
This is an electronic reprint of the original article.
This reprint may differ from the original in pagination and typographic detail.

Powered by TCPDF (www.tcpdf.org)

This material is protected by copyright and other intellectual property rights, and duplication or sale of all or 
part of any of the repository collections is not permitted, except that material may be duplicated by you for 
your research use or educational purposes in electronic or print form. You must obtain permission for any 
other use. Electronic or print copies may not be offered, whether for sale or otherwise to anyone who is not 
an authorised user.

Lau, Alexander; Hyart, Timo; Autieri, Carmine; Chen, Anffany; Pikulin, Dmitry I.
Designing Three-Dimensional Flat Bands in Nodal-Line Semimetals

Published in:
Physical Review X

DOI:
10.1103/PhysRevX.11.031017

Published: 22/07/2021

Document Version
Publisher's PDF, also known as Version of record

Published under the following license:
CC BY

Please cite the original version:
Lau, A., Hyart, T., Autieri, C., Chen, A., & Pikulin, D. I. (2021). Designing Three-Dimensional Flat Bands in
Nodal-Line Semimetals. Physical Review X, 11(3), [031017]. https://doi.org/10.1103/PhysRevX.11.031017

https://doi.org/10.1103/PhysRevX.11.031017
https://doi.org/10.1103/PhysRevX.11.031017


 

Designing Three-Dimensional Flat Bands in Nodal-Line Semimetals

Alexander Lau ,1,* Timo Hyart,1,2,* Carmine Autieri ,1 Anffany Chen,3,4 and Dmitry I. Pikulin5,6
1International Research Centre MagTop, Institute of Physics, Polish Academy of Sciences,

Al. Lotników 32/46, 02-668 Warsaw, Poland
2Department of Applied Physics, Aalto University, 00076 Aalto, Espoo, Finland

3Department of Physics and Astronomy, University of British Columbia,
Vancouver, British Columbia, Canada V6T 1Z1

4Quantum Matter Institute, University of British Columbia,
Vancouver, British Columbia, Canada V6T 1Z4

5Station Q, Microsoft Corporation, Santa Barbara, California 93106-6105, USA
6Microsoft Quantum, Redmond, Washington 98052, USA

(Received 5 November 2020; revised 25 March 2021; accepted 18 May 2021; published 22 July 2021)

Electrons with large kinetic energy have a superconducting instability for infinitesimal attractive
interactions. Quenching the kinetic energy and creating a flat band renders an infinitesimal repulsive
interaction the relevant perturbation. Thus, flat-band systems are an ideal platform to study the competition
of superconductivity and magnetism and their possible coexistence. Recent advances in the field of twisted
bilayer graphene highlight this in the context of two-dimensional materials. Two dimensions, however, put
severe restrictions on the stability of the low-temperature phases due to enhanced fluctuations. Only three-
dimensional flat bands can solve the conundrum of combining the exotic flat-band phases with stable order
existing at high temperatures. Here, we present a way to generate such flat bands through strain engineering
in topological nodal-line semimetals. We present analytical and numerical evidence for this scenario and
study the competition of the arising superconducting and magnetic orders as a function of externally
controlled parameters. We show that the order parameter is rigid because the three-dimensional quantum
geometry of the Bloch wave functions leads to a large superfluid stiffness in all three directions. Using
density-functional theory and numerical tight-binding calculations, we further apply our theory to strained
rhombohedral graphite and CaAgP materials.

DOI: 10.1103/PhysRevX.11.031017 Subject Areas: Condensed Matter Physics, Magnetism
Superconductivity

I. INTRODUCTION

The study of correlated many-particle states in flat-band
systems goes back to the consideration of few-particle
nuclear-physics systems in the 1960s when Belyaev demo-
nstrated that, in the presence of degenerate single-particle
states, interactions can lead to a pairing gap increasing
linearly with the interaction strength [1]. Since then, there
has been a fruitful exchange of ideas between the nuclear-
physics and the condensed-matter communities exploring
analogies between nuclear-physics systems and ultrasmall
superconducting grains [2–4]. Recently, two-dimensional
(2D) flat bands have provided new ground for exotic states
of condensed matter [5–9]. In particular, the advances in the

fabrication of flat bands in twisted bilayer graphene have
attracted a lot of attention due to the novel exotic phases
becoming available experimentally [10–16]. Other setups
and materials realizing 2D flat bands have been studied
[17–19] but, to our knowledge, their three-dimensional
(3D) counterparts [20,21] have not been explored in rea-
listic materials. In the present work, we carry this develop-
ment to its logical end point by proposing a viable approach
for realizing 3D flat-band systems.
We combine two actively studied ingredients to manifest

