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A B S T R A C T   

Renewable raw materials such as lignocellulose are inherently complex and demanding in chemical processing 
compared to petroleum-based feedstocks. This article addresses the challenge of developing a general model 
framework for modelling lignocellulosic feedstock on a fibre scale, considering its inherent heterogeneous nature 
in terms of the fundamental chemical component distribution in addition to its anisotropic structural properties. 
The presented model is tested and validated for the well-established kraft pulping process. Simulations and 
parameter estimation are carried out to investigate the kappa number distribution of softwood fibres during kraft 
pulping by using experimental data from the literature showing non-uniform delignification. A moving grid 
discretisation method for the distributed concentration variables is used to predict the reaction of the wood 
solids. The results suggest that an inherent fundamental chemical component distribution can be hypothesised as 
one source of the non-uniform delignification. The model indicates that a Gaussian distribution can be assumed 
for the initial lignin concentration within softwood. In addition, an investigation of the lignin kinetics suggests 
that the reactivity of lignin during kraft pulping decreases as the delignification progresses.   

1. Introduction 

Modelling and simulation are powerful tools for the development 
and optimisation of chemical processes. In the field of petroleum-based 
processes, computational models are well established and experience 
great reliability. However, with the ongoing shift towards a sustainable 
economy, these feedstocks will gradually be substituted with renewable 
raw materials such as lignocellulosic feedstocks. This transition comes 
with the challenge of handling the hierarchical complex and inherent 
variable lignocellulose, which demands sophisticated modelling ap-
proaches on different scales [1]. Understanding the nature and vari-
ability of the biomass raw material is crucial for process development to 
maintain uniform product quality and sufficiently low production costs. 
Properties of the feedstock such as chemical composition, structural 
differences and initial feedstock quality might vary even within the same 
feedstock species and must be addressed during model development [2]. 

The pulp and paper industry is the world’s largest producer of bio-
energy and biomaterials, with the kraft pulping technology as its pre-
dominating pulping process. The traditional kraft process aims to 
produce paper pulp. However, the process offers opportunities to 

integrate biorefinery concepts into existing kraft pulp mills, making the 
overall process more efficient and profitable [3]. The main objective of 
this chemical pulping process is the delignification of wood into cellu-
lose fibres by simultaneously minimising carbohydrate losses. The 
cooking liquor mixture of sodium hydroxide and sodium sulfide with its 
active cooking species hydroxide and hydrogen sulfide ions react at 
elevated temperatures with the solids of the porous wood chips inside a 
batch or continuous digester configuration [4]. It is a well-established 
technology with a broad knowledge ranging from laboratory scale 
tests to industrial operations. Despite its long and successful history, 
there are still relatively few rigorous modelling efforts considering 
intrinsic mass transfer and reaction together with the inherent hetero-
geneous nature of the biomass feedstock. On the other hand, the mature 
state of the technology opens opportunities to build and validate 
mathematical models capable of scaling up the kraft process and related 
biorefinery operations that share many similar characteristics. 

The utilised feedstock for the kraft pulping process is wood, which 
can be divided into softwood and hardwood, with even more different 
species within each group. Macroscopic structures of the porous interior 
and average chemical compositions might differ depending on the 
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species. The fundamental chemical components of wood are mainly 
lignin, cellulose, and hemicellulose, organised in a fibre with several 
layers, the secondary wall, primary wall, and middle lamella [5]. The 
middle lamella surrounds the fibre cell and holds the neighbouring fi-
bres together in cell corners which are high in lignin, whereas the sec-
ondary wall layers comprise most carbohydrates [6–8]. Raman images 
show that the fundamental chemical components are distributed into 
these morphological regions and can vary across one distinct region [9]. 
Despite the knowledge of the distributed character of the fundamental 
chemical components, classical models aim to predict the delignification 
of wood on an average basis. 

