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a b s t r a c t 

In this paper, we analyze spatial sampling of electro- (EEG) and magnetoencephalography (MEG), where the 

electric or magnetic field is typically sampled on a curved surface such as the scalp. By simulating fields originating 

from a representative adult-male head, we study the spatial-frequency content in EEG as well as in on- and off- 

scalp MEG. This analysis suggests that on-scalp MEG, off-scalp MEG and EEG can benefit from up to 280, 90 

and 110 spatial samples, respectively. In addition, we suggest a new approach to obtain sensor locations that 

are optimal with respect to prior assumptions. The approach also allows to control, e.g., the uniformity of the 

sensor locations. Based on our simulations, we argue that for a low number of spatial samples, model-informed 

non-uniform sampling can be beneficial. For a large number of samples, uniform sampling grids yield nearly the 

same total information as the model-informed grids. 
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. Introduction 

Electro- (EEG) and magnetoencephalography (MEG) are noninvasive

euroimaging techniques for measuring brain activity at millisecond

ime scale ( Hämäläinen et al., 1993; Nunez et al., 2006 ). EEG and MEG

easure the electric and magnetic field, respectively, due to neuronal

urrents. Adequate spatial sampling is necessary to capture the spatial

etail of the continuous field due to brain activity. EEG setups typically

nvolve 16–128 electrodes placed uniformly on the subject’s scalp while

tate-of-the-art MEG systems use around 300 superconducting quantum

nterference device (SQUID) sensors placed rigidly around the subject’s

ead ( Baillet, 2017 ). 

Spatial sampling of EEG and MEG has again become a topic of in-

erest. High-density EEG (hdEEG) with an electrode count of 128–256

r even more has been suggested to be beneficial (e.g., Brodbeck et al.

011; Grover and Venkatesh 2016; Hedrich et al. 2017; Petrov et al.

014; Robinson et al. 2017 ). In MEG, in contrast to conventional liquid-

elium-cooled SQUID sensors that measure the field ∼2 cm off the

calp, novel sensors such as optically-pumped magnetometers (OPMs;

udker and Romalis 2007 ) and high-T c SQUIDs ( Faley et al., 2017 ) have

nabled on-scalp field sensing within millimetres from the head surface.

imulations have shown that the closer proximity of the sensors to the

rain improves spatial resolution of MEG and provides more informa-

ion about neuronal currents ( Boto et al., 2016; Iivanainen et al., 2017;
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iaz et al., 2017; Schneiderman, 2014 ). The number of sensors that is

eneficial in on-scalp MEG is currently not known well. A recent sim-

lation study suggested that fewer sensors are needed in on-scalp MEG

han with SQUIDs to achieve similar spatial discrimination performance

 Tierney et al., 2019 ), while another experimental study suggested that

50 OPMs give comparable results to a state-of-the-art SQUID system

 Hill et al., 2020 ). 

The number of sensors or, equivalently, sensor spacing in EEG has

een extensively studied. Srinivasan and colleagues (1998) argued that

o characterize the full range of spatial detail available for EEG, at

east 128 electrodes are needed (spacing ∼3 cm). More recently, finite-

lement modeling in a realistic head model suggested a minimum elec-

rode spacing of 50–59 mm determined by the distance at which the po-

ential decreased to 10% of its peak ( Slutzky et al., 2010 ). Experiments

y Freeman and colleagues (2003) suggested that electrode spacing as

mall as 5–8 mm could be beneficial, if high spatial frequencies contain

ehaviorally relevant information above the noise level. 

The sensor spacing in MEG has been less studied. Analytical calcula-

ions in half-infinite homogeneous volume conductors suggest that the

ensor spacing should be approximately equal to the distance of the sen-

ors to the brain ( Ahonen et al., 1993 ). In many MEG studies, different

ensor arrays have been compared without necessarily formulating the

omparison as a sampling problem ( Boto et al., 2016; Iivanainen et al.,

017; Nenonen et al., 2004; Riaz et al., 2017; Wilson and Vrba, 2007 ). 
.com (A.J. Mäkinen). 
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Previous studies have mainly focused on spatial sampling where the

ensors cover the entire scalp uniformly. However, the field can also be

ampled nonuniformly. In certain applications, such as brain–computer

nterfaces, targeted non-uniform sampling would be of value: one could

educe the sensor count while maintaining spatial resolution and sensi-

ivity to the cortical area of interest. 

In this work, we analyze spatial sampling of EEG and MEG on realis-

ically curved surfaces. We carry out a spatial-frequency analysis of con-

inuous fields using the eigenfunctions of the surface Laplace–Beltrami

perator ( Bronstein et al., 2017; Reuter et al., 2009 ). The basis formed

y these functions can be seen as a natural generalization of the 1-D

ourier basis on a surface. These functions have been used in a variety of

pplications from signal and geometry processing ( Levy, 2006; Reuter

t al., 2009 ) to cortical analysis ( Qiu et al., 2006 ) and deep learning

 Bronstein et al., 2017 ). We further describe how more compact bases

an be constructed using prior information of the neuronal field pat-

erns. We discuss how these basis-function representations of the field

atterns relate to the number of spatial samples. 

We investigate how to obtain optimal sample positions in EEG and

EG. We utilize Gaussian processes ( Abrahamsen, 1997; Williams and

asmussen, 2006 ) to encode prior knowledge about the field. This per-

pective is similar to kriging in geospatial sciences ( Chilès and Desassis,

018; Cressie, 1993 ) and Gaussian-process regression in machine learn-

ng ( Williams and Rasmussen, 2006 ). We introduce measures from ex-

erimental design ( Chaloner and Verdinelli, 1995; Krause et al., 2008;

indley, 1956 ) that can be used to quantify the optimality of the sample

ositions. We suggest a method that maximizes Shannon’s information

 Lindley, 1956; Shannon, 1949 ) for a given number of samples and prior

ssumptions. We use the method to generate sampling grids for different

EG and MEG experiments, where either the whole brain or parts of it

re of interest. 

. Theory and methods 

In this Section, we introduce the theoretical concepts behind our

nalysis of sampling of neuro-electromagnetic fields. In Section 2.1 , we

escribe how a scalar field measured on a surface can be analyzed us-

ng a spatial-frequency basis. In Section 2.2 , we introduce the spatial-

requency-limited representation of the field and analyze the reconstruc-

ion error due to the use of such a representation. This analysis provides

he motivation for using the 99%-energy threshold for the number of

patial-frequency components in the field, which we later use to quan-

ify the number of samples beneficial in spatial sampling of MEG/EEG. 

In Section 2.3 , we change the perspective to random fields, which

rovide another framework for field reconstruction and insight to the

etrics we use to quantify the performance of a sampling grid in

ection 2.5 . The concept of a field kernel is introduced in Section 2.3 and

urther described in Section 2.4 ; we employ such a kernel in constructing

ptimized sampling grids in Section 2.6 . 

.1. Spatial-frequency representation of dipole fields 

The quasi-static electric potential or magnetic field component 𝑓 ( ⃗𝑟 )
s generated by distributed source activity 𝑞 ( ⃗𝑟 s ) inside the brain and can

e written in terms of Green’s function ⃗ ( ⃗𝑟 , ⃗𝑟 s ) as ( Hämäläinen et al.,

993; Nunez et al., 2006 ) 

( ⃗𝑟 ) = ∫ ⃗ ( ⃗𝑟 , ⃗𝑟 s ) ⋅ 𝑞 ( ⃗𝑟 s ) 𝑑𝑉 s . (1)

y discretizing the neural source distribution 𝑞 ( ⃗𝑟 s ) into a set of primary

urrent dipoles 𝑞 𝑖 ( ⃗𝑟 𝑖 ) = 𝑞 𝑖 ̂𝑞 𝑖 𝛿( ⃗𝑟 − ⃗𝑟 𝑖 ) , 𝑖 = 1 , … , 𝑀 , where 𝑞 𝑖 is the ampli-

ude of the 𝑖 th source at ⃗𝑟 𝑖 and 𝑞 𝑖 its orientation, Eq. (1) becomes 

 

(
𝑟 
)
= 

∑
𝑖 

(⃗ 

(
𝑟 , ⃗𝑟 𝑖 

)
⋅ 𝑞 𝑖 

)
𝑞 𝑖 = 

∑
𝑖 

𝑓 𝑖 ( → 𝑟 ) 𝑞 𝑖 , (2) 

.e., the field is composed of dipole fields 𝑓 𝑖 ( ⃗𝑟 ) = ⃗ ( ⃗𝑟 , ⃗𝑟 𝑖 ) ⋅ 𝑞 𝑖 corresponding

o unit dipole sources. When the field is also discretized to (or sampled
2 
t) 𝑁 points, the equation reduces to a linear matrix equation 𝐟 = 𝐋𝐪 ,
here 𝐋 is the ( 𝑁 ×𝑀) lead-field matrix ( Hämäläinen et al., 1993 ).

lease note that with an arrow we denote a Euclidean vector in the 3-D

pace while bolded letters refer to column vectors and matrices. 

In MEG and EEG, we sample 𝑓 ( ⃗𝑟 ) on a curved 2-D surface embed-

ed in 3-D space. Conventional 1-D Fourier analysis can be extended

o spatial-frequency (SF) analysis on such surfaces using a suitable

rthonormal function basis. The generating equation for the spatial-

requency basis { 𝑢 𝑚 } is the Helmholtz equation ( Levy, 2006 ) 

∇ 

2 
LB 𝑢 𝑚 = 𝑘 2 𝑚 𝑢 𝑚 , (3)

hich is the eigenvalue equation of the Laplace–Beltrami (LB) opera-

or ∇ 

2 
LB , i.e., the surface Laplacian. The eigenfunctions 𝑢 𝑚 are modes

f standing waves on the surface, with increasing spatial frequency and

omplexity towards higher 𝑚 ( Fig. 3 B). The square roots of the eigenval-

es 𝑘 𝑚 generalize the concept of wavenumber. For example, in 1-D, 𝑘 𝑚 
orrespond to the angular wavenumber of a sinusoid. Generalizing this

elationship for eigenfunctions on a surface, the wavenumbers 𝑘 𝑚 cor-

espond to wavelengths approximately as 2 𝜋∕ 𝑘 𝑚 . On a compact surface,

he eigenvalue spectrum is discrete { 𝑘 𝑚 , 𝑢 𝑚 } and the eigenfunctions form

n orthonormal basis with respect to the inner product ( Levy, 2006 ): 

𝑢 𝑚 , 𝑢 𝑚 ′ ⟩ = ∫𝑆 

𝑢 𝑚 ( ⃗𝑟 ) 𝑢 𝑚 ′ ( ⃗𝑟 )d 𝑆 = 𝛿𝑚,𝑚 ′ , (4)

here 𝛿𝑚,𝑚 ′ is the Kronecker delta. 