a 3D flat band: nodal-line semimetals (NLSMs) [22] and
strain engineering in topological semimetals [23]. NLSMs
are materials where topologically protected band crossings
form a line (nodal line) in the Brillouin zone, provided that
certain symmetries are satisfied. Additionally, topologically
protected drumhead surface states appear inside the region
bounded by the projection of the nodal line onto the 2D
surface Brillouin zone. The drumhead surface states
exhibit a nearly flat dispersion if the material has approxi-
mate chiral symmetry, for example, due to a sublattice
structure [7].
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Strain engineering produces opportunities to generate
Landau level-like flat bands in the absence of external
magnetic fields [24–30] because the action of the strain
near the Fermi surface resembles that of a magnetic field in
the local area of the Brillouin zone. In the case of Weyl or
Dirac semimetals, there are simply two Fermi pockets near
the Fermi energy, and the action of strain near the pockets
can be described as electromagnetic fields [31–33]. Here,
we show that such properties of strain are more generic and
can be applied to materials with nodal lines as well. For
stationary strain, the resulting pseudomagnetic field then
depends on the position along the nodal line. However,
there is always one commonality in nodal systems insen-
sitive to the strength and direction of the pseudomagnetic
field—the zeroth pseudo-Landau level (PLL). Therefore,
one would expect that the zeroth PLL forms a 3D flat band,
while the higher PLLs are flat only in two dimensions and
have a dispersion along the nodal line.
We confirm this intuitive argument above using numeri-

cal and analytical arguments. We show that the zeroth PLL
indeed forms a 3D flat band, which evolves from the
drumhead surface states of the NLSM, and we obtain wave
functions thereof. Using these wave functions and assum-
ing competition between magnetism and superconductivity,
we obtain the phase diagram of the system as a function of
the filling factor and the interaction strengths. We show that
this system is a promising platform for studying intertwined
phases [9,34], as it can be tuned in situ from the magnetic to
the superconducting phase by controlling the magnitude of
the strain.
Moreover, we go beyond the mean-field picture by

analyzing the properties of the collective modes and argue
that the emerging order is more stable in the 3D case than in
the previously studied 2D cases. Importantly, we show that
the system supports a hitherto unexplored 3D quantum
geometry of the Bloch wave functions that leads to a large
superfluid stiffness in all directions despite the flatness of
the bands. The 3D quantum geometry is a nontrivial
consequence of the momentum dependence of the direction
of the pseudomagnetic field along the nodal line. Finally,
we study the properties of 3D flat bands for the material
examples of NLSMs belonging to the CaAgP material class
and of rhombohedral graphite.

II. NONINTERACTING MODEL

A. Two-band NLSM Hamiltonian and drumhead
surface states

A NLSM is a material for which the energy gap between
two bands near the Fermi level closes along a line in
the Brillouin zone [Fig. 1(a)]. The minimal model for a
NLSM—believed to be applicable, for instance, to the
CaAgP materials class (see below) and Ca3P2 [35–37]—
reads

HðkÞ ¼ σz
�
6t − t1 − 2t

X
i¼x;y;z

cos ki

�
þ 2t2σx sin kz: ð1Þ

Here, σx;y are Pauli matrices, and t, t1, and t2 are parameters
determining the size of the nodal line and the Fermi
velocity. Throughout this paper, the length scales are given
in units of the lattice constant, and the momentum is
measured in units of the inverse lattice constant. For t1 ≪ t,
this Hamiltonian has a gap closing along a circular path in
the Brillouin zone—a nodal loop—given by kz ¼ 0 and
ðkx; kyÞ ¼ Q ¼ Qðcos θ; sin θÞ, where Q ¼ ffiffiffiffiffiffiffiffi

t1=t
p

and θ is
the azimuthal angle. The crossing between the two bands is
protected by the x − y plane reflection symmetry. The
bands are σz eigenstates in the kz ¼ 0 plane corresponding
to reflection eigenvalues �1. Taking a different viewpoint,
the nodal line can also be considered to be protected by the
chiral symmetry σy or the combination of time-reversal and
inversion symmetries. For this Hamiltonian, the drumhead
surface states, appearing at momenta k < Q, have zero
energy because of chiral symmetry. In the limit of small
nodal-line radii Q, the corresponding surface wave func-
tions at momentum k ¼ Qþ q can be written as

ΨS;�ðQ;qÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2LxLylS sinh

L
lS

q
�

1

�i

�
eiðQþqÞ·re�ðz=lSÞ;

where q ¼ qðcos θ; sin θÞ and q < 0 describes the devi-
ation from the nodal line. Here, � correspond to top and
bottom surfaces, −L=2 < z < L=2, lS ¼ −t2=ðtQqÞ is the
localization length of the drumhead surface states, and Lx
(Ly) is the length of the system in the x (y) direction along
which we have applied periodic boundary conditions.