One such model family was developed at Purdue University. The 
models describe the fractionation process with a kinetic model dis-
tinguishing the solids of wood into five different components reacting in 

parallel, where some have an unreactive and/or slow/fast reactive 
fraction. Diffusion of the active inorganic chemicals is modelled as ideal 
mixed within the wood chip. [10–12] 

Another approach to model kraft pulping is the University of 
Washington model. Here the kinetics are given for lignin and carbohy-
drates in three subsequent phases. The diffusion of hydroxide and 
hydrogen sulfide ions is modelled one-directional. [13,14] 

Both approaches have limited considerations regarding the hetero-
geneous nature of the wood, especially the distribution of the chemical 
components is neglected. Lately, some theoretical models have been 
proposed to take the anisotropic nature of the wood chip into account 
[15–18]. These studies mainly focus on the heterogeneous mass transfer 
phenomena and the resulting non-uniform delignification. However, 
also neglect the intrinsic chemical distribution within the wood. 

The issue of non-uniform delignification was addressed by Ming 
regarding the kappa number distribution of kraft pulps [19]. In that 
study, pulping experiments with softwood were conducted and evalu-
ated in the light of fibre scale uniformity. The kappa number, which is an 
indication of the pulp’s residual lignin content, was measured for several 
pulping conditions and wood chip sizes. The results have confirmed that 
process conditions and chip sizes impact the kappa number variability 
due to diffusion limitations. Moreover, the results have shown that 
intrinsic fibre scale heterogeneity exists, independent of other pulping 
parameters. The author developed a model to account for the intrinsic 
fibre scale non-uniformity by using the model structure of the Wash-
ington University model family to predict the kappa number and impose 
a Gaussian distribution on the average kappa number. Such a post- 
process accounts for the heterogeneity of the fractionation process but 
does not explain the origin of the inherent raw material character. The 
author pointed out that kappa number variability has consequences for 
downstream unit operations and pulp properties, such as bleaching and 
pulp strength [20–22]. Therefore, it must be addressed in any consid-
eration regarding process optimisation. 

This work proposes a novel approach for modelling the kraft pulping 
process by considering the distributed character of the fundamental 
chemical components within the wood chip and the resulting non- 
uniform delignification on a fibre level. Moreover, the three- 
dimensional properties of the anisotropic raw material structure 
within the porous wood are considered. The kinetic and diffusion pa-
rameters can be obtained from available literature models and incor-
porated into the model framework. 

2. Model hypotheses and equations 

A batch reactor framework for modelling anisotropic porous biomass 
is developed to account for the delignification of wood, which includes 
three phases in the digester (Fig. 1). The reaction site between the solid 
wood matrix and active chemicals appears at the interface between the 
solid and entrapped liquor phases. The dissolved solids and active 
chemicals prevail in the porous structure of the wood and are in mass 
transfer with the free liquor phase in the digester. 

The solid and entrapped liquor phase combined represent the wood 
chip. An illustration of the chip with the structural and diffusional dif-
ferences in each direction is shown in Fig. 2. 

The total mass transfer of active chemicals into the chips is the sum of 
the contributions from each site, respectively. The wood chip is built-up 
of wood fibres arranged in an array with pfraction of fibres have a specific 
initial composition of lignin and carbohydrates to consider the hetero-
geneous character of the wood in terms of concentration variability. 
Fig. 3 shows the schematic arrangement of nine fibres with different 
initial compositions and the boundary definition for one fibre in the 
context of the present mathematical model. No distinction between the 
morphological regions of the fibre is made at this stage. The model de-
scribes the fibre concentration as an average concentration, including 
the secondary wall, the middle lamella, and the cell corner portion for 
one distinct fibre. 

Fig. 1. Schematic illustration of the three phases within the digester.  

Fig. 2. Schematic illustration of the wood chip with the directional and 
structural dependent fluxes in each direction. 

Fig. 3. Schematical illustration of the wood fibres arrangement within the 
wood and the boundary definition for one fibre in the context of the present 
mathematical model. The grey shades represent different concentrations of, e. 
g., lignin. (high lignin = black, low lignin = white). 
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Solid-phase mass balance for the wood fibres 
The fibre component mass balances describe the amount of each 

