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Abstract  –  This work addresses the practical realization of perfect anomalous reflection through 
a metasurface consisting of a metallic patterning printed over a grounded slab. An exact solution 
for the homogenized penetrable impedance representing the metallic cladding is found, and the 
connection of this solution with the one obtained for a nondispersive impenetrable impedance 
boundary condition is discussed. It is shown that the two solutions can be related though an 
equivalent transmission network where transmission lines with different wavenumbers are 
associated to the incident and reflected waves.  

 
I. INTRODUCTION 

              
Metasurfaces are widely used to shape the refracted and reflected wavefronts to effectively control the phase, 

amplitude, and polarization of the field, e.g. [1]-[3]. One application that has grown in popularity recently is the 
reflection of an impinging wave in a non-specular direction, or, in other words, the capability to achieve an 
“anomalous reflection”. The phased array principle or the generalized reflection law [4] introduced guidelines to 
design passive phase-gradient metasurfaces for anomalous reflection. However, this solution based on a 
metasurface that locally approximates the problem is inherently inaccurate. Efforts to reduce the power lost in 
spurious reflected beams supported by the metasurface structure has been proposed in the literature, using 
homogenized impedance layers [5,6,8] or properly designed individual scatterers distributions [7]. These solutions 
achieve better results than the ones using the phase-gradient principle by suppressing the undesired diffraction 
orders in the visible region, while allowing the presence of surface waves.  

Exact solutions for perfect anomalous reflection with polarization conversion where not only the undesired 
diffraction orders in the visible region, but also the slow waves outside the visible region are suppressed are found 
in [8]-[9]. In [8], the metasurface is modelled through a non-spatially dispersive impenetrable impedance boundary 
condition (IBC) that can be realized as an array of anisotropic particles. However, in practice, it is convenient to 
realize it as a finite-thickness structure that will inevitably exhibit some spatial dispersion. In order to account for 
this, in [9] a different model was proposed, based on a penetrable IBC over a grounded dielectric slab, 
corresponding to the most common realization of metasurfaces in the microwave range. This model correctly 
describes the spatial dispersion, which is due to the presence of the grounded slab. The connection of this solution 
with the one found for impenetrable boundary conditions is discussed in the following. 
 

II. IMPENETRABLE VS PENETRABLE IMPEDANCE BOUNDARY CONDITIONS 
 

The geometry for the problem of anomalous reflection is shown in Fig. 1(a): an MTS whose top face lies in the 
xy plane of a Cartesian reference system is illuminated by a TE-polarized plane wave impinging in the xz plane at 
an angle θι, and it generates a TM-polarized reflected wave an angle θr. The MTS consists of a penetrable tensor 
impedance sheet on top of a grounded slab of thickness hd and relative permittivity εr. 

The solution found in [9] for the penetrable admittance providing perfect anomalous reflection reads 
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where 𝑏𝑏𝑐𝑐𝑐𝑐
𝑇𝑇𝑇𝑇,𝑇𝑇𝑇𝑇 are the TE, TM susceptances of the grounded dielectric slab, 𝑌𝑌0

𝑇𝑇𝑇𝑇,𝑇𝑇𝑇𝑇 are the TE, TM free-space 
admittances, Φ = 𝑘𝑘0(sin 𝜃𝜃𝑖𝑖 + sin𝜃𝜃𝑟𝑟)𝑥𝑥, and 𝑘𝑘0 is the wavenumber in free space. 
 

    

 

(a)                                                          (b)                                                    (c) 
Fig. 1. (a) Geometry of the anomalous reflection problem. (b) Equivalent transmission-line representation of a scalar 
metasurface using an impenetrable IBC and (c) using a penetrable IBC (only the TM transmission line case is shown for 
simplicity).  

