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In this paper, an exhaustive comparison is presented between two types of model order reduction methods, namely the proper 
orthogonal decomposition (POD) and the orthogonal interpolation method (OIM), for the characterization of a switched reluctance 
machine. The purpose of the comparison is to find out the best practices for the design of the machine control parameters and strategy. 
The control design itself is not presented here, but the needed information is at the focus. The comparison is based on the computation 
time and the complexity of the reduced-order model as well as the accuracy of the needed data as compared with the one obtained from 
the full-order model. The results show that OIM is more efficient in terms of calculation time, especially when considering a nonlinear 
problem. 

Index Terms—Finite element, model order reduction, orthogonal interpolation method, proper orthogonal decomposition, switched 
reluctance machine.  
 

I. INTRODUCTION 
HE design of electrical machines might be difficult, 
especially for an electrical or hybrid vehicle application. 

The driving cycle should be considered, and the design process 
requires an optimization based on a precise evaluation of the 
different losses created in the machine for each operating point.  

The proposed characterization methodology consists of 
establishing flux linkage cartographies for the switched 
reluctance machine (SRM) using a magnetostatic finite element 
(FE) model. The average torque and electromotive forces can 
then be calculated using the flux linkage derivative. Based on 
these cartographies, the optimal control parameters are 
calculated to find the required line current waveform [1].  
Finally, copper and iron losses can be calculated in a post-
treatment process. 

The SRM is a rotating electrical machine with nonlinear 
materials; the SRM model must include the nonlinear behavior 
of the machine and rotation aspects as they strongly affect this 
nonlinearity. The use of the FE method ensures a high 
precision; however, it can be prohibitively costly in terms of 
computational time, especially when dealing with a nonlinear 
problem [2], [3].  One solution to reduce the computation time 
could be using model order reduction methods (MOR). 

MOR methods are used to build a reduced-order model from 
collected data derived from the original full-order model's 
solutions. This model, which is more economical in terms of 
calculation time, must offer acceptable accuracy. Among many 
MOR techniques that have been used to solve electromagnetic 
problems are the Proper Orthogonal Decomposition (POD) [4]-
[8], the Proper Generalized Decomposition (PGD) [9]-[12], the 
Discrete Empirical Interpolation Method (DEIM) [13]-[16], the 
Best Point Interpolation Method (BPIM) [17] and the 
Orthogonal Interpolation Method (OIM) [18]. A POD approach 
for solving multiple-input problems is also presented in [19] 
and [20]. 

In this work, the focus is on the POD and the OIM 

techniques. The other methods have been problematic, the 
choice of the interpolation nodes by the DEIM does not 
guarantee the best precision [17], and the method can lead to 
numerical instabilities [16]. The BPIM has a better choice of 
interpolation nodes; however, it results in a higher calculation 
time [17]. While the PGD has significant issues when dealing 
with nonlinearity [21]. 

 The POD is a classical MOR technique that has proven its 
effectiveness in solving linear problems. However, some 
drawbacks have been noted; especially when dealing with 
nonlinear problems, in the presence of nonlinearities, it is 
necessary to use the full-order model at each step of the iterative 
scheme to calculate the nonlinear term.  The calculation time is 
considerably impacted by this issue [16], [17]. On the other 
hand, the OIM is an interpolation-based method that avoids the 
additional calculation time due to the evaluation of the 
nonlinear term [18], as it does not require access to the full order 
system of equations and it is non-intrusive.  

In this paper, a comparison between the POD and the OIM 
performances is given, using single and multiple input 
approaches to establish fast cartographies for a switched 
reluctance machine (SRM) characterization. The original FE 
model is presented in Section II. The study case is presented in 
section III. The POD and the OIM reduced-order models are 
presented in section IV. Results obtained using the two MOR 
methods with a single input and multiple inputs approaches are 
presented in section V. A detailed analysis of the results is 
carried out in section VI according to the criteria of calculation 
time and complexity of the problem. Finally, conclusions and 
research perspectives are presented in section VII.      

