N segments and thermal conductance
of the proximity region, as discussed in Sec. IV. Below we
briefly outline how our semiclassical model is related to a

complete solution of the Usadel equations. For the subgap
quasiparticles we qualitatively discuss the proximity effect
induced modification of the heat transport in the normal core
of the S segment, which is relevant for both the grounded
and the floating device layouts. In addition, in the floating
case the superconductor is decoupled from the reservoir and
the nonequilibrium EED has a crucial impact on the super-
conducting gap. Below we discuss the bias and asymmetry
controlled evolution of the gap in the floating case, which is
very much similar to the case of NISIN layout with arbitrary
asymmetry of the tunnel barriers considered in Ref. [27].
Everywhere in the following we neglect the inverse proximity
effect, i.e., the impact of the semiconductor NW material
on the superconductivity in the S shell. This approximation
seems reasonable since a hard superconducting gap in the
shell is very well compatible with high interface transparency
in modern superconductor/semiconductor hybrids [39,40].
Also we again assume that the S island is long enough which
allows us to neglect the end regions of the size on the order of
the wire diameter (or the superconductor’s coherence length if
it is bigger) where the quasiparticle charge current in the core
is converted into the supercurrent in the shell.

A. Subgap transport: Proximity effect

Subgap quasiparticle transport is unique to the proximity
NSN devices considered here and takes place for |ε| < � as
long the superconducting gap in the S segment is finite. In this
energy window all quasiparticles reside in the proximitized
normal core, where the superconducting pairing potential is
absent, whereas the supercurrent flows predominantly in the
superconducting shell. Unlike in all-metal devices [26,29], for
bias voltages |eV | ∼ � the typical currents in NW-based de-
vices are orders of magnitude smaller compared to the critical
current of the shell. Thus a current-driven renormalization of
the superconducting gap and the terms containing the gradient
of the phase of the superconducting order parameter can be
safely neglected and the Usadel equations greatly simplified.
Furthermore, in the the kinetic part of the Usadel equations,
the energy and charge components of the nonequilibrium EED
also decouple. In the absence of nonequilibrium suppression
of the superconducting gap, i.e. in the grounded case and
in the maximally asymmetric floating case as we explain in
Sec. V B below, the equations for the retarded Green’s func-
tion remain identical to the equilibrium case and decouple
from the kinetic equations. Hence, the density of states and
quasiparticle diffusion coefficient in the proximitized normal
core acquire the energy dependence but remain independent
of the bias and coordinate along the wire (apart from the end
regions of the S segment we neglect here). The exception is
the general floating case, where for high enough bias voltages
� starts to depend on V that inevitably modifies the energy
dependence compared to the equilibrium case.

It is straightforward to observe the main steps of the solu-
tion of the Usadel equations for the thermal conductance. In
the notations of Ref. [26], the energy current density in the
normal core of the S segment is given by jenergy = 	L∇ flong,
where flong is the longitudinal part of the EED that depends
only on the coordinate along the wire and coincides with
our −F (ε, x). The gradients along the axes y and z vanish
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because no energy current flows transverse to the wire. 	L =
	L(ε, y, z) takes into account the proximity effect induced en-
ergy and coordinate dependent renormalization of the thermal
conductivity, which tends to zero near the superconducting
interface and for ε → 0 and is maximum near the center of
the core. Since 	L is independent of x the solution (2) for the
subgap EED remains valid, now with the energy dependent
thermal conductance Gth(ε) ∝ ∫

	Ldydz. This modification
has an obvious consequence for the subgap EEDs in the gen-
eral case as compared to those displayed in Fig. 2. While the
calculated steps retain their positions f (ε) between the steps
acquires the energy dependence associated with that of Gth(ε).
The actual solution of the Usadel equations, which is nonuni-
versal and depends on materials, interface quality, and band
structure goes beyond the scope of this work. Instead we pay
attention to the main effect that the shot noise measurement
allows us to extract the full energy dependence of the Gth(ε),
whatever it is, as addressed in Sec. VI B.