B. Strain and pseudo-Landau levels

A simple way to realize strain with a constant gradient of
the strain field is by bending [23,39], as shown in Fig. 1(b).
The bend can be achieved by a proper choice of the growth
substrate or by mechanical bending of the device. Such
strain creates a displacement field u ¼ ðxz=R; 0; 0Þ with
corresponding strain tensor components u11 ¼ z=R and
u13 ¼ u31 ¼ x=ð2RÞ. In the limit of small nodal-line radii,
the strain induces a pseudomagnetic field (see Supplemental
Material [38])

B5 ¼
ℏ
el2B

ðsin θ;− cos θ; 0Þ; ð2Þ

where Q ¼ Qðcos θ; sin θÞ is a momentum along the nodal
line and lB ¼ ffiffiffiffiffiffiffi

RQ
p

is the pseudomagnetic length. In this
case, the analytical solution for the zeroth PLL wave
function is
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Ψ0ðQ;qÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
2LxLy

p
�
1

i

�
eiðQþqÞ·r

�
1

πl2z

�
1=4

e−ξ
2
q=2:

Here, ξq ¼ ðzþ zqÞ=lz, zq ¼ ql2B, and the pseudomagnetic
localization length in the z direction is given by

lz ¼
ffiffiffiffiffiffi
t2
tQ

r
lB:

Alternatively, one can perform a gauge transformation such
that the wave function is localized in the x − y plane and a

plane wave in the z direction. In that case, the localization
length is

lxy ¼
l2B
lz
:

The prefactors in the localization lengths arise due to the
elongations of the elliptical cyclotron orbits.
Going beyond the lowest-order expansion in Q would

lead to a θ dependence of the strength of the pseudomag-
netic field because the strain shrinks the nodal line

(d) (e) (f)

(b) (c)(a)

FIG. 1. (a) Schematic representation of a nodal-line semimetal band structure. Here, Q is a vector pointing to a momentum on the
nodal line such that jQj ¼ Q is the radius of a circular nodal loop. A Dirac cone is formed with respect to the perpendicular momentum
components q and kz. (b) Example of a strain profile leading to the formation of a 3D flat band. The strain can be created, e.g., by
bending the sample or growing it on a cylindrical surface. Here, R is the radius of the cylinder in the middle of the sample. (c) Bulk-
boundary correspondence of the zeroth PLL of the NLSM. Because of the strain, the radius of the nodal circle varies as a function of z,
such that the radius of the momentum-space area of the drumhead surface states on the top surface Qtop is different from the bottom
surface Qbot. Zeroth PLL bulk states appear in the momentum space region between Qtop and Qbot. (d) Spectrum of the model
Hamiltonian Htb [Eq. (1)] in the presence of strain [Eq. (2)] with parameters t1 ¼ 0.25t, t2 ¼ 0.8t, L ¼ 1000, and R ¼ 8000. For
comparison, we also show the energies of the effective Hamiltonian Heff (orange bands) constructed from the analytical low-energy
solutions (see Supplemental Material [38]). (e) Numerical (blue) and analytical (orange) wave functions of the zeroth PLL at different
momenta kx ¼ ki (i ¼ 1, 2, 3, 4) indicated in panel (d). The drumhead surface states appear at both surfaces for jkxj < Qtop; Qbot. At
jkxj ¼ Qtop, the drumhead surface states from the top surface are deformed into the zeroth PLL bulk states and move towards the bottom
surface with increasing Qtop < jkxj < Qbot. At jkxj ¼ Qbot, the PLL bulk state hybridizes with the drumhead surface state at the bottom
surface. (f) Degeneracy of the flat band as a function of the height L of the sample. Numerically, the degeneracy is calculated by
integrating the density of states over an energy window (jEj < 10−3t). The model parameters t1;2 are the same as in panel (d). Bold lines
are the numerical results, and dashed lines correspond to the analytical formulas. In the presence of strain, the degeneracy grows linearly
with L, demonstrating the existence of a 3D flat band with degeneracyNflat proportional to the volume of the sample (green dashed line).
In the absence of strain, the degeneracy of the zero-energy drumhead surface states saturates with increasing L, demonstrating that it is
proportional to the area of the surface of the sample, N0.
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anisotropically. Nevertheless, the energy of the zeroth PLL
is independent of the strength of the pseudomagnetic field,
and hence, in all cases, we robustly obtain the desired 3D
flat band. Since the pseudomagnetic field originates from
the spatial variation of the radius of the nodal loop, it can
also be created by varying the relative amount of P and As
contents in the CaAgP1−xAsx alloys along the z direction,
for example, by changing the crystal growth conditions
with time.

