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A B S T R A C T   

In rotordynamic simulations, rolling element bearing waviness is often accounted using nonlinear 
models that are solved with a numerical integration scheme in time domain. This approach 
generates accurate system response, but the method is limited in terms of computational effi-
ciency. This study proposes two novel methods for solution of the responses caused by the bearing 
waviness excitation in frequency domain, and compares the result with a previously developed, 
time domain based numerical simulation. The first method known as Base Excitation Method 
(BEM) considers the waviness as base excitation whereas the second method, known as Bearing 
Kinematics Augmented Base Excitation Method (BKA-BEM), utilizes a four degree of freedom, 
quasi-static model to include the bearing kinematics and refine the base excitations due to 
waviness. The methods are validated with a test case, in which measured low order waviness 
components of the bearing inner ring roundness profile were used as source for excitation. The 
accuracy and robustness of the proposed methods in calculating the subcritical harmonic response 
frequencies and amplitudes are examined for different roundness profiles. The results show that 
the proposed methods performed relatively well compared to previously developed, time domain 
solution based numerical model and experimental results. Furthermore, the frequency domain 
solutions significantly reduce the computational time which makes them easily applicable to 
simulation-based transfer learning, iterative inverse problems and optimization solutions.   

1. Introduction 

The performance of a rotor-bearing system is largely dependent on its dynamic behavior. To successfully design rotor systems, 
determine manufacturing tolerances and ensure flawless behavior in operating conditions, computationally efficient simulation tools 
for investigation of system performance are needed. Moreover, in order to design and model a rotating machine accurately, 
geometrical imperfections such as variations in the roundness profiles of circular components and their effects on machine perfor-
mance should be accounted for. Such imperfections cause excitations, which then cause unwanted vibration in the system, leading to 
unpredictable dynamic responses during operation. 

In rotating machines, geometric imperfections in the bearing components cause undesired relative displacement between the 
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rolling elements, which leads to both axial and radial vibrations [1]. Manufacturing inaccuracy induced waviness occurring in rolling 
elements or inner and outer bearing rings are known sources of vibration [1,2]. 

There are several experimental studies in literature that investigate the effect of bearing waviness, mainly for ball bearings. For 
example, Wardle [3] using measured waviness of the ball and raceway surface, obtained bearing excitation forces close to the values 
predicted in his theoretical model [4]. In other experimental studies, Liu et al. [5] measured the actual waviness, while Shah and Patel 
[6] and Babu et al. [7] generated artificial waviness on the surface of inner and outer rings and used these waviness values as excitation 
source. Such experimental studies have often investigated the effect of outer ring waviness [5,8], inner ring waviness [7] or a com-
bination of both [9]. 

Researchers have proposed many different methods for including the effect of waviness in bearing models. In a broader classifi-
cation based on solution methods, rotor dynamic systems that include multiple sources of excitation, such as unbalance, asymmetry, 
bearing waviness and other bearing related defects, are mostly solved using either time domain or frequency domain based analysis. In 
time domain analysis, the general approach is to numerically solve the system equations using a time integration scheme. In the 
frequency domain approach, on the other hand, the harmonic forced response is directly obtained by solving the analytical equation of 
motion for the excitation source [10]. 

A large number of papers in the literature use the time domain approach to correlate the amplitude and wavelength of bearing 
waviness with excitation forces, frequencies and overall system response [4]. Harsha et al. [11] utilized the Hertzian contact theory to 
calculate the elastic deflection and nonlinear contact force. They investigated the effects of waviness in the inner and outer rings with 
assumed values of waviness amplitude and phase. Cao and Xiao [12] also included surface imperfections of balls or rollers in their 
models in the form of sinusoidal functions. Using the time domain approach, many researchers have considered the effect of waviness 
in their models for different types of bearings, for example, deep groove ball bearings [13–16], angular contact ball bearing [17], 
aeroelastic journal bearings [18] and cylindrical roller bearings [19,20]. Zhang et al. [21,22] investigated the effect of multiple ex-
citations such as unbalance, waviness and bearing preload on instability of the rotor and found that waviness amplitude has the 
greatest effect in the instability regions. Sopanen and Mikkola [13,14] considered the combined effect of waviness along with bearing 
clearance and localized defect. 

In general, time domain based studies have tended to use numeric integration tools such as the Runge–Kutta method [23] and 
Runge–Kutta-Fehlberg algorithm [24] or a combination of implicit methods such as the Newmark-β with the Newton–Raphson method 
to iteratively solve the nonlinear differential equations, as can be seen in the studies by Harsha and Kankar [25] and Harsha et al. 
[11,26]. 

In an experimental study investigating spherical roller bearings, Viitala et al. [27] efficiently reduced the subcritical vibrations by 
modifying the bearing roundness profile in a large tubular rotor case. Heikkinen et al. [28] proposed a time domain based numerical 
integration method to simulate the effect of bearing waviness in rotor systems studied in [27]. The simulated model emphasized the 
significant effect of half critical subharmonic vibrations. Kurvinen et al. [29] further expanded the study by including the effects of the 
third and fourth waviness components. 

Almost all studies using available bearing modelling methods have solved the system equations in the time domain and then 
analyzed the response in the frequency domain. This is because the time domain signal does not provide information about the fre-
quency or amplitude of the unfiltered signal needed for system analysis, especially if the signal is recorded for a short period [30]. 

