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Linear Pooling of Sample Covariance Matrices
Elias Raninen , Student Member, IEEE, David E. Tyler, and Esa Ollila , Senior Member, IEEE

Abstract—We consider the problem of estimating high-
dimensional covariance matrices of K-populations or classes in
the setting where the sample sizes are comparable to the data
dimension. We propose estimating each class covariance matrix as a
distinct linear combination of all class sample covariance matrices.
This approach is shown to reduce the estimation error when the
sample sizes are limited, and the true class covariance matrices
share a somewhat similar structure. We develop an effective method
for estimating the coefficients in the linear combination that min-
imize the mean squared error under the general assumption that
the samples are drawn from (unspecified) elliptically symmetric
distributions possessing finite fourth-order moments. To this end,
we utilize the spatial sign covariance matrix, which we show (under
rather general conditions) to be an asymptotically unbiased esti-
mator of the normalized covariance matrix as the dimension grows
to infinity. We also show how the proposed method can be used in
choosing the regularization parameters for multiple target matrices
in a single class covariance matrix estimation problem. We assess
the proposed method via numerical simulation studies including
an application in global minimum variance portfolio optimization
using real stock data.

Index Terms—Covariance matrix, elliptical distribution, high-
dimensional, multiclass, regularization, shrinkage, spatial sign
covariance matrix.

I. INTRODUCTION

H IGH-DIMENSIONAL covariance matrix estimation is
a challenging problem as the dimension p of the ob-

servations can be much larger than the sample size n. Such
problems are increasingly common, for example, in finance [1],
genomics [2], graphical models [3], chemometrics [4], wireless
sensor networks [5], and adaptive filtering in array signal pro-
cessing [6]. This paper considers a high-dimensional problem,
where there are K distinct classes (populations). Since the
population variables are in general the same, but are measured
under different population conditions, it is reasonable to pre-
sume the K distinct covariance matrices share some common
features or structure. In the small sample size setting, it is then
advantageous to leverage on this presumption in the estimation
of the population covariance matrices.
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Consider K mutually independent classes, where each
class k ∈ {1, . . . ,K} consists of independent and identi-
cally distributed (i.i.d.) p-dimensional observations Xk =
{x1,k, . . . ,xnk,k} of size nk with mean μk = E[xi,k] and pos-
itive definite symmetric covariance matrix

Σk = E[(xi,k − μk)(xi,k − μk)
�]. (1)

The ordinary estimators for the covariance matrix and the
mean are the sample covariance matrix (SCM)

Sk =
1

nk − 1

nk∑
i=1

(xi,k − x̄k)(xi,k − x̄k)
�, (2)

and the sample mean x̄k = 1
nk

∑nk

i=1 xi,k. When the sample size
nk and the data dimensionality p are comparable in size, the
SCM can be highly variable, resulting in an unstable estimate
of the population covariance matrix. Also, the SCM is positive
definite only if nk > p andXk spans Rp. Due to these problems,
a commonly used approach in high-dimensional covariance
matrix estimation is to use regularization (shrinkage).

In the one population case (K = 1), linear regularization usu-
ally refers to estimating the covariance matrix by a linear or con-
vex combination of the SCM (or some other primary estimator)
and a (usually positive definite) target matrix. Multiple examples
can be found in finance [1], [7]–[9], genomics [2], and signal
processing [10]–[15]. The target matrix is chosen based on prior
knowledge or assumptions about the true population covariance
matrix. Sometimes using more than one target matrix can further
reduce the estimation error. In the double shrinkage approach
of [16] and [17] there are two convex regularization steps: the
SCM is first regularized toward a diagonal matrix consisting
of the sample variances after which the resulting estimator is
further regularized toward a scaled identity matrix. Recently,
also multi-target shrinkage methods have been proposed that
are able to incorporate a larger number of simultaneous target
matrices [18]–[23].

In the multiple population setting, regularization via pooling
the information in the different class samples is also possi-
ble. For example, [24] considered covariance matrix estimation
from two independent data sets, whose covariance matrices
are different but close to each other. This type of problems
are encountered in radar processing as well as in hyperspec-
tral imaging applications, where additional data sets may have
been acquired with slightly different measurement configura-
tions [24]. In the context of wireless sensor networks, [25] con-
sidered linear parameter estimation from independent and non-
identically distributed scalar sample statistics. In discriminant
analysis classification, the pooled SCM,Spool =

1
n

∑K
k=1 nkSk,

n =
∑K

k=1 nk, is often used as a shrinkage target and the class
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covariance matrices are estimated via a convex combination
Σ̂k = aSk + (1− a)Spool, where a ∈ [0, 1]. This was studied in
a Bayesian framework in [26] and [27], and in the Regularized
Discriminant Analysis (RDA) framework in [28]. Furthermore,
the optimal tuning parameter for this setting under elliptically
distributed data was derived in our earlier work [29], [30]. For
applications using RDA see, e.g., [31], [32]

As noted previously, at least some of the K population co-
variance matrices can be similar (close to each other in terms
of suitable distance metric) and so it would be beneficial to use
regularization to reduce the variance of the final estimates of the
covariance matrices. Following this idea, we propose to estimate
each class covariance matrix as a nonnegative linear combination
of the SCMs of all classes. For a ≥ 0, define

S(a) =

K∑
i=1

aiSi. (3)

Restricting the coefficients to be nonnegative ensures that
the estimator (3) is positive semidefinite. The aim is to
find a K ×K nonnegative coefficient matrix A = (aij) =
(a1 · · · aK ) ≥ 0, that minimizes the total mean squared error
(MSE),

A� = arg min
A≥0

K∑
k=1

E
[‖S(ak)−Σk‖2F

]
(4)

⇔ a�k = arg min
a≥0

E
[‖S(a)−Σk‖2F

]
, k = 1, . . . ,K, (5)

with the estimate of Σk then taken to be Σ̂k = S(a�k). The
equivalence of (4) and (5) is evident from the fact that the
optimization problems for each class are separable. The solution
to this problem is given in Section II. It is easy to see that the RDA
based estimators form a subset of the more general form (3),
which permits using individual weights for each SCM in the
sum.

Below we summarize the main contributions of the paper.
� We propose covariance matrix estimators for multiclass

problems, based on linearly pooling the class SCMs. Sev-
eral aspects and properties of the estimator are discussed
including possible modifications and an extension for
complex-valued data.

� We show how the optimal linear coefficients can be esti-
mated by assuming that the data is elliptically distributed.
To this end, we use the spatial sign covariance matrix
(SSCM), which we show under rather general assumptions
to be asymptotically unbiased with respect to growing
dimension.

� We show how the estimator can be used as a multi-target
shrinkage estimator in a single class problem.

� Numerical simulations are conducted including a portfolio
optimization problem using real stock data. The simula-
tions show promising performance of the proposed esti-
mator compared to competing estimators.

� Code is available at https://github.com/EliasRaninen,
which works both for real and complex-valued data sets.

The rest of the paper is organized as follows. In Section II, we
derive the optimal coefficients for the linear pooling estimator
and study some of its properties. In Section III, we propose
methods for estimating the statistical parameters needed for
the estimation of the optimal coefficients. This section also
presents the results regarding the SSCM. In Section IV, we
discuss possible extensions and modifications to the estima-
tor. In Section V, we discuss the similarities and differences
between the proposed method and closely related multi-target
shrinkage covariance matrix estimation methods. Furthermore,
we show how our proposed method can be used as a multi-target
shrinkage covariance matrix estimator in a single class problem
with arbitrary positive semidefinite target matrices. Section VI
provides numerical simulation studies and Section VII provides
an application to investment portfolio selection using historical
stock data. Lastly, Section VIII concludes.