C. Connection of drumhead surface
states and pseudo-Landau level

In Figs. 1(c) and 1(d), we plot the spectrum of the lowest
PLL states. We find that the zeroth PLL is twofold
degenerate: The bulk states discussed above coexist with
drumhead states localized to the bottom surface. We further
observe that the PLL bulk states evolve from drumhead
states localized to the top surface, similar to the connection
between Fermi arcs and PLLs in Weyl semimetals [40]. By
using approximate analytic solutions for the drumhead
surface states and for the PLL bulk wave functions, and by
considering their coupling at the surface of the sample,
we obtain an effective low-energy Hamiltonian (see
Supplemental Material [38]) that accurately describes the
exact numerical results as shown in Figs. 1(d) and 1(e). We
confirm the 3D nature of the flat band by plotting the
scaling of the total number of states in the flat band for
different thicknesses L with and without strain in Fig. 1(f).
For sufficiently large L, the number of states for the
drumhead surface states without strain saturates to the
value N0 ¼ Q2LxLy=ð2πÞ. On the contrary, the number of
states, including the PLL bulk states, in the presence of
strain grows linearly with L as Nflat ¼ QLxLyL=ð2πl2BÞ—
confirming our hypothesis of a flat band that is genu-
inely 3D.
The interaction effects depend on the k-space extent of

the flat bands. Unlike in twisted bilayer graphene, the flat
band in these 3D systems covers only a fraction of the
Brillouin zone. In twisted bilayer graphene, however, the
area of the moiré-Brillouin zone is inversely proportional to
the square of the superlattice lattice constant, and the latter
is large around the magic angle. Thus, we expect that
interaction effects in the considered 3D flat-band systems
are as important as in the case of twisted bilayer graphene
(see below).

III. EFFECTS OF INTERACTIONS

In flat-band systems, the density of states diverges, and
therefore, interaction effects are important. Moreover, these
systems have instabilities with respect to both repulsive and
attractive interactions, so competition between various
symmetry-broken phases is expected to be a generic feature
of flat-band systems. We now turn our attention to the effect

of an attractive pairing interaction and Coulomb repulsion
between electrons.

A. Magnetism

For the study of magnetism, we self-consistently solve
the mean-field equations for the magnetic-order parameter
mz and the chemical potential μ in the presence of the
density constraint that the filling factor of the band be fixed
to C (see Supplemental Material [38]),

mz ¼
V0

2
½nFð−mz − μÞ − nFðmz − μÞ�;

C ¼ nFð−mz − μÞ þ nFðmz − μÞ: ð3Þ

Here, V0 is the effective interaction strength, and nF is the
Fermi function. The filling factor C is restricted to
0 ≤ C ≤ 2, such that C ¼ 0 corresponds to the situation
where the flat-band states are completely empty, whereas
for C ¼ 2, both spin-up and spin-down flat-band states are
fully occupied. The effective interaction strength V0 is
computed by projecting the Coulomb interaction to the
zeroth PLL. Furthermore, it can be tuned by varying the
strain (see Supplemental Material [38]). The critical tem-
perature for magnetism depends on C as

kBTc;m ¼ V0

4
Cð2 − CÞ: ð4Þ

For conservative model parameters, we estimate Tc;m ¼ 3K
(see Supplemental Material [38]).
We point out that this theory describes several different

types of magnetic-order parameters, as their projections to
the PLL bulk wave functions are the same (see
Supplemental Material [38]). However, the surface effects
break the symmetry explicitly and distinguish the mag-
netic-order parameters from each other. We find that the
lowest energy state corresponds to the situation where the
magnetic order is staggered with respect to the PLL bulk
states and the drumhead states at the bottom surface (see
Supplemental Material [38]). We note that the exact nature
of the magnetic order is not important for the discussion of
competing phases below since we focus on the bulk
states here.