One crucial limitation when solving a nonlinear dynamic model in a time-based iterative method is the computational time [18]. 
Depending on the parameters of the simulation, the level of detail in the model, and the time step, the computational burden might be 
quite large [31]. 

An alternative approach to solving a nonlinear dynamic model in a time-based iterative method and analyzing it in the frequency 
domain is to solve the rotor-bearing model in the frequency domain itself. While Saito [32] has utilized frequency based methods such 
as harmonic balance to investigate the effect of radial clearance in bearings for an unbalanced Jeffcott rotor, as per the authors 
knowledge, there is little research on solving dynamic rotor models that include bearing waviness in the frequency domain. Thus far, 
only one research paper has demonstrated use of the frequency domain approach for solving responses caused by bearing waviness, 
namely, Ono and Okada [33], who studied vibrations caused by outer ring waviness for a single degree-of-freedom (DOF) model of an 
automobile drive shaft. Therefore, it would appear that although frequency domain analysis of the vibration signal is a conventional 
approach for bearing diagnosis in purely experimental studies and in industry, frequency domain solution methods are not commonly 
used when modeling bearing behavior, where most models are solved in the time domain and the results are then converted and 
interpreted in the frequency domain. However, this approach is not computationally efficient, hindering its use in, e.g., design space 
explorations, genetic algorithms for optimization and parameter estimation, which are all problems of iterative nature. Computational 
efficiency is also desired in Digital Twins [34], which may include machine learning and real-time characteristics. 

This paper aims to contribute to the field by bridging the research gaps related to:  

(1) the computational efficiency of the rotor-bearing systems simulations considering the bearing waviness as an excitation source,  
(2) the frequency domain solution for the simulation of the bearing waviness,  
(3) the lack of experimental verification for bearing waviness frequency domain solutions. 

The current study proposes two novel methods for solving the responses caused by bearing waviness excitation in the frequency 
domain. In the study, waviness is considered as a base motion that transmits multiple harmonic excitation forces to the rotor through 
bearing stiffness and damping. The methods proposed are: 
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(1) Base Excitation Method (BEM): Here, the excitation forces for each harmonic component are calculated as spring and damping 
forces, using the waviness components directly as the excitation source. Once the displacements for each harmonic excitation 
are solved, they are combined using the principle of superposition [10].  

(2) The Bearing Kinematics Augmented Base Excitation Method (BKA-BEM): The base excitation method is augmented with the 
bearing kinematics by calculating the relative rotor displacement from a 4-DOF nonlinear quasi-static bearing model that ac-
counts for bearing waviness and clearance. The displacements obtained for one revolution of the bearing model are split into its 
harmonic components using Fast Fourier Transform (FFT). These refined displacements are used as the excitation source in the 
forced displacement equation instead of direct waviness. The solved response for each harmonic component is superpositioned 
using the same principle as the Base Excitation Method. 

The present study verifies both frequency domain-based solution methods using a case study of a paper machine roll mounted on 
spherical roller bearings. The measured inner ring waviness is used as input for the excitation source and the vibration amplitude at 
subcritical harmonic resonances are obtained at the middle of the rotor. The results obtained from each solution method are compared 
to those obtained from a previously designed time domain-based solution method [28,29] for numerical validation. The responses are 
also compared with measured responses for experimental verification. 

2. Modelling methods 

2.1. Rotordynamic modelling methods 

For modeling rotating machines, finite element methods (FEM) are widely used. Here, the rotor is discretized using nodes and 
elements, and other components, such as bearings and supports, are integrated in the nodes corresponding to their actual locations 
[35]. 

To solve nonlinear or linear systems under harmonic or non–harmonic excitation, the numerical time integration approach can be 
used to calculate the transient response for variable speed and a given time interval [36]. Alternatively, in the linearized frequency 
domain approach, a receptance matrix and the components of the harmonic forces are used to solve the coefficient vectors for the 
assumed harmonic solution, therefore generating steady state response as a function of frequency [37]. 

2.2. General bearing modelling method with inner ring waviness 

In general, rolling elements of a bearing act as an intermediate structure between a rotor and its supports. The inner and outer rings 
of the bearing are rigidly fixed to the rotor and the support respectively. For increased computational efficiency, some simplifications 
in the bearing model are carried out as follows:  

(1) There is no slipping or sliding between the bearing components, and all balls or rollers move around the raceways at an equal 
velocity.  

(2) There is no bending deformation of the raceways.  
(3) Centrifugal forces acting on the rolling elements are neglected.  
(4) Contact between the rolling elements and the rings is linearized at equilibrium condition with given load. The linearized forces 

also account for radial clearance. 

The proposed solution methods for solving responses caused by bearing waviness in the frequency domain are applicable to all 
bearing models that define the contact between the races and the rolling elements as non-linear springs and where the deformations are 
modelled using non-linear force displacement relations. Thus the methods can be used with typical rolling element bearings, such as a 
deep groove ball bearings (DGBB) [13,14], high speed angular contact ball bearings (ACBB) [38] and spherical roller bearing (SRB) 
[39]. For the purpose of completeness and to elaborate the method, the general rolling element bearing (REB) equations used to 
formulate the kinematics and model are briefly described. 