II. FINITE ELEMENT MODEL 
The governing equations for the SRM nonlinear FE model 

are derived from Maxwell’s equations. The magnetostatic 
formulation is given by:  

𝒄𝒖𝒓𝒍(𝜈 𝒄𝒖𝒓𝒍(𝑨)) = 𝑱𝒔                          (1) 

T 

This is the author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.
The final version of record is available at  http://dx.doi.org/10.1109/TMAG.2021.3059969

Copyright (c) 2021 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



 

 

2 

where 𝜈 is the reluctivity, 𝑨 the magnetic vector potential and 
𝑱𝒔 the source current density. 

The discretized nonlinear 2D FE model can be expressed by: 
𝑺. 𝑿 = 𝑭                                      (2) 

where 𝑿 is the vector of unknowns which corresponds to the  
z-component of the magnetic vector potential of size 𝑛 × 1, 𝑺 
the stiffness matrix of size 𝑛 × 𝑛, which depends on the 
magnetic vector potential solution and 𝑭 the source vector of 
size 𝑛 × 1. 

The nonlinear behavior of the magnetic material is 
considered in the reluctivity term and the nonlinear problem is 
solved using a Newton-Raphson iterative scheme, as in (3): 

𝑱 ∆𝑿𝑖 = −𝑹(𝑿𝑖−1)                             (3) 
The residual vector 𝑹 and the Jacobean matrix 𝑱 are given 

by: 
𝑹(𝑿) = 𝑺(𝑿)𝑿 − 𝑭                             (4) 
𝑱(𝑿) = 𝜕𝑹(𝑿) 𝜕𝑿⁄                               (5) 

Whereas the rotation is modeled using the moving band 
technique [22].  

III. STUDY CASE 
The study case is a 12/8 SRM of 10 kW (Fig. 1. a), meshed 

with 8031 first-order elements (Fig. 1. b), the number of nodes 
is 4478. The parameters of the machine are listed in Table 1.  

 
Fig. 1.  The studied machine (a) and associated mesh (b). 

 
The FE model in (2) is solved to obtain, from the magnetic 

vector potential, the mapping of the machine phase flux as a 
function of the rotor position and phase currents. It can be used 
to elaborate the optimized control laws of the machine for a 
variable speed application as illustrated in Fig. 2. This mapping 
can be then used for geometrical structure optimization [23]. 

 
 
 
 
 
 

 
Fig. 2.  Application methodology. 
 

A fine discretization of the input variables, i.e. position 
(rotation angle (θ)) and current levels (current density (J)), 
results in considerable calculation times that must be reduced. 

IV. MODEL ORDER REDUCTION METHODS 
MOR methods allow creating a reduced-order model based 

on data gathered from the original FE model using the method 
of snapshots [24]. It performs an interpolation or a reduced 
solution based on a limited number of solutions of the original 
model.  

A snapshot matrix 𝑴𝒔 of size 𝑛 × 𝑚 is created by solving the 
FE model in (2) for 𝑚 selected operation points corresponding 
to different inputs in terms of currents and positions. The choice 
of these snapshots will be discussed in the following section. 

𝑴𝒔 = ([𝑿]𝟏 ⋯ [𝑿]𝒎)                          (6) 
𝑚 is the number of snapshots and [𝑿]𝒊 is the full model 

solution at the 𝑖𝑡ℎ selected operation point. 
The snapshot matrix is then decomposed using the singular 

value decomposition (SVD), as in (7): 
𝑴𝒔 = 𝒀𝚺𝑾

𝑡                                   (7) 
where 𝒀 is the left singular vectors matrix of size 𝑛 × 𝑛,  𝑾 

the right singular vectors matrix of size 𝑚 ×𝑚 and 𝚺 a diagonal 
matrix of size 𝑛 × 𝑚, composed by the singular values of 𝑴𝒔. 