The SF basis can be used to analyze the spatial-frequency content of

he fields. As the basis is orthonormal, any 𝑓 ( ⃗𝑟 ) can be expressed as a

inear combination of SF basis functions 

( ⃗𝑟 ) = 

∞∑
𝑚 =1 

𝑎 𝑚 𝑢 𝑚 ( ⃗𝑟 ) = 

∞∑
𝑚 =1 

⟨𝑓, 𝑢 𝑚 ⟩𝑢 𝑚 ( ⃗𝑟 ) , (5)

here the coefficients are projections of 𝑓 ( ⃗𝑟 ) on { 𝑢 𝑚 } . Due to orthonor-

ality, the field energy can be decomposed as 

|𝑓 ||2 = ⟨𝑓 , 𝑓 ⟩ = ∫𝑆 

|𝑓 ( ⃗𝑟 ) |2 d 𝑆 = 

∞∑
𝑚 =1 

𝑎 2 𝑚 , (6)

 relation similar to Parseval’s theorem for Fourier series. The squared

oefficients 𝑎 2 𝑚 = ⟨𝑓, 𝑢 𝑚 ⟩2 comprise the energy spectrum of the field in the

ense of spectral signal analysis. 

Sampling theorems typically assume that the signals are bandlimited

e.g., in 1-D ( Shannon, 1949 ); on a sphere ( McEwen and Wiaux, 2011 );

n a surface/manifold ( Pesenson, 2014; 2015 )]. In our context, a ban-

limited field can be expressed with a limited number of SF basis func-

ions { 𝑢 𝑚 } , i.e., 𝑎 𝑚 = 0 for 𝑚 > 𝐵 ( 𝑘 𝑚 > 𝑘 𝐵 ) . On a surface, the sam-

ling theorem by Pesenson (2015) states that a 𝑘 𝐵 -bandlimited field

s uniquely determined by its values on a grid with a uniform sample

pacing 𝜌 = 𝑐 𝑘 −1 
𝐵 

, where 𝑐 is a proportionality constant that depends on

he surface geometry. 

Figure 1 shows a spatial-frequency representation of a dipole field

n MEG and EEG. Although most of the field energy in general resides

t low spatial frequencies, fields are not strictly bandlimited. Thereby,

tandard sampling theorems are not directly applicable. 

.2. Sampling and reconstruction assuming a bandlimit 

Here, we analyze how an effective bandlimit 𝐵 for the field can be

hosen by studying reconstruction of 𝑓 from noisy samples. This section

ntroduces the methodology used in Results Section 3.2 . 

The field can be represented as 

( ⃗𝑟 ) = 𝑓 𝐵 ( ⃗𝑟 ) + 𝑓 r ( ⃗𝑟 ) = 

𝐵 ∑
𝑚 =1 

𝑎 𝑚 𝑢 𝑚 ( ⃗𝑟 ) + 

∞∑
𝑚 = 𝐵+1 

𝑎 𝑚 𝑢 𝑚 ( ⃗𝑟 ) , (7)

here 𝑓 𝐵 is the 𝐵-bandlimited representation of the field and 𝑓 r the

esidual. We assume that the field can be approximated with the 𝐵 first

F basis functions as 𝑓 ≈ 𝑓 . To simplify the notation of Eq. (7) , we
B 
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Fig. 1. Spatial-frequency representations of dipole fields in MEG and EEG. ‘On scalp’ refers to MEG measurement within millimetres from the scalp while ’off scalp’ 

to that within 2 cm. For details, see Section 3.1 . Left: Representation of a dipole field with an increasing number of spatial-frequency components. The maximum 

wavenumber (1/cm) and the cumulative energy of the representation are shown. Right: Energy spectrum and cumulative energy of the field as a function of 

wavenumber and wavelength (upper x-axis; estimated from the wavenumber 𝑘 as 2 𝜋∕ 𝑘 ). 
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xpress the summation over the basis functions as a dot product 𝑓 𝐵 ( ⃗𝑟 ) =
 ( ⃗𝑟 ) ⊤𝐚 where 𝐮 ( ⃗𝑟 )[ 𝑚 ] = 𝑢 𝑚 ( ⃗𝑟 ) and 𝐚 [ 𝑚 ] = 𝑎 𝑚 . 

We model 𝑁 noisy samples of 𝑓 B ( ⃗𝑟 ) at locations ⃗𝑟 𝑛 stacked in a col-

mn vector 𝒚 as 

 = 

⎡ ⎢ ⎢ ⎣ 
𝐮 ( ⃗𝑟 1 ) ⊤

⋮ 
𝐮 ( ⃗𝑟 𝑁 

) ⊤

⎤ ⎥ ⎥ ⎦ 𝐚 + 𝝐 = 𝐔𝐚 + 𝝐, (8)

here 𝐔 is an ( 𝑁 × 𝐵) matrix with the column vectors 𝐮 at ⃗𝑟 𝑛 on rows,

.e., 𝐔 [ 𝑛, 𝑚 ] = 𝑢 𝑚 ( ⃗𝑟 𝑛 ) , and 𝝐 ∼  (0 , 𝜎2 𝐈 ) is white measurement noise.

hen 𝑁 ≥ 𝐵, we can estimate the coefficients 𝐚 optimally using the

east-squares method ( Kailath et al., 2000 ) 

̂
 = ( 𝐔 

⊤𝐔 ) −1 𝐔 

⊤𝐲 = 𝐆𝐲. (9)

nd the bandlimited field 𝑓 B can be reconstructed as 

 ̂B ( ⃗𝑟 ) = 𝐮 ( ⃗𝑟 ) ⊤�̂� = 𝐮 ( ⃗𝑟 ) ⊤𝐆𝐲 = 

∑
𝑛 

( ∑
𝑚 

𝐆 [ 𝑚, 𝑛 ] 𝑢 𝑚 ( ⃗𝑟 ) 

) 

𝑦 𝑛 , (10)

here the functions 
∑

𝑚 𝐆 [ 𝑚, 𝑛 ] 𝑢 𝑚 ( ⃗𝑟 ) are interpolation functions for the

amples 𝑦 𝑛 . 

To study the reconstruction error, we update the measurement model

s 𝐲 = 𝐔𝐚 + 𝐔 r 𝐚 r + 𝝐, where 𝐔 r [ 𝑛, 𝑚 ] = 𝑢 𝑚 + 𝐵 ( ⃗𝑟 𝑛 ) corresponds to the resid-

al field 𝑓 r . Inserting 𝐲 into Eq. (9) , the coefficient estimate can be ex-

ressed as 

̂
 = 𝐆 ( 𝐔𝐚 + 𝐔 r 𝐚 r + 𝝐) = 𝐚 + 𝐆 ( 𝐔 r 𝐚 r + 𝝐) = 𝐚 + Δ𝐚 , (11)

here Δ𝐚 = 𝐆 ( 𝐔 r 𝐚 r + 𝝐) is the error in the estimated coefficients. The

rror consists of two parts: 𝐆𝐔 r 𝐚 r is the error due to aliasing from com-

onents outside the band 𝑚 ≤ 𝐵, and 𝐆 𝝐 is the random error due to

oise. 

The expected reconstruction error can now be evaluated as 

 ‖𝑓 − 𝑓 B ‖2 = E ‖𝑓 𝐵 − 𝑓 B ‖2 + E ‖𝑓 r ‖2 = E ‖Δ𝐚 ‖2 + E ‖𝐚 r ‖2 . (12)

ince E ( ‖𝐆 𝝐‖2 ) = Tr [ 𝜎2 ( 𝐔 

⊤𝐔 ) −1 ] and E ( 𝝐) = 0 , we can rewrite the error

s 

 ‖𝑓 − 𝑓 ‖2 = Tr 
[
𝜎2 (𝐔 

⊤𝐔 

)−1 ] + E 
(‖𝐆𝐔 r 𝐚 r ‖2 ) + E 

(‖𝐚 r ‖2 ). (13) 

f the noise term dominates the reconstruction error, 𝑓 B can be con-

idered a reasonably good approximation of 𝑓 ; the white noise vari-

nce 𝜎2 can then be used to determine the number of components 𝐵

nd the number of samples 𝑁 ≥ 𝐵 needed for the reconstruction. If the

oise level is unknown, a threshold such as 1% expected residual can be

sed to determine the effective bandlimit 𝐵. This threshold may be ob-

ained by finding the 𝐵 that covers at least 99% energy of every dipole
3 
eld 𝑓 𝑖 . This bounds the expected error of a random distribution of such

ources ( Appendix A ). A similar threshold has been used previously (e.g.,

honen et al. 1993; Grover and Venkatesh 2016 ). Last, both the noise

nd the aliasing error depend on the sample positions { ⃗𝑟 𝑛 } via the matrix

 . We will quantify the optimality of the sample positions in Section 2.5 .