B. Impact of the nonequilibrium EED on �

It is well known that nonequilibrium EED generated by
voltage bias results in a complex evolution of the supercon-
ducting gap. In symmetric all-metal NSN devices [26] the gap
withstands bias voltages of about |eV | ≈ 1.4�0, whereas in
NISIN devices a finite superconducting gap is observable for
|eV | � �0 given a strong asymmetry of the tunnel barriers
[27], where �0 is the T = 0 BCS value of the gap. The bias
evolution of the gap is irrelevant for our grounded case, as
well as for the maximally asymmetric floating case, since in
both these situations the S island is ideally coupled to the
reservoir and the EED remains equilibrium for arbitrary bias
voltages. In the general floating case, however, the bias and
asymmetry controlled suppression of � accompanied by a
hysteretic behavior with bias sweeps is expected much like
in the all-metal layouts [26,27].

To illustrate the main effect we numerically solved the
Usadel equations together with the BCS self-consistency
equation on � [26]. The calculations were taken in the limit
of a very long S island that corresponds to the case of bulk
superconductor with a homogeneous nonequilibrium EED.
This is nominally identical to a NISIN structure in the limit
of vanishing Thouless energy [27]. In essence, we followed
a slightly modified iterative approach of Ref. [26]. First, the
Green’s functions were found for a certain � as a solution for
retarded Usadel equations. For each value of the bias voltage
the starting point was either � = �0 or � < 10−2�0, giving
in the end two separate stable solution branches. We interpret
this as a consequence of bistability of the bias voltage char-
acteristics observed in earlier work [26,27] and relate the two
solutions to the up-sweep and down-sweep branches, respec-
tively. Second, the obtained Green’s functions together with
the EEDs for the same �, Eqs. (2) and (3), were substituted in
a self-consisted equation on �. In this way the next iteration
of � was found and the procedure repeated. We neglected the
superconducting phase gradient that corresponds to the case
of electric current much smaller than the critical current. We
used quad integration from scipy (based on Fortran library
QUADPACK) and typically the procedure converged after
∼1000 iterations.

FIG. 3. Nonequilibrium suppression of the superconducting gap
and its manifestation in shot noise in the floating case. (a) Bias
evolution of the superconducting gap for several ratios rL : rR given
in the legend. Solid and dashed lines correspond, respectively, to the
sweep-up and sweep-down solution branches. (b) Shot noise for the
same resistance ratios and the total device resistance of 8 k�. Line
styles are the same as in (b), the data are vertically offset for clarity
with the asymmetry increasing from the lower to the upper curve.
For this data the subgap thermal conductance is assumed negligible
Gth (|ε| < �) = 0.

The obtained bias dependencies of � are shown in Fig. 3(a)
for several device asymmetries determined by the resistance
ratio rL : rR and fixed total resistance of rL + rR = 8 k�. In
a symmetric device the gap value is found to switch between
� = �0 and � = 0 and the switch position depends on the
sweep direction indicated by arrows. This behavior is qual-
itatively consistent with the numerical data of Ref. [26] and
coincides with the analytical result of Ref. [27] in the limit
of vanishing Thouless energy. The key impact of the device
asymmetry is the possibility of the intermediate stable gap
values �0 > � > 0, as demonstrated for two other values
of the asymmetry in Fig. 3(a). For rL �= rR we always find
a region of bias voltages where the intermediate gap value
is stabilized for the sweep-up direction, and sometimes for
the sweep-down direction (e.g, for the resistance ratio of 3).
Similarly to the symmetric case, the bias dependencies exhibit
bistability, however the finite gap values can exist up to arbi-
trarily large bias voltages, given the arbitrary large asymmetry.
All these findings are consistent with the detailed studies of
the all-metal NISIN structures in Ref. [27].