Different reduced-order models are built from the data stored 
in the snapshot matrix, following the used MOR method. The 
usage of the snapshot matrix in different methods is explained 
in more details in the next sub-sections. 

A. Proper orthogonal decomposition method 
A discrete projection operator 𝚿 of size 𝑛 × 𝑚, is obtained 

using the left singular vectors: 
𝚿 = 𝒀𝚺                                       (8) 

The solution 𝑿 of (2) can then be approximated by a reduced 
solution vector 𝑿𝒓 of size 𝑚, using the discrete projection 
operator: 

𝑿 = 𝚿 𝑿𝒓                                     (9) 
The reduced-order model is obtained by substituting (9) into 

(2): 
𝑺𝒓𝑿𝒓 = 𝑭𝒓                                   (10) 

where 𝑺𝒓 is the reduced stiffness matrix of size 𝑚 ×𝑚 and 
𝑭𝒓 the reduced source vector of size 𝑚, given by: 

𝑺𝒓 = 𝚿
𝑡𝑺𝚿                                  (11) 

𝑭𝒓 = 𝜳
𝑡𝑭                                    (12) 

The reduced residual vector 𝑹𝒓 and the reduced Jacobean 
matrix 𝑱𝒓, are given by: 

TABLE I 
PARAMETERS OF THE STUDIED MACHINE 

Parameter Value 
Power 10 kW 
Stator outer diameter  225 mm 
Stator inner diameter 105 mm 
Air gap thickness 0.5 mm 

Shaft diameter 30 mm 
Active length 120 mm 
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𝑹𝒓(𝚿𝑿𝒓) = 𝚿
𝑡𝑹(𝚿𝑿𝒓)                       (13) 

𝑱𝒓(𝚿𝑿𝒓) = 𝚿
𝑡𝑱(𝚿𝑿𝒓)𝚿                      (14) 

Reduced-order nonlinear terms in (13) and (14) still depend 
on the full-order solution. For the calculation of the nonlinear 
terms, the full-order stiffness matrix is assembled at each step 
of the Newton-Raphson iteration, which results in a time-
consuming operation.  

B. Orthogonal interpolation method 
OIM is a straightforward interpolation-based MOR method 

that uses the right singular vectors of the snapshot matrix. 
Interpolation is performed on the right singular vectors matrix 
𝑊 resulting from the SVD in (7).  

The matrix 𝑊 is composed of singular vectors, each column 
of 𝑊𝑡 corresponds to a specific input (a current density and a 
rotation angle) from the selected inputs for the snapshots [17], 
as in (15): 

𝑴𝒔 = (

𝑥11 ⋯ 𝑥1𝑚
⋮ ⋱ ⋮
𝑥𝑚1 ⋯ 𝑥𝑚𝑚

)
𝑆𝑉𝐷
→  𝑾𝒕 = (

𝑤11 ⋯ 𝑤1𝑚
⋮ ⋱ ⋮
𝑤𝑚1 ⋯ 𝑤𝑚𝑚

)        (15) 

                      
↑       ↑
𝑝1 ⋯ 𝑝𝑚

                              
↑        ↑
𝑝1 ⋯ 𝑝𝑚

                       

For the selected input set 𝒑 for the snapshots, each column of 
𝑊 can be expressed as a function of 𝒑: 

𝑾 = (𝑓1(𝒑)  𝑓2(𝒑) ⋯ 𝑓𝑚(𝒑))                   (16) 
where 𝑓𝑖(𝒑) is the function that represents the 𝑖𝑡ℎ right 

singular vector as a function of the input set. 
For any new input set 𝒑𝒏𝒆𝒘, a new matrix 𝑾𝒏𝒆𝒘 is obtained 

by interpolating each column of 𝑾 for the new input set: 
𝑾𝒏𝒆𝒘 = (𝑓1(𝒑𝒏𝒆𝒘)  𝑓2(𝒑𝒏𝒆𝒘) ⋯ 𝑓𝑚(𝒑𝒏𝒆𝒘))        (17) 

A solution matrix 𝑺𝒐𝒍 for the inputs 𝒑𝒏𝒆𝒘 is then estimated 
by: 

𝑺𝒐𝒍 = 𝒀𝚺𝑾𝒏𝒆𝒘
𝑡                              (18) 

The 𝑓𝑖 functions represent the right singular vectors using a 
modified Akima interpolation [25]. Other interpolation 
methods could be used, such as linear or cubic interpolations. 
For the studied case, Akima interpolation gives a better 
precision. 