.3. Sampling and reconstruction of random fields 

In this Section, we introduce random fields that will be used to model

nd quantify spatial field correlations as well as to introduce ways to

ptimize sample locations. We express the field as 𝑓 ( ⃗𝑟 ) = 𝝍 ( ⃗𝑟 ) ⊤𝐚 , where

 𝜓 𝑚 } can be any set of (not necessarily orthonormal) basis functions

e.g., 𝑢 𝑚 or 𝑓 𝑖 ). We incorporate the prior knowledge by assigning a prior

istribution for the coefficients 𝑎 𝑚 , which we consider random vari-

bles. We assume them to be Gaussian with a joint probability density

 ( 𝐦 𝑎 , 𝐊 𝑎 ) , where 𝐦 𝑎 is the prior mean of 𝐚 and 𝐊 𝑎 is the covariance

atrix of 𝐚 . 
A linear combination of basis functions with Gaussian random coef-

cients is a Gaussian random field , an extension of the Gaussian pro-

ess ( Williams and Rasmussen, 2006 ) to 3-D space. A random field

( ⃗𝑟 ) = 𝝍 ( ⃗𝑟 ) ⊤𝐚 can be described by its mean field 

𝑓 ( ⃗𝑟 ) = E ( 𝑓 ( ⃗𝑟 )) = 

∑
𝑚 

𝝁𝑎 [ 𝑚 ] 𝜓 𝑚 ( ⃗𝑟 ) = 𝝍 ( ⃗𝑟 ) ⊤𝝁𝑎 (14)

nd covariance kernel 

 𝑓 ( ⃗𝑟 , ⃗𝑟 ′) = Cov ( 𝑓 ( ⃗𝑟 ) , 𝑓 ( ⃗𝑟 ′)) 

= 

∑
𝑚,𝑚 ′

𝐊 𝑎 [ 𝑚, 𝑚 

′] 𝜓 𝑚 ( ⃗𝑟 ) 𝜓 𝑚 ′ ( ⃗𝑟 ′) 

= 𝝍 ( ⃗𝑟 ) ⊤𝐊 𝑎 𝝍 ( ⃗𝑟 ′) . (15) 

very finite collection of samples of a random field is jointly distributed

s  ( 𝝁, 𝐊 ) , where 𝐊 is the sample covariance matrix defined elementwise

s 𝐊 [ 𝑛, 𝑛 ′] = 𝐾 𝑓 ( ⃗𝑟 𝑛 , ⃗𝑟 𝑛 ′ ) = 𝝍 ( ⃗𝑟 𝑛 ) ⊤𝐊 𝑎 𝝍 ( ⃗𝑟 𝑛 ′ ) , and 𝝁 is the sample mean, i.e.,

[ 𝑛 ] = 𝜇𝑓 ( ⃗𝑟 𝑛 ) = 𝝍 ( ⃗𝑟 𝑛 ) ⊤𝝁𝑎 . 

The effect of measurement is encoded in the posterior distribution

f the field as illustrated in Fig. 2 . Having a collection of (noisy) sam-

les 𝐲 at sampling points 𝑅 = { ⃗𝑟 𝑛 | 𝑛 = 1 , ..., 𝑁} , modeling the noise as

∼  (0 , 𝚺) , and assuming E ( 𝑓 ( ⃗𝑟 )) = 0 , the posterior mean field and co-

ariance are ( Williams and Rasmussen, 2006 ) 

𝜇𝑓 ( ⃗𝑟 | 𝐲, 𝑅 ) = 𝐤 ( ⃗𝑟 ) ⊤( 𝐊 + 𝚺) −1 𝐲, 
 𝑓 ( ⃗𝑟 , ⃗𝑟 ′ |𝑅 ) = 𝐾 𝑓 ( ⃗𝑟 , ⃗𝑟 ′) − 𝐤 ( ⃗𝑟 ) ⊤( 𝐊 + 𝚺) −1 𝐤 ( ⃗𝑟 ′) , (16) 

here 𝐤 ( ⃗𝑟 ) is the covariance between the field at the sample points

nd the field at the point ⃗𝑟 : 𝐤 ( ⃗𝑟 )[ 𝑛 ] = 𝐾 𝑓 ( ⃗𝑟 , ⃗𝑟 𝑛 ) = 𝝍 ( ⃗𝑟 ) ⊤𝐊 𝑎 𝝍 ( ⃗𝑟 𝑛 ) . Alterna-
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Fig. 2. Bayesian estimation of a random field. Left : Prior variance and a ground- 

truth field. Right : Posterior variance and the field reconstruction (the posterior 

mean field) after 1, 15, 30 and 100 noisy measurements (white dots) taken uni- 

formly on the surface. Each additional sample decreases the posterior variance, 

yielding a better reconstruction of the field. 
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e  
ively, the posterior mean and covariance of 𝑓 ( ⃗𝑟 ) can be expressed as

( Kailath et al., 2000 ) Sec 3.4] 

𝜇𝑓 ( ⃗𝑟 | 𝐲, 𝑅 ) = 𝝍 ( ⃗𝑟 ) ⊤𝐊 �̂� 𝚿⊤𝚺−1 𝐲 = 𝝍 ( ⃗𝑟 ) ⊤�̂� , 
 𝑓 ( ⃗𝑟 , ⃗𝑟 ′ |𝑅 ) = 𝝍 ( ⃗𝑟 ) ⊤𝐊 �̂� 𝝍 ( ⃗𝑟 ) , (17) 

here �̂� is the posterior mean of the coefficients and 𝐊 �̂� = ( 𝚿⊤𝚺−1 𝚿 +
 

−1 
𝑎 ) 

−1 is the associated posterior covariance matrix. 

The posterior mean 𝜇𝑓 ( ⃗𝑟 | 𝐲, 𝑅 ) depends linearly on the samples 𝐲 and

an be considered as the reconstruction of the field similar to Eq. (10) .

he posterior covariance 𝐾 𝑓 ( ⃗𝑟 , ⃗𝑟 ′ |𝑅 ) describes the uncertainty in the

eld after the measurements; the noisier the samples, the more uncer-

ainty is left. Uncertainty is reduced at all points 𝑟 that are correlated

ith the field at the sampling location. 

.4. Kernels for bioelectric potential and magnetic field 

In this Section, we outline how to construct prior covariance kernels

 Eq. (15) ) for a random field on the measurement surface. In the later

ections, we discuss how these kernels can be used to obtain sampling

rids. 

Spatial-frequency kernel The SF basis functions can be used to express

he prior kernel as 𝐾( ⃗𝑟 , ⃗𝑟 ′) = 𝐮 ( ⃗𝑟 ) ⊤𝐊 SF 𝐮 ( ⃗𝑟 ′) , where 𝐮 ( ⃗𝑟 )[ 𝑖 ] = 𝑢 𝑖 ( ⃗𝑟 ) is the 𝑖 th
igenfunction of the LB operator and 𝐊 SF is the covariance matrix of the

patial-frequency coefficients. For more details of kernel representation

ith Laplacian eigenfunctions, see Solin and Särkkä (2020) . 

The assumption of a bandlimited field ( Section 2.1 ) can be encoded

y setting the diagonal of 𝐊 SF to a constant up to 𝐵 components and to

ero above 𝐵; the highest wavenumber of the field is assumed to be 𝑘 𝐵 .

he covariance structure of this kernel is visualized in Fig. 3 A both in the

oefficient 𝐊 SF and spatial domains 𝐾( ⃗𝑟 , ⃗𝑟 ′) . The spatial profiles 𝐾( ⃗𝑟 , ⃗𝑟 𝑖 )
re sinc-like similar to reconstruction kernels in uniform 1D sampling

f bandlimited functions ( Jerri, 1977 ) and the spatial variance 𝐾( ⃗𝑟 , ⃗𝑟 )
oughly uniform. 

Dipole-field kernel Considering the source amplitudes 𝑞 𝑖 in Eq. (2) to

e Gaussian random variables ( de Munck et al., 1992 ), the covariance

ernel is 

( ⃗𝑟 , ⃗𝑟 ′) = 𝐟 ( ⃗𝑟 ) ⊤𝐊 𝑞 𝐟 ( ⃗𝑟 ′) = 

∑
𝑖,𝑗 

𝐊 𝑞 [ 𝑖, 𝑗] 𝑓 𝑖 ( ⃗𝑟 ) 𝑓 𝑗 ( ⃗𝑟 ′) , (18)

here 𝐊 𝑞 is the ( 𝑀 ×𝑀) source covariance matrix. The dipole fields

 𝑖 ( ⃗𝑟 ) can be considered as the basis functions that assemble the kernel

nd 𝑞 𝑖 as the associated (possibly correlated) random coefficients. Com-

ared to the SF kernel, more detailed prior knowledge of the random

eld can be encoded in this form. For a set of 𝑁 sampling points, the

ernel reduces to a covariance matrix 𝐊 = 𝐋𝐊 𝑞 𝐋 

⊤, where 𝐋 is the dis-

rete lead-field matrix. 

A relevant kernel can be constructed by assuming the source am-

litudes 𝑞 𝑖 identically and independently distributed (IID source prior):

 𝑞 = 𝑞 2 𝐈 . This kernel 𝐾 IID ( ⃗𝑟 , ⃗𝑟 ′) = 𝑞 2 𝒇 ( ⃗𝑟 ) ⊤𝒇 ( ⃗𝑟 ′) has non-uniform spatial

ariance and the spatial profiles 𝐾( ⃗𝑟 , ⃗𝑟 ) are asymmetric ( Fig. 3 A). 
𝑖 

4 
Kernel eigendecomposition and eigenbasis Principal component anal-

sis can be extended to random processes using the Karhunen–Loéve

ecomposition, which corresponds to finding the eigenfunctions of the

ovariance kernel ( Loeve, 1978; Mercer, 1909 ). The Karhunen–Loéve

heorem ( Stark and Woods 1986 , section 7.6) states that the eigenbasis

as the minimal truncation error among all possible bases for represent-

ng the random process with a given number of components. Any kernel

an be written using its eigendecomposition as 

( ⃗𝑟 , ⃗𝑟 ′) = 𝐯 ( ⃗𝑟 ) ⊤𝐃𝐯 ( ⃗𝑟 ′) = 

∑
𝑚 

𝑑 2 𝑚 𝑣 𝑚 ( ⃗𝑟 ) 𝑣 𝑚 ( ⃗𝑟 
′) , (19)

here eigenfunctions 𝑣 𝑚 ( ⃗𝑟 ) form an orthonormal basis on the measure-

ent surface and 𝐃 is a diagonal matrix with variances 𝑑 2 𝑚 of the eigen-

unctions on the diagonal. 

When studying the degrees of freedom in a random field generated

y IID random sources, it is useful to express the total field variance as

 sum of the eigenvalues of 𝐾 IID , i.e., E ( ‖𝑓‖2 ) = 

∑∞
𝑚 =1 𝑑 

2 
𝑚 . With similar

rguments as in Section 2.2 , we can get an estimate for the number

f samples needed to reconstruct the random field, e.g., by truncating

he series up to the number of components { 𝑣 𝑚 } that capture 99% of

he total variance. A similar method has been applied before to study

he sampling of EEG ( Vaidyanathan and Buckley, 1997 ). Additionally,

he number of components in the dipole fields 𝑓 𝑖 can be analyzed by

rojecting them on the eigenbasis of 𝐾 IID as done with the SF basis in

ection 2.1 . In Fig. 3 B, we compare the SF basis and the eigenbasis of

 IID . 