Notation: Matrices are denoted by upper case boldface letters
(A or Δ), vectors are denoted by lower case boldface letters (a
or δ), and scalars are denoted by lower case letters (a or δ). For
a matrix A = (aij), the notation A ≥ 0 means that the matrix
is nonnegative, that is, aij ≥ 0, for all i and j. Similarly, for a
vector a = (ai) the notation a ≥ 0 means that ai ≥ 0, for all i.
The notation A � 0 (A � 0) means that A is positive definite
(positive semidefinite). The notation diag(a) denotes a diagonal
matrix with the entries of a on the main diagonal. The identity
matrix is denoted by I and the vector of all ones is denoted by
1. The notation ei denotes the ith Euclidean basis vector, i.e.,
a vector whose ith coordinate is 1 and all other coordinates are
0. For real sequences ap and bp, as p→∞, the notation ap =
o(bp)means that the sequenceap/bp → 0, and the notationap =
O(bp) means that the sequence ap/bp is bounded. For a matrix-
valued sequence Ap, we write Ap = o(bp) and Ap = O(bp) if
and only if ‖Ap‖F = o(bp) and ‖Ap‖F = O(bp), respectively.
The Frobenius norm is defined as ‖A‖F =

√
tr(A�A)while ‖ ·

‖ denotes the Euclidean norm for vectors. The largest eigenvalue
of A is λmax(A). The determinant of A is denoted by |A|.

II. LINEAR POOLING OF SCMS

In this section, we address solving for the coefficients of the
linear combination of SCMs in (3). First, define the scaled MSE
of the SCM Sk as

δk = p−1MSE(Sk) = p−1 E[‖Sk −Σk‖2F]
and the scaled inner products of the covariance matrices as

cij = p−1 tr(ΣiΣj),

where p is the dimension of the data. Then define

Δ = diag(δ1, . . . , δK) and C =
(
c1 · · · cK

)
= (cij).

We can then state the following result.
Theorem 1: (The MSE of the linearly pooled estimator) For

class k, the MSE in (5) can be written as the strictly convex
quadratic function

p(a�(Δ+C)a− 2c�k a+ ckk),

where Δ+C is a positive definite symmetric matrix.

https://github.com/EliasRaninen
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Proof: See Appendix A. �
As a consequence of Theorem 1, the optimal coefficients can

be computed in the following way.
Proposition 1: (Optimal nonnegative coefficients) The solu-

tion to (5), a�k, is found by solving the strictly convex quadratic
programming (QP) problem

minimize 1
2a
�(Δ+C)a− c�k a

subject to a ≥ 0.
(6)

Proof: Follows from Theorem 1. �
Many efficient algorithms exist for solving constrained con-

vex QPs [33].1 The optimization problem (6) requires knowl-
edge of the matrices C and Δ, which depend on the unknown
population parameters. We can nonetheless estimate the solution
by using estimates Ĉ and Δ̂, which can be computed from the
data as explained in Section III.

It is instructive to consider an unconstrained version of the
optimization problem (6), where the weights are allowed to take
negative values. For this case, we have the following closed form
solution.

Proposition 2: (Optimal unconstrained coefficients) The un-
constrained solution, which minimizes the MSE in (4) is

a�k = (Δ+C)−1ck ⇔ A� = (Δ+C)−1C. (7)

Proof: Follows from Theorem 1. �
Note that if the closed form solution a�k ≥ 0 in (7), then it is

also the solution to (6).
Consider the single class case, for which the problem reduces

to finding an optimal scaling parameter a1 such that E[‖a1S1 −
Σ1‖2F] is minimized. Proposition 2 above then states that the
optimal parameter that minimizes the MSE is

a�1 =
c11

δ1 + c11
=

1

NMSE(S1) + 1
,

where NMSE(S1) = MSE(S1)/‖Σ1‖2F is referred to as the
normalized MSE (NMSE). It can easily be shown that
MSE(a�1S1) = a�1MSE(S1) < MSE(S1) since a�1 < 1. There-
fore, the (oracle) estimator Σ̂1 = a�1S1 is always more effi-
cient than S1. For the univariate normal case, one obtains
a�1 = (n1 − 1)/(n1 + 1). This result was first obtained in [35].
A corresponding result for the general (non-normal) univari-
ate case was obtained in [36], and it can be written as a�1 =
((n1 + 1)/(n1 − 1) + 3κ1/n1)

−1, where κ1 is the symmetric
kurtosis of the population (see (11)).

Consider next the special case when all population covariance
matrices are equal, i.e., Σ1 = · · · = ΣK ≡ Σ. In this case,
C = c11� with c = tr(Σ2)/p. Using the Sherman-Morrison
formula, (Δ+ c11�)−1 = Δ−1 − μΔ−111�Δ−1, where μ =
c/(1 + c1�Δ−11), we obtain the solution (7) as

A� = μΔ−111�.

Hence, all columns of A� coincide, and the coefficients in each
column are a�jk = μ/δj . These coefficients can be written in an

1In [34] it was shown that using the ellipsoidal method, the strictly convex QP
can be solved in polynomial time. In the simulations, we use the MATLAB func-
tion quadprog, which uses an interior-point method.

equivalent form

a�jk =
NMSE(Sj)

−1

1 +
∑K

i=1 NMSE(Si)−1
.

Thus, the weights are positive and proportional to the inverses
of the NMSE of the SCMs. If Sj has a large NMSE relative
to others, which occurs for example when the sample size nj

is small relative to others, then the weight a�jk assigned for Sj

is small. This implies that the contribution of Sj in the linear
combination S(a�k) is small.

If one further assumes that all populations have the same dis-
tribution and the sample sizes are equal, then δ1 = · · · = δK ≡ δ
and

a� ≡ a�jk =
1

NMSE(Sj) +K
<

1

K
∀j, k.

That is, the pooled SCM is shrunk by the factor Ka� < 1.
Due to the positivity of the coefficients, the conclusions of

these special cases naturally also hold for the constrained case,
where the coefficients are constrained to be nonnegative.

III. ESTIMATION

In this section, we address the estimation of Δ and C. We
review elliptically symmetric distributions, introduce the rele-
vant statistical parameters as well as show how to estimate them.
Regarding an estimate for the sphericity parameter, we use the
SSCM for which we then prove an asymptotic unbiasedness
result in Theorem 2.

A. Elliptically Symmetric Distributions

We will assume that the samples are generated from unspeci-
fied elliptically symmetric distributions with finite fourth-order
moments. That is, an absolutely continuous random vector
x ∈ Rp from the kth population is assumed to have a density
function up to a constant of the form

|Σk|−1/2gk((x− μk)
�Σ−1k (x− μk)),

where gk : R≥0 → R>0 is called the density generator [37].
Here, we let gk to be defined so that Σk represents the covari-
ance matrix of x, which means that C−1k

∫∞
0 tp/2gk(t)dt = p,

where Ck =
∫∞
0 tp/2−1gk(t)dt. We write x ∼ Ep(μk,Σk, gk)

to denote this case. For example, the multivariate normal (MVN)
distribution is a particular instance of the elliptical distribu-
tion for which gk(t) = exp(−t/2). We write x ∼ Np(μk,Σk)
to denote this case. An elliptically distributed random vector
x ∼ Ep(μk,Σk, gk) can be expressed by the stochastic repre-
sentation as

x = μk + rkΣ
1/2
k u, (8)

where rk is a random variable called the modular variate, verify-
ingE[r2k] = p, andu is a random vector distributed uniformly on
the unit sphere, i.e., u ∈ {z ∈ Rp : ‖z‖ = 1}. Furthermore, u
and rk are independent. More generally, we note that any random
vector x which satisfies (8) is said to have an elliptical distribu-
tion, even if it is not absolutely continuous, i.e., does not have a
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density. The relationship between the modular variate rk and x
is readily seen from (8) to be r2k = (x− μk)

�Σ−1k (x− μk).
Sometimes we are only interested in the covariance matrix up

to a scaling constant. Hence, we define the shape matrix:

Λk = p
Σk

tr(Σk)
,

which verifies tr(Λk) = p. Additionally, we define three statis-
tical parameters that describe the elliptical distribution. First, we
define the scale:

ηk = tr(Σk)/p, (9)

which is equal to the mean of the eigenvalues of Σk. Note that,
Σk = ηkΛk. Second, we define the sphericity:

γk =
p tr(Σ2

k)

tr(Σk)2
=

tr(Λ2
k)

p
, (10)

which equals the ratio of the mean of the squared eigenvalues
relative to the mean of the eigenvalues squared. The sphericity
parameter gets values in the range [1, p] and attains its minimum
for the scaled identity matrix and its maximum for a rank one
matrix. Third, we define the elliptical kurtosis:

κk =
1

3
kurt(xi) =

1

3

(
E[(xi − μi)

4]

E[(xi − μi)2]2
− 3

)
, (11)

where xi denotes any marginal variable of x = (xi) ∼
Ep(μk,Σk, gk) and μi = E[xi]. For example, if the sample is
from a MVN distribution, then κk = 0. The kurtosis parameter
also satisfies κk = E[r4i ]/(p(p+ 2))− 1, and hence, not only
does κk represent the kurtosis of each of the variables xi, but it
also represents the kurtosis of any univariate linear combination
b�x, where b ∈ Rp \ {0}. The lower bound for the kurtosis
parameter is κLB = −2/(p+ 2) [38].

For elliptical populations, the scaled MSE δk of the SCM
obtains an explicit form [9, Lemma 1]:

δk = η2k

((
1

nk − 1
+

κk

nk

)
(p+ γk) +

κk

nk
γk

)
, (12)

which depends on the known sample size nk as well as the
unknown scale ηk (9), the unknown sphericity γk (10), and the
unknown elliptical kurtosis κk (11).

B. Estimates of the Scale and the Elliptical Kurtosis

We estimate the scale using the SCM via

η̂k = tr(Sk)/p. (13)

The kurtosis κ̂k is estimated via the (bias-corrected) average
sample kurtosis of the marginal variables,

κ̂k =
N

3
((nk + 1)g2 + 6), (14)

g2 =
1

p

p∑
j=1

1
nk

∑nk

i=1(xij,k − x̄j,k)
4(

1
nk

∑nk

i=1(xij,k − x̄j,k)2
)2 − 3,

N =
nk − 1

(nk − 2)(nk − 3)
,

where x̄j,k = 1
nk

∑nk

i=1 xij,k [39]. In case (14) is less than κLB,
we set κ̂k = 0.99κLB. Note that, although κk is invariant under
affine transformations of x, the estimator κ̂k in (14) is not. An
alternative estimator of κk that is affine equivariant is

κ̃k =
1

nk

nk∑
i=1

[(xi,k − x̄k)
�S−1k (xi,k − x̄k)]

2

p(p+ 2)
− 1.

This estimator requires nk > p, and hence we use κ̂k.

C. Estimate of the Sphericity Using the SSCM

Regarding the sphericity, it would be natural to develop an
estimator using the SCM as well. However, a simple and par-
ticularly well performing estimator of the sphericity is based on
the robust spatial sign covariance matrix (SSCM) (16) and it
has been used, e.g., in [40]–[42], and [9]. Particularly, in [9],
both a SCM and a SSCM based estimator of the sphericity was
compared and, except for the case where the samples were MVN,
the simulations suggested the superiority of the SSCM based
sphericity estimator. Before introducing the estimator for the
sphericity, we will discuss the properties of the SSCM.

For x ∼ Ep(μ,Σ, g), we define the population SSCM as

Σsgn = E

[
(x− μ)(x− μ)�

‖x− μ‖2
]
, (15)

and since tr(Σsgn) = 1, its corresponding shape matrix is given
by Λsgn = pΣsgn.

It is known that Λsgn and Λ have the same eigenvectors as
well as the multiplicities and the orders of the eigenvalues, but
the eigenvalues themselves are different [43]. The sample SSCM
of the kth population and its corresponding shape estimator are
defined as

Ssgn,k =
1

nk

nk∑
i=1

(xi,k − μk)(xi,k − μk)
�

‖xi,k − μk‖2
and Λ̂k = pSsgn,k,

(16)
where the mean μk is replaced with the sample spatial me-
dian [44], μ̂k = arg min m

∑nk

i=1 ‖xi,k −m‖, when it is un-
known. When the mean is known E[Λ̂k] = Λsgn,k, and Λ̂k is
distribution-free over the class of elliptical distributions. The
latter statement can be proved by writing (16) in terms of the
stochastic representation (8) and observing that the modular
variate rk cancels out in each summand.

Since the eigenvalues of Λsgn and Λ are different, Λ̂k is
biased [45]. Surprisingly, as shown in Theorem 2 below, this
bias becomes more negligible in higher dimensions provided
the sequence of covariance matrix structures being considered
with increasing p satisfies

γ = o(p) as p→∞. (17)

Theorem 2: Let x ∼ Ep(μ,Σ, g). Then,

Λsgn = Λ+O(γ).

Furthermore, if (17) holds, then Λsgn = Λ+ o(‖Λ‖F).
Proof: See Appendix B. �
The central condition (17) holds for many common sequences

of covariance models, as shown in Proposition 3 below. We
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first present, in the following lemma, a simple general condition
under which (17) holds. This lemma is seen to hold in particular
for the case when the eigenvalues of Λ are bounded as p→∞.

Lemma 1: If Λ is a shape matrix for which λmax(Λ) =
O(pτ/2), where τ < 1, as p→∞, then (17) holds.

Proof: See Appendix C. �
Proposition 3: The following sequences, in p, of covariance

models satisfy (17).
� First order autoregressive (AR(1)) covariance matrices:
(Σ)ij = σ2	|i−j|, where |	| < 1 andσ2 > 0 are both fixed,
i.e., they do not depend on the dimension p.

� 1-banded Toeplitz covariance matrices: (Σ)ij = σ2	|i−j|

for |i− j| ≤ 1 and (Σ)ij = 0 otherwise, where |	| <
−(2 cos(pπ/(p+ 1))−1 and σ2 > 0 are both fixed.

� Spiked covariance matrices: Σ = Σr + αI, where
Σr is positive semidefinite with rank r ≤ p and
(r/p)[λmax(Σr)/α]

2 = o(p). Here, α, r, and λmax(Σr)
may vary with p.

However, for the compound symmetric (CS) covariance matrix
(Σ)ij = σ2	, for i �= j and (Σ)ii = σ2, where 	 ∈ (−(p−
1)−1, 1) and σ2 > 0 are both fixed, one obtains γ = O(p).

Proof: See Appendix C. �
The restrictions on 	 for the covariance models in Proposi-

tion 3 are needed to ensure that Σ is positive definite.
Let us illustrate this result in the case that Σ has an AR(1)

covariance structure. In this case γ → (1 + 	2)/(1− 	2) (see
Appendix C-A). For 	 = 0.5, γ → 5/3 = O(1). From Theo-
rem 2, we then have that the relative error ‖Λ‖−1F ‖Λsgn −Λ‖F
is of the order O(γ/‖Λ‖F) = O(

√
γ/p) = O(p−1/2).

We also have the following proposition about the normalized
mean squared distance between Λ̂ and a scaled SCM.

