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Reliability analysis of consolidation settlement in clay subsoil using FOSM 
and Monte Carlo simulation 

Monica Susanne Löfman *, Leena Katariina Korkiala-Tanttu 
Aalto University, Department of Civil Engineering, Rakentajanaukio 4, 02150 Espoo, P.O. Box 12100, FI-00076 AALTO, Finland   
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A B S T R A C T   

The settlement of ground-supported transportation infrastructures may vary greatly depending on the un-
certainties related to compressibility properties and overconsolidation of clay. These uncertainties can be 
considered systematically by means of reliability analysis where the probability distribution of consolidation 
settlement is evaluated. Hence, this paper applies two well-known reliability methods, first-order second- 
moment method (FOSM) and Monte Carlo simulation, to various theoretical consolidation scenarios and three 
case studies of test embankments founded on normally consolidated (NC) or overconsolidated (OC) clay subsoil. 
The aim is to assess the accuracy and limitations of FOSM when applied to estimate the mean, the standard 
deviation, or the upper 95th percentile of the settlement. According to the results, the accuracy of FOSM is 
adequate for most serviceability limit state (SLS) purposes if the clay is normally consolidated. On the other 
hand, large relative errors may be introduced for OC clays where the relative contribution of OC and NC strains 
creates a strongly non-linear problem. It is concluded that FOSM, combined with second-order mean, may be 
applied to preliminary settlement estimation of OC clays. However, in the actual SLS verification with certain 
target reliability, Monte Carlo simulation should be used to ensure high enough accuracy.   

Introduction 

When designing transportation infrastructures founded on clay 
subsoil, the ultimate primary consolidation settlement is crucial when 
assessing the potential need for soil improvement and alternative 
foundation methods. The magnitude of consolidation settlement and its 
uncertainty propagation can vary greatly depending on the compress-
ibility and degree of overconsolidation of the subsoil. Therefore, 
acquiring an estimate for the probability distribution of primary 
consolidation settlement—instead of a single deterministic val-
ue—would be extremely valuable [28]. However, applications of 
reliability-based design in consolidation problems have been rather 
scarce (e.g., [33]), even though reliability analysis can be applied to any 
limit state [28]. 

The first-order second-moment method, or FOSM, is one of the most 
well-known approximate reliability methods. FOSM can be used to es-
timate the mean and standard deviation of the performance function. 
The advantages in using FOSM include that it requires only (2N + 1) 
realizations where N is the number of random variables. Meanwhile, the 
required number of realizations in Monte Carlo simulation is usually in 

the scale of 104…106. Regarding consolidation analysis performed with 
finite element modeling for example, performing all the needed Monte 
Carlo simulation runs may lead to impractical analysis times. In addi-
tion, FOSM allows straightforward assessment of sensitivity factors and 
each variable’s contribution to the performance function [24,31]. 
Consequently, FOSM has been suggested for various geotechnical 
problems (e.g., [7,35]), including consolidation settlement [9]. 

However, FOSM is also known for possible limitations related to its 
accuracy. For instance, Ching and Hsieh [6] applied various reliability 
methods to the 1D consolidation problem, and they concluded that 
FOSM did not provide a consistent estimate of reliability. However, their 
study focused in estimating a rather low probability of exceeding 
allowed settlement pf (probability of exceeding 50 mm was pf = 0.06), 
and overconsolidation ratio was modelled as a uniform distribution 
([1.5, 2.5]) even though in most cases an informative distribution like 
lognormal can be defined. Meanwhile, when Liu et al. [17] performed 
reliability analyses for the time-dependent consolidation of Ballina test 
embankment, they observed that Monte Carlo and FOSM provided 
almost identical values of mean and standard deviation for the settle-
ment. Hence, it seems that FOSM can perform well in certain conditions. 
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However, a systematic study on the magnitude of error in FOSM when 
applied to consolidation settlement has been lacking until now. Hence, 
this paper aims to assess the accuracy and limitations of FOSM when 
applied to various conditions of ultimate primary consolidation settle-
ment in clay subsoil. The relative error in FOSM is evaluated by 
comparing the estimated statistics to the corresponding values acquired 
from Monte Carlo simulation (e.g., [6,13]). 

This paper is organized as follows: First, the FOSM method and the 
procedure used to assess its accuracy are described. Second, the relative 
error in FOSM is evaluated for various theoretical scenarios of consoli-
dation strain in a single clay layer; the conditions where the error is the 
greatest are identified and discussed. Next, the accuracy of FOSM is 
evaluated when applied to estimating the consolidation settlement of 
three test embankments founded on clay. Lastly, recommendations are 
given regarding the conditions where FOSM can be applied. 