Noise kernels and SNR Measurement noise can be modeled as a ran-

om field 𝜈( ⃗𝑟 ) with an associated covariance kernel 𝐾 𝜈 ( ⃗𝑟 , ⃗𝑟 ′) . Sensor

oise is typically independent across the sensors with an equal variance
2 , which can be modeled as an equivalent spatial white noise, i.e., a

andom field with a kernel 𝐾 𝜈( ⃗𝑟 , ⃗𝑟 ′) = 𝜎2 𝛿( ⃗𝑟 − ⃗𝑟 ′) . Projected to any or-

honormal basis, the covariance of white noise is proportional to the

dentity matrix. Noise that originates from sources other than the sen-

ors is generally colored (i.e., not white) and can be modeled with a

ovariance function 𝐾 𝜈 ( ⃗𝑟 , ⃗𝑟 ′) = 𝝍 𝜈 ( ⃗𝑟 ) ⊤𝐊 𝜈𝝍 𝜈 ( ⃗𝑟 ′) , where 𝝍 𝜈 ( ⃗𝑟 ) are the ba-

is functions for the noise field and 𝐊 𝜈 is the prior covariance of the

oise coefficients. 

We can also define the signal-to-noise ratio (SNR) of a random

eld. We first diagonalize the noise kernel as in Eq. (19) : 𝐾 𝜈( ⃗𝑟 , ⃗𝑟 ′) =
 ( ⃗𝑟 ) ⊤𝚲𝐰 ( ⃗𝑟 ′) , where 𝑤 𝑖 ( ⃗𝑟 ) are eigenfunctions of 𝐾 𝜈 and 𝚲 contains the

ssociated noise variances on its diagonal. The noise eigenfunctions

an be used to compose a whitening kernel 𝑊 ( ⃗𝑟 , ⃗𝑟 ′) = 𝐰 ( ⃗𝑟 ) ⊤𝚲−1∕2 𝐰 ( ⃗𝑟 ′) ,
hich, when applied to the noise field as ∫ 𝑊 ( ⃗𝑟 , ⃗𝑟 ′) 𝜈( ⃗𝑟 ′) 𝑑𝑆 

′, yields spa-

ial white noise. Applying the whitener to a random field, we get a

hitened field 𝑓 ( ⃗𝑟 ) = ∫ 𝑊 ( ⃗𝑟 , ⃗𝑟 ′) 𝑓 ( ⃗𝑟 ′) 𝑑𝑆 

′. The spatial SNR, i.e., the ex-

ected SNR for a sample at ⃗𝑟 , is the variance of the whitened field 

NR ( ⃗𝑟 ) = 𝐾 𝑓 ( ⃗𝑟 , ⃗𝑟 ) = ∫ ∫ 𝑊 ( ⃗𝑟 , ⃗𝑟 ′) 𝐾 𝑓 ( ⃗𝑟 ′, ⃗𝑟 ′′) 𝑊 ( ⃗𝑟 , ⃗𝑟 ′′) 𝑑 𝑆 

′𝑑 𝑆 

′′. (20)

ith white noise, the whitening operation only acts as scaling with 1∕ 𝜎2 .

ith colored noise, it also modifies the covariance structure of the ran-

om field. 

.5. Optimality criteria of sampling grids 

In this and the following Section, we discuss how an optimal sam-

ling grid 𝑅 can be constructed. A classical approach would be to choose

 that minimizes the expected reconstruction error or the posterior

ariance, involving the inversion either of 𝐔 

⊤𝐔 ( Section 2.2 ) or 𝐊 + 𝚺
 Section 2.3 ). One way to obtain an optimal sampling is to find an 𝑅 that

aximizes the ”size ” of either of these matrices. The matrix size can be

enerally quantified in multiple ways, giving different optimality crite-

ia in the context of experimental design ( Chaloner and Verdinelli, 1995;

rause et al., 2008 ). 

A common criterion is A-optimality ( Krause et al., 2008 ) measured

ither as Tr [( 𝐔 

⊤𝐔 ) −1 ] or more generally as Tr [( 𝚿⊤𝚺−1 𝚿 + 𝐊 

−1 
𝑎 ) 

−1 ] . How-

ver, when studying sampling on a bounded surface as in MEG and EEG,
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Fig. 3. A : Field covariances corresponding to two prior models: the field is bandlimited in spatial-frequency basis (SF bandlimited) and the field is generated by 

identically and independently distributed neural sources (IID source prior). A, left : Prior coefficient covariance in the SF basis and in the eigenbasis of 𝐾 IID . The 

covariance matrix and its diagonal are shown. A, right : Spatial covariance. The spatial kernel and its decay are shown for one position on the measurement surface. 

The rightmost column shows the spatial variance. B : Comparison of the spatial-frequency (SF) basis and the eigenbasis of 𝐾 IID . Each column shows the SF function and 

eigenfunction with the corresponding index. Wavenumbers and approximate wavelengths of the SF functions are displayed. The energy spectrum of the eigenfunction 

in SF basis is shown at bottom. The SF basis was generated using the zero-Neumann boundary condition. The eigenfunctions comprise multiple SF components with 

an average wavenumber proportional to the index. C : Example fields and their energy spectra both in the SF basis and eigenbasis. Energy is distributed to lower 

index components in the eigenbasis than in the SF basis indicating compression by the eigenbasis. For details on the computation, see Section 3.1 . Units in the plots 

are arbitrary. 
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e should rather measure how well the sampling pattern captures the

verall variance on the surface. To measure optimality in this sense, we

efine the fractional explained variance: 

EV ( 𝑅 ) = 1 − 

∫ 𝐾 𝑓 ( ⃗𝑟 , ⃗𝑟 |𝑅 ) 𝑑𝑆 

∫ 𝐾 𝑓 ( ⃗𝑟 , ⃗𝑟 ) 𝑑𝑆 

= 

∫ 𝐤 ( ⃗𝑟 ) ⊤( 𝐊 + 𝚺) −1 𝐤 ( ⃗𝑟 ) 𝑑𝑆 

∫ 𝐾 𝑓 ( ⃗𝑟 , ⃗𝑟 ) 𝑑𝑆 

, (21)

hich ranges from 0 to 1, i.e., from no to all variance ex-

lained. This measure is related to I-optimality or integrated optimality

 Atkinson, 2014 ). 

The matrix size can also be measured using the determinant; this cri-

erion is called D-optimality ( Chaloner and Verdinelli, 1995 ). This leads

o maximization of the total information ( Appendix B ) 

I ( 𝑅 ) = 

1 
2 
log 2 

det ( 𝐊 + 𝚺) 
det ( 𝚺) 

= 

1 
2 
log 2 det ( ̃𝐊 + 𝐈 ) , (22)

here �̃� = 𝚺−1∕2 𝐊 𝚺−1∕2 is the whitened sample covariance matrix. The

-optimal 𝑅 minimizes the posterior entropy of the random-field coef-

cients 𝐚 ( Sebastiani and Wynn, 2000 ), i.e., maximizes the information

ained, e.g., from the neural sources. Previously, total information has

een used in studies comparing MEG sensor arrays ( Iivanainen et al.,

017; Kemppainen and Ilmoniemi, 1989; Nenonen et al., 2004; Riaz

t al., 2017; Schneiderman, 2014 ). 

.6. Sampling grid construction 

We now propose a method to obtain sampling grids that maximize

he total information for given prior assumptions. In Appendix B , we
5 
how that this corresponds to maximizing the diagonal elements in the

hitened sample covariance matrix �̃� while simultaneously minimizing

he absolute values of the non-diagonal elements. In other words, maxi-

izing total information is equivalent to finding the sampling grid with

he least correlations and maximal SNR. 

As an illustrating example, we first discuss how the sample spacing

n the Shannon–Nyquist theorem ( Jerri, 1977; Shannon, 1949 ) can be

een to result from information maximization. When treating bandlim-

ted functions as random processes with a uniform prior variance for

he spatial-frequency coefficients up to 𝑘 𝐵 , the kernel 𝐾( 𝑥, 𝑥 ′) can be

alculated as the Fourier transformation of a boxcar function. This re-

ults in a sinc-function kernel with zeros at equispaced intervals 1∕(2 𝑘 B )
llustrated in Fig. 4 . When the samples are placed at the zero crossings,

he sample covariance matrix 𝐊 becomes diagonal, maximizing the total

nformation. 

For a general case, we reformulate the problem using the kernel

igenfunctions 𝑣 𝑛 ( ⃗𝑟 ) . We consider a (whitened) kernel 𝐾( ⃗𝑟 , ⃗𝑟 ′) with an

igendecomposition 𝐯 ( ⃗𝑟 ) ⊤𝐃𝐯 ( ⃗𝑟 ′) . The decomposition can be rewritten as

( ⃗𝑟 , ⃗𝑟 ′) = �̃� ( ⃗𝑟 ) ⊤�̃� ( ⃗𝑟 ′) , where �̃� ( ⃗𝑟 ) = 𝐃 

1∕2 𝐯 ( ⃗𝑟 ) , i.e., the covariance between

oints ⃗𝑟 and ⃗𝑟 ′ can be calculated as an Euclidean dot product between

̃
 ( ⃗𝑟 ) and ̃𝐯 ( ⃗𝑟 ′) . Rewriting the squared distance between these vectors as 

|�̃� ( ⃗𝑟 ) − ̃𝐯 ( ⃗𝑟 ′) ||2 = ||�̂� ( ⃗𝑟 ) ||2 + ||�̃� ( ⃗𝑟 ′) ||2 − 2 ̃𝐯 ( ⃗𝑟 ) ⊤�̂� ( ⃗𝑟 ′) 
= 𝐾( ⃗𝑟 , ⃗𝑟 ) + 𝐾( ⃗𝑟 ′, ⃗𝑟 ′) − 2 𝐾( ⃗𝑟 , ⃗𝑟 ′) , (23) 

e can see that maximizing this distance with respect to sample posi-

ions ⃗𝑟 and 𝑟 ′ corresponds to maximizing the diagonal elements in the
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Fig. 4. Illustration of covariance kernel and sampling. Left : Coefficient variance 

as a function of spatial frequency for a strictly bandlimited process and a process 

with a smooth variance decay. Middle : The covariance functions and samples. 