Comparatively new results correspond to the shot noise
behavior in our NSN devices. While the details of the noise

125409-5



BUBIS, SHPAGINA, NASIBULIN, AND KHRAPAI PHYSICAL REVIEW B 104, 125409 (2021)

calculations are presented later in Sec. VI in the context of
subgap thermal conductance, it is convenient to show the
shot noise data corresponding to the nonequilibrium evolution
of the superconducting gap here. Figure 3(b) demonstrates
the calculated current noise spectral density in the floating
case for the same three values of the asymmetry. In order to
demonstrate solely the gap related behavior, we have taken
Gth = 0 in this panel, so that the subgap quasiparticle trans-
port is forbidden. The bath temperature is zero and the data
are vertically offset for clarity. In the symmetric case (lower
curve) the shot noise is insensitive to � and always coincides
with the universal value in normal diffusive conductors. This
is related to the fact that the EED given by Eqs. (2) and (3)
has the same double-step shape as in the middle of a normal
diffusive conductor [35] regardless of both the gap value and
the thermal conductance. By contrast, for rL �= rR the shot
noise exhibits a jump at a lower bias and a kink at a higher
bias for the sweep-up and up to two jumps for sweep-down
bias dependencies, as evident from the figure. The positions
of these features coincide with the steps on the corresponding
dependencies �(V ) in Fig. 3(a).

The results of this section can be summarized in the fol-
lowing two conclusions. First, the effect of the nonequilibrium
gap suppression in the floating case can complicate the anal-
ysis of the subgap thermal conductance via shot noise. The
reason is that the value of the gap is directly related to
the energy dependence of Gth(ε) via the proximity effect. The
stronger the asymmetry the less pronounced is the nonequilib-
rium, completely absent only in the marginal case of vanishing
resistance in one of the N segments. Second, an imperfect
contact to the superconducting shell in NW-based devices via
a semiconducting core or a tunnel junction has an inevitable
consequence for the superconducting gap due to nonequilib-
rium effects at high enough bias voltages [26,27] that may be
a considerable effect in modern NW-based devices.

VI. SHOT NOISE

Knowing the EEDs on the boundaries of the S segment,
Eqs. (2) and (3), one finds the f (ε, x) and the local noise
temperature TN(x). The spectral density of the spontaneous
current fluctuations in the normal segments of the NW is
then calculated using the semiclassical solution for diffusive
conductors [35]:

TN(x) = 1

kB

∫ +∞

−∞
f (ε, x)(1 − f (ε, x))dε,

SL = 4kB

rL

∫ x1

xL

TN(x)dx,

SR = 4kB

rR

∫ xR

x2

TN(x)dx. (4)

A separate measurement of the fluctuations SL and SR is
possible only in the grounded case [41]. In the floating case
the normal segments are connected in series and the resulting
current fluctuation is [42]

S = SLr2
L + SRr2

R

(rL + rR)2
.

Note that in the last equation the contribution of the S
segment to the measured shot noise is absent thanks to its
negligible resistance. Nevertheless, the role of the thermal
conductance in the S segment is decisive, since it is Gth that
determines the nonequilibrium EEDs on the boundaries of S
segment. In the following we first discuss the results for the
case of Gth(ε) = const. Although this overly simplified limit
of negligible proximity effect is hard to realize in contempo-
rary NW-based devices, we find it useful for the demonstration
of the main features in the shot noise behavior. Later on we
discuss how the results change in the general case of the arbi-
trary energy dependent thermal conductance and take a closer
look at a few interesting cases of the dependence Gth(ε).

A. Results neglecting the energy dependence

1. Grounded

Using the notations θ = [1 + Gth(rL + rR)]−1 and α = rL/

(rL + rR) we express the general solutions for the SL and SR

in the grounded case in the zero temperature limit as follows:

SL = 2eV

3rL
+ 2e

3rL
�L

{
V, |eV | < �0,

�0, |eV | � �0,
(5)

SR = 2e

3rL
�R

{
V, |eV | < �0,

�0, |eV | � �0,

�L(α, θ ) = 1 − (α − αθ )2,

�R(α, θ ) = α(1 − θ )[2 + θ + α(1 − θ )]. (6)