fundamental chemical component in kg per control volume of fibre. Due 
to the heterogeneous character of the wood, these mass concentrations 
are assumed to be distributed variables. When a large number of fibres 
are analysed, these concentrations vary from fibre to fibre. In order to 
describe this variability, the density distributions are discretised into 
separate concentration classes. Untreated fibre concentrations are first 
allocated to these classes according to the raw material properties. 
Arbitrary distributions can be assumed for each initial concentration of 
the solid components. Although the concentration for each fundamental 
chemical component might vary independently, only one coordinate is 
selected for the present model analysis to keep the model manageable. 
The most relevant distributed concentration concerning pulping is 
lignin. At the same time, the other fundamental chemical components 
are assumed to be distributed so that the overall mass density is constant 
in the solid wood matrix. This assumption can be relaxed if needed since 
the one-dimensional density distribution assumes a pre-defined rela-
tionship between densities of all fundamental chemical components. 

The continuous concentration distributions are discretised into n 
equal concentration classes ranging from zero to the density of the 
considered wood species, as is shown in Fig. 4. The upper and lower 
concentration limits define the initial mass concentration for a solid 
component in each class: 

ρ0,si ,n =
ρmax0,si ,n

+ ρmin0,si ,n

2
(1) 

During the reaction, the material is not moved from one class to 
another, but the concentration in each class varies according to the 
predicted rate. This method corresponds to a moving grid technique for 
the discretisation of distributed variables. Such an approach reduces 
numerical diffusion inherent to class-to-class material transfer in typical 
numerical schemes for convection. 

Upon pulping, the concentration in each class is followed based on 
the reaction rate according to: 

d
(
ρsi ,nVfibre

)

dt
= Rsi ,nVfibre (2)  

Where the solid component si of the fibre reacts according to its reaction 
rate Rsi ,n within each concentration class n. A total solid reaction rate is 
calculated, where the individual reaction rates Rsi ,n of the respective 
fibre concentration classes are weighted by the fraction of fibres psi ,n 

within the class n and are summed up to the total reaction rate of the 
solid component si in the wood chip: 

Rtotal,si =
∑n

n=1
Rsi ,npsi ,n (3) 

Fig. 5 illustrates the solid phase delignification process for the indi-
vidual fibres. The left side shows the initial state and concentration 
distribution of the fundamental chemical components within the fibres, 
whereas the right side illustrates the situation after the delignification 
process. 

Entrapped liquor phase mass balance for the wood chip 
Mass balances of the entrapped liquor phase account for the liquid 

components within the porous system of the wood chip, reacting with 
the solid components of the fibre: 

d
(
ρej

Ve
)

dt
= 2

[(

Njx Ayz
εyz

τyz

)

+

(

Njy Axz
εxz

τxz

)

+

(

Njz Axy
εxy

τxy

) ]

+ nfibersVfibreRej

(4)  

where Njdirection Adirection refers to the mass transfer in or out of the chip 
through the surface of the respective direction and Rej denotes to the 
reaction rate of the ej liquid component. The structural differences of the 
anisotropic wood chip are considered with the porosity to tortuosity 
ratio ∊direction

τdirection 
throughout each direction. The flux between the free and 

entrapped liquor is described by: 

Njdirection = Kol,jdirection

(
ρfj − ρej

)
(5)  

where Kol,jdirection refers to an overall mass transfer coefficient, including 
the external film and internal diffusion resistances between the bulk 
phase and the chip centre of the respective direction. The reaction rates 
of the entrapped liquid components are related to the reaction rates of 
the solid components through a stoichiometric coefficient matrix: 

Rej =
∑l

l=1
bj,lRtotal,sl (6)  

Here the stoichiometric coefficient matrix contains the relationship be-
tween the quantities of the solid components and the active chemical 
reactants. The total consumption of the active chemicals results from the 
total reaction rate sum of the solid components involved with the 
reactants. 

Free liquor phase mass balance for the digester 

Fig. 4. Discretisation of a solid component mass concentration into n arbitrary concentration classes.  