The red and cyan curves describe the covariance functions for two samples while 

the spikes show the sample positions. Equispaced samples fit the zeros of the sinc 

functions. For a non-sinc covariance, there is no trivial choice for the optimal 

sampling distance. Right : Sample covariance matrices for the two cases, i.e., the 

covariance functions sampled at the equispaced locations. Dashed lines indicate 

the rows corresponding to the covariance functions on the left. 
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ample covariance matrix 𝐊 while simultaneously minimizing the non-

iagonal elements. 

The sample configuration that yields maximal information can be

ound with the farthest-point sampling algorithm ( Eldar et al., 1997;

chlömer et al., 2011 ), which attempts to maximize the pair-wise min-

mum distances between the sample points. Instead of maximizing dis-

ances |𝑟 − ⃗𝑟 ′|, we maximize ‖�̃� ( ⃗𝑟 ) − ̃𝐯 ( ⃗𝑟 ′) ‖; otherwise the algorithm

orks similarly. If 𝑲 [ 𝑖, 𝑗] = 𝐾( ⃗𝑟 𝑖 , ⃗𝑟 𝑗 ) are positive for neighbouring sam-

les, the algorithm leads to minimization of the non-diagonal |𝑲 [ 𝑖, 𝑗] |,
nd thereby to maximization of the total information. 

Generally, the sampling grid given by the method follows the co-

ariance structure of the kernel ( Fig. 3 ). For example, approximately

niform sampling grids can be generated using spatial-frequency-

andlimited covariance with circularly symmetric sinc-like kernels

 Section 3.4 ). This showcases a connection between our sampling

ethod and the sampling theorems that assume bandlimited functions

nd use uniform sampling ( Pesenson, 2015; Shannon, 1949 ). 

. Simulations 

In this Section, we simulate spatial-frequency (SF) spectra of dipole

elds and covariance kernels of random fields due to random source

istributions. Further, we construct optimal sampling grids for differ-

nt kernels and evaluate their performances. We begin by outlining the

umerical methods. 

.1. Models and computations 

We computed the electric potential and magnetic field using linear

alerkin boundary-element method with the isolated-source approach

 Stenroos et al., 2007; Stenroos and Sarvas, 2012 ). The head was as-

umed a piecewise constant isotropic conductor with four compart-

ents: brain (the white and gray matter as well as the cerebellum),

erebrospinal fluid (CSF), skull and scalp. The conductivity of the soft

issues (brain and scalp) was set to 0.33 S/m, the conductivity of CSF

o 1.79 S/m, and skull conductivity to 0.33/50 S/m. The head model

as built from the example data of SimNIBS software (version 2.0;

indhoff et al. 2013 ) in an earlier study by Stenroos and Nummenmaa

016 . In addition to the conductivity interfaces the model included the

rey–white-matter boundary. 
6 
We discretized the source-current distribution into point-like dipo-

ar source-current elements. We placed the dipoles on the gray–white-

atter boundary at 3-mm average spacing. The 20 324 sources were

riented normal to the surface following the anatomical orientation of

pical dendrites of pyramidal neurons. 

We calculated the electric potential and the normal component of

he magnetic field at the nodes of triangular meshes that represented the

easurement surfaces. The measurement surfaces were generated from

 dense scalp mesh by cutting the mesh above a plane defined roughly

y the ears and nose. The cut mesh was resampled to 5 404 nodes and 10

21 triangles. The mesh for the electric potential (EEG) was obtained by

rojecting the node positions onto the scalp. An ’on-scalp’ MEG surface

as generated by inflating the mesh 4.5 mm away from the scalp. A

ore distant ’off-scalp’ MEG surface was obtained by further inflating

he mesh and by smoothing it with the function smoothsurf in the

so2mesh MATLAB toolbox ( Fang and Boas, 2009 ). The median distance

f the nodes of the off-scalp MEG surface to the scalp was 2.4 cm (2.0–

.4 cm). 

We further computed the lead-field matrices for 102 magnetome-

ers of a commercial SQUID-MEG system (MEGIN Oy, Helsinki, Finland)

nd for a 60-channel custom version of the ANT waveguard TM EEG cap

ANT Neuro, Hengelo, The Netherlands). The sensor locations were de-

ived from a measurement file of the MEGIN system and were manu-

lly coregistered to the used head geometry. 57 electrodes of the 60-

hannel EEG layout were employed in the measurement; we used those

or the lead-field computation. We denote these arrays as SQUID102 and

EG57, respectively ( Fig. 10 C & D). The SQUID magnetometers were

odeled with four integration points as described in the MNE software

 Gramfort et al., 2014 ). 

The SF basis vectors were computed by discretizing the LB operator

o the triangle mesh in the weak form ( Reuter et al., 2009) . The discrete

orm of the eigenvalue Eq. (3) is 

 𝐂𝐮 𝑖 = 𝑘 2 𝑖 𝐌𝐮 𝑖 , (24)

here 𝐮 𝑖 contains the nodal values for the 𝑖 th SF function, 𝐌 is a matrix

hat takes account the overlap in the piecewise-linear basis functions,

nd 𝐂 is the discrete LB operator. Matrices 𝐂 and 𝐌 were computed

sing MATLAB functions cotmatrix and massmatrix included in

ptoolbox ( Jacobson et al., 2018 ). The zero-Neumann boundary condi-

ion, which sets the outwards-facing derivative of 𝑢 to zero, was used

n the spectral energy analysis, while the zero-Dirichlet boundary con-

ition, setting 𝑢 to zero, was used in the grid construction. The energy

pectra were calculated by discretizing the inner product in Eq. (4) as 

𝑢 𝑖 , 𝑢 𝑗 ⟩ = ∫𝑆 

𝑢 𝑖 ( ⃗𝑟 ) 𝑢 𝑗 ( ⃗𝑟 )d 𝑆 ≈ 𝐮 ⊤𝑖 𝐌𝐮 𝑗 . (25)

The dipole-field kernel 𝐾 IID ( Section 2.4 ) was constructed by assum-

ng the sources on the cortically-constrained source space identically

nd independently distributed. The eigenbasis of 𝐾 IID was computed by

iscretizing the kernel on the surface and solving the discrete eigenvec-

ors 𝐯 𝑖 . 

.2. Energy spectra and decompositions of dipole fields 

Methods . We quantified the dipole-field energy spectra to estimate

he beneficial numbers of spatial samples as discussed in Section 2.2 .

pecifically, we analyzed the number of SF components needed to get

9% energy of each dipole field. We denote this number by 𝐵 99% and

efine the corresponding wavenumber as the 99% bandwidth, 𝑘 99% . The

ensor spacing in each modality corresponding to the largest 𝐵 99% val-

es across the sources was estimated using uniform sampling grids (see

ection 3.4 ). Further, in order to quantify compressibility of the dipole

elds, we calculated energy spectra in the eigenbasis of 𝐾 IID ; we denote

he number of eigencomponents to achieve 99% energy as 𝑀 99% . 

We inspected how many SF components of the dipole fields were

bove spatial white noise for a given SNR. We defined the dipole-field
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Fig. 5. The effective number of spatial components in dipole fields of on-scalp 

MEG, off-scalp MEG, and EEG for each source position on the cortical surface. 

Left: The number of spatial-frequency (SF) components to reach 99% of the en- 

ergy ( 𝐵 99% ). Center: The number of 𝐾 IID -eigencomponents to reach 99% energy 

( 𝑀 99% ). Right: 𝐵 99% and 𝑀 99% as function of source depth. The sources have 

been distributed to 2.5-mm-wide bins according to their depth. The solid lines 

plot the median values of 𝐵 99% and 𝑀 99% for the bins while the dashed lines 

indicate the 2.5 and 97.5 percentiles. 
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F  
NR as SNR 𝑓 = ‖𝑓‖2 ∕ E ( ‖𝜈‖2 ) , where ‖𝑓‖2 is energy of the dipole field

and E ( ‖𝜈‖2 ) is the expected energy of a sensor-noise-equivalent white-

oise field 𝜈. For every modality and source, we set the ratio of dipole

mplitude and white noise level so that the source had the given SNR.

e then computed the number of SF components that had energy higher

han the flat white noise spectrum. Three values of SNR were considered:

.1, 1 and 10. 

Results Fig. 5 displays 𝐵 99% and 𝑀 99% for sources on the left cortical

emisphere. Generally, 𝐵 99% decreases as a function of source depth. For

he sources in the most superficial bin, the 97.5th percentile of 𝐵 99% is

76, 93 and 109 for on-scalp, off-scalp MEG and EEG, respectively. The

andwidths 𝑘 99% are then about 2.1, 1.0 and 1.3 1/cm, respectively, with

orresponding uniform sensor spacings 1.6, 3.3 and 2.6 cm. Generally,

 99% is lower than 𝐵 99% indicating compressibility of the dipole fields,

.g., for the most superficial sources, the 97.5th percentiles of 𝑀 99% are

77, 63 and 72. 

Field energies and numbers of SF components above noise are shown

n Fig. 6 . In MEG, the energy–depth curves have inverted V shape for

he superficial sources as radial sources on gyri have smaller energies

han tangential sources on sulcal walls. Additionally, MEG energy curves

ecay faster than those of EEG. For sources with SNR = 10, at maximum

05, 109 and 91 components are above noise in on-scalp/off-scalp MEG

nd EEG. 