V. RESULTS 
The two proposed MOR methods are applied to the SRM 

model. The application aims to establish a flux linkage 
cartography using the different models and discuss the 
performances regarding the complexity of the models and the 
computation time. 

The flux linkage Φ through an enclosed surface with a 
boundary 𝚪, is calculated using the magnetic vector potential 𝑨: 

Φ = ∮ 𝑨. 𝑑𝚪
𝚪

                                 (19) 
 The results obtained using the full order model are taken as 

a reference and the results from the reduced models are 
compared to this reference. As the purpose of the study is to 
evaluate the performances of the MOR models, the number of 
snapshots is chosen using an iterative scheme to determine the 
lowest possible number to ensure a mean absolute error on the 
flux 𝑒𝑚 lower than 1%. 

The local error for the 𝑖𝑡ℎ input is calculated by: 

𝑒𝑖 =
|Φ𝑓𝑢𝑙𝑙
𝑖 −Φ𝑟𝑒𝑑𝑢𝑐𝑒𝑑

𝑖 |

|Φ𝑓𝑢𝑙𝑙
𝑖 |

× 100                        (20) 

where Φ𝑓𝑢𝑙𝑙𝑖  is the flux linkage calculated at the 𝑖𝑡ℎ input 
using the full order model and Φ𝑟𝑒𝑑𝑢𝑐𝑒𝑑𝑖  the flux linkage 
calculated at the 𝑖𝑡ℎ input using the reduced-order model. The 
global error is the mean of the local errors for the different 
inputs: 

𝑒𝑚 =
∑ 𝑒𝑖𝑛𝑐
𝑖=1

𝑛𝑐
                                   (21) 

where 𝑛𝑐 is the total number of inputs. 
For each model, calculation time and error are evaluated. For 

each model, first the total calculation time is given, including 
the time required to calculate the snapshots, build and solve the 
reduced order model. Then, the snapshots calculation time and 
the time required to solve the reduced order model are given 
separately. 

A. Full order model 
A cartography (Fig. 3.) is created by calculating the magnetic 

flux Φ across one phase, for 24 rotation angles 𝜃 from 0° to 23° 
by a step of 1° and 51 current densities 𝐽 from 0 𝐴/𝑚𝑚2 to 
5 𝐴/𝑚𝑚2 by a step of 0.1 𝐴/𝑚𝑚2. The position 𝜃 = 0° 
corresponds to the aligned position as in Fig. 1. b and the 
position 𝜃 = 23° corresponds to the opposition position. The 
model is saturated for the high currents around the aligned 
position, which corresponds to a flux superior to 0.02 𝑊𝑏 in 
Fig. 3. The current density is assumed to be uniformly 
distributed in the slots (no skin or proximity effects) and the 
computation methodology is quasi-static, i.e. does not consider 
eddy-currents in any region of the model.  

 

 
Fig. 3.  Cartography of flux as a function of current density and rotation angle 
obtained using the full order model. 

 
The total number of times the full model is solved is then 

1224 and the calculation time necessary to establish the flux 
linkage cartography using the full order model is 109s, obtained 
using an i5 CPU with a 3.12 Go RAM, i.e. 89 ms per input pair.  

The stop criterion for the Newton-Rhaphson scheme is set at  
10−2; the number of required iterations is 3031. Choosing a 
smaller stop criterion does not significantly improve the 
precision of the model.  When using an absolute criteria of 
10−6, the total number of iterations is 4940, and the total 
calculation time is 158 s. The global error on the flux between 
the two criteria is 0.0094%. 