Proposition 4: Let X = (xi) ∼ Np(0,Σ) and assume
that (17) holds. Then,

E

[
‖Λ̂−ΛSCM‖2F

]
‖Λ‖2F

p→∞−→ 2

n
,

where ΛSCM = η−1 1
n

∑n
i=1 xix

�
i and η = tr(Σ)/p, so that

E[ΛSCM] = Λ.
Proof: See Appendix D. �
We may now focus on the sphericity estimator in (20). It can

be shown by straightforward calculation (see Appendix D) that

E[tr(Λ̂
2
)]

p
=

p

n
+

n− 1

n

tr(E[Λ̂]2)

p
. (18)

If (17) holds, then by Theorem 2, one has that

tr(E[Λ̂]2)/p→ γ as p→∞. (19)

By (18) and (19), a natural estimator for the sphericity of the kth
class is then

γ̂k =
nk

nk − 1

(
tr(Λ̂

2

k)

p
− p

nk

)
. (20)

In a high-dimensional setting, using the spatial median μ̂
in (16) results in nonnegligible error in the sphericity estimate.
This was shown in [40], which considered SSCM based hy-
pothesis testing of sphericity of the covariance matrix (i.e.,

H0 : Σ ∝ I), and where they used a similar sphericity statistic
as in (20). They also proposed a method for estimating and
correcting for this error. Hence, we use the corrected estimator
of the sphericity [40]:

γ̂∗k = γ̂k − pdk, (21)

where

dk =
1

n2
k

·
⎛
⎝2− 2

q2,k
q21,k

+

(
q2,k
q21,k

)2
⎞
⎠

+
1

n3
k

·
⎛
⎝8

q2,k
q21,k
− 6

(
q2,k
q21,k

)2

+ 2
q2,kq3,k
q51,k

− 2
q3,k
q31,k

⎞
⎠

and qm,k = (1/nk)
∑nk

i=1 ‖xi,k − μ̂k‖−m. When computa-
tional simplicity is desired, it is also possible to use dk ≈
n−2k + 2n−3k , which is often a good approximation (see [40]).

D. Final Estimates

The inner products cij = p−1 tr(ΣiΣj), for i �= j, of the
matrixC are also estimated using SSCMs. In this case, however,
no error correction due to using the spatial median is needed
(see [41]). The estimates for C and Δ are thus Ĉ = (ĉij) and
Δ̂ = diag(δ̂1, . . . , δ̂K), where

ĉij =

{
tr((η̂iΛ̂i)(η̂jΛ̂j))/p, for i �= j,

γ̂∗i η̂
2
i , for i = j,

(22)

and δ̂k is obtained from (12) via η̂k (13), κ̂k (14), and γ̂∗k (21).

IV. EXTENSIONS AND MODIFICATIONS

In this section, we first show how to incorporate regularization
towards the identity matrix in the estimator. Then, we show
how the optimal coefficients can alternatively be solved via
a semidefinite optimization problem, which enables relaxing
the nonnegativity constraint. Lastly, we extend the estimator to
complex elliptically symmetric distributions.

A. Additional Regularization Towards the Identity Matrix

It is often beneficial to incorporate regularization towards
the identity matrix. For example, if p > n =

∑
k nk, then all

of the SCMs are singular. Regularization towards the identity
can easily be added by using the estimator

S̃(a) =
K∑
j=1

ajSj + aII, (23)

where a = (a1, . . . , aK , aI)
� ∈ RK+1. By constraining ai ≥

0, 1 ≤ j ≤ K, and aI ≥ ε, where ε > 0 is a chosen lower bound
for the identity regularization, the estimator (23) will be positive
definite. Then

a�k = arg min
aj≥0, aI≥εk

E

[
‖S̃(a)−Σk‖2F

]
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can be solved via the strictly convex QP problem

minimize 1
2a
�(Δ̃+ C̃)a− c̃�k a

subject to aj ≥ 0, 1 ≤ j ≤ K, aI ≥ εk,
(24)

where

Δ̃ = diag(δ1, . . . , δK , 0) and C̃ =

(
C η

η� 1

)
, (25)

and η = (ηk) ∈ RK is a vector consisting of scales (9). The
unconstrained optimal solution for this case is A� = (Δ̃+

C̃)−1
(
C η

)�
. The positive definiteness of Δ̃+ C̃ is shown

in Appendix A. Algorithm 1 summarizes the procedure for
computing the linearly pooled estimates of the class covariance
matrices.

Remark 1: The QP formulation of the problem makes it easy
to incorporate additional constraints if needed. For example, in
order to find a convex combination of the SCMs the equality
constraint 1�a = 1 should be added to the QP (24).

B. Semidefinite Programming Formulation

Constraining the coefficients in (6) to be nonnegative is suf-
ficient to ensure positive semidefiniteness of the estimator (3).
In some cases this approach can be suboptimal since it may
be possible to obtain a positive semidefinite estimator with a
lower MSE by allowing some of the coefficients to be nega-
tive. Using semidefinite programming (SDP), the nonnegativity
constraint can be replaced with a positive semidefiniteness con-
straint as in [46] as follows. The objective function in (6) can
be rewritten as (a−B−1ck)�B(a−B−1ck) + const., where
B = Δ+C. By introducing an auxiliary variable t and con-
straint (a−B−1ck)�B(a−B−1ck) ≤ t, the problem is con-
verted into a minimization of t. Using the Schur complement,
the problem is reformulated as a semidefinite program (SDP) in
the variables a and t:

minimize t

subject to

(
t (a−B−1ck)�

a−B−1ck B−1

)
� 0

S(a) � 0.

(26)

This is a convex optimization problem, which can be solved in
polynomial time with software such as CVX, which is a package
for specifying and solving convex programs [47], [48]. There are
cases where the SDP (26), nonnegativity constrained QP (6), and
unconstrained problem (7) all give different solutions. In these
cases only the SDP and QP solutions yield positive semidefinite
estimators. In theory (when using the true C and Δ), the SDP
solution will have a lower MSE. However, with estimation error
in Ĉ and Δ̂, this is necessarily not the case. The computational
complexity of the SDP problem is significantly greater than that
of the QP problem. The QP can be computed with 2–3 orders of
magnitude faster (depending on the problem dimension). Due
to the above reasons, we recommend the QP approach.

C. Extension to Complex-Valued Data

Extending the results to complex-valued data requires using
the complex-valued definitions of the elliptical kurtosis and the
scaled MSE of the SCM. For a review on complex elliptical
symmetric (CES) distributions, see e.g., [49]. A CES distributed
(absolutely continuous) random vector x ∈ Cp from the kth
population has a density function up to a constant of the form

|Σk|−1hk((x− μk)
HΣ−1k (x− μk)),

where hk : R≥0 → R>0 is the density generator, μ = E[x] is
the mean vector and Σk = E[(x− μ)(x− μ)H] denotes the
Hermitian positive definite covariance matrix of x. Above (·)H

denotes the Hermitian (complex-conjugate) transpose. We de-
note this case by x ∼ CEp(μk,Σk, hk). The definitions of the
SCM (2) and the SSCM (16) stay unchanged except that in
their definitions (·)� is replaced with (·)H. Furthermore, the
inner products between Hermitian matrices (A = AH) remain
unchanged since tr(AAH) = tr(A2). Hence, the definitions
of the sphericity parameter γk as well as the scale ηk remain
unchanged. The kurtosis of a complex marginal variable xi of
x = (xi) ∈ Cp is defined as

kurt(xi) =
E[|xi − μi|4]
E[|xi − μi|2]2 − 2,

where μi = E[xi]. The elliptical kurtosis is then

κ = (1/2)kurt(xi).

The elliptical kurtosisκk of classk is estimated using the average
sample kurtosis of the marginal variables

κ̂k =
1

2p

p∑
j=1

1
nk

∑nk

i=1 |xij,k − x̄j,k|4(
1
nk

∑nk

i=1 |xij,k − x̄j,k|2
)2 − 1, (27)

where x̄j,k = 1
nk

∑nk

i=1 xij,k. The theoretical lower bound of the
kurtosis in the complex-valued case is κLB = −1/(p+ 1) [49].
In case (27) is less than κLB, we set κ̂k = 0.99κLB.

The matrix Δ is estimated via (28) given in the next lemma,
which is an extension of [9, Lemma 1] to the complex case.