B. Superconductivity

Starting from the reduced BCS Hamiltonian with the
density constraint, the mean-field equations for the super-
conducting order parameter Δ and the chemical potential μ
are (see Supplemental Material [38])

Δ ¼ G0

Δ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 þ Δ2

p tanh
�
β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2 þ μ2

q
=2
�
;

C ¼ 1þ μffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 þ Δ2

p tanh
�
β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2 þ μ2

q
=2
�
; ð5Þ
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where G0 is the effective interaction strength and
β ¼ 1=ðkBTÞ. The critical temperature is given by

kBTc;sc ¼
G0

4

C − 1

arctanhðC − 1Þ : ð6Þ

For typical model parameters, we estimate Tc;sc ¼ 1 K (see
Supplemental Material [38]).
We note that this value is similar to the critical temper-

atures observed in twisted bilayer graphene [10,11]. In the
case of 3D flat bands in NLSMs, however, the stronger
suppression of order-parameter fluctuations and the greater
variability of parameters with strain can potentially lead to
even larger critical temperatures. The same applies to the
magnetic phase described above.

C. Competing phases

As recent experiments in twisted bilayer graphene
indicate, the competition between different correlated
phases is a generic feature of flat-band systems [15,16].
Moreover, in the case of competition between flat-band
magnetism and superconductivity doping, the system away
from half-filling is generically expected to favor the
superconducting phase [8]. Thus, we also expect magnetic
and superconducting phases in 3D flat-band systems
to be tunable using controllable parameters such as doping
and the effective interaction strengths. The latter can be
controlled, for example, by strain or an electrostatic
environment.
This expectation is confirmed by our calculations shown

in Fig. 2. In Fig. 2(a), we plot the critical temperatures for
magnetism [Eq. (4)] and superconductivity [Eq. (6)] as a
function of the filling factor C. At half-filling C ¼ 1, the
system realizes the phase with the larger effective inter-
action strength. Hence, for the typical situation where the
Coulomb repulsion dominates the pairing interaction,
V0 > G0, the magnetic phase is realized. On the contrary,
doping the system away from half-filling favors the super-
conducting phase. Therefore, flat-band systems are
expected to have phase diagrams similar to those observed
experimentally in cuprates [41] and twisted bilayer gra-
phene [10,11]. In contrast to the complicated, strongly
correlated Mott physics of cuprates [41], here the mech-
anisms of superconductivity and magnetism are indepen-
dent of each other [9], which is in agreement with
experiments on twisted bilayer graphene [15,16]. In addi-
tion to the filling factor C, the ground state can also be
controlled by the relative interaction strength G0=V0, as
shown in Fig. 2(b).
We note that our proposal offers a degree of control over

G0 and V0 in a single sample. By varying the strength of the
strain, one changes the parameters as derived in the
Supplemental Material [38], thus allowing us to tune in situ
between magnetic and superconducting phases.

We note that, in reality, the phase diagram may be more
complicated because of the possible coexistence of the
order parameters near the mean-field phase boundary [9],
which may be analyzed using numerical techniques or the
functional renormalization group and are beyond the scope
of the current paper. Nevertheless, we underline that 3D flat
bands can shed light on the competition and intertwining of
order parameters while avoiding the complications caused
by strongly correlated Mott physics and the fluctuations
present in low-dimensional systems.

D. Superfluid stiffness

To further substantiate our claims concerning the stabil-
ity of the mean-field solutions, we analyze the collective
modes of the system. In the case of 3D flat bands, the
quasiparticle spectrum is fully gapped, which means that
the amplitude mode is gapped. Thus, the order parameter is
stable against amplitude-mode fluctuations, which is in
strong contrast to the order parameter appearing in the case
of flat-band superconductivity due to 2D drumhead surface

(a)

(b)

FIG. 2. Phase diagram of the model Hamiltonian [Eq. (1)] in the
presence of strain [Eq. (2)] and interactions [Eqs. (3) and (5)].
(a) Critical temperatures for magnetism [Eq. (4)] and super-
conductivity [Eq. (6)] as a function of the filling factor C in the
typical situation where the effective interaction strength for
superconductivity is smaller than for magnetism G0 ¼ 0.75V0.
At half-filling C ¼ 1, the system realizes magnetic order, but
doping away from half-filling leads to superconductivity, resem-
bling the phase diagrams experimentally observed in cuprates and
twisted bilayer graphene. (b) Phase diagram as a function of C
and G0=V0, assuming that the system realizes the phase with the
larger critical temperature. The dashed horizontal line represents
a path through the phase diagram corresponding to panel (a).