Representative results for the shot noise spectral density
are plotted in Figs. 4(a) and 4(b). Here the Gth is energy inde-
pendent and the correspondence between the line colors and
the Gth values are shown on the nearby color bar. Both cur-
rent fluctuations SL and SR demonstrate a kink at |eV | = �0,
when the voltage applied on the left N terminal meets the
superconducting gap edge. The effect of finite subgap thermal
conductance of the S segment on the SL and SR is different.
The noise of the biased normal segment SL is maximum if the
thermal transport is suppressed and diminishes at increasing
Gth. By contrast, the noise of the unbiased normal segment
SR, which originates from the quasiparticles transmitted via
the proximity region, is only observable at Gth > 0. Such
an impact of the thermal conductance on the shot noise was
observed in a recent experiment [41] and is easy to understand
qualitatively. Increasing the thermal conductance allows more
subgap quasiparticles to relax in the right N terminal. This
is analogous to a cooling down of the biased left N segment
and a warming up of the unbiased right N segment, with
obvious consequences for the noise. Note that SR saturates at
|eV | > �0, since above the gap the quasiparticles sink in the
grounded S terminal.

2. Floating

Using the same notations, and assuming without the loss of
generality that α � 1

2 , we express the results for the shot noise
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FIG. 4. Zero temperature shot noise evaluated at various Gth

expressed in units of G0 = 2e2/h. (a) and (b) Current fluctuations of
the biased (SL) and unbiased (SR) normal segments in the grounded
geometry rL : rR = 4. (c) Current fluctuations in the maximally
asymmetric floating case. Red dashed line is the guide line for or-
dinary metallic diffusive wire F = 1/3. Black dashed line represents
the dirty NS junction without the subgap states [18]. In (a) and (b) the
resistances of the normal segments are rL = 6 k� and rR = 2 k�. In
(c) rL = 8 k� and rR = 0.

in the floating case as follows:

S = 2eV

3R
+ 2e

3R


⎧⎨
⎩

(2α−1)V, α|eV |<�,

−(1−α)V +�, else,
0, (1−α)|eV | � �,

(α, θ ) = 1 − 3α2(θ − 1)θ + α(3θ2 − 1) − θ (θ + 1), (7)

where R = rL + rR is end-to-end resistance of the device.
These equations are applicable to the floating case of ar-

bitrary asymmetry. As discussed in Sec. V B, the value of �

generally exhibits a bistable evolution with the bias voltage,
which manifests itself in shot noise, see the data of Fig. 3(b).
Those data were calculated with the Eqs. (7) for θ = 1 (i.e.,
Gth = 0). In order to disentangle the effects of the thermal
conductance and gap evolution, we address in Fig. 4(c) the
limiting case of the maximally asymmetric floating device
rR = 0, for which � = �0 regardless of the bias voltage.
In this case we observe a single kink at the usual position

|eV | = �0 and the S(V ) dependence interpolates between the
well known limits of diffusive normal and NS cases depending
on Gth.

B. Energy dependent thermal conductance

In previous sections we treated the problem for the energy
independent thermal conductance. Thanks to the absence of
the energy relaxation, however, the shot noise measurement
provides access to a full energy dependence of Gth(ε), which
may result from the energy dependence of the quasiparticle
density of states as a consequence of the superconducting
proximity effect. This information is contained in a slope
∂S/∂I and is conveniently expressed in terms of a renormal-
ized effective charge e∗ as follows:

Grounded:

|eV | < �0 : e∗ ≡ 1

2eF

∂SR

∂IL
= �L(α, θ ),

|eV | > �0 : e∗ = 0, (8)

Floating, rR → 0:

|eV | < �0 : e∗ ≡ 1

2eF

∂S

∂I
= 1 + (1, θ ),

|eV | > �0 : e∗ = 1, (9)

where F = 1/3 is the universal value of the Fano factor in
metallic diffusive conductors. The energy dependence of the
subgap thermal conductance enters the expression for the ef-
fective charge via θ (ε) = [1 + Gth(ε)(rL + rR)]−1. Similarly
to the grounded case (8), the limit rR → 0 (α = 1) of the float-
ing case provides the direct relation between e∗ and Gth(eV )
via expression (9). In contrast, a generic floating case with
α < 1 is less convenient since the effective charge is depen-
dent on both Gth(αeV ) and Gth(eV − αeV ), not to mention the
bias dependent renormalization of � and bistability discussed
in Sec. V B. The corresponding bulky expressions for the e∗
are off-loaded to Appendix B.