.3. Field kernels 

Methods We analyzed the spatial variance 𝐾 IID ( ⃗𝑟 , ⃗𝑟 ) (amount of sig-

al) and correlations 𝐾 IID ( ⃗𝑟 𝑖 , ⃗𝑟 ) (sample spacing; Section 2.4 ). The num-

er of eigencomponents explaining 99% of the total variance was cal-

ulated to estimate the spatial degrees of freedom of the random source

istribution ( Section 2.4 ). Field correlation length was quantified for

ach measurement point 𝑟 𝑖 by computing the distance along the sur-

ace at which 𝐾 IID ( ⃗𝑟 𝑖 , ⃗𝑟 ) had decayed to half of its maximum value (the

half-maximum width’). The distances along the surfaces were computed

sing a method based on the heat equation ( Crane et al., 2017 ) im-

lemented as the MATLAB function heat_geodesic in gptoolbox

 Jacobson et al., 2018 ). 
7 
Results Fig. 7 illustrates the kernels due to the IID random source dis-

ribution for the three modalities. To explain 99% of the total variance,

8, 35 and 26 eigencomponents are needed in on-scalp MEG, off-scalp

EG and EEG, respectively. Variance is distributed nonuniformly on the

easurement surface with the highest values around the temporal cor-

ex. The kernels are asymmetric and the correlation length varies across

he surface; the least correlated area can be found on top of the temporal

ortex. The correlation lengths are shortest in on-scalp MEG as indicated

y smaller values of half-maximum widths compared to off-scalp MEG

nd EEG. 

.4. Sampling grid construction and evaluation 

Methods The sampling grids were constructed by subsampling the

odal positions of the triangle meshes using the method described in

ection 2.6 . For a given kernel discretized on the mesh, we calculated

ts eigendecomposition, and utilized a farthest-point sampling algorithm

mplemented in gptoolbox ( Jacobson et al., 2018 ) to obtain the optimal

ampling positions. 

Grid construction We constructed sampling grids for scenarios where

andom source distributions were defined in the brain: a global scenario

here the whole brain was assumed active and of interest, and for a local

cenario where a region of interest (ROI) in the brain was defined. We

ompared the performance of uniform sampling to model-informed sam-

ling for different numbers of spatial samples 𝑁 . Uniform sampling was

enerated using bandlimited priors in the SF basis (white covariance for

he 𝑁 lowest SF coefficients; SF bandlimited prior; Section 2.4 ). Model-

nformed sampling was generated by encoding the prior in the covari-

nce of the cortically-constrained sources (IID source prior; Section 2.4 ).

he grids were evaluated by computing total information (TI) and frac-

ional explained variance FEV according to Eqs. (22) and (21) from the

ground-truth’ model of the signal and noise. 

We ran the optimization algorithm several times with a random ini-

ial configuration as the output of the algorithm was sensitive to the

nitial condition. In the global scenario, the algorithm was run 20 times

or 𝑁 < 25 , 10 times for 25 ≤ 𝑁 < 50 and twice for 𝑁 ≥ 50 . More itera-

ions were chosen for small 𝑁 due to the higher variance in TI. To seek

 globally optimal grid with model-informed sampling, we took the grid

ith maximum TI for each 𝑁 . For the uniform grids, we computed the

verage TI across the iterations as we wanted to quantify the general

verage performance of uniform sampling. In the local scenario, the al-

orithm was run once for each 𝑁 ; 𝑁 ranged in steps of 1 so that one

teration for each 𝑁 was deemed sufficient to extract a general trend of

I as a function 𝑁 . 

.4.1. Global scenario 

Methods Here, the ground-truth model corresponded to the IID source

rior and spatial white noise. The grids were constructed on meshes with

he regions of eyes cropped out. We performed two analyses. In the first,

e compared uniform and model-informed sampling in EEG and MEG

s a function of SNR. The white noise variance ranged from 0 . 05 𝜎2 
0 to

0 𝜎2 
0 . The reference noise level 𝜎0 was fixed in each modality so that it

ave an average SNR (Eq. (20)) of 1 for source standard deviation of

.6 pAm. Using this convention, 𝜎0 was determined to be 9 fT, 3.7 fT

nd 42 nV in on-scalp, off-scalp MEG and EEG, respectively. TI was also

omputed for MEG102 and EEG57; 𝜎0 was calculated to be 2.9 fT and

2 nV, respectively. 

In the second analysis, we compared uniform sampling of on-scalp

nd off-scalp MEG as a function of spatial white noise level. We set the

eference source variance 𝑞 2 0 so that the average SNR of off-scalp MEG

as 1 with a white noise level of 3 fT. The white noise level of on-

calp MEG ranged from 1 to 20 fT and the source variance was varied

 0 . 2 𝑞 2 0 , 𝑞 
2 
0 and 5 𝑞 2 0 ). On-scalp MEG grids comprising 10–600 points were

enerated, while off-scalp MEG had 100 or 300 points. 

Results Fig. 8 summarizes the first analysis in the global scenario.

or model-informed sampling, the sample density is the highest on the
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Fig. 6. Dipole-field energies and numbers of spatial- 

frequency (SF) components above noise. Left: Nor- 

malized dipole-field energies for on-scalp MEG, off- 

scalp MEG, and EEG for each source on the left corti- 

cal hemisphere and the same data as a function of 

source depth (the bins and the statistics are same 

as in Fig. 5 ). Right: The number of SF components 

in the dipole field above noise floor for each source 

position at different dipole-field SNR levels. Each 

dipole field has the same SNR, i.e., the source vari- 

ance varies between the dipoles. 

Fig. 7. Analysis of dipole-field kernel due to IID Gaussian sources. A: Variance as a function of the kernel eigencomponent. Inset shows the normalized eigenvalues 

(variances). B: Distribution of the variance on the measurement surface. C: Spatial profile of the field kernel at one position (red dot) on the measurement surface 

and the distance at which the covariance has decayed to half (half-maximum width). D: Half-maximum width of the kernel across the measurement surface. 
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emporal lobe, which corresponds to the shorter correlation lengths and

igher variance of the field kernel shown in previous analysis ( Fig. 7 ).

odel-informed sampling is especially beneficial in MEG at low SNR

 1 and small sample numbers, giving about 10–25% increase in TI

ompared to uniform sampling. 

With the same SNR and the same number of samples, the TI is high-

st in on-scalp MEG among the modalities. When the SNR is low (0.1),

pproximately 60, 70 and 80% of variance is explained (on-scalp MEG,

ff-scalp MEG and EEG, respectively) with a sample number as high as

00. When the SNR is high (10), about 80, 30 and 20 samples are needed

o explain 90% of the total variance. 

Figure 9 gives a summary of the second analysis comparing on- and

ff-scalp MEG. With a similar noise level, SNR as averaged over the

hole measurement surface is higher in on-scalp MEG by a factor of 6.0.

igure 9 B shows TI and FEV as a function number of spatial samples and

oise. With a comparable noise level, on-scalp MEG achieves the same

nformation as 300 off-scalp samples with fewer samples. 

Figure 9 C gives the number of spatial samples needed in on-scalp

EG for the same TI as in off-scalp MEG as a function of noise level. For

xample, with a source variance of 𝑞 2 0 and noise levels of 3, 7, 10 and

5 fT in on-scalp MEG, about 30, 130, 260 and 590 samples are needed

o yield the same TI as 300 off-scalp MEG samples at 3-fT noise level. 

.4.2. Local scenario 

Methods In the local scenario, the ground-truth model consisted of

ID sources distributed in an ROI defined around the motor cortex. Both

hite (sensor) and colored (sensor + background brain activity) noise
8 
ere considered. The ROI consisted of sources within a patch that had

 radius of approximately 3 cm along the cortical surface (387 source

lements; Fig. 10 A). Sampling grids were constructed for on-scalp MEG

nd EEG. The total information was analyzed and SQUID102 and EEG57

ere used as references. 

The source variance 𝑞 2 was set so that the maximum SNR of the on-

calp MEG was 3 with a spatial white noise level of 9 fT. The white

oise level of EEG (25 nV) was set so that the maximum SNR was also

. To model colored noise due to brain background activity, the sources

utside the ROI were assumed active (IID Gaussian; variance 𝑞 2 ∕100 ).
he noise level of SQUID102 was set to 3 fT while that of EEG57 was

4 nV. 

The field kernel was whitened as described in Section 2.4 and SNR

as analyzed. The eigenvalues 𝜆𝑖 of the whitened kernel were converted

o bits as 1∕2 log 2 ( 𝜆𝑖 + 1) . These values were used to analyze the number

f eigencomponents contributing to the total information. Two uniform

ampling schemes were considered. In the first, samples were distributed

venly on the whole head. In the second, the SF basis was constrained

o a region on the surface that had a distance to the center of the ROI

ess than 9 cm. For model-informed sampling, a dipole-field kernel cor-

esponding to the ground-truth model was used, while the noise kernel

orresponded either to the white or colored noise model. 

Results Fig. 10 A shows the SNR distributions as well as the TI content

cross the eigencomponents. With white noise, the TI is 28 bits in MEG

nd 27 bits in EEG. With colored noise, the maximum SNR is 1.1 in MEG

nd 0.3 in EEG while the TI is 18 and 12 bits, respectively. The TI and

aximum SNR in SQUID102 are 4.6 bits and 1.1 with white noise and
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Fig. 8. Comparison of uniform (SF bandlimited prior) and model-informed (IID source prior) sampling of the whole brain in on-scalp MEG, off-scalp MEG and 

EEG. A: Example on-scalp MEG sampling grids generated with the priors and their average and minimum sample spacing. B: Total information (TI) and fractional 

explained variance (FEV) of the uniform grids. TI for SQUID102 and EEG57 are also shown. C: Ratio of the TI obtained by model-informed and uniform sampling 

with different SNRs (top) and the number of additional samples required with uniform sampling to achieve the same TI as with model-informed sampling (bottom). 

Fig. 9. Spatial sampling of independent sources (variance 𝑞 2 0 ) distributed over the whole cortex with on-scalp and off-scalp MEG. A: Signal-to-noise ratio averaged 

over the whole measurement surface as a function of spatial white noise level. B: Total information (TI) and fractional explained variance (FEV). Colored lines give 

the values for on-scalp MEG as a function of sample number and noise level. The vertical lines show the values for off-scalp MEG with 100 and 300 samples with a 

noise level of 3 fT. The source variance is 𝑞 2 0 . C: Number of spatial samples needed in on-scalp MEG to achieve the same TI as in off-scalp MEG with a noise level 

of 3 fT as a function of on-scalp MEG white noise level. Comparisons to the TI of 100 off-scalp samples is plotted with the dashed line and to 300 samples with the 

solid line. 