Lemma 2: [50, Theorem 3] Let Xk = {x1, . . . ,xn} ⊂ Cp

be an i.i.d. random sample from CEp(μk,Σk, hk) with finite
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fourth-order moments. Then, the scaled MSE of the SCM is

δk = η2k

((
1

nk − 1
+

κk

nk

)
p+

κk

nk
γk

)
. (28)

V. MULTI-TARGET SHRINKAGE ESTIMATORS

Multi-target shrinkage covariance matrix estimators are capa-
ble of simultaneously regularizing towards several target matri-
ces. They are mainly designed for the single population setting.
However, some of the multi-target shrinkage estimators can also
be used in a multiclass setting for pooling SCMs. Therefore, we
give a brief review of the existing methods. Lastly, we show how
our proposed method can be applied to a single class multi-target
shrinkage covariance matrix estimation problem.

A. Overview of Multi-Target Shrinkage Estimators

There exist multi-target shrinkage covariance matrix estima-
tors, which can be used with user-defined target matrices and
therefore also for pooling SCMs. In this section, we discuss these
estimators and in Section VI we compare their performance to
our proposed method by simulations.

Since the multi-target shrinkage estimators are developed
for the single class covariance matrix estimation setting, we
define the data set as X = {x1, . . . ,xn}, where (xi)j = xij .
Let Σ denote the covariance matrix and let S denote the SCM
computed from X . Multi-target shrinkage covariance matrix
estimators are often defined by

Σ̂(a) = a0S+
K∑

k=1

akTk, (29)

where Tk, k = 1, . . . ,K, are linearly independent target ma-
trices and aj , j = 0, . . . ,K, are the regularization coefficients.
In [18] and [19], convex multi-target shrinkage covariance ma-
trix estimators were proposed, where ak ≥ 0 and

∑K
k=1 ak ≤ 1

for k = 1, . . . ,K and a0 = 1−∑K
k=1 ak. The coefficients a =

(ak)
K
k=1 were chosen as the minimizers of the MSE loss function

L(a;Q,b)=E[‖Σ̂(a)−Σ‖2F]= a�Qa− 2a�b+ E[‖S−Σ‖2F]
resulting in the constrained QP problem

a� = arg min
a≥0,1�a≤1

L(a;Q,b), where

(Q)ij = qij = E[tr ((Ti − S)(Tj − S))]

and (b)i = bi = E[tr((Ti − S)(Σ− S))] = E[‖S−Σ‖2F]−
E[tr((S−Σ)(Ti − E[Ti]))]. As the elements in Q and b de-
pend on the unknown covariance matrix Σ, they have to be
estimated. In [19], the proposed estimates were q̂ij = tr((Ti −
S)(Tj − S)) and

b̂i ≡ b̂ =
∑
i,j

1

n(n− 1)

n∑
s=1

(
xsixsj − 1

n

n∑
t=1

xtixtj

)2

,

where the latter was obtained by approximating E[tr((S−
Σ)(Ti − E[Ti]))] ≈ 0. We compare our method with this
method in the simulations of Section VI, where it is denoted by

BARTZ. Regarding [18], a specific structural condition [18, (10)
and (21)] was imposed on the target matrices, which prevents
using it for pooling SCMs.

A leave-one-out-cross-validation (LOOCV) approach was
considered in [20] for different scenarios. Their proposition for
SCM based linear shrinkage estimation used the LOOCV loss
function

LCV(a;QCV,bCV) =
1

n

n∑
i=1

∥∥a0S−i + K∑
k=1

akTk − xix
�
i

∥∥2
F

= a�QCVa− 2a�bCV + const.,

wherexi is assumed to have zero mean,S−i = 1
n

∑
j,j �=i xjx

�
j is

the SCM computed without the ith sample, and a =
(a0, a1, . . . , aK)� ≥ 0. They showed how the elements in QCV

and bCV can be computed analytically. They also proposed a
corresponding convex SCM based shrinkage estimator, which
requires that the targets have the same trace as the estimated
SCM. In the simulations of Section VI, we denote the linear
estimator by LOOCV.

Multi-target shrinkage estimators have also been proposed,
for example in [22] from a Bayesian perspective and in [23] by
regularizing the Gaussian likelihood function. However, in both
methods the target matrices are assumed to be positive definite,
and hence, SCMs cannot be used as targets whennk < p. In [21]
a multi-target shrinkage estimator of the form (29) was proposed
for space-time adaptive processing (STAP) problems, where the
reliable estimation of the loss function required additional prior
information.

B. Multi-Target Shrinkage Estimation via Pooling SCMs

As discussed above, some of the multi-target shrinkage esti-
mators can be used in order to linearly pool SCMs in a multi-class
setting. Conversely, the proposed method of linearly pooling
SCMs can be used in single class covariance matrix estimation
as a multi-target shrinkage estimator as explained below.

Consider that there is only a single data set X , its corre-
sponding SCMS and multiple positive definite symmetric target
matrices {Tm}Mm=1. Our approach for multi-target shrinkage
estimation is detailed in Algorithm 2. The idea is to gen-
erate artificial data sets {Ym}Mm=1 with covariance matrices
{Tm}Mm=1 so that X and the generated data sets {Ym}Mm=1

are approximately mutually independent. Specifically, Ym is
conditionally independent of X given Tm. Then, for the SCMs
{STm

}Mm=1 computed from {Ym}Mm=1, we make the approx-
imations E[tr(STi

STj
)] ≈ tr(E[STi

]E[STj
]) = tr(TiTj), for

i �= j, as well as E[tr(SSTj
)] ≈ tr(E[S]E[STj

]) = tr(ΣTj).
We use the zero mean MVN distribution to generate the data
sets, i.e., Ym ∼ Np(0,Tm), m = 1, . . . ,M , each consisting of
L samples. We can then apply the proposed method for pooling
S and {STm

}Mm=1. We illustrate the usefulness of this method
in a portfolio optimization problem in Section VII, where it
compares well with the other multi-target methods.
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Algorithm 2: Multi-Target Shrinkage Estimator.

input: Data X , targets {Tm}Mm=1, sample size L,
and lowerbound ε > 0 for identity target.

1: Generate i.i.d. samples Ym ∼ Np(0,Tm) for
m = 1, . . . ,M each of size L.

2: Compute SCM S from X and SCMs ST1
, . . . ,STM

from Y1, . . . ,YM .
3: Compute C̃ and Δ̃ of (25) (estimate as in Section III).
4: â� ← argmin

a≥0,aI≥ε
1
2a
�(Δ̃+ C̃)a− c̃�k a.

5: Σ̂← S̃(â�) of (23).
output: Σ̂.

VI. SIMULATION STUDY

This section provides several simulation studies in order to
assess the MSE performance of the proposed estimator as well
as the accuracy of the plugin estimates of Δ and C and the
estimated coefficients Â. We denote the proposed linear pool-
ing estimator (23), which includes shrinkage towards identity,
by LINPOOL. The LINPOOL estimator with an additional
convexity constraint on the coefficients (1�a = 1) is denoted
by LINPOOL-C. For LINPOOL and LINPOOL-C, we set the
lowerbound for the identity target in all of the simulations to
εk = 10−8. In addition to the proposed methods, the results
are reported for the multi-target shrinkage method LOOCV
from [20], which uses a nonnegative linear combination of the
SCMs and the identity matrix, and BARTZ from [19], which
uses a convex combination of the SCMs and the identity matrix
(see Section V for details).

A. Three Different Setups

In the first simulation, we considered two different covariance
matrix structures: the AR(1), where (Σk)ij = σ2

k	
|i−j|
k ; and the

CS structure, where (Σk)ij = σ2
k	k, for i �= j and (Σk)ij = σ2

k

for i = j. We generated four p = 100 dimensional random
samples of sizes (n1 = 20, n2 = 100, n3 = 20, n4 = 100) from
four independent multivariate t-distributions with ν = 8 degrees
of freedom. The means of the classes were generated from the
standard MVN distribution and held constant over the repeti-
tions. We simulated three different setups. In the first setup, all
covariance matrices had an AR(1) structure. In the second setup,
all covariance matrices had an CS structure. In the last mixed
setup, classes 1 and 2 had an AR(1) structure and classes 3
and 4 had a CS structure. For all setups, we used σ2

k = k and
(	1 = 0.3, 	2 = 0.4, 	3 = 0.5, 	4 = 0.6).