In the following we illustrate these results for the simplest
realizations of Gth(ε), see Fig. 5 (row i). Gth(ε) is assumed to
be a stepwise function:

Gth(ε) =
{

G1, |ε| < �1,

G2, �1 � |ε| < �0,

which imitates a one-dimensional wire for the case of a topo-
logical phase transition (G1, G2) = (2e2/h, 0) [12] and for the
case of a hard superconducting gap (G1, G2) = (0, 2e2/h) of
width �1 < �0 [39,43].

In Fig. 5 we plot the bias dependencies of the shot noise
and e∗ for these two situations, respectively, in column (a) and
column (b). Here rL = 10 k� and rR → 0 so that � = �0

is independent of the bias. For both device layouts the shot
noise spectral density shows a kink each time the Gth changes
abruptly. Consequently, the shape of the bias dependence of
the e∗ mimics the energy dependence of the thermal con-
ductance, cf. the panels (ii) and (iii) with the corresponding
panels (i) in Fig. 5. Two key differences between the grounded
and floating cases are evident. First, in the grounded case the
e∗ increases as function of Gth, whereas in the floating case
the dependence is opposite. Second, in the grounded case the
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FIG. 5. Measurement of energy dependent Gth (ε) via shot noise.
(i) Stepwise Gth (ε) functions imitating the (a) topological phase
transition and (b) hard gap �1 = 50 μeV. (ii) Current fluctuations
of the unbiased segment and e∗ in the grounded setup. (iii) Current
fluctuations and e∗ in the floating setup.

effective charge varies between 0 and 3, e∗ = 0 corresponding
to Gth = 0, whereas in the floating case 1 � e∗ � 2, e∗ = 2
corresponding to Gth = 0.

VII. DISCUSSION

In this section we briefly summarize our results and their
implications for the ongoing research in hybrid devices.

One important message is a possibility to probe the subgap
quasiparticle transport in NSN devices by means of the shot
noise response, which was initially proposed for Majorana
devices in Ref. [12] and generalized here for the diffusive
case with both grounded and floating S island. The underlying
physics is straightforward—electric current at least in one arm
of the NSN device gives rise to the nonequilibrium EED in
both arms and results in spontaneous fluctuations of the elec-
tric current owing to a stochastic nature of the quasiparticle
transport. In the semiclassical framework [35], according to
the Eqs. (2) and (3), the nonequilibrium EED is determined by
just two quantities—the superconducting gap and the energy
dependent thermal conductance. As discussed in Sec. V A, in
the grounded and maximally asymmetric floating device lay-
outs the S island is effectively coupled to a quasiparticle reser-
voir, so that both � and Gth(ε) are independent of the applied
bias voltage/current. This explains the remarkable simplicity
of our final shot noise expressions in Eqs. (8) and (9).

By contrast, the final results in the general floating case
are not just bulky, see Appendix B, but also require a self-
consistent solution of the Usadel equations to find � and
Gth(ε) at each given value of the bias voltage (and sweep
direction), as we discussed and exemplified in Sec. V B. Ob-
viously such a nonuniversality complicates the analysis of
the shot noise experiments in terms of the subgap thermal
conductance. This is the second important message of our

work—being decoupled from a quasiparticle reservoir the
superconductor takes over the key role in the nonequilibrium
problem, and can no longer be treated as a fixed boundary
condition for the neighboring semiconductor. Note that such
a decoupling may occur not only by purpose [33], but also
unintentionally in the form of a finite contact resistance to
the superconducting shell [44]. The connection between the
nonequilibrium superconductivity [26–30] and the physics of
hybrid semiconductor-superconductor devices remains, to our
best knowledge, unexplored. We hope that our work will mo-
tivate further interest in this direction within the community.