DESIGNING THREE-DIMENSIONAL FLAT BANDS IN … PHYS. REV. X 11, 031017 (2021)

031017-5



states, where the system is gapless and susceptible to strong
amplitude-mode fluctuations [42].
The phase rigidity, on the other hand, needs to be

analyzed more carefully as the kinetic contribution to it
is negligible because of the flatness of the band. It is
determined by the superfluid stiffness tensor Ds, which is
related to the supercurrent j in the system as

ji ¼
2e
ℏ

X
j

½Ds�ij
�
∂jφ −

2e
ℏ
Aj

�
; ð7Þ

where φ is the phase of the superconducting order
parameter. The question of whether a supercurrent even
exists in the systems considered here is particularly relevant
as the Fermi velocity within a featureless flat band is zero.
Previous studies have shown that in 2D systems, there can
still exist a nonzero contribution to the superfluid stiffness
caused by the quantum geometry of the Bloch wave
functions [6,43–49]. However, the possibility of an analo-
gous 3D quantum geometry that gives rise to superfluid
stiffness in all directions of a 3D system has not been
explored. In the Supplemental Material [38], we combine
methods developed in the context of quantum Hall systems
[6,43] and flat-band superconductors [44,47] to calcu-
late the superfluid stiffness for the model Hamiltonian
[Eq. (1)] in the presence of strain [Eq. (2)]. We find
that the superfluid stiffness perpendicular, Ds;zz, and
parallel, Ds;xx ¼ Ds;yy, to the layers have large geometric
contributions

Ds;zz ¼
n0l2z
2

Δ; Ds;xx ¼ Ds;yy ¼ Δ
n0
4
l2xy: ð8Þ

Therefore, the system has rigidity against phase fluctua-
tions and supports large bulk supercurrents, thereby con-
firming the 3D nature of the superconducting state. Here,
n0 ¼ Q=ð2πl2BÞ is the degeneracy of the flat band per
volume, and the directional dependence of the stiffness
arises because of the elongations of the semiclassical
cyclotron orbits.
We emphasize that the nonzero superfluid stiffness along

all three directions, as obtained in this section, is not a
property that flat bands exhibit by default, but the necessary
3D quantum geometry arises because of the variation of the
pseudomagnetic field direction along the nodal line [Eq. (2)
and Supplemental Material [38] ].

IV. MATERIAL CONSIDERATIONS

In this section, we provide a materials perspective on our
proposal. In particular, we identify CaAgP and rhombohe-
dral graphite NLSMs as possible material platforms for 3D
flat bands with a negligible spin-orbit interaction. We note
that NLSMs can also be realized in systems with sizable

spin-orbit interactions. Theoretically proposed candidates
are TlTaSe2 [50] or alloys of SnTe [51].

A. Strained CaAgP

CaAgP crystallizes in a ZrNiAl-type hexagonal structure
[52], which is illustrated in Fig. 3(a). Standard DFT
calculations predict a topological NLSM phase for the
nodal-line Dirac semimetal CaAgP. However, standard
DFT is known to overestimate the band inversion and,
in fact, experimental results for CaAgP show a trivially
gapped phase for this compound. Nonetheless, it has been
shown both theoretically and experimentally that strain and
As doping can turn the phase from trivial to topological
[53]. In the following, we focus on the NLSM phase of the
CaAgP materials class.
The low-energy band structure is formed by the 5s

orbitals of the Ag atoms and the 3p orbitals of the light P
atoms. Therefore, spin-orbit interaction in CaAgP is small.
In the atomic limit, the p orbitals are occupied, and the s
orbitals are unoccupied. At the Γ and at the A point of the
Brillouin zone, there is a band inversion between one s
band and one pz band, while the band orderings at M and K
are trivial. As a consequence, a line node is observed along
the paths Γ-M and Γ-K, which forms a circle in the
kx − ky plane centered at the Γ point [see Fig. 3(a) and
Supplemental Material [38] ]. The band dispersion at the
line node is linear along both the radial and the kz
directions. It should be noted that this line node is generally
not protected from spin-orbit interactions, but in this case,
the weak spin-orbit coupling induces only a small gap on
the order of 10 K [52].
We construct an effective two-orbital tight-binding