Table I tabulates the normalized mean squared error,

NMSE(Σ̂k) = Ave‖Σ̂k −Σk‖2F/‖Σk‖2F,
and total NMSE (sum of NMSEs of the classes) of the covari-
ance matrix estimates for the three different setups over 1000
repetitions. Table I shows that the proposed method LINPOOL
performed best in the AR(1) setup and the mixed setup, whereas
LINPOOL-C performed best (slightly better than LINPOOL) in
the CS setup.

TABLE I
THE NORMALIZED MEAN SQUARED ERROR OVER 1000 REPETITIONS AND

STANDARD DEVIATION IN THE PARENTHESIS

Fig. 1. Estimates of δk , cij , and ai4 (coefficients for Σ̂4 of LINPOOL). Left:
AR(1) setup. Right: CS setup. The red triangles denote the theoretical values.

Figure 1 displays boxplots of the estimates δ̂k and ĉij both
for the AR(1) case as well as the CS case. The estimates of the
optimal coefficients for LINPOOL for the fourth class âi4 are
also shown. As can be seen from the boxplots, for the AR(1)
case, the medians of the estimates were mostly correctly placed
over the true values, which are denoted by the red triangles (�).
For the CS case, there was some significant bias in the estimation
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Fig. 2. NMSE as a function of sample size in the complex-valued AR(1) case
with 4 classes. Top: NMSE of individual classes. Bottom: total combined NMSE.

of cij , which is due to the fact that the assumption (17) does not
hold in this case as explained in Section III-C. Despite of this,
the final coefficients âij were reasonable well estimated.

Here, it is good to note that, for the CS case, the coefficient
corresponding to identity shrinkage âI4 is close to zero. When
this happens, there is a possibility that (despite having a low
MSE) the estimate is not well-conditioned resulting in high
error when inverting the estimate. Therefore, in these cases
(depending on the conditioning of the estimate) it can be useful
to increase the lower bound ε4. Generally, for class k, one could
use εk = αηk, where α ∈ [0, 1].

B. Increasing the Number of Classes

Next, we examine the NMSE of the LINPOOL estimator of
class 1 as the number of classes K increase from 2 to 16 classes.
The setup is as follows. The first class has an AR(1) covariance
matrix structure with a fixed parameter 	1 = 0.5. The other
class covariance matrices also have an AR(1) structure except
for the classes k = 4, 8, 12, 16, which have a CS structure. The
parameter 	k, for k ≥ 2, is chosen uniformly at random from
the interval [0.1, 0.6] for each Monte Carlo trial. The means of
the classes were generated from the standard MVN distribution
for each Monte Carlo trial. The sample sizes are equal with
nk = 40 for all classes k. The dimension is p = 100 and the data
is multivariate t-distributed with ν = 8 degrees of freedom.

Figure 3 depicts the results averaged over 1000 Monte Carlo
trials for each value of K. The red vertical lines mark the spots
when the added class covariance matrix has an CS structure (i.e.,
doesn’t share the same structure as class 1). One can observe
that every time an AR(1) structured class is added, the NMSE
decreases. When the added class has a different covariance
structure (the CS structure), the NMSE does not decrease. An
exception to this is whenK = 4. A reason for this may be that the

Fig. 3. NMSE of Σ̂1 as the number of classes increase.

total number of observations is still relatively low and including
the fourth class helps in reducing the variance of the estimate.

C. Complex-Valued Case

In the next simulation, the classes have an AR(1) co-
variance matrix structure, (Σk)ij = σ2

k	
|i−j|
k for i ≤ j, and

(Σk)ji = (Σ∗k)ij , for i > j, where (·)∗ denotes complex con-
jugation. The used parameters were σ2

k = k, 	1 = 0.3ej2π0.3,
	2 = 0.4ej2π0.4, 	3 = 0.5ej2π0.5, and 	4 = 0.6ej2π0.6. We sim-
ulated the NMSE as a function of the sample size for nk ∈
{10, 15, . . . 40} for all k. The data was generated from the
complex multivariate t-distribution with ν = 8 degrees of free-
dom and dimension p = 100. The results were averaged over
1000 Monte Carlo trials for each sample size and are shown in
Figure 2. It can be observed that especially for small sample
sizes (nk < 30) LINPOOL performed better than LOOCV.

VII. PORTFOLIO OPTIMIZATION

We studied the performance of the proposed method in a
portfolio optimization problem using divident adjusted daily
closing prices. Portfolio optimization is a central topic in invest-
ment theory, see, e.g., [51]–[54], and [55]. A focus in portfolio
optimization has been on the estimation of the covariance matrix
of the stock returns, commonly using shrinkage regularization
techniques or random matrix theory, see, e.g., [1], [7], [56]–[58],
and [59]. In a portfolio optimization problem, a particular invest-
ment portfolio is determined by a weight or allocation vector
w ∈ Rp (verifying the constraint 1�w = 1) whose elements
describe the fraction of the total wealth invested in each of
the p stocks. We considered two different portfolios. First, we
considered the global minimum variance portfolio (GMVP) in
which one seeks a portfoliow that minimizes the risk (variance).
The optimization problem is thus

minimize
w∈Rp

w�Σw subject to 1�w = 1. (30)

The well-known solution is w� = Σ−11
1�Σ−11 , where Σ is the

covariance matrix of the stock returns. We also considered a
constrained portfolio, where the coefficients are constrained
to be within the range 0 ≤ wi ≤ 0.1, for all i, i.e., shorting
(negative weights) is not allowed and the portfolio manager is
not allowed to put more than 10% of the wealth in one stock.
The optimization problem for this case is the same as in (30) but
having the additional constraint 0 ≤ w ≤ 0.1 · 1, which results
in a QP problem.
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In the simulation, the covariance matrix Σ was estimated via
a sliding window method so that at day t it was estimated using
the daily net returns of the previous n days from t− n to t− 1.
The portfolio weights were then computed via (30) with and
without the additional weight constraints. These yielded the
portfolio returns for the next 20 (trading) days. Then, the sliding
window shifted 20 days forward and the procedure was repeated.
By denoting the total number of days in the data by T , we
obtained T − n daily returns from which we computed the
realized risk as the empirical standard deviation of the daily
portfolio returns.

We applied the proposed method (explained in Section V-B
and Algorithm 2) for single class covariance matrix estimation
using the same target matrices for regularization as in [1] and [8].
The target matrices were the single factor market index model
TF of [1] and the constant correlation model TC of [8]. Their
computation is explained in [1] and [8], respectively. At day t,
we used the n previous days to compute the SCM. However,
due to the nature of our method, we were able to freely choose
the amount of data used for computing the regularization target
matrices. Hence, we chose to use the previous 40 days (t− 40 to
t− 1 corresponding to the previous two months) for computing
TF and TC , regardless of the window size n (n > 40) used
for estimating the SCM. This can be justified by the fact that
the trend of the market is better captured by the most recent net
returns. After computing TF and TC , we generated 1000 i.i.d.
samples both from YC ∼ N (0,TC) and YF ∼ N (0,TF ) and
estimated the coefficients for the proposed LINPOOL estimator
S̃(a) = a1S+ a2SF + a3SC + aII, where SF and SC denote
the SCMs computed from YF and YC , respectively. We also
report the performance of the LINPOOL estimator (23) using
a convex combination as explained in Remark 1. For both
methods, we used the lowerbound constraint aI ≥ ε = 10−8.
We also report the performance of the multi-target shrinkage
estimation methods LOOCV of [20] and BARTZ of [19] using
the same target matrices (TF , TC , and I) as for our proposed
method. Additionally, we report the performance of the fol-
lowing methods specifically tailored for portfolio optimization:
LW-well of [7], LW-improved of [1], LW-honey of [8], and the
random matrix theory based estimator LW-analytical of [56].