Fig. 1. Generalized rolling element bearing.  
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Fig. 1 illustrates a generalized, single row REB where the effect of bearing clearance is included [1]. 
Elastic deformation of the ith rolling element in the direction of load can be given as: 

δi = δrcos(φi) − cd/2 (1)  

where δr is the radial displacement and φi is the attitude angle of the ith rolling element. The effect of inner ring waviness of a bearing 
can be added in the elastic deformation equation as: 

δw
i = δi +

∑n

k=1
Akcos[k(φi − θ) + ϕk ] (2)  

where dw
i is the elastic deformation due to the bearing inner ring waviness, θ is the rotation angle of the inner ring, k the harmonic 

waviness order, Ak and ϕk are the kth order waviness amplitude and phase angle, respectively. 
Using the total elastic deformation from Eq. (2) and Hertzian contact theory, the contact force of each rolling element having 

positive contact deformation is given as: 

Fi
j = ktot

c

ʀ
δw

i

)n (3)  

where n is 1.5 for DGBB, ACBB and SRB and 1.08 for a cylindrical roller bearing, ktot
c is the total contact stiffness coefficient of the 

rolling element, considering both inner and outer ring contact areas. The total bearing forces in different translational directions can be 
calculated as a sum of forces from all individual rolling elements. At equilibrium condition, the linearized bearing stiffness coefficients 
can be obtained by the partial derivative of the bearing loads with respect to the displacements of the bearing [22]. 

For systems operating at low and medium rotation speeds the centrifugal forces generated in the roller elements do not have 
significant effect to the bearing stiffness and therefore an assumption of constant bearing stiffness model can be used. However, for 
high speed machines, the centrifugal forces are significant and therefore, the bearings properties are speed dependent [40]. In such a 
case bearing model as proposed in [38] can be used where the centrifugal forces are accounted for and the bearing stiffness is 
calculated at each speed. 

2.3. Principle of superposition and the Base Excitation Method (BEM) 

In this method, the waviness is assumed to directly affect the rotor and support movement. Therefore, instead of using a detailed 
bearing modeling method, the excitation is assumed to cause forced displacement between the inner ring (rotor) and the outer ring 
(support). Fig. 2 shows the model where the inner ring waviness acts as a base excitation. The waviness excitation is applied to two 
points, in the vertical and horizontal directions, respectively. The followers are fixed and based on the position of the rotor, the 
excitation at the corresponding point is transferred to the rotor via the bearing as forced excitation. Both the bearing and support are 
modelled as spring damper elements in series. The excitations from the vertical (ver) and horizontal (hor) directions are independent 
with no cross-coupling between them. 

In general, bearing waviness is considered as a combination of sinusoidal imperfections on the surface of the ring in the shape of 
peaks and valleys. Based on the order of these imperfections, waviness generates several harmonic excitations [41]. Displacement due 
to the kth harmonic waviness excitation can be written as: 

cd

cb (ver) kb (ver)

cs (ver) ks (ver)

cb (hor)

kb (hor)

cs (hor)

ks (hor)

Outer race

Inner race

Inner race waviness
(Base excitation)

Fig. 2. Base excitation method (BEM) where the inner ring waviness is considered as a base excitation that is transferred to the rotor at two points, 
vertically and horizontally, independently. 
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δk = Akcos(kωt − φk) (4)  

where ω is the rotating frequency of the rotor. Waviness can be considered as a base motion, in which the excitation forces are 
transferred through the bearing stiffness and damping. Therefore, the combined harmonic spring and damping forces for the kth order 
waviness excitation acting on the rotor are: 

Fb(t) = ( − kbAksinϕk − cbAkkω cosϕk)
⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟

Fk
s

sinkωt + (kbAkcosϕk − cbAkkω sinϕk)
⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟

Fk
c

coskωt (5) 

Simultaneously, a counteracting force acts on the support with equal magnitude and opposite direction to Fb. Considering multiple 
waviness excitations, the equation of motion for any general rotor bearing system can be written as: 

Mẍ

(

t

)

+

(

C + ωG

)

ẋ

(

t

)

+ Kx

(

t

)

=
∑

k

(

Fk
s sinkωt + Fk

ccoskωt

)

+ Fub + Fg (6)  

where M, C, G and K are the mass, damping, gyroscopic and stiffness matrices of the rotating system, Fk
s and Fk

c are the bearing forces, 
and Fub and Fg are the forces due to unbalance and gravity, respectively. These matrices are obtained from the finite element model of 
the rotor bearing system. The stiffness matrix K includes the stiffness of the rotor and the bearing coefficients at respective node 
location. Similarly, the damping matrix C includes non-rotating internal damping of the rotor and the bearing damping coefficients. 
The unbalance force Fub can be written in its component form as: 

Fub = Fs(ub)sinωt + Fc(ub)cosωt (7) 

Fg is the global gravity force vector which can be assembled from the elemental gravity force vectors that can be written for element 
i as follows: 

Fi
g = ρAg

[
1
2

L 0 0 1
12 L 1

2 L 0 0 − 1
12L

2

]T

(8)  

where ρ, A and L are the material density, cross-section area and length of the element, respectively. Acceleration of gravity, g, is 
applied in negative vertical direction. Note that while the external forces can be included in a more general analysis, Fg is constant and 
Fub occurs once per revolution and therefore, their effects are not of interest in this study which focuses on subharmonic response. The 
terms ẍ(t), ẋ(t), x(t) in Eq. (6) represent the acceleration, velocity and displacement vectors respectively. The solution of each indi-
vidual harmonic excitation from Eq. (6) can be combined using the principle of superposition as follows: 

x

(

t

)

=
∑

k

(

aksinkωt + bkcoskωt

)

(9)  

where the coefficient vectors ak and bk for each kth harmonic excitation are obtained as: 
[

ak

bk

]