9 
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Fig. 10. Spatial sampling of on-scalp MEG (left panel; A, C and E) and EEG (right; B, D and F) fields due to uncorrelated sources in an ROI around the motor cortex 

(shown on the center in red on the inflated cortical surface). A & B: Distribution of total information (TI) among the eigencomponents and the spatial distribution of 

SNR computed with spatial white noise as well as with colored noise (brain background activity + white noise). C & D: Example grids constructed with IID source 

and bandlimited SF ( ∼uniform sampling) priors. With IID source prior, two noise priors (white and colored) were considered. Sensor layouts of SQUID102 and EEG57 

arrays are also shown. E & F: TI as a function of number of samples in the grids computed using the two noise models. Wholehead 100 refers to a uniform wholehead 

grid with 100 spatial samples. 
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.6 bits and 0.8 with colored noise, respectively. The corresponding TIs

n EEG57 are 5.7 and 3.8 bits, respectively; the maximum SNRs are 2.4

nd 1.3. 

The grids constructed using the different priors for signal and noise

re presented in Fig. 10 B. Compared to uniform sampling, the model-

nformed grids are more densely distributed, especially when the col-

red noise model is used. Compared to whole-head sampling, using the

ource prior to distribute samples on the region with high SNR is benefi-

ial. With colored noise, 10 samples are needed in the model-informed

EG grids to reach the same TI as with 100 whole-head samples. In

EG, 20 samples are needed. 

. Discussion 

We quantified the number of spatial samples beneficial for MEG and

EG by analyzing the spatial-frequency content of fields due to dipolar

ources. Based on a review of Gaussian processes and optimal design,

e related the information metric used in MEG sensor-array designs to

he covariance of random-field models. This relationship was used to

erive an information-maximizing sampling algorithm. We applied the

lgorithm to generate sampling grids, which we used to quantify the

enefit of model-informed sampling of random source distributions in

omparison to uniform sampling. 

.1. Field analysis 

To capture 99% of the field energy of every source in the brain of

 representative adult male, approximately 280, 90 and 110 SF com-
10 
onents were needed in on-scalp, off-scalp MEG and EEG, respectively.

hese numbers represent the maximum number of spatial degrees of

reedom in any field due to neural activity in the used head model. Ad-

itionally, they correspond to the number of uniform samples needed to

chieve at most roughly 1% field reconstruction error in noiseless con-

itions. These results agree with previously published results. For MEG,

he numbers corresponds to the ”rule of thumb ” presented by Ahonen

t al. (1993) : the sensor spacing should be approximately the distance

f the sensors to the closest source. For EEG, the results are in line with

he arguments by Srinivasan et al. (1998) : the sensor count should be

t least roughly 120 for adequate sampling of the EEG in a typical adult

ead. 

The eigenbasis of the dipole-field kernel due to IID sources was found

ut to reduce the component number needed to capture 99% of the

ipole-field energies, compressing the field representations. This com-

ression and the variance analysis of IID sources suggest that the sample

umbers given by the SF analysis provide oversampling, and, thereby,

ive a good upper limit on the beneficial sample number. 

.2. Head models 

We employed a four-compartment realistically-shaped piecewise ho-

ogeneous head model. To our knowledge, previous sampling anal-

ses have been carried out in simpler models such as half-infinite

nd spherically symmetric conductors. An essential property of the

our-compartment model is the inclusion of geometrically complex gy-

al folding that strongly deviates from simple layer structure repre-

ented by spherical models or three-shell (3S) models commonly used
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A  
n EEG source analysis. Compared to EEG, MEG is only weakly sensi-

ive to inclusion or omission of thin layer-like conductivity structures

 Hamalainen and Sarvas, 1989; Stenroos et al., 2014 ). The inclusion of

SF, however, breaks the simple layer structure: the omission of CSF

as roughly as large effects on MEG and EEG dipole fields, when com-

ared with relative-error or correlation metrics ( Stenroos and Nummen-

aa, 2016 ). 

While detailed analysis of different head models is beyond the scope

f this manuscript, we did a simple model comparison to see, how

he spatial frequency content is affected by the CSF and the skull, or

he omission of them in the models. The comparison, presented in

ppendix C , shows that the effective number of spatial-frequency com-

onents and the overall spatial spectrum in on- and off-scalp MEG

re negligibly affected by the CSF. For EEG, we replicated the well-

nown low-pass filter property of a brain–skull–scalp system (e.g.,

rinivasan et al. 1996 ), or more generally, of a layered structure of

igh, low and high conductivities. The highly conductive CSF enhances

he low-pass phenomenon. The effect of the CSF on spatial-frequency

ecay, can, however, be partially compensated by lowering the conduc-

ivity of the skull in a 3S model, as was already demonstrated for EEG

ipole fields in ( Stenroos and Nummenmaa, 2016 ). The remaining dif-

erence in the energy spectrum is mainly of constant-gain nature. Most

f the smearing of EEG is thus characterized by the parameters of the

ayer-like low-pass filter system, and the complex folding of CSF plays

 smaller role. 

Our conductor model did not contain separate white and gray matter

r white-matter anisotropy, which affect EEG and MEG dipole fields

 Guellmar et al., 2010; Vorwerk et al., 2014; Wolters et al., 2006 ). In

he separation of white and gray matter in a model that contains the

SF, the amount of added conductivity contrast and deviation from layer

tructure are smaller than in the inclusion of CSF. The separation of

hite and gray matter should thus have a smaller effect on MEG and

EG energy decays and component counts than the CSF has. The white-

atter anisotropy may have a non-negligible effect for sampling deeper

ources with EEG. 

Finally, our simulation was based on normal adult head. Strong de-

iations from layer structure between the source and sensors, such as

ontanels in small children ( Lew et al., 2013 ), surgical holes in the skull,

r CSF-filled brain lesions, may have a strong effect on spatial informa-

ion especially in EEG but also in MEG. These effects are a potential

opic for future studies. 

.3. Grid construction 

To generate sampling grids, we presented a method that utilizes prior

nformation of signal and noise in the form of a covariance kernel. As-

uming random spatial-frequency coefficients with a uniform variance

p to some bandlimit, the kernel is isotropic and translation-invariant

nd the method yields uniform sampling grids similar to those in the

ampling theorems introduced in Section 2.1 . With this approach, uni-

orm grids may be constructed also on more complex surfaces and do-

ains. The kernel constructed from the dipole fields of IID random neu-

al sources has a location-dependent shape and width, and the method

ields nonuniform sampling grids. 

In the whole-head scenario, nonuniform model-informed sampling

as only slightly beneficial compared to uniform sampling in terms of

otal information. When the number of samples was small and the noise

evel high, nonuniform sampling yielded roughly 10–25% more infor-

ation than uniform sampling in MEG. When decreasing the noise level

r increasing the number of samples, the performance of uniform and

onuniform sampling grids became roughly similar. With nonuniform

ampling, the same total information was, however, reached with fewer

umber of samples. In EEG, the benefits of nonuniform sampling were

ess clear; EEG may not benefit from it due to long-range correlations. 

When a cortical region of interest was defined, local high-density

nonuniform) spatial sampling was beneficial; dense sampling of the lo-
11 
al components yielded higher total information than uniform sampling

overing a larger surface area or the whole head. Dense sampling may

e especially useful when colored noise fields (such as those generated

y background brain activity) are present and the region of interest is

mall. Local dense arrays could be beneficial in applications where a cer-

ain part of the brain is of interest and the number of sensors is limited

e.g., Iivanainen et al., 2020 ) or in brain–computer interfacing where

imple measurement setups are desirable. 

.4. Practical considerations and future directions 

Our analysis corroborates the observation that the spatial-frequency

ontent of MEG mostly depends on the source-to-sensor distance

 Ahonen et al., 1993 ). Accordingly, for designing whole-scalp sensor

rrays, the rule of thumb (sensor spacing approximately the distance of

he sensors to the closest source) should give the approximate uniform

ensor spacing. For example, in the case of an infant head where the

ource-to-sensor distance can be as small as 5 mm, this rule of thumb

ould suggest a sensor spacing of 5 mm. In addition to the spacing, the

ensor array should have adequate coverage of the scalp so that most

f the energy of the topographies can be captured by the spatial sam-

les. For example, in the case of SQUID helmets, the limited coverage

f frontal sources often leads to a loss of signal as well as spatial infor-

ation from the frontal regions. 

Our quantitative results are based on the analysis of a single adult

ead model and, thereby, cannot be directly generalized as there may be

onsiderable variation in head sizes and shapes. For example, as men-

ioned earlier, smaller sensor spacing would be beneficial when mea-

uring an infant. Thus, it would be valuable to perform similar com-

utations in different subject populations and extract statistics on the

etrics introduced in this paper. We note that there are freely available

ead-model collections that could be used for this purpose (see, e.g.,

tet et al. 2019 ). 

We demonstrated the developed method using a single ROI defined

round the motor cortex. In future studies, the locations, sizes and num-

er of ROIs could be varied and correlations between the sources could

e included. The ROI could be defined to match the cortical area of

xperimental interest (e.g., V1 of the visual cortex). 

The sampling grid optimization presented here does not necessar-

ly result in sensor arrays that can be readily implemented in practice.

or example, the minimum distance between the sensors was not con-

trained and the sensor dimensions were ignored. Sensor dimensions

imit the minimum distance between the sensors and the sensor noise

evel is proportional to them in many sensor types (e.g., Kemppainen and

lmoniemi 1989; Mitchell and Alvarez 2020 ). Spatial integration within

 sensor can be viewed as spatial low-pass filtering, an effect that can

e used to reduce aliasing due to high spatial frequencies ( Roth et al.,

989 ). These matters should be taken into account in future studies

hen designing practical sensor arrays. Also, the method could be used

ith a population of head models to design arrays with the best average

erformance. 

We did not include in our simulation the effects of systematic or

andom sensor-positioning errors. Intuitively, the higher the spatial fre-

uency, the more it will be affected by a given amount of sensor position

rror. By the same argument, sensor positioning errors might negate the

enefits gained by using optimized sensor arrays. However, the sensor

ositioning error could be included in the optimization to some degree

y blurring the kernel. We note that the spatial-frequency representa-

ion gives convenient means to assess how the spatial components of the

eld are affected by the sensor-position errors. 