We used the same portfolio data sets as in [9] (obtained
from https://finance.yahoo.com). That is, Standard & Poor’s 500
stock market index (S&P 500) tracking 396 stocks from from
Jan. 4, 2016 to Apr. 27, 2018 consisting of T = 583 days. Hang
Seng Index (HSI) from Jan. 4, 2010 to Dec. 24, 2011 (45 stocks
during T = 491 days) and from Jan. 1, 2016 to Dec. 27, 2017
(50 stocks during T = 489 days after removing two zero return
days).

Figure 4 shows the annualized risk obtained by the differ-
ent estimators as a function of the training window length
n. Regarding the S&P 500 2016-2018 data, there were large
differences in the performances of the methods. LW-improved
performed best and LW-well the worst. The differences be-
tween the methods were smaller in the constrained case, where
BARTZ performed best. Regarding the HSI 2010-2011 data
set, the proposed method LINPOOL achieved the lowest risk
for the unconstrained portfolio with all window sizes n. For

Fig. 4. Annualized realized GMVP risk achieved out-of-sample for different
covariance matrix estimators and different training window lengths n. Left:
unconstrained portfolio. Right: constrained portfolio (nonnegative weights and
maximum single asset weight 0.1).

the constrained portfolio, all of the methods performed nearly
equally well with LW-improved having the lowest risk with
the window lengthn = 100. Regarding the HSI 2016-2017 data,
the proposed methods (LINPOOL and LINPOOL-C) achieved
the lowest risk for both the constrained and unconstrained port-
folios for all window sizes n > 120.

VIII. CONCLUSION

The paper proposed a regularized sample covariance matrix
estimation method for high-dimensional multiclass problems.
The proposed estimator was formed from a linear combination
of the class SCMs. We derived the theoretically optimal co-
efficients that minimize the mean squared error. The optimal
coefficients depend on unknown parameters, and their esti-
mation was addressed under the assumption that the samples
are generated from unknown elliptically symmetric populations
with finite fourth-order moments. In constructing estimators for
the unknown parameters, we utilized the sample spatial sign
covariance matrix, which we showed in Theorem 2 to be an
asymptotically unbiased estimator of the normalized covariance

https://finance.yahoo.com
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matrix in the case that the sphericity parameter of the distribution
grows slower than the dimension. The effectiveness and useful-
ness of the proposed method was demonstrated via simulations
and a portfolio optimization problem using real stock data.
Codes are available at https://github.com/EliasRaninen.

APPENDIX A
PROOF OF THEOREM 1

Write f(a) = E[‖S(a)−Σk‖2F] for the objective function.
By expanding the expression for the squared error, we get

‖S(a)−Σk‖2F =tr

⎛
⎜⎝
(

K∑
i=1

aiSi−Σk

)⎛
⎝ K∑

j=1

ajSj−Σk

⎞
⎠
�⎞⎟⎠

=
K∑
i=1

K∑
j=1

aiaj tr(SiSj)− 2
K∑
j=1

aj tr(SjΣk) + tr(Σ2
k).

Taking the expectation and scaling by 1/p gives

(1/p)f(a) = a�Ba− 2c�k a+ ckk,

where

B = (bij) ∈ RK×K , bij = E[tr(SiSj)]/p,

C = (cij) ∈ RK×K , cij = tr(ΣiΣj)/p,

and ck corresponds to the kth column of C. For i �= j,

bij = p−1 E[tr(SiSj)] = p−1 tr(E[Si]E[Sj ])

= p−1 tr(ΣiΣj) = cij .

Using that E[tr(S2
i )] = MSE(Si) + tr(Σ2

i ), we get for i = j,

bii = p−1 E[tr(S2
i )] = δi + cii,

and so B = Δ+C. By definition Δ is symmetric and pos-
itive definite. Also, C is symmetric and positive semidef-
inite. This follows since for any m ∈ RK , m�Cm =∑K

i=1

∑K
j=1 mimjp

−1 tr(ΣiΣj) = tr(Σ2
∗) ≥ 0, where Σ∗ =

p−1/2
∑K

j=1 mjΣj . Hence Δ+C � 0 is invertible.
Regarding the extension discussed in Section IV, we now

show the positive definiteness of Δ̃+ C̃. Since we know that
Δ+C � 0, due to the properties of the Schur complement [60,
A.5.5], it holds that

Δ̃+ C̃ =

(
Δ+C η

η� 1

)
� 0⇔Δ+C− ηη� � 0.

We can then show the positive definiteness ofΔ̃+ C̃by showing
that Δ+C− ηη� is positive definite. For m ∈ RK \ {0},
m�(Δ+C− ηη�)m =

∑
k

m2
kδk +

∑
i,j

mimj(cij − ηiηj)

=
∑
k

m2
kδk + tr(Σ̃

2

∗) > 0,

where Σ̃∗ = p−1/2
∑K

j=1 mj(Σj − ηjI). So, Δ̃+ C̃ � 0. �

APPENDIX B
PROOF OF THEOREM 2

Letx ∼ Ep(μ,Σ, g) and assume Λ̂ is computed with a known
mean μ = 0 in (16). Then E[Λ̂] = pE[xx�/‖x‖2] ≡ Λsgn. Let
u = (ui) = Σ−1/2x/‖Σ−1/2x‖. So, u is uniformly distributed
on the unit sphere {u ∈ Rp : ‖u‖ = 1}. Denote Λ = (Λij). We
need the following lemma.

Lemma 3:

E

[
Λ1/2uu�Λ1/2u�Λu

]
= p−1(p+ 2)−1

(
tr(Λ)Λ+ 2Λ2

)
.

Proof:

E

[
Λ1/2uu�Λ1/2u�Λu

]
=

∑
k,l

ΛklΛ
1/2

E[ukuluu
�]Λ1/2

= Λ1/2

⎛
⎝∑

l

Λll E[u
2
l uu

�] +
∑
k �=l

Λkl E[ukuluu
�]

⎞
⎠Λ1/2.

(31)

Here (see [61, 3.1.2]),

(E[u2
l uu

�])jj =

{
E[u4

l ] = 3p−1(p+ 2)−1, l = j,

E[u2
l u

2
j ] = p−1(p+ 2)−1, l �= j,

and (E[u2
l uu

�])ij = 0, for i �= j. Hence,E[u2
l uu

�] = p−1(p+
2)−1(I+ 2ele

�
l ). Thus,∑

l

Λll E[u
2
l uu

�]

= p−1(p+ 2)−1((
∑
l

Λll)I+ 2
∑
l

Λllele
�
l )

= p−1(p+ 2)−1(tr(Λ)I+ 2diag(Λ)). (32)

Regarding the other term in (31), where k �= l,

(E[ukuluu
�])mn

=

⎧⎪⎨
⎪⎩
E[u2

ku
2
l ] = p−1(p+ 2)−1, k = m, l = n,

E[u2
ku

2
l ] = p−1(p+ 2)−1, k = n, l = m,

0, otherwise.

Hence, we have∑
k �=l

Λkl E[ukuluu
�] = 2p−1(p+ 2)−1(Λ− diag(Λ)) (33)

and the result follows by substituting (32) and (33) into (31).
Note that, (32), (33), and (31) are valid more generally for any

positive semidefinite symmetric matrix, not only for the shape
matrix.

We are ready to prove Theorem 2. Since for any x > 0, x−1 ≥
2− x, we have

Λsgn = pE

[
xx�

‖x‖2
]
= pE

[
Λ1/2uu�Λ1/2

u�Λu

]

� pE
[
Λ1/2uu�Λ1/2(2− u�Λu)

]
= 2pE[Λ1/2uu�Λ1/2]− pE[Λ1/2uu�Λ1/2u�Λu]

https://github.com/EliasRaninen
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= 2Λ− 1

p+ 2

(
tr(Λ)Λ+ 2Λ2

)
= Λ− 2(Λ2 −Λ)

p+ 2
.