Fig. 5. Schematical illustration of the delignification process of individual fi-
bres. The initial state of the fibres with the distributed fundamental chemical 
component concentrations (left). State of the individual fibres after delignifi-
cation (right). The grey shades represent different concentrations (high = black, 
low = white). 
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The free liquor phase contains the same liquid components as the 
entrapped liquor phase. The mass balance is presented as: 

d
(

ρfj Vf

)

dt
= −2nchips

(

Njx Ayz
εyz

τyz
+ Njy Axz

εxz

τxz
+ Njz Axy

εxy

τxy

)

(7)  

Where Vf is the free liquor volume of the digester and 
Njdirection Adirection

∊direction
τdirection 

describes the flux from the free liquor to the 
entrapped liquor phase of the wood chip, considering the anisotropic 
properties at the chip surfaces. Fig. 6 shows a schematical illustration of 
the three phases and their mass balances in the present mathematical 
model. 

3. Case study: Delignification of Douglas fir softwood during 
kraft pulping 

In this chapter, the proposed model is validated, and some remaining 
parameters are optimised based on the uniform pulping experiments at 
the cooking temperature of 130 ◦C by Ming [19]. The pulping experi-
ments were designed to eliminate macro-scale influences such as non- 
uniform digester conditions and diffusion limitations within the 
porous system of the wood chip, focusing on the fibre scale phenomena 
during the kraft pulping process. An overview of the experiments and 
statistics for the fibre kappa number distribution is given in Table 1. 
Details of the experimental procedure are described in the thesis of Ming 
[19]. In the following, the skewness of the kappa number distribution 
will be neglected since it is close to zero. Therefore, the data follow a 
Gaussian distribution. 

Kinetic and mass transfer models for the kraft pulping process are 
incorporated into the framework mentioned above. The remaining pa-
rameters are estimated to predict the experimental results from the Ming 
thesis. 

The well-established kinetic model from the Purdue family is 
implemented with the reaction kinetics for the five solid and four liquid 
components. The solids consist lignin where 20% of lignin is high 
reactive (s1) and 80% is low reactive (s2), cellulose (s3), gal-
actoglucomanna (s4) and xylan (s5) [11]. The reaction rates for the solids 
in each concentration class are given by: 

Rsi ,n = −ef

(
k1,iρe1

+ k2,iρ0.5
e1

ρ0.5
e2

)(
ρsi ,n − α∞

si
ρsi0 ,n

)
(8)  

where ef is a constant effectiveness factor adjusting the reaction rate 
depending on the wood species, α∞

si 
represents the unreactive fraction of 

the solid component, ρsi0 ,n are the initial concentrations of each solid 
component in the respective concentration class, ρe1 

and ρe2 
are the 

effective alkali and hydrosulfide concentration in the entrapped liquor. 
The Arrhenius kinetic rate coefficients k1,iand k2,i are calculated as: 

k1,i = A1,iexp
(

−E1,i

RT

)

(9)  

k2,i = A2,iexp
(

−E2,i

RT

)

(10)  

Where R is the ideal gas constant, T is the temperature, A1,i, A2,i are the 
pre-exponential factors and E1,i, E2,i are the activation energies of the 
solid components. The reaction rates for the liquid components, active 
effective alkali (e1), active hydrosulfide (e2), dissolved lignin (e3) and 
dissolved carbohydrates (e4), are related to the total reaction rate of the 
solid components and the stoichiometric coefficient matrix b: 

Fig. 6. Schematical illustration of the three-phase mass balances, solid and entrapped liquor phase (wood chip), and surrounding free liquor phase in the digester 
(dashed lined box). 

Table 1 
Overview of the cooking experiments and the fibre kappa number distribution statistics [19].  

Pulp ID Effective alkali [g/L] Cooking time [h] Kappa number distribution 

Average [-] Standard Deviation [-] Coefficient of Variation [-] Skewness [-] 

EW01 40 18  76.5  11.3  0.15  0.094 
EW02 40 24  56.7  9.28  0.16  0.071 
EW03 40 36  36.8  5.91  0.16  0.089 
EW04 40 46  26.1  4.32  0.17  −0.016 
HA01 160 7  39.6  6.41  0.16  0.069 
HA02 160 9  22.2  3.64  0.16  −0.036  
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b =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

βOHL −
1
2
βHSL βOHL −

1
2
βHSL βOHC βOHC βOHC

1
2
βHSL

1
2
βHSL 0 0 0

−1 −1 0 0 0

0 0 −1 −1 −1

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(11) 

An Arrhenius-type equation is used to predict the temperature de-
pendency of the diffusion coefficients within the porous wood structure: 