=

[
K − (kω)

2M −(kω)(C + ωG)

(kω)(C + ωG) K − (kω)
2M

]−1
[

Fk
s

Fk
c

]

(10) 
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cs (hor)
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Vertical rotor centre movement

Horizontal rotor centre movement

Time [s]

[

[
0

-20

20

0 1 2 3 4 5Time [s]

A
m

pl
itu

de
 [ 

 m
]

A
m

pl
itu

de
 [ 

 m
]

0

-20

20

0 1 2 3 4 5

Time [s]

0

-20

20

0 1 2 3 4 5

0

-20

20

0 1 2 3 4 5

Fig. 3. 4-DOF roller element model where bearing kinematics is included in the response calculations.  
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2.4. Bearing Kinematics Augmented Base Excitation Method (BKA-BEM) 

In the second method, the input waviness amplitudes are refined with the bearing kinematics. For that purpose, a 4-DOF quasi- 
static model is proposed that includes the effect of bearing clearance and waviness. It should be noted that other modelling ap-
proaches could be used for this purpose, e.g. a purely kinematic model. However, the proposed model takes into account the internal 
contact deformation of the bearing due to static loading while neglecting interconnected rotor-bearing dynamics. 

In Fig. 3, the plot on top right shows the inner ring waviness used as input in the 4-DOF, bearing kinematics augmented base 
excitation method (BKA-BEM). Compared to the simple BEM proposed in Section 2.3 where the excitation was transmitted for two 
independent points only, in this method the excitation is transferred through all the rolling elements that are in contact with the inner 
ring waviness (rolling elements in contact at the time instant are shown in green in Fig. 3). The equation of motion for the 4-DOF 
bearing model is transformed into a first order ODE and solved using time integration. As the complexities of the rotor-bearing dy-
namics are not included and the number of DOFs in the calculation are significantly reduced, the process is computationally efficient. 
As an example, the plots on the right of Fig. 3 compare the input excitation of low order waviness with the vertical and horizontal 
response of the rotor. The output response includes the effect of the different harmonic components of the inner race waviness and as 
visible from the second and third plots in Fig. 3, the vertical and horizontal movement of the center point of the rotor are a combination 
of the bearing waviness, clearance and bearing deformation under static load. 

In the next step, using Fast Fourier Transform (FFT), the individual harmonic amplitudes and phase are obtained both for the 
vertical and the horizontal components, which are then transferred into Eq. (5) to obtain the individual harmonic forces. 

3. Casestudy and simulation models 

To validate the proposed methods, a case study of an industrial scale spherical roller bearing (SRB) supported paper machine roll is 
used. The measured inner ring waviness of the bearings is used as input in the simulation models and the response is obtained at the 
middle of the rotor. The numerical results calculated by the proposed frequency domain solution methods are compared with:  

(1) Numerical results of a high-fidelity model based on a time domain solution method (TDSM) that was developed by Ghalamchi 
et al. [39] and validated in previous studies [28,29].  

(2) Measured response at the middle of the roll supported by the spherical roller bearing as reported by Viitala et al. [27] 

3.1. Test rig and measurement setup for experimental validation 

A guide roll on a paper machine, i.e. a large cylindrical roll-type rotor made of steel, was selected for the test case. The mass of the 
roll is 720 kg, the tubular section is 4 m long and the end shafts total 1 m. The roll is supported with a SKF 23124 CCK/W33 bearing 
with a conical adapter sleeve H 3124. The bearings are connected to support structures that have high vertical stiffness and consid-
erable flexibility in the horizontal direction. The asymmetry in the support separates the natural frequencies of the first bending modes 
well, being 21 Hz in the horizontal and 30 Hz in the vertical directions, respectively. The supports at the two ends are entirely separate, 
and they thus do not include significant cross-coupling effects. 

The measurement procedure and setup has been described extensively in previous studies [27,29] and are included herein in a 
concise manner for the sake of completeness. Fig. 4 shows the experimental rotor and setup. 

The roundness profile of the inner ring of the bearing was measured during installation of the rotor shaft. This measurement 
ensured that the acquired roundness profile was the actual roundness profile of the inner ring in operating conditions. The roundness 
profile was measured utilizing a four-point method [42]. The bearing was disassembled to enable modification of the bearing ge-
ometry. The roundness profile of the installed bearing inner ring was modified by inserting thin steel shims between the rotor shaft and 

Fig. 4. Experimental test rotor: (a) Measurement setup; (b) The roundness profile measurement of the bearing inner ring during installation of the 
rotor shaft; (c) The roundness profile of the inner ring of the bearing was modified by inserting steel shims between the conical adapter sleeve and 
the rotor shaft. [27]. 
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the conical bearing adapter sleeve. Three different roundness profiles of the inner ring of the bearing were measured at the service end 
of the rotor: original, oval and triangular. The drive end was not modified, but the roundness profile was measured nevertheless. 

The study of different profiles was carried out to observe how the geometry of the excitation source directly correlates to the 
amplitudes of the corresponding response peaks. Moreover, it also enabled the verification of the proposed methods by testing their 
ability to simulate the amplitudes close to the measured peaks for different roundness profiles. The experimental rotor system and the 
measurement results are presented by Viitala et al. [27]. The dynamic response of the rotor was measured utilizing a measurement 
environment built on a commercial roll grinding machine. The measured response was obtained in the horizontal and vertical di-
rections at the middle cross-section of the rotor at a rotational frequency range of 4–18 Hz with 0.05 Hz increments using the four-point 
method to extract the roundness profile and the rotor center point movement from the measured signals of four laser sensors. An 
encoder was used to collect 1024 samples per revolution. Data sets containing a hundred revolutions were acquired at each rotational 
frequency step. The data sets were synchronously averaged [43] to reduce noise and measurement uncertainty. Finally, the center 
point movement data was analyzed using FFT to obtain the response spectra of the rotor in the horizontal and vertical directions. 