Quantifying the accuracy of FOSM 

First-order second-moment (FOSM) method 

First-order second-moment, or FOSM, can be used to acquire 
analytical estimates of the mean and variance of the performance 
function. Let Y be a performance function of N independent random 
variables xi: 

Y = g(x1, x2, ⋯., xN) (1) 

Function Y may be expanded in a Taylor series about the mean values 
of the random variables xi. The Taylor series is truncated after the first 
order, thus resulting in the following first-order estimates of the ex-
pected value (i.e., arithmetic mean) μY and variance σ2

Y for function Y: 

E(Y) = μY ≈ g(μx1
, μx2

, ⋯., μxN
) (2)  

Var(Y) = σ2
Y ≈

∑N

i

[

σ2
xi

(
∂g
∂xi

)2
]

(3)  

where μxi 
and σ2

xi 
are the mean and variance of random variable xi, 

respectively. The derivative in Eq. (3) can be differentiated directly, or it 
can be estimated numerically using the finite central difference method. 
The U.S. Army Corps of Engineers [35] suggested using a finite differ-
ence of ± one standard deviation to better capture the non-linearity of 
the performance function over a probable range of values. Thus, for the 
first random variable x1, the derivative can be estimated with: 

∂g
∂x1

≈
g
(
μx1

+ σx1 , μx2
, ⋯., μxN

)
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(
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2σx1

(4)  

where σx1 is the standard deviation of x1. Effectively, the performance 
function g is evaluated two times (at x1 ± one standard deviation) while 
the other variables are kept at their mean values resulting in change Δg 
= (g+)-(g-). Thus, the standard deviation (Std) of function Y can be 
estimated with: 

Std(Y) = σY ≈

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
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For linear performance functions, the above first-order approxima-
tions of μY and σY

2 are exact [35]. However, errors are introduced for 
non-linear performance functions. The accuracy may be improved by 
including the second-order terms of the Taylor series expansion. For 
example, the second-order approximation of the mean value is [2]: 

μY ≈ g
(
μx1

, μx2
, ⋯., μxN

)
+

1
2

∑N

i

[

σ2
xi

(
∂2g
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i

) ]

(6) 

The second derivative can be estimated using the same finite central 
difference approximation of ± one Std as above. Hence, for the first 

random variable x1, the summation term is: 

σ2
x1

(
∂2g
∂x2

1

)

≈g
(
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)
−2g
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)
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(
μx1

−σx1 ,μx2
,⋯.,μxN

)
(7) 

It should be noted that applying the second-order approximation of 
the mean does not increase the number of needed computations since 
the values g+ and g- are computed already when estimating σY via Eqs. 
(3)–(5). 

Definitions of performance function and relative error in FOSM 

In serviceability limit state (SLS) design of ground-supported in-
frastructures, the performance function g is defined as the difference 
between the allowed settlement Sallow and the settlement Sresidual 
occurring during operation time (e.g., [6,33]). The probability of g < 0 is 
the probability of exceeding allowed settlement pf, and higher pf can be 
allowed if the related consequences are less severe (e.g., [3,30,28]). In 
Finland, Sallow for road embankments is 200–800 mm in 50 years, 
depending on the road type [11]. Additional settlement limits are set by 
the maximum changes in surface inclination. Meanwhile, Sresidual can be 
limited via preloading with or without surcharge. Since Sallow and Sresidual 
are design-dependent, this paper aims to estimate the probability dis-
tribution of the ultimate primary consolidation settlement Sp, which is 
the basis of any soil improvement assessment or preloading design. 

The ultimate primary settlement Sp can be calculated using the 
compression index method. For normally consolidated (NC) clays (i.e. 
preconsolidation pressure σp

′ is approximately equal to the effective in- 
situ stress σv0

′), the strain εNC can be defined from: 

εNC =
1

1 + e0
Cclog10

(
σ’

v0 + q
σ’

v0

)

(8)  

where Cc is the compression index, and q is the imposed vertical load. 
The resulting primary settlement Sp is the product of εNC and the 
thickness of the consolidating clay layer. If the compression index was 
the only random variable, the performance function defined by εNC 
would be linear and FOSM exact. If the clay is overconsolidated (σp

′ >

σv0
′), the strain εOC+NC caused by load q can be calculated with: 