Ddirection = D0,direction
̅̅̅̅
T

√
e

−Ediffusion, direction
1.98T (12) 

with the pre-exponential constants D0,direction and activation energies 
Ediffusion,direction presented by McKibbins [23]. Diffusion is assumed to be 
the same for all liquid components, although more rigorous diffusion 
models can be included in the present model framework [15,17,24]. The 
mass transfer at the boundary is calculated according to the film theory. 
Assuming that the external mass transfer from the bulk to the chip 
surface is negligible in a well-mixed digester, the mass transfer resis-
tance is controlled by diffusion. The overall mass transfer coefficient 
reduced to: 

Koldirection =
Ddirection

Δdirection
(13)  

where Δdirection refers to the distance between the chip surface and the 
chip centre of the respective coordinate, the structural changes of the 
wood chip are held constant in the model. Generally, this assumption 
might not be valid in a full-size kraft pulping digester where digester and 
chip-level limitation influence the mass transfer of the active chemicals, 
with additional mass transfer resistances. However, since the experi-
ments were carried out to prevent non-uniform delignification as far as 
possible and assuming that the structural changes have a minor influ-
ence on the mass transfer in such an experimental setting, this 
assumption is justified. The porosity of the wood chips is calculated as: 

ε = 1 −
ρwood

ρsolid
(14)  

where ρwood is the density of the wood and ρsolid is the density of the solid 
wood material. An overview of all used parameters is given in supple-
mentary material. 

The distribution of the Kappa number is calculated by the correlation 
[12]: 

κn =
ρs1 ,n + ρs2 ,n

0.00153
∑5

i=1ρsi ,n

(15) 

In addition, the average yield for each chemical component is 
calculated as: 

yieldi =

∑n
n=1ρsi ,average

∑n
n=1ρsi0 ,average

(16) 

The literature provides qualitative evidence that the initial chemical 
compositions of solids are distributed over a concentration range across 
the wood chip, with knowledge about the fraction of the solids on the 
total wood [4,9]. However, quantitative measurements about the exact 
distribution are not available. Therefore, a Gaussian distribution for the 
concentration is assumed according to: 

f (x) =
1

σ
̅̅̅̅̅
2π

√ e
−1

2

(
x−μ

σ

)2

(17) 

with a mean concentration μ and a standard deviation of σ. As an 
initial starting point, the density of 530 kg

m3 dry Douglas fir wood is 
chosen, assuming that the average density of one fibre is the same as for 
the wood (Table 3). 

The standard deviations for the fundamental chemical components 
are unknown but can be deduced from the kappa number distribution 
data from Ming [19], using the model presented in this work. 

Only the lignin standard derivation and one kinetic effectiveness 
factor are optimised against experimental data to keep the number of 
adjustable parameters as small as possible. The distributions of the other 
solid components follow directly from the lignin distribution, assuming 
that the overall chip density is constant. The reactions and distributions 
of the extractives and other polysaccharides are neglected in the model 
due to their rapid reaction and high liquid to wood ratio. 

Table 3 
Chemical composition of Douglas fir softwood (fraction of dry wood weight) [4].  

Chemical component [-] Fraction [-] Average mass concentration [kg/m3] 

Lignin  0.293  155.29 
Cellulose  0.388  205.64 
Galactoglucomanna  0.175  92.75 
Xylan  0.054  28.62 
Extractives  0.053  28.09 
Other polysaccharides  0.034  18.02  

Fig. 7. Simulation of the Weisz-Prater criteria for the active chemicals in the experimental setup using effective alkali concentration 40 g/L (left) and 160 g/L (right) 
at 130 ◦C. 

Table 4 
Optimal values of the parameter optimisation.  