The measured inner ring waviness used in the models is shown in Table 1. As the table shows, the amplitude of the 2nd and 3rd 
components is higher in case2 and case3, respectively, as the roundness profiles have been manipulated to oval and triangular shapes 
using steel shims in the test rig. These changes were made in the SRB at the service side while the drive side bearing roundness profile 
remained the same. 

3.2. Rotor model description 

The rotor is modelled using Timoshenko beam element [44] with two translational and two rotational degrees of freedom (DOF) at 
each node (Fig. 5). The bearing models developed in this study are connected to the nodes that represent their respective location in the 
actual test rig. In Fig. 5, for simplicity, keq and ceq represent the bearing coefficients in combination with highly anisotropic support 
structures which have considerably higher stiffness in vertical direction than in the horizontal direction. As there is almost no cross- 
coupling between supports in this test rotor, a concentrated parameter approach is utilized by simplifying the support into horizontal 
and vertical spring-mass-damper elements [45]. The corresponding support stiffness values in the horizontal and vertical directions are 
18 MN/m and 200 MN/m, respectively. The rotor model is validated with free-free frequencies and supported frequencies measured 
from the actual machine, i.e. 75 Hz for the free-free rotor, and supported frequencies of 20.9 Hz in the horizontal direction and 30 Hz in 
the vertical direction. 

3.3. Description of the bearing model 

The industrial-scale bearing used in the test case is modelled using a SRB model originally developed by Ghalamchi et al. [39]. 

Table 1 
Bearing waviness amplitudes and phases used in the simulation models.  
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Details of the model, including the bearing dimensions, modelling parameters and force equations can be found in [29]. In this study, 
the model is developed further to obtain linearized bearing stiffness coefficients. Therefore, to keep the material concise and to avoid 
repetition, only additional development of the bearing model is discussed in the following subsections. 

3.3.1. Bearing equilibrium and linearized bearing stiffness coefficients 
The stiffness of the SRB model can be obtained by solving the bearing equilibrium and the force displacement relation using the 

Newton–Raphson method. Bearing equilibrium occurs when the internal forces at the bearing are equal to the external load acting on 
the bearing. The external load, Fr, acting on the bearing comes from the static loading that the bearings experience when used. Using 
initial values for displacement and velocity, the internal bearing forces (Fb) can be calculated from the bearing model in Section 2. 

For a small perturbation of Δh, the residual force at that step and the equation for iteration by Newton–Raphson method can be 
represented as: 

F(h)
res = Fb − Fr (11)  

δ(h+1) = δ(h) − (F(Δh)/Δh)
−1 ⋅ F(h)

res (12) 

The equilibrium condition is achieved using a predefined convergence criterion (1e−10 ⋅ norm(F(h)
res )). At this equilibrium state, the 

linearized stiffness of the bearing can be obtained as: 

Kb = (F(Δh)/Δh) (13) 

The linearized bearing stiffness coefficients obtained using the above formulation for the SRB bearings in the test case are as shown 
in Table 2. 

Table 2 shows that the linearized stiffness is notably higher in the vertical direction compared to the horizontal. It is known from 
Krämer [41] that the lateral stiffness is smaller than the in-line stiffness. However, the excessive difference in stiffness probably occurs 
because the applied load (about 3.5 kN) is very low compared to the nominal dynamic load capacity of the SKF 23124 CCK/W33 
bearing (534 kN). Note that fixed bearing coefficients are used in the simulation models of the test case. This is because in the low to 
moderate speed range in the studied system, the bearing stiffness do not change as a function of speed [46]. 

3.3.2. Vectorial averaging of waviness components for BEM 
The general BEM is directly applicable to bearings with single row rolling elements. Since the SRB model in the test case has two 

roller rows, a vectorial average is calculated to find the resultant waviness amplitude and phase for each excitation component. The 
waviness component from each row is divided into their horizontal and vertical vectors. These vectors are then added, combined into a 
resultant vector and averaged (divided by 2 since there are two rows) to obtain a single resultant amplitude and phase for the BEM. 

3.3.3. Procedure for bearing kinematic augmentation in BKA-BEM and results post-processing 
The base excitation method is augmented with the bearing kinematics, as proposed in method 2, using a 4-DOF bearing model. The 

Fig. 5. Wireframe sketch of the guide roll of a paper machine (test rotor) with FE discretization. All dimensions are in meters.  

Table 2 
Linearized stiffness values in the vertical and horizontal direction.  

Direction Stiffness coefficient (N/m) 

Vertical 1.0642 ⋅ 109  

Horizontal 1.0145 ⋅ 108   
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bearing model takes the measured inner ring waviness as the input for excitation and uses a numerical time integration scheme to 
determine the system response. However, for simplification and fast calculation, the rotor is simplified into two equally divided 
lumped masses (720/2  = 360 kg), one for each bearing. The bearing model is solved for one bearing at a time. Since each bearing has 
two rows of rollers, two different waviness signals are built using Eq. (2) and measured amplitudes and phase values from Table 1. The 
waviness signals are used as the input excitation in the 4-DOF quasi-static model and the model yields the relative displacements 
between the rotor and the support in the horizontal and vertical directions as the output. As an example, Fig. 6 shows the input and the 
output signal for the original roundness profile (Case1) of the test case. 