model (see Supplemental Material [38]) based on one
3pz-orbital Wannier function (WF) centered at one P atom,
and one 5s-orbital WF centered within a triangle of Ag
atoms as previously done for other triangular systems [54].
With an energy cutoff of 6 meV for the tight-binding
parameters, this allows us to accurately capture the low-
energy physics with a relatively simple model. Most
importantly, our two-band model correctly reproduces
the NLSM phase of the CaAgP materials class [see
Fig. 3(b)].
In the next step, we implement the strain terms by

modifying the tight-binding parameters in a way simi-
lar to our minimal model above (see Supplemental
Material [38]). We choose the bending direction to be
aligned with the x axis. We compute the energy spectrum
for a (001) slab and find two nearly flat bands, as shown in
Fig. 3(c). Similar to our minimal model, these bands consist
of superpositions of bottom-surface states and PLL bulk
states. In particular, the center of the PLL bulk states shifts
as a function of the flat-band momentum, which happens
symmetrically around the center of the flat band at Γ̄.
However, because of the broken electron-hole symmetry in
this material, the two flat bands acquire a small dispersion.
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Furthermore, we observe a small energy splitting between
the two bands due to chiral-symmetry breaking, a sym-
metry that was present in the minimal model above because
of its simplicity. The corresponding gap is smaller in the
graphite case that we turn to now.

B. Strained rhombohedral graphite

Another possible candidate material is rhombohedral
graphite. It consists of light carbon atoms and therefore has
negligible spin-orbit interaction. Rhombohedral graphite is
composed of ABC-stacked graphene sheets [see Fig. 3(d)].
Isolated graphene sheets feature Dirac cones at the K and
K’ points of their 2D Brillouin zone. Stacking several
sheets in the z direction in an ABC-type fashion leads to a
kz-dependent shift of the Dirac cones away from the K and
K’ points, thereby forming a nodal line. In particular, the
nodal lines in rhombohedral graphite spiral around the

vertical hinges of its hexagonal Brillouin zone [see
Fig. 3(d)].
The low-energy properties of rhombohedral graphite,

similar to graphene, can be captured by a two-band model
(see Supplemental Material [38]). This model reproduces
the nodal spirals as can be inferred from comparing the
spectrum shown in Fig. 3(e) to the Brillouin zone sketch in
Fig. 3(d). Note that the electron-hole symmetry is only
weakly broken in this material.
As before, we implement strain terms corresponding to a

cylindrical strain profile with the bending direction aligned
with the x axis (see Supplemental Material [38]). The
energy spectrum of a (001) slab of this system features two
flat bands at the Fermi level, as illustrated in Fig. 3(f). In
contrast to CaAgP, their splitting and bandwidth is negli-
gibly small because of the approximate electron-hole
symmetry of the material. The flat bands are again
composed of PLL bulk states and drumhead surface states.

(a) (b) (c)

(d) (e) (f)

FIG. 3. Three-dimensional flat bands in nodal-line semimetals CaAgP (first row) and rhombohedral graphite (second row). (a) Top and
side views of the CaAgP crystal structure. Next to these, we indicate the shape and position of its nodal circle (red), which is centered at
the Γ point of the hexagonal Brillouin zone. The beige hexagon represents the (001) surface Brillouin zone with the surface projection of
the nodal loop. (b) Bulk bands of the two-band tight-binding model without strain along paths with fixed kz. The bands only cross in the
plane kz ¼ 0. (c) Tight-binding spectrum of a strained (001) slab for L ¼ 200, R ¼ 800 with nearly flat bands. The inset shows the
spatial profile of the flat-band wave function at the momentum indicated by the red dot. It is a superposition of a bottom-surface state and
a (Gaussian) Landau-level state. (d) Top and side views of ABC-stacked (rhombohedral) graphite next to a sketch of its nodal lines. In
contrast to CaAgP, there are several nodal lines that spiral around axes going through the K and K’ points of the hexagonal Brillouin
zone. Their projections into the surface Brillouin zone form approximate nodal circles. (e) Bulk bands of the two-band tight-binding
model without strain along paths with fixed kz. The nodal spiral crosses the considered path for two different values of kz. (f) Tight-
binding spectrum of a strained (001) slab for L ¼ 100, R ¼ 400 with flat bands. The inset shows the spatial profile of the flat-band state
at the red dot, which is again composed of a Landau-level and a bottom-surface state.
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However, their behavior and composition as a function of
the flat-band momentum ðqx; qyÞ differs from our previous
observations. Depending on the direction, we observe all
possible combinations: bottom-surface and PLL bulk state,
PLL bulk and top-surface state, bottom- and top-surface
state, and even two PLL bulk states with opposite shift
behavior (see Supplemental Material [38]). Despite these
differences, we emphasize that, in all cases, a 3D flat band
appears robustly in the presence of strain.