Parameter Value Standard error 

ϕ  0.588  0.048 
σ0,lignin  20.77  2.86  
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4. Results and discussion 

The cooking experiments carried out by Ming [19] are used to esti-
mate the initial distribution of the lignin in the wood chip. Preliminary 
simulations with the average concentrations of the fundamental chem-
ical components were conducted to assess the pore diffusion effect of the 
active chemicals on the reaction rates, using the Weisz-Prater criteria for 
a first-order reaction: 

NW−P =
Rvolume,jL2

ρjDeff
⩽1 (18)  

where Rvolume,j is the observed reaction rate of the active chemicals per 
volume wood chip, L is the characteristic length of the diffusion limiting 
direction, ρj are the concentrations of the active chemicals at the chip 
surface and Deff is the effective diffusion coefficient [25]. The chip 
thickness is considered to be the diffusion limiting direction, and the 

effective diffusion coefficient includes the anisotropic properties for the 
thickness direction: 

Deff ,y = Dy
εxz

τxz
(19) 

As is shown in Fig. 7, the model predicts that the Weisz-Prater 
criterium holds for both initial effective alkali concentrations and 
active chemicals used in the experiments. Hence, the reaction rates of 
the active chemicals are not influenced by the diffusion rate to a level 
that would be significant at the present conditions. This is in accordance 
with the initial objective of the experimental setup and literature find-
ings, which show that thin wood chips are less prone to experience non- 
uniform delignification due to diffusion limitations [26,27]. 

In the following, parameter optimisation for the effectiveness factor 
ef and initial lignin standard deviation σ0,lignin are performed by solving 
the model with the “lsqnonlin” function provided in the MATLAB 
environment. A least-square objective function criterion for the kappa 
number average and standard deviation of the experimental data were 
used: 

Qκaverage =

(
κaverage,model − κexperiments

κexperiments

)2

(20)  

Qσκ =

(
σκ,model − σκ,experiments

σκ,experiments

)2

(21) 

First attempts to optimise the parameters with one constant effec-
tiveness factor for all fundamental chemical components resulted in an 
unsatisfied data fitting. Consequently, the adopted Purdue reaction rate 
expressions for the fundamental chemical components have to be 
adjusted, depending on the initial concentration of the effective alkali 

Table 5 
Model prediction and experimental results comparison of the statistics for the 
fibre kappa number distribution.  

Pulp ID Kappa number average Standard deviation COV 

Measured Model Measured Model Measured Model 

EW01  76.5 68.2  11.3 10.63  0.15  0.156 
EW02  56.7 51.1  9.28 8.2  0.16  0.16 
EW03  36.8 32.3  5.91 5.35  0.16  0.165 
EW04  26.1 23.9  4.32 4  0.17  0.168 
HA01  39.6 37.7  6.41 6.18  0.16  0.164 
HA02  22.2 28  3.64 4.67  0.16  0.167  

Fig. 9. Model predicted (solid) and experimental (scatter) fibre kappa number distribution for the cooking experiments using initial effective alkali concentration of 
160 g/L, HA01 (left) and HA02 (right). 

Fig. 8. Model predictions against experimental data for the average kappa number (left) and the standard deviation (right) of the fibre kappa number distribution.  
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and/or the extent of the reaction. 
Other researchers have also observed this dependency. Andersson 

et al. introduced a hybrid kinetic model between the Purdue and 
Washington University approach, using similar kinetic expression as the 
Purdue model family. The model distinguishes the fundamental chem-
ical components into three different fractions of reactivity which depend 
on the prevailing process conditions (e.g., active chemicals and 

temperature) [28]. The model was able to predict the delignification of 
wood. However, the number of state variables raised from five in the 
original Purdue model to 12 in the Andersson model, making the kinetic 
expressions more complex and computational burden. An alternative 
kinetic model approach was proposed by Bogren et al. [29]. This kinetic 
model uses a continuous distribution of the lignin reactivity with a time- 
dependent rate constant, assuming an infinite number of different lignin 
reactivity fractions. 

The present study proposes an extension of the Purdue kinetic ex-
pressions to account for a change in lignin reactivity during delignifi-
cation. A yield-dependent effectiveness part expands the constant 
effectiveness factor of the Purdue model according to: 

efi = ef0i
yieldϕ

i (22)  

Where the effectiveness factor of the high and low reactive lignin has a 
constant, species-dependent reactivity part ef0i 

and a yield-dependent 
part with a parameter ϕ. Since the species-dependent reactivity part of 
Douglas fir is unknown, it is set to one. The reaction rates for the car-
bohydrates are the same as in the original Purdue kinetics, with a con-
stant effectiveness factor also set to one. Hence, eq. (22) accounts for the 
chemical variation of lignin in different softwood species and the change 
in lignin reactivity during the pulping process, which originated from an 
alteration of lignin on a chemical structure level. The yield-dependent 
formulation was selected instead of time or other reactor type de-
pendency to develop a model that can be applied in different digester 
types, including large scale continuous digester units. 