Fig. 6 also shows the post processing step for the output displacements (both horizontal and vertical) obtained from the model. The 
amplitudes and phases for the fist four harmonics (from 1st to 4th component) are obtained using Fast Fourier Transform (FFT) for 
each of the response signal. Higher order harmonics are neglected as the FFT shows a significant drop in amplitude after the 4th 
component and because, for this particular test case, the study focuses on low order waviness components. The same process is applied 
to the other cases with different roundness profile (original, oval and triangular) at the service end as well as for the drive end bearing 
with a fixed roundness profile. Fig. 7 shows a comparison between the input waviness component and the output from the model 
augmented with the bearing kinematics. The amplitudes of the output response are summarized in Table 3. These amplitudes and 

Fig. 6. Waviness profile (input) and relative rotor displacement (output) from the 4-DOF quasi-static bearing model in the horizontal (left) and 
vertical (right) direction for the original inner ring profile (Case1). 

Fig. 7. Waviness profile (input) and relative rotor displacement (output) from the 4-DOF bearing kinematic model in the horizontal (left) and 
vertical (right) direction for the service end ((a), (b), (c), (d)) and drive end ((e), (f)) bearings. In the service end, (a) and (b) are for Case2 (oval) 
while (c) and (d) are for Case3 (triangular) roundness profile. (e) and (f) are for the unchanged original roundness profile in the drive end. 
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phases are then plugged into the Base Excitation Model (Eq. (5)) of the rotor bearing system for both bearings and the overall rotor 
response is obtained through Eqs. (6)–(10). 

3.4. High-fidelity model used for numerical validation 

The high-fidelity model uses a TDSM-based nonlinear spherical roller bearing model combined with an asymmetric model of the 
rotor. The model has been developed previously and validated in several studies [28,29]. In this study, the TDSM model is used as a 
numerical benchmark for the two proposed methods. 

The spherical roller bearing model, originally developed by Ghalamchi et al. [39], uses Hertzian contact theory to calculate the 
nonlinear contact force for each roller. The nominal bearing clearance used in this model is 60 μm and inner ring waviness components 
of twice to four times per revolution are used from Table 1. The SRB model is combined with an FE-model of the flexible rotor. The 
asymmetry of the rotor shaft is accounted for in this model by including the thickness variation of the hollow tube section of the rotor 
along its length based on ultrasonic measurement [28,47]. Similar to the other models, the supports are modelled here as mass-spring- 
damper elements individually in the horizontal and vertical directions. 

Time integration is used to solve the nonlinear bearing model and the asymmetric rotor model. For the numerical solution, model 
reduction is applied using the assumed-modes method [48], and the model is solved with 16 retained modes. Simulation runs are 
conducted for 9 s with a sampling rate of 2000 Hz (time-step of 0.0005 s). 

4. Results 

In this section, the responses obtained with the proposed frequency domain-based methods, i.e. BEM and BKA-BEM, are compared 
with the numerical output of the time domain solution method (TDSM) and the measured response. The responses are measured at the 
center of the rotor and the responses are extracted from the same node location in each method. Since the test rotor operates in the 
subcritical frequency range, the subcritical resonance peaks occurring at fractions of the critical frequency are of key interest. All 
simulations were conducted for frequency range similar to the measured rational speed range, i.e. 4–18 Hz. For each case, the hori-
zontal and vertical amplitudes are compared separately, and a bar chart is used to compare the peak values. 

4.1. Case1: Original bearing waviness profile 

In Case1, the inherent waviness profile is used without any modifications. With this input waviness profile (Table 1), the 2nd 
component has the highest amplitude, which is reflected in the response in Fig. 8. In both the horizontal and vertical direction, the 2nd 

Table 3 
Amplitude and phase values obtained from FFT of the BKA-BEM output for different waviness profile at the service end and fixed profile at drive end.  
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component contributes to the highest vibration followed by the 3rd and 4th subcritical components. 
The proposed BKA-BEM and BEM based models are able to follow closely the measured peak frequencies, both in the vertical and 

the horizontal direction. Furthermore, the BKA-BEM model can generate responses with almost similar accuracy to the high-fidelity 
TDSM model. The BEM model is able to provide accurate estimation of the frequencies. However, compared to the other methods, 
it is unable to generate the response amplitudes accurately as it undershoots in the horizontal direction while overshooting in the 
vertical direction. Especially at the 4th subcritical harmonic peak in the vertical direction, the BEM model behaves irregularly with a 
high response amplitude (about 10 times higher than the measured response). 

4.2. Case2: Oval bearing waviness profile 

In Case2, the inner ring waviness profile in the service end is modified to an oval shape using thin steel shims. Fig. 9(a,b) show the 
response in the horizontal and vertical direction respectively with the oval waviness profile as input excitation. As expected, due to the 
oval shape the twice-per-rotation component or the 2nd subcritical harmonic shows the highest response while the 3rd and 4th 
subcritical harmonic responses are comparatively lower. Compared to the original case (Case1), the 2nd component shows a signif-
icant increase in the response due to the increase in ovality of the inner ring waviness profile. 