Precision and convergence are also related to the mesh; when 
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using an extremely fine mesh with 80215 elements, the total 
calculation time is 1439 s, the global error induced by the mesh 
on the flux is 0.34%.   

 MOR models will be used in order to reduce the calculation 
time of the flux linkage cartography. Different approaches can 
be considered as follows. 

B. Single input approach 
Although depending on both the current density 𝐽 and rotor 

position 𝜃, the problem could be subdivided into several single 
input problems by fixing one of the two mentioned parameters. 
In this case, several reduced-order models can be built, with 
each one only valid for a limited number of operating points. 

 For the single input approach, 𝜃 is fixed, and the problem is 
simplified to the flux linkage as a function of the current density 
Φ(𝐽). By fixing 𝜃, the reduced-order model can only be used 
for the selected value of 𝜃, which means that instead of 
selecting snapshots that scan the whole operating range and 
create a single reduced-order model, different sets of snapshots 
are selected for each 𝜃, and a new reduced-order model is built 
for each 𝜃. 

 Current density could be fixed instead of rotor position; 
however, fixing 𝜃 results in lower calculation time. 

For each rotation angle, 𝑚 snapshots are taken by selecting 
𝑚 currents while 𝜃 is fixed. A new reduced-order model is built 
for each rotor position as illustrated in Fig. 4.  

 
Fig. 4.  Single input approach algorithm flowchart. 
 

The single input approach is applied using both POD and 
OIM models. 

1) POD model 
The flux linkage cartography is now calculated using the 

POD model with the single input approach. A single snapshot 
is taken for each rotation angle (𝑚 = 1), which makes a total of 
23 snapshots. The selected current density is 5 𝐴/𝑚𝑚2 for 
every rotation angle, any other value can be chosen instead of 
5 𝐴/𝑚𝑚2, since the number of snapshots is always the same 
(one snapshot), the global error will not change considerably 
and only the error distribution will be affected. The process 
results in 23 reduced-order models (one for each rotation angle) 
of one unknown. Since the POD is not an interpolation-based 
method, a reduced order model could be built using a single 
snapshot. The nonlinear behavior is preserved by the 
calculation of the full-order stiffness matrix at each Newton-
Raphson iteration. The error distribution from this approach is 
presented in Fig. 5. 

 
Fig. 5.  Error distribution for the POD single input model. 
 

The POD single input model allows the creation of the flux 
linkage cartography in 72s, of which 3s are required to calculate 
the snapshots, and 42s are required to solve the reduced-order 
models i.e. equation (10). By taking 23 snapshots, the global 
error on the flux linkage cartography is evaluated at 0.5%. 
Although, locally, a maximal error of 1.55% is recorded. 

As shown in Fig. 5. the error is lower for the position from 
16 to 23, where the flux linkage has a linear behavior, as these 
positions are situated around the opposition position.  

2) OIM model 
Using the OIM model with a single input approach, 4 

uniformly distributed snapshots for each rotation angle are 
required to satisfy the desired accuracy, making a total of 92 
snapshots. A reduced-order model of 4 unknowns is built for 
each position. 

 
Fig. 6.  Error distribution for the OIM single input model. 
 

The total calculation time is 19s, including 7s to calculate the 
snapshots and only 0.38s to solve the reduced-order model i.e. 
equations (17) and (18). The global error is 0.41%, and the 
maximal local error is 4.53%. As shown in Fig. 6. the highest 
errors are recorded for low current densities. Since the 
calculated errors are relative, a 4.5% error does not reflect the 
model’s accuracy. 

C. Multiple inputs approach 
A second approach consists of considering the problem as a 

two inputs problem. In this case, the interpolation’s target 
function is the flux linkage as a function of both current density 
and rotor position Φ(𝐽, 𝜃). 