The final optimised model parameters are the standard deviation of 
the initial lignin distribution and the factor ϕ for the yield-dependent 
effectiveness factors of the two lignin fractions. The optimisation is 
performed for all pulping experiments of both initial effective alkali 
concentrations, using 40 concentration classes in the model. Table 4 
shows the optimal values for the parameters. 

The cooking experiments data for the average kappa number and Fig. 11. Initial lignin distribution according to the presented model and 
parameter optimisation. 

Fig. 10. Model predicted (solid) and experimental (scatter) fibre kappa number distribution for the cooking experiments using initial effective alkali concentration of 
40 g/L, a) EW01, b) EW02, c) EW03, and d) EW04. 
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standard deviation are compared to the model prediction with the 
optimised parameters (Fig. 8 and Table 5). The model predicts the 
experimental data very well for all six cooking experiments. 

Figs. 9 and 10 compare the exact shape of the kappa number dis-
tribution for both initial effective alkali cooking experiments. The model 
and experimental distributions are normalised by the kappa number 
class width for better comparison. Both sets of experiments are predicted 
reasonably well with the model, with some peak position and height 
discrepancies. However, these can be explained by normal experimental 
uncertainties and might be eliminated by a larger data set to average out 
the variances. 

From the good agreement of the model and experimental kappa 
number distributions, an intrinsic fundamental chemical component 
distribution can be hypothesised as the origin of the observed kappa 

number distribution between individual fibres. This initial distribution 
can be related to the wood anatomy, where the fundamental chemical 
components are not uniformly distributed in the morphological regions 
and even within the same region, as is shown experimentally by Raman 
images [9]. Moreover, the lignin distribution is assumed to be similar in 
other softwood species than Douglas fir due to the rather subtle chemical 
structural variations across different softwood lignins [30]. Fig. 11 
shows the initial lignin distribution according to the presented model 
and the parameter optimisation. 

The model uses the widely accepted Purdue kinetic structure to 
evaluate the delignification of wood. However, the Purdue kinetics in 
their original form cannot predict the slowing down of the delignifica-
tion and need to be adjusted by a yield-dependent lignin reaction. The 
simulated decline for the yield-dependent effectiveness factor of the 

Fig. 13. Comparison of normalised reaction rates of the yield dependent lignin kinetics for a) EA 40 g/L, b) EA 160 g/L and original Purdue kinetics c) EA 40 g/L and 
d) 160 g/L. 

Fig. 12. Simulated decline of the effectiveness factor for the high and low reactive lignin. Initial concentration of 40 g/L effective alkali (left) and 160 g/L effective 
alkali (right) . 
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high and low reactive lignin are shown in Fig. 12. 
In both cases of the initial active chemicals concentration, there is an 

immediate decrease in the effectiveness factor for the high reactive 
lignin. In contrast, the effectiveness factor for the low reactive lignin 
shows an offset until the cooking temperature is reached. This offset is 
an inherent effect of the original Purdue model, where the low reactive 
lignin does not react below a certain cooking temperature. The differ-
ence in the effectiveness factor between the initial concentrations is 
reflected in the rate of decline. For the milder cooking conditions with 
40 g/L effective alkali, the decrease in the effectiveness factor is mod-
erate compared to the abrupt decline in the case of the 160 g/L effective 
alkali. Moreover, the reactivity of lignin is higher towards the end of the 
cooking, in the case of the milder condition. Fig. 13 compares the 
original Purdue kinetic model with the proposed extension of the lignin 
kinetics. The reaction rates are normalised by the lignin concentrations 
predicted by the model and plotted against the pulping timespan. The 
original Purdue model shows an increase in reaction rate for both lignin 
fractions up to the point where the cooking temperature is reached and a 
constant reaction rate from that point. For the initial concentration of 
160 g/L effective alkali, the reaction rate for the high reactive lignin 
decreases to zero at about 400 min as it becomes completely exhausted. 