 
In order to investigate the correspondence between this solution and the one found in [8], we should calculate 

the impenetrable impedance corresponding to (1). For a uniform metasurface, the connection between the 
penetrable and the impenetrable IBC is easily understood looking at the equivalent transmission-line network (see 
Figs. 1(b) and (c): the impenetrable impedance is the parallel connection of the penetrable impedance and the 
impedance of the grounded slab. This latter depends on the wavenumber, and it is therefore responsible for the 
spatial dispersion of the impenetrable IBC. In this problem, different wavenumbers are involved for the incident 
and the reflected waves, therefore, the definition of the impenetrable IBC appears to be non-univocal. However, 
the ratio of the electric and magnetic fields at the top boundary of the metasurface exactly satisfies the IBC 
conditions found in [8], simply because in both cases we have the same incident and reflected fields and no other 
modes. 

Indeed, the impenetrable IBC in [8] can be obtained from (1) by including the grounded slab contribution with 
two different wavenumbers for the incident and the reflected waves. Since the two waves have different 

polarizations, this can be done by considering the tensor load 𝒀𝒀𝑐𝑐𝑐𝑐 = �𝑗𝑗𝑏𝑏𝑐𝑐𝑐𝑐
𝑇𝑇𝑇𝑇 0
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� in parallel to the penetrable 

impedance, leading to the impenetrable admittance: 
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which is exactly equal to the inverse of the impedance tensor in [8], Eq. (58). 
Notice that this approach corresponds to considering the equivalent transmission line represented in Fig. 2(a), 

where different wavenumbers are associated to the different polarizations. There is no ambiguity for the cross-
polar terms, since the ground plane does not couple TE and TM modes, and the off-diagonal terms of the 
admittance tensor representing the grounded slab contribution are zero. 
 

III. NUMERICAL RESULTS 
 

In order to evaluate the impact of the spatial dispersion on the metareflector behaviour, we have analyzed the 
problem with a full wave code based on the Floquet wave expansion of the currents and fields using the 
homogenized penetrable IBC, like the one introduced in [10]. The operational frequency is 10 GHz, 𝜃𝜃𝑖𝑖 = 0°, 𝜃𝜃𝑟𝑟 =
−40°, and the dielectric slab has the permittivity of 𝜀𝜀𝑟𝑟 = 9.8 and height ℎ = 1.524 mm. Two cases are compared: 
in the first one, the penetrable IBC is the one defined by Eq. (1), while in the second case, it is obtained from the 
impenetrable IBC in [8] by removing the contribution of the grounded slab at the wavenumber of the incident 
wave.  
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Figs. 2(b) and (c) show the amplitude of the Floquet wave spectrum of the reflected electric in the two cases. It 
can be appreciated that, although both these cases show the dominance of the anomalous reflected wave, the 
solution is exact only in the first case, with just one reflected mode, while in the second case spurious Floquet 
waves are also excited, both inside and outside the visible range. This is due to the incorrect description of the 
MTS spatial dispersion. It is indeed clear that the process of extracting the impedance at the incident (driving) 
wavenumber, which is the typical local approach, is incorrect, although leading to reasonable approximation. In 
fact, the exactness of the two-wave only solution is violated by presence of an infinite distribution of higher-order 
Floquet modes, arising by the improper (local) extraction of the grounded slab impedance contribution.    

  

 
Fig. 2. (a) Equivalent transmission-line network for a TE-polarized incident wave and a TM-polarized reflected wave using the 
solution Ys for a transparent IBC. (b) Amplitudes of the Floquet wave spectrum of the reflected electric field for the penetrable 
IBC solution in (1) and (c) for the penetrable IBC obtained from the impenetrable IBC solution by removing the contribution 
of impedance associated to the incident wave only (i.e., without properly accounting for spatial dispersion). 
 

VI. CONCLUSION 
 

This paper has investigated the impact of spatial dispersion on the exact solution of the anomalous reflection 
problem. It has been shown that the solution found in [8] for the impenetrable impedance can be related to the 
solution found in [9] for the penetrable impedance by properly defining the penetrable impedance to account for 
the spatial dispersion of the grounded slab. A similar derivation can be done for the case of retroreflection from a 
scalar IBC. 
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