In the horizontal direction, both the BKA-BEM model and the BEM based model follow the reference measured response and the 
TDSM based model very closely, with the BEM model almost directly overlapping the measured 2nd harmonic peak. In the vertical 
direction, the 2nd harmonic peak in the measured response is about 238 μm, closely followed by the BEM model at 194 μm. The 
amplitude from the TDSM and BKA-BEM peaks for the 2nd harmonic component are in the 350–500 μm range. Similar to Case1, the 
BEM model follows the measured response very well at all the peaks, except for the 4th subcritical harmonic peak where it shows the 
same amplifying behavior of a very high response amplitude (about 34 times higher than the measured response). 

4.3. Case3: Triangular bearing waviness profile 

In Case3, the inner ring waviness profile in the service end is modified into a triangular geometry, meaning the 3rd harmonic 
component has the largest amplitude and makes a major contribution to the overall response. Fig. 10 shows the response of the system 
where unlike the previous cases, the amplitude of the third subcritical harmonic peak has significantly increased. Fig. 10(a) shows that 
the horizontal 2nd, 3rd and 4th subcritical harmonic peaks for all three models deviate by 0.5–1 Hz from the measured frequencies for 
the respective peaks. The amplitudes in the horizontal peaks for the BKA-BEM and TDSM model are close to the measured amplitudes, 
especially for the 3rd harmonic peak. 

In the vertical direction, the BEM again follows the measured response very well, particularly at the 3rd subcritical harmonic peak. 
The BKA-BEM model, although following the TDSM model quite closely, shows lower amplitudes in the vertical direction. Unlike 
cases1 and 2, the BEM model does not show a large surge in the 4th subcritical harmonic peak amplitude. 

Table 4 shows the estimated natural frequencies in the horizontal and vertical direction for the anisotropic system. The frequencies 
are estimated using the rotating frequencies at which the sub harmonic resonance peaks occurred for each case (2nd sub harmonic 
resonance frequency is half the natural frequency, 3rd sub harmonic resonance frequency is one third of the natural frequency, etc.). 

Fig. 8. Original Case (Case1): Response obtained using the two proposed frequency domain solution methods (BKA-BEM and BEM) compared to 
the time domain solution method (TDSM) and the measured response in (a) the horizontal direction and (b) the vertical direction (c) Measured input 
waviness profile (two roller rows for each bearing) (d) Comparison of maximum amplitudes at sub-harmonic resonance peaks. 
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The natural frequencies calculated from each subcritical component is then averaged for each case and each model (highlighted in 
blue). In the measured response, the natural frequency in the vertical direction remains almost unchanged for the different inner ring 
roundness profiles. In the horizontal direction, the natural frequency increases by 0.7 Hz for the oval case, and then drops back to 21 Hz 
for the triangular case. The different models have more or less similar estimation for the natural frequencies; however, the slight 
variation in horizontal frequencies for the different roundness profiles in the measured results are not observable in the estimated 
frequencies from the models. 

5. Discussion 

In the results section, the displacement measured at the center of the rotor is compared with the response at the same location from 
three different models: BEM, BKA-BEM and a detailed, time domain-based model. The amplitudes of the subcritical harmonic peaks are 
captured quite well for all three cases of different inner ring roundness profile. In general, the horizontal responses in the simulation 

Fig. 9. Oval Case (Case2): Response obtained using the two proposed frequency domain solution methods (BKA-BEM and BEM) compared with the 
time domain solution method (TDSM) and the measured response in: (a) Horizontal direction; (b) Vertical direction. (c) Measured input waviness 
profile (two rollers for each bearing) (d) Comparison of maximum amplitudes at sub-harmonic resonance peaks. 

Fig. 10. Triangular Case (Case3): Response obtained using the two proposed frequency domain solution methods (BKA-BEM and BEM) compared to 
the time domain solution method (TDSM) and the measured response in: (a) Horizontal direction, and (b) Vertical direction. (c) Measured input 
waviness profile (two rollers for each bearing). (d) Comparison of maximum amplitudes at sub-harmonic resonance peaks. 
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Table 4 
Comparison of the accuracy of the different models in estimation of natural frequencies in the horizontal and vertical direction for cases1, 2 and 3. The natural frequencies are calculated by multiplying the 
rotating frequency, at which a subharmonic resonance peak was detected, with the corresponding harmonic component number. The averaged values for natural frequencies for different models for each 
case are highlighted in blue.  
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models have higher response than in the vertical direction because of the relatively low support stiffness in the horizontal direction (18 
MN/m horizontal and 200 MN/m vertical support stiffness). The same trend can be observed in the measured response, with the 
exception of Case3, where for a triangular roundness profile, both horizontal and vertical directions had high responses. 

Another interesting behavior in the response plots is the correlation between the response peaks at the 2nd and 4th subcritical 
harmonic frequency, especially in the BEM model. For Case1 (original) and Case2 (oval), where the 2nd waviness component has the 
highest amplitude in the service side, the response peak at the 4th subcritical harmonic frequency is remarkably high for the BEM 
model. This high value is probably because the high 2nd component in the service side combines with the drive side components 
(where the 2nd waviness component has the highest amplitude as well) resulting in a cross-coupling effect. Depending on the phase 
difference between the roundness profiles at the two end, at certain alignment, the 2nd component from each end can combine to cause 
an excitation 4 times per revolution, causing an additional surge to the already existing 4th subcritical peak at the center of the rotor. 
Since the BEM method uses the raw waviness amplitudes and phases as the source of excitation, the effect is more prominent with the 
BEM method, probably causing the unusually high 4th subcritical response peak for cases1 and 2. 