A set of inputs is selected, 𝑚𝐽 current densities and 𝑚𝜃 
rotation angles, to get a total of 𝑚𝐽 ×𝑚𝜃 snapshots. A more 
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complex but a single reduced-order model is built for the whole 
working range as illustrated in Fig. 7. 

 
Fig. 7.  Multiple input approach algorithm flowchart.  
 

1) POD model 
When using the multiple-input approach, only 12 snapshots 

are required to get the same order of accuracy. The snapshots 
are taken by selecting one current density (𝑚𝐽 = 1) and 12 
rotation angles (𝑚𝜃 = 12) uniformly distributed. The process 
results in a single global reduced-order model of 12 unknowns. 
Error distribution is presented in Fig. 8. 

 
Fig. 8.  Error distribution for the POD multiple inputs model. 
 

The total calculation time is evaluated at 69s, the 12 
snapshots are calculated in 1.5s using the full order model and 
the reduced-order model in (10) is solved in 42s. The global 
error on the flux linkage cartography is 0.94%. Locally, the 
maximal error is 4.18%. Error distribution (Fig. 8.) is explained 
by the fact that snapshots are not taken for every rotation angle. 
Therefore, the local error is higher for positions where no data 
was considered for creating the reduced-order model. 

2) OIM model 
Using the multiple-input approach, the OIM model requires 

32 snapshots gathered by selecting 4 current densities and eight 
rotation angles (𝑚𝐽 = 4 and 𝑚𝜃 = 8). A single reduced-order 
model is built with 32 unknowns. 

 
Fig. 9.  Error distribution for the OIM multiple inputs model. 

 
The total computation time is 7.4s, divided on 2.3s required 

for the snapshots calculation and only 0.06s required for solving 
the reduced-order model represented by the equations (17) and 
(18). The global error on the flux linkage cartography is 
evaluated at 0.5%, while the maximal local error is 4.54%. Error 
distribution (Fig. 9.) shows that the highest errors are recorded 
for the lowest current densities.  

VI. COMPARISON 
The results obtained using the four MOR approaches and the 

full order model are summarized in Table 2. 𝑛 and 𝑚 being the 
number of unknowns and the total number of snapshots, 
respectively. 

MOR methods have significantly reduced the order of the 
original model. The OIM models are more complex than the 
POD models and require more snapshots to get the same 
accuracy. However, since the method has a straightforward 
application, the time required to solve the OIM models is far 
lower than that required to solve the POD models. Globally, 
even if the OIM requires a higher number of snapshots, the total 
computation time is significantly lower for OIM models.  

The single input approach results in lower-order models; 
however, since several reduced-order models are required, the 
total computation time is higher than when using a multiple 
inputs approach.  

The OIM multiple inputs model is the most efficient model 
among those studied, allowing the creation of cartographies in 
7s. This model could be used in the SRM design process, as 
control parameters optimization and the evaluation of losses 
depend on magnetostatic flux and torque cartographies.  

VII. CONCLUSION 
A comparison is made between POD and OIM MOR 

methods, using a single input and multiple inputs approaches. 

TABLE II 
RESULTS SUMMARY 

Method 𝑛 𝑚 Total 
time (s) 

Generation 
time (s) 

Solving 
time (s) 

Full order 4478 / 109 24 85 
POD single  1 23 72 30 42 
POD multiple 12 12 69 27 42 
OIM single 4 92 19 18.6 0.38 
OIM multiple 32 32 7.4 7.34 0.06 
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An application to establish flux linkage cartography for a 
switched reluctance machine had shown the efficiency of the 
OIM models. The OIM requires more snapshots than the POD 
and results in a more complex reduced-order model. However, 
when using a multiple inputs approach OIM model is 14 times 
faster than the full order model and nine times faster than the 
POD model. Establishing fast cartographies will reduce the 
necessary time to optimize control laws, thus reducing the 
design process’s total time. In future works, the OIM multiple 
inputs model will be integrated into the SRM design process, to 
include the copper losses analysis for a winding optimization. 
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