(34)

By scaling both sides of (34) by ε = ‖Λ‖−1F = 1/
√
pγ, the first

term will have unity norm (‖εΛ‖F = 1). Let us then consider
the second term on the right-hand side. Its trace is

ε
2 tr(Λ2 −Λ)

p+ 2
= ε

2p

p+ 2
(γ − 1)

≤ 2

(√
γ

p
−
√

1

pγ

)
= O

(√
γ

p

)
, (35)

and its norm is

ε

∥∥∥∥2(Λ2 −Λ)

p+ 2

∥∥∥∥
F

≤ (2ε/p)(‖Λ2‖F + ‖Λ‖F)

≤ (2/p)(‖Λ‖F + 1) = O(
√

γ/p). (36)

Here, we used the triangle inequality and submultiplicativity
properties of the Frobenius norm. By moving all the terms of (34)
to the left-hand side and scaling them by ε, we can use (35) and
(36) as well as the property that for any A � 0, tr(A) ≥ ‖A‖F
to get

O(
√

γ/p) ≥
∥∥∥(Λsgn −Λ) /‖Λ‖F +O(

√
γ/p)

∥∥∥
F
≥ 0,

which implies thatΛsgn = Λ+O(γ). Furthermore, if γ = o(p),
then O(

√
γ/p) = o(1) implying Λsgn = Λ+ o(‖Λ‖F). �

APPENDIX C
PROOFS OF LEMMA 1 AND PROPOSITION 3

Let λ1 = λmax(Λ). Assume that as p→∞, λ1 = O(pτ/2),
where τ < 1. Then

γ =
tr(Λ2)

p
≤ pλ2

1

p
= λ2

1 = O(pτ ) = o(p).

Particularly, γ = o(p) if λ1 = O(1).
In the following, we assume that 	 is a fixed parameter

that does not depend on the dimension p. We also use γ =
tr(Λ2)/p = (1/p)

∑
i,j Λ

2
ij , where Λ = (Λij).

A. Sphericity of the AR(1) Covariance Matrix

The shape matrix of the AR(1) covariance matrix with pa-
rameter 	 (|	| < 1) has p number of ones on the main diagonal,
2(p− 1) number of 	 on the first diagonals above and below
the main diagonal, and 2(p− 2) number of 	2 on the second
diagonals above and below the main diagonal, and so on. That
gives,

γAR(1)= 1 +
2

p

p−1∑
i=1

(p− i)	2i= 2

p−1∑
i=0

(	2)i − 2

p

p−1∑
i=1

i(	2)i− 1.

The first sum is the geometric series and the second sum is also
well-known and its solution can be obtained by differentiating
the geometric series. Hence, we get

γAR(1) = 2
1− (	2)p

1− 	2
− 2

p

(p− 1)(	2)p+1 − p(	2)p + 	2

(1− 	2)2
− 1

=
p− p	4 − 2	2 + 2(	2)p+1

p(	2 − 1)2
.

As p→∞, γAR(1) → (1 + 	2)/(1− 	2) = O(1) = o(p).

B. Sphericity of the 1-Banded Toeplitz Covariance Matrix

The shape matrix corresponding to a 1-banded Toeplitz co-
variance matrix has p number of ones on the main diagonal and
2(p− 1) number of 	 on the off-diagonals while rest of the off-
diagonals are zero. This implies that γ1B = 1 + 2(1− 1/p)	2.
As p→∞, γ1B → 1 + 2	2 = O(1) = o(p).

C. Sphericity of the Spiked Covariance Matrix

Let Σ = Σr + αI, where Σr has rank r ≤ p. Let α =
βηr, where ηr = tr(Σr)/p. Let γr = p tr(Σ2

r)/ tr(Σr)
2 =

tr(Σ2
r)/(pη

2
r). Then, tr(Σ)2 = p2η2r(1 + β)2 and

tr(Σ2) = tr
(
(Σr + βηrI)

2
)
= tr(Σ2

r) + β2pη2r + 2βpη2r

= pη2r(γr + β2 + 2β) = pη2r(γr − 1 + (β + 1)2).

Then by computing γ = p tr(Σ2)/ tr(Σ)2, we get

γ=
γr − 1

(β + 1)2
+ 1=

γr − 1

(α/ηr + 1)2
+ 1≤ η2rγr

α2
+ 1≤ rλ2

1

pα2
+ 1,

where we used that the rank of Σr is r and η2rγr = tr(Σ2
r)/p ≤

rλ2
1/p, where λ1 = λmax(Σr). Therefore, γ = o(p), if rλ2

1

pα2 =

o(p), which includes the cases{
λ1

α = O(pτ/2),
λ1

α = O(p(τ+1)/2) and r = O(1),
where τ < 1.

D. Sphericity of the CS Covariance Matrix

The shape matrix of the CS covariance matrix has p number
of ones on the main diagonal and p(p− 1) number of 	 on the
off-diagonals. Thus, γCS = 1 + (p− 1)	2 = O(p). �

APPENDIX D
PROOF OF PROPOSITION 4

Expanding the mean squared distance gives

E[‖Λ̂−ΛSCM‖2F]=E[tr(Λ̂
2
)]+E[tr(Λ2

SCM)]−2E[tr(Λ̂ΛSCM)].
(37)

The first term is

E[tr(Λ̂
2
)] =E

⎡
⎣tr

⎛
⎝(

p

n

∑
i

xix
�
i

‖xi‖2
)2

⎞
⎠
⎤
⎦

=
p2

n2
E

⎡
⎣tr

⎛
⎝∑

i

xix
�
i xix

�
i

‖xi‖4 +
∑
i �=j

xix
�
i xjx

�
j

‖xi‖2‖xj‖2

⎞
⎠
⎤
⎦

=
p2

n
+

n− 1

n
tr(E[Λ̂]2). (38)

Now, let S = 1
n

∑n
i=1 xix

�
i . Since S is unbiased, using

Wishart theory, we have MSE(S) = tr(var(vec(S))) =



RANINEN et al.: LINEAR POOLING OF SAMPLE COVARIANCE MATRICES 671

(1/n) tr((I+K)(Σ⊗Σ)) = (1/n)(tr(Σ)2 + tr(Σ2)),
where K =

∑p
i=1

∑p
j=1 eie

�
j ⊗ eje

�
i is the commutation

matrix [62] and ⊗ denotes the Kronecker product. Using that
E[tr(S2)] = MSE(S) + tr(Σ2),

E[tr(Λ2
SCM)] =

p2

tr(Σ)2
E[tr(S2)] =

p2

n
+

(
n+ 1

n

)
tr(Λ2).

(39)

The last term of (37) is

E[tr(Λ̂ΛSCM)] = E

⎡
⎣tr

⎛
⎝ p

n

∑
i

xix
�
i

‖xi‖2
p

n tr(Σ)

∑
j

xjx
�
j

⎞
⎠
⎤
⎦

=
p2

n2 tr(Σ)
tr

⎛
⎝∑

i

E[xix
�
i ] +

∑
i�=j

E

[
xix

�
i

‖xi‖2
]
E[xjx

�
j ]

⎞
⎠

=
p2

n
+

n− 1

n
tr(E[Λ̂]Λ). (40)

Now, substituting (38), (39), and (40) into (37) gives

n− 1

n

(
tr(E[Λ̂]2)− 2 tr(E[Λ̂]Λ)

)
+

n+ 1

n
tr(Λ2).

Dividing this by ‖Λ‖2F and applying assumption γ = o(p) and
Theorem 2, we get the resultE[‖Λ̂−ΛSCM‖2F]/‖Λ‖2F

p→∞−→ 2
n .�
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