Assessment of the results can provide further insight into the performance of the models compared to measurement, especially for 
the two proposed models, BKA-BEM and BEM. The experimentally measured response is considered as a guide for performance 
evaluation, while the previously studied and verified TDSM serves the purpose of a numerical benchmark. 

The ratio for response amplitudes for each model versus measured values can provide a rough estimate for model accuracy, where 
the values closer to 1 indicate a more accurate model. The TDSM and BKA-BEM methods, on average, generate values quite close to the 
measured response peaks. The subharmonic response peak value ratio (model to measured) are 1.3 to 1.6 on average for TDSM and 
BKA-BEM respectively. Furthermore, they have a similar level of accuracy in both the vertical and the horizontal response, which 
signifies robustness and stability of performance. The BEM model, on the other hand, has the best accuracy in the horizontal direction 
whereas in the vertical direction it shows the worst performance, with average subharmonic response peak value ratio of 0.9 and 5.9 
respectively. The major contributor to the poor prediction in the vertical direction is the 4th subcritical harmonic response peak. This 
result shows that while the model has the ability to predict the dynamic behavior of the rotor very well in some cases, due to the direct 
relation between the harmonic excitation source (roundness or waviness) and the response (without the potential effect of bearing 
kinematics), any error or unusual correlation becomes highly amplified, which does not reflect the actual situation. 

In terms of estimating the subcritical frequencies for the peaks, a comparison between each model and the measured peak fre-
quencies shows that the three models have almost the same level of accuracy (±0.2 variation on average). This finding indicates that 
the proposed models can comprehensively replicate the dynamic behavior of the system. However, in terms of amplitude estimation, 
the kinematics augmented model (BKA-BEM) shows more robustness and stability. 

The developed methods perform relatively well compared to the measured response and the time domain solution with the benefit 
of being significantly lighter computationally. Based on this research and the test case, Table 5 presents the computational time using 
MATLAB 2019a. 

Based on the results of this work, the authors propose the performance ratings in Table 6 for the two proposed frequency domain- 
based models in comparison with the high-fidelity model. 

6. Conclusion 

In this study, two frequency domain-based models are proposed that are able to account for excitations due to bearing roundness or 
waviness. The first method (BEM) considers the waviness as a base excitation, whereas the second method (BKA-BEM) utilizes a 4 DOF 
quasi-static model to augment the bearing kinematics and refine the base excitations due to waviness. The methods are validated with 
a test case where low order waviness or roundness of the inner ring is modified to obtain different subcritical vibration amplitudes. The 
performance of the developed methods was compared with experimental results as well as with a previously developed and validated 
detailed numerical model. The proposed frequency domain-based methods perform reasonably well with vastly improved computa-
tional efficiency compared to the well known time domain-based method. In terms of excitation frequency estimation, both proposed 
methods have highly accurate prediction and good stability. In terms of amplitude of response, both methods have fairly good ac-
curacy, although the BKA-BEM has better stability and robustness. 

6.1. Future work and application 

The proposed methods can be developed further in the future for the following applications. 

6.1.1. Design space exploration 
For the design of a large or high-speed rotors, the rotordynamics behaviour is an important constraint, often based on which, other 

design parameters, such as supports and frame are selected [49]. In large rotors, the subcritical vibrations have significant effect on the 
overall vibration levels, for example in steel and paper industry applications. For such subcritical systems, bearing waviness, clearance 
[29] along with other bearing related faults can potentially create high subcritical resonances. Therefore, in early design phase, ac-
counting for these sources of vibration is very important, preferably with a computationally efficient tool that does not extend the 
design engineering time. The BEM and BKA-BEM methods proposed in this study can be considered as a starting point of such a tool 
where the effect of waviness and clearance can be studied thoroughly along with sensitivity analysis. The BKA-BEM method can be 
further extended to make the bearing model more realistic and account for different bearing related defects and study their influence 
on the system. 
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6.1.2. Input for dimensioning and tolerancing of bearings for specific applications 
The algorithm can be used to determine the limits for roundness profiles and their influence to the system level behavior. Based on 

this assessment and allowable subcritical vibration levels, design engineers can specify the required surface finish and tolerances for 
the surfaces, and therefore design the rotor for the application. [50]. 

6.1.3. Iterative inverse identification and parameter estimation 
In general, physics based models such as FE model used for representing machine behavior have uncertainties associated with them 

caused by unknown physical properties [51]. Some of these sources of modeling uncertainty can be parametrically identified by 
comparison with measured data. Specific to the method proposed in this study, bearing properties or support properties comprise of 
significant uncertainty levels. Using an inverse iteration and optimization approach [52] combined with measurements, these pa-
rameters can be identified. 

6.1.4. Parallel real-time digital twins and condition monitoring 
In recent years, researcher have used deep learning methods combined with frequency domain response, towards estimation of 

bearing remaining useful life (RUL) through feature extraction [53,54]. However, as Sobie et al. [55] observed, such intelligent models 
trained with experimental data tend to become case dependent. Furthermore, the training procedure has limitations in the form of 
availability of in-service data and lack of generalization. Therefore, instead of using experimental data set for training, a simulation 
model or digital twin [56] is arguably an inexpensive tool to take various failure mode scenarios into account or to analyze the dynamic 
behavior of a machine due to large scale parametric changes. The methods proposed in this study can be utilized to generate large 
training data and exploit transfer learning concepts [57]. 
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