Finally, we intended to popularize a more general message
that the shot noise is a valuable research tool in super-
conducting proximity devices. Recent experiments [22,41]
demonstrate that a full understanding of the nonlocal quasi-
particle signals in NSN devices of grounded type requires a
combination of charge transport measurement and shot noise
measurement, the latter substituting the thermal measurement.
Already in a few hundred nanometer long devices, the trans-
mitted quasiparticle flux is charge neutral which gives noise
measurement a primary role [22]. By contrast, the nonlocal
charge response is a secondary thermoelectriclike effect [41]
caused by the asymmetry of the energy dependence of the
spectral conductance with respect to ε = 0. In our semiclas-
sical treatment we have neglected any such asymmetry thus
focusing on the main effect of the heat transport in the prox-
imitized region.

In summary, we analyzed how a finite subgap thermal
conductance of a superconducting proximity region and
nonequilibrium suppression of superconductivity are mani-
fested in the shot noise of diffusive NSN structures. Two
possible device layouts—three terminal with a grounded
superconducting island and two terminal with a floating su-
perconducting island—permit a direct measurement of the
energy dependence Gth(ε) from the bias dependence of the
shot noise. The floating case may be attractive for the exper-
imental realization in semiconducting nanowires with a thin
superconducting shell that maybe technically challenging to
contact. In this case the device asymmetry is crucial in the
shot noise experiment that can be engineered by means of the
structure design and/or local gating. However, an imperfect
grounding of the superconducting island makes the floating
case susceptible to the well-known effects of nonequilibrium
suppression of the superconducting gap and its bistable be-
havior at high enough bias voltages. These effects are also
observable in shot noise, the only exception being the lim-
iting case of maximal asymmetry. Applicable to diffusive
multimode wire structures, our results may also serve as a
qualitative starting point to understand the shot noise response
in open one-dimensional Majorana devices.

ACKNOWLEDGMENTS

We thank A. O. Denisov, K. E. Nagaev, T. M. Klapwijk,
and, particularly, E. S. Tikhonov for valuable discussions. We
are grateful to Y. V. Fominov for the insights about the Us-
adel theory. This work was mainly supported by the Russian
Science Foundation Project No. 19-12-00326. The calculation
of the finite temperature shot noise expression in Appendix A
was performed under the state task of ISSP RAS.

125409-8



THERMAL CONDUCTANCE AND NONEQUILIBRIUM … PHYSICAL REVIEW B 104, 125409 (2021)

APPENDIX A: THE GROUNDED GEOMETRY AT A FINITE TEMPERATURE

Here we provide the finite temperature expression for shot noise of the unbiased normal segment in the grounded geometry.
We use e, kB = 1, γ = rR/(rL + rR + 1/Gth ):

SR = 4T

rR
+ 2T

3rR
γ

{[
γ + 3(2 − γ ) coth2

(
V

2T

)]
tanh

(
V

2T

)
artanh

[
tanh

(
�

2T

)
tanh

(
V

2T

)]

+1

2

[
γ − 3(2 − γ ) cosh

(
�

T

)
− 2(3 − γ ) cosh

(
V

T

)]
tanh

(
�

2T

)
sech

(
V − �

2T

)
sech

(
� + V

2T

)}
.

APPENDIX B: GENERAL RESULT IN THE FLOATING GEOMETRY

In the general case [arbitrary rL, rR and energy dependent Gth(ε)] shot noise in the floating layout exhibits two kinks
[see Fig. 4(c)]. Here we write the expression for e∗ defined in Eq. (9), where θ contains Gth(ε). We remind the reader that the
following expressions should be supplemented with the calculation of the bias-dependent suppression of the superconducting
gap due to nonequilibrium effects:

e∗ =

⎧⎪⎪⎨
⎪⎪⎩

α(1 − α) + α(3α2 − 1)θ (αV ) − α(3α2 − 3α + 1)θ2(αV )
+α(2 − α) + (3α3 − 3α2 − α + 1)θ [V (1 − α)] + (−3α3 + 6α2 − 4α + 1)θ2[V (1 − α)], αV < �,

α(2 − α) + (3α3 − 3α2 − α + 1)θ [V (1 − α)] + (−3α3 + 6α2 − 4α + 1)θ2[V (1 − α)], else,
1, (1 − α)V � �.
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