V. DISCUSSION AND CONCLUSIONS

We have proposed a feasible way to create 3D flat bands
by applying strain to a nodal-line semimetal. In the process,
we have discovered an inherent connection between the
arising 3D flat band and the drumhead surface states
of the parent nodal-line semimetal. Moreover, we have
investigated the effects of interactions on the flat bands,
highlighting the competition of superconductivity and
magnetism in analogy with twisted bilayer graphene. By
computing the superfluid stiffness, we have confirmed that
the flatness of the bands does not impede the phase rigidity
of the system. The flat-band system thus supports super-
currents and true long-range order solely due to the 3D
quantum geometry of the Bloch wave functions, which
arises because of the variation of the pseudomagnetic field
direction along the nodal line. Going beyond our general
idea, we have applied our theory to the potential candidate
materials CaAgP and rhombohedral graphite. We have
shown that both materials give rise to sufficiently flat bands
under experimentally accessible strain, therefore represent-
ing viable candidate materials for the experimental reali-
zation of our ideas. Our conservative estimates for the
critical temperatures are on the order of a few Kelvins.
However, we emphasize that they depend strongly on the
magnitude of the applied strain or the pseudomagnetic
field. In particular, if the pseudomagnetic field is controlled
with the chemical composition, we expect that much
stronger pseudofield strengths can be obtained, such that
critical temperatures on the order of tens of Kelvins could
potentially be achieved. The critical temperatures are
proportional to the k-space extent of the flat bands.
Therefore, it is important to note that, even though the
portion of the Brillouin zone covered by the flat band is
small under the assumptions Q ≪ 1 and R ≫ L, the flat
bands can generally cover an arbitrary portion of the
Brillouin zone. In particular, the first assumption Q ≪ 1
was made only for the sake of analytical transparency.
Moreover, implementing the effective magnetic field by
varying the chemical composition so that the radius of the
nodal line changes along the z direction, we may also
violate the second condition R ≫ L. In the extreme case
Q ∼ 1 and R ∼ L, we find numerically that the 3D flat
bands can indeed cover most of the Brillouin zone (see
Supplemental Material in Ref. [38]).

We have considered a specific geometry, realizable by
bending the sample, leading to a suitable strain profile.
However, we have explicitly checked that only the strain
tensor component u11 matters for the appearance of the 3D
flat band (see Supplemental Material in Ref. [38]), and
therefore, the only important ingredient for realizing a 3D
flat band in nodal-line semimetals is an inhomogeneous
tensile strain profile across the sample. Thus, a suitable
strain tensor can also be realized in various other ways,
such as by utilizing the type of multilayer structure
designed in Ref. [55] for the creation of a giant linear
strain gradient.
We emphasize that if the strain is realized by bending the

sample, the different phases and phase transitions can be
studied in situ in this system. As discussed above, tuning
the strain changes the relative interaction strengths of
superconductivity and magnetism, thereby allowing us to
study the transition between these phases. Moreover, it is
known that flat bands are an interesting playground for
Anderson localization [56]. The in situ tunability of the flat-
band degeneracy by strain also controls the effective
disorder strength, so it might be possible to study the
Anderson transition in a single sample.
In condensed-matter physics, there is immediate interest

for the experimental community to realize this 3D analogue
of twisted bilayer graphene in order to study the interplay of
quantum geometry, flatness of the dispersion, disorder, and
intertwining of different types of order. Moreover, our
proposal of realizing 3D flat bands by strain engineering
nodal-line semimetals opens a new frontier of research
beyond condensed-matter physics because metamaterials
and cold atomic gas systems can be engineered to exhibit
dispersion relations of topological semimetals to a large
precision [57,58]. Controllable interactions in the cold
atom systems make realization of superconductivity and
magnetism per our predictions possible in such systems.
Beyond that, there are many related conceptual questions:
How general is the connection between the surface states
and the lowest pseudo-Landau levels in the presence of a
gauge field. Can the picture be expanded to other semi-
metals and probably even to topological insulators, super-
conductors, and weak and fragile phases? We also note that
Dirac nodal lines in the presence of effective gauge fields
can lead to peculiar effective electrodynamics [59], and it
might be interesting to study the connection to surface
states also in this context.

The data shown in the figures and the code generating all
of the data are available in Ref. [60].
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