In comparison, the yield-dependent extension of the reaction rates also 
increases up to the cooking temperature. However, the difference is that 
the reaction rates for both lignin fractions decrease throughout the re-
action and converge to the same reaction rate towards the end of the 
cooking process. 

The extension of the original kinetics provides a more realistic 
description of the progressive delignification of wood. One explanation 
for the decrease in reaction rate can be a continuous chemical change of 
the lignin towards a more resistant lignin structure during cooking. The 
qualitative change in the reaction predicted by the model is supported 
by experimental observations regarding the structural transformation of 
kraft lignin during delignification, which show that native lignin un-
dergoes a chemical change throughout the kraft pulping process 
[31–33]. The origin of the different reactivity of lignin can be related to 
the morphological region in the wood. The lignin of the secondary wall 
has higher reactivity than the lignin of the middle lamella and the cell 
corner, as shown by topochemical studies [34,35]. The kinetics of the 
kraft pulping process are still the subject of ongoing research and an 
interesting topic of their own [36,37]. 

The investigations mentioned above were carried out for 40 equal 
size concentration classes to understand the phenomena and visualise 
the results in detail. However, 40 concentration classes can be compu-
tational heavy in a full-size digester model, including wood chip and 
digester level inhomogeneities. Therefore, the sensitivity of the results 
towards the number of discretisation classes is tested, and optimal 
positioning for the classes is proposed. Fig. 14 compares the relative 
error for the different number of concentration classes used in the 
simulation for equally distributed classes. The average kappa number is 
predicted well with concentration classes above 10. However, the 
standard deviation of the kappa number distribution needs at least 40 
classes to be predicted within a reasonable relative error. 

A second approach based on the product-difference algorithm [38] 
used for the solution of population balances with the quadrature method 
of moments [39] is tested to determine an optimal initial discretisation 
grid for the initial fundamental chemical components, based on the 
assumed density distribution for lignin. This approach can predict the 
average kappa number distribution and standard deviation with less 
than 0.25% relative error by using only two concentration classes. 
Fig. 15 compares the lignin distribution discretisation of the 40 equal 
classes and the two-class qmom method. With the optimised dis-
cretisation, a reasonably small number of additional variables is thus 
sufficient to capture the distributed nature of lignin around individual 
fibres. This helps to implement the present fibre distribution model into 
a full-scale digester model. 

Fig. 15. Comparison of the 40 equal class (solid) and the two-class quadrature 
method of moments (vertical dash lines) for the lignin distribution. 

Fig. 14. Relative error for different concentration classes of the kappa number average (left) and the standard deviation (right) of the kappa number distribu-
tion prediction. 
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5. Conclusions 

In this work, a novel mathematical approach for modelling ligno-
cellulosic feedstock by considering the distributed character of the raw 
material was presented. The model was tested for Douglas fir softwood 
delignification. It is expected to predict the delignification of other 
softwoods due to the similarity in chemical structure across different 
softwood species. Parameters were optimised based on kraft pulping 
experiments, which were conducted to obtain the most uniform kappa 
number distribution for wood fibres. The cause of the non-uniform 
kappa number distribution can be assumed to be an inherent distribu-
tion phenomenon of the fundamental chemical components. Kinetic 
expressions from the Purdue kinetic model family were used to describe 
the delignification process. Initial attempts to optimise the wood species 
effectiveness factor proposed by the original Purdue kinetic model 
resulted in unsatisfactory model predictions. Therefore, an extension of 
the effectiveness factor was used, suggesting a change in lignin reactivity 
as the reaction progresses. The experimental kappa number distribution 
was well predicted with the introduced fundamental chemical compo-
nent distribution across the wood fibres and the yield-dependent effec-
tiveness for the reaction rates of lignin. The proposed model can easily 
be applied to systems where the reaction conditions vary, or the digester 
type is changed to a continuous digester. The model can be used for 
further studies regarding non-uniform delignification, which include 
inhomogeneities at the chip and digester level in addition to the het-
erogeneity at the fibre level. 
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