We analyzed scalar fields which is sufficient in EEG. In contrast,

agnetic field is a vector field, and the orthogonal field components

ay each provide additional information about the neural sources

 Iivanainen et al., 2017 ). The sensor orientation could be included in the

ptimization by applying vector basis functions to assemble the kernel.

lso (external) interference fields could be taken into account. In this
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ase, vector-spherical harmonics could provide a useful basis ( Taulu and

ajola, 2005 ). Sampling grids with triaxial sensors in a single layer

 Brookes et al., 2021 ) or as multiple layers at different distances from the

calp should be beneficial in separating signals from the external inter-

erence ( Nurminen et al., 2013; 2010 ). In fact, OPMs can provide dual-

r tri-axial measurements of the field, making realistic implementations

f such arrays feasible ( Brookes et al., 2021 ). The methods presented

ere could be further developed and used to guide the design of such

rrays. We note that the choice between a single- or multi-axis measure-

ent for each sensor might not be trivial as the sensitivity of the OPM

ypically decreases when multiple components of the field are measured

imultaneously (see, e.g., Osborne et al. 2018 ). 

In MEG, it is common to use gradiometers instead of magnetometers.

ccording to Ahonen et al. 1993 , gradiometers that sample the tangen-

ial gradient of the normal field component can be placed at larger spac-

ng than magnetometers. On the other hand, long-baseline axial gra-

iometers have similar lead fields as magnetometers ( Malmivuo and

lonsey, 1995 ) suggesting that the results for those would be similar

o what we obtained in this paper. However, adding external interfer-

nce fields to the stochastic model would probably result in differences

etween the optimal magnetometer and axial-gradiometer arrays. 

With the generalization of the SF basis to an arbitrary measurement

urface, the standard 1-D signal processing methods such as filtering and

nterpolation should be straightforward to apply to spatial EEG/MEG

ata. Spatial-frequency filtering could be useful in noise and interfer-

nce rejection as demonstrated by Graichen et al. (2015) ; the continu-

us SF basis functions make the filtering less dependent on the sensor

onfiguration. As the SF basis is both data- and model-independent, the

ltering methods may be useful in real-time applications. The SF filter-

ng as a part of preprocessing would be similar to the spline Laplacian

 Nunez et al., 2019 ), providing flexibility for defining the filter coeffi-

ients. Filtering and interpolation may also help in data visualization. 

Estimating the neural sources that could have generated the data,

.e., solving the bioelectromagnetic inverse problem ( Sarvas, 1987 ) is

ften of interest. We did not explicitly consider the inverse problem.

owever, the total information should be an estimator of the source-

stimation performance as it quantifies the size (or the stability of the

nversion) of the modelled or measured measurement covariance matrix.

n other terms, when the kernel is generated using dipole fields, total

nformation maximization corresponds to minimization of the posterior

ntropy of the sources ( Section 2.5 ). 

We conclude the discussion by summarizing the results from a prac-

ical perspective. Considering whole-scalp sampling, our results show

hat when the sensor count is sufficiently large (hundreds) the benefits

rom optimized sampling are minimal compared to uniform sampling.

ith lower sensor counts (tens), sampling that is optimized either for

n individual subject or across a subject population might, however, be

eneficial. On the other hand, considering the sampling of an a-priori

etermined cortical region, our results show that the scalp area with the

trongest signal is quite compact and, thereby, dense sampling might

e beneficial. OPMs that use a single vapor cell with multiple densely-

acked channels (e.g., Xia et al. 2006 ) could be used to assess the bene-

ts of dense sampling over a conventional array, e.g., in a classification

ask (for such an analysis with EEG, see Robinson et al. 2017 ). 

. Conclusions 

We analyzed the spatial sampling of EEG and MEG and suggested a

ethod for designing optimal sampling positions. Our simulations sug-

est that when measuring adult males on-scalp MEG can benefit from

p to roughly 300 spatial samples while for off-scalp MEG and EEG this

umber is around 100. The theoretical framework we present in this

anuscript as well as the sample-positioning method we introduce can

e used to design sampling grids that convey the most information from

he neuronal sources. Such designs may be useful when the sensor num-

er is limited or a certain region of the brain is of interest. 
12 
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ppendix A. Effective bandlimit 

To determine an effective bandlimit for field 𝑓 given by Eq. (2) , we

ote that the spectral coefficients can be written as 𝑎 𝑚 = 

∑
𝑖 𝑞 𝑖 ⟨𝑓 𝑖 , 𝑢 𝑚 ⟩.

urther assuming that the source amplitudes 𝑞 𝑖 are independent random

ariables with zero mean ( E ( 𝑞 𝑖 𝑞 𝑗 ) = 0 ), the expected energy of 𝑓 can be

ecomposed using the spectra of the source fields: 

 ( ‖𝑓‖2 ) = 

∞∑
𝑚 =1 

∑
𝑖 

E ( 𝑞 2 𝑖 ) ⟨𝑓 𝑖 , 𝑢 𝑚 ⟩2 . (A.1)

If 𝑓 𝐵 in the bandlimited representation of 𝑓 is chosen such that every

ource field 𝑓 𝑖 is expressed up to 1 − 𝛼 of its total energy (e.g., 1 − 0 . 01 =
 . 99 ), the expected energy of the residual field (the truncation error) can

e bounded using Eq. (A.1) as 

 ( ‖𝑓 r ‖2 ) = 

∑
𝑖 

E ( 𝑓 2 𝑖 ) 
∞∑

𝑚 = 𝐵+1 
⟨𝑓 𝑖 , 𝑢 𝑚 ⟩2 

≤ 

∑
𝑖 

E ( 𝑓 2 𝑖 ) 𝛼‖𝑓 𝑖 ‖2 = 𝛼E ( ‖𝑓‖2 ) . (A.2) 

hus, any field due to independent neural sources is expected to have 1 −
of its energy in the subspace spanned by the 𝐵 first SF basis functions.

https://doi.org/10.13039/501100000781
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Fig. C.11. The effective number of spatial-frequency (SF) components for dipole fields ( 𝐵 99% ) in different head models. The sources have been distributed to 2.5- 

mm-wide bins according to their depth. The solid lines with dots show the median values per bin, the dashed lines indicate the 2.5 and 97.5 percentiles. 

Fig. C.12. The spatial-frequency spectra of dipole fields in different models. The solid lines with dots show the median value across the cortex, the dashed lines 

indicate the 2.5 and 97.5 percentiles. The data of each model has been normalized to have unit maximum value in the median plot. 
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ppendix B. Total information and covariance 

Here, we show how the total information (TI) relates to the sample

nd noise covariance matrices, 𝐊 and 𝚺 ( Section 2.3 ). If the samples

s well as the noise were uncorrelated, TI would be 1∕2 
∑

𝑖 log 2 ( 𝑃 𝑖 + 1)
here 𝑃 𝑖 is the power signal-to-noise ratio of each measurement. If the

easurements are correlated, they can be orthogonalized by the eigen-

ecomposition of the whitened covariance matrix �̃� = 𝚺−1∕2 𝐊 𝚺− ⊤∕2 =
𝐏𝐕 

⊤, where 𝐕 contains eigenvectors of �̃� and 𝐏 is a diagonal matrix

f 𝑃 𝑖 . Starting from the original formula, TI can be now written as 

I ( 𝑅 ) = 

1 
2 
∑
𝑖 

log 2 ( 𝑃 𝑖 + 1) = 

1 
2 
log 2 det ( 𝐏 + 𝐈 ) 

= 

1 
2 
log 2 det ( ̃𝐊 + 𝐈 ) = 

1 
2 
log 2 

det ( 𝐊 + 𝚺) 
det ( 𝚺) 

. (B.1) 

Total information can be maximized by choosing the measurement

rid so that �̃� is diagonal, i.e., each sample measures independent infor-

ation. This can be seen, e.g., from the matrix derivative ( Petersen and

edersen, 2012 ) 

𝜕 ln det ( 𝐗 + 𝐈 ) 
𝜕𝐗 

= 2( 𝐗 + 𝐈 ) −1 − 𝐈 ⊙ ( 𝐗 + 𝐈 ) −1 , (B.2)

here 𝐈 ⊙ is element-wise product with identity matrix resulting in the

iagonal-part of the matrix. The logarithm of determinant is maximized

hen the derivative with respect to its elements is zero, which means

hat the non-diagonal elements of ( 𝐗 + 𝐈 ) −1 must be zero. This is equiva-
13 
ent to 𝐗 being diagonal itself. For diagonal elements, no solution exists,

ut their derivatives are always positive when 𝐗 is positive definite. 

ppendix C. Head model comparison 

To assess how different head tissues affect the spatial frequency con-

ent of measurements, we compared three simplified models to the four-

ompartment (4C) model. The roles of CSF compartment and skull con-

uctivity were evaluated using two three-shell models with homoge-

eous compartments for the scalp, skull, and intracranial space. The

onventional three-shell (3S) model had the same conductivities for the

rain, skull and scalp as the 4C model. In the compensated three-shell

odel (3Sc), the conductivity of the skull was decreased to 0.33/80

/m to compensate for the omission of the CSF ( Stenroos and Num-

enmaa, 2016 ). To assess the degree of lowpass filtering due to the

rain–skull–scalp system on EEG and the role of skull in MEG, we used

 single-shell (1S) model, bounded by the scalp. 

We first compared 𝐵 99% , the effective number of spatial components

n dipole fields. The results are displayed in Fig. C.11 . In MEG, the num-

er of components is minimally affected by the omission of CSF, while

he 1S model slightly exaggerates the level of detail with deeper sources.

n EEG, the differences are largest with superficial sources; the 3S model

omewhat exaggerates the number of components, while the 1S model

roduces essentially larger numbers, the median reaching 291 (vs. 80

n the 4C model) for the most superficial sources. 
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In addition, we compared spatial spectra for all sources, i.e., the con-

ribution of each spatial-frequency component to the signal energy. The

esults are shown in Fig. C.12 . For MEG, the spectra are nearly iden-

ical. In on-scalp MEG, the simplified models very slightly exaggerate

he most superficial sources, which shows here as slightly larger values

or the 4C model at deeper sources. For EEG, the 4C and 3-shell models

roduce very similar spectra, while the 1S model produces considerably

arger values for high spatial frequencies. 

upplementary material 

Supplementary material associated with this article can be found, in

he online version, at 10.1016/j.neuroimage.2021.118747 . 
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