εOC+NC =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1
1 + e0

[

Cslog10
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v0 + q < σ’

p

1
1 + e0
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p
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)

+ Cclog10

(
σ’

v0 + q
σ’

p

) ]

if σ’
v0 + q ≥ σ’

p

(9)  

where Cs is the swelling index. Larger errors in FOSM can be expected for 
OC clays because Eq. (9) produces a performance function that is non- 
differentiable when σv0

′+q equals σp
′ and marked with considerable 

non-linearity. 
Once the uncertainty in Sp has been evaluated using both FOSM and 

Monte Carlo simulation (MCS), the accuracy of FOSM can be quantified 
by means of relative error er: 

er =
approximation − actual

actual
(10)  

where approximation is the mean, standard deviation, or 95th percentile 
of the strain or settlement estimated with FOSM, and actual value is the 
respective statistic obtained from MCS. That is, er;1–mean is the relative 
error in first-order mean (Eq. (2)), er;2–mean is the error in second-order 
mean (Eqs. (6) and (7)), and er;Std is the error in standard deviation 
(Eqs. (3)–(5)). The 95th percentile can be calculated by assuming 
normal or lognormal distribution constructed with the Std and either the 
first-order or second-order mean. This relative error of 95th percentile 
(er;95) describes how accurately the probability of higher strains or 
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settlements can be evaluated. Meanwhile, the MCS was implemented 
using the Latin hypercube sampling from the pyDOE Python library. 
Latin hypercube sampling [23] represents a form of stratified sampling 
technique. By means of stratification, the cumulative probability dis-
tribution is divided into equal-sized intervals from which the sample is 
randomly taken. Effectively, Latin hypercube ensures that all the por-
tions of the input distribution are represented in the drawn sample [23]. 
On contrary, with crude Monte Carlo, clustering may occur especially 
with smaller number of realizations [34]. That is, there is no guarantee 
that the drawn sample includes values from the tails of the probability 
distribution. Hence, Latin hypercube MCS was chosen since it tends to be 
marked with somewhat higher accuracy and computational efficiency 
compared to crude Monte Carlo [23,34,3]. The number of realizations in 
each Latin hypercube MCS was 1 × 106. 

Theoretical consolidation scenarios 

Fig. 1 shows the considered theoretical consolidation scenario that 
represents a typical situation encountered in Nordic countries: the soft 
clay deposit (with thickness Hclay) is covered by a stiff dry crust clay 
(with thickness Hcrust). The groundwater level was assumed to be at the 
lower boundary of the dry crust. Up to five random variables were 
considered: compression index Cc, swelling index Cs, pre-overburden 
pressure POP (=σp

′-σv0
′), load q, and unit weight of the dry crust clay 

γcrust. The properties of these random variables are summarized in 
Table 1, and their determination process is described in this section. 

Unit weight of soft clay γclay was calculated from deterministic void 
ratio e0 and density of solid particles by assuming full saturation. Density 
of solid particles (2.7 g/cm3) and mean value of γcrust (17 kN/m3) were 
selected based on existing statistics for Finnish clay soils [12,32]. Hclay 
was assumed to be 5 m; although, it should be noted that Hclay affects the 
effective in-situ stress σv0

′ only since strains were computed instead of 
settlements. 

Various input parameter scenarios were considered to cover a wide 
range of clay compressibility and loading conditions. The void ratio was 
varied to be e0 = {1.0, 1.5, 2.0, 2.5, 3.0}, and the mean values for Cc and 
Cs (see Table 1) were calculated from void ratio e0 via the transformation 
models for Finnish clay soils [19]: 

loge(Cc) = −1.586 + 2.861loge(e0) − 0.720[loge(e0) ]
2

; Std(ε) = 0.346
(11)  

loge(Cs) = −3.253 + 1.48loge(e0) − 0.317[loge(e0) ]
2

; Std(ε) = 0.435
(12)  

where Std(ε) is the standard deviation of the regression residuals. In 
addition to the trend values of Cc and Cs, the upper and lower bounds 
defined as ± 2 × Std(ε) were also considered. The mean value of load q 
was set to q = {20, 40, 60, 80} kPa in all cases except for e0 = 3 where 80 
kPa was omitted as an unlikely loading scenario (due to low shear 
strength and high compressibility associated with Finnish clay soils with 
that high void ratio). The mean value of pre-overburden pressure, POP =

(σp
′ − σv0

′), was varied with respect to q; that is, mean POP was defined 
as k × q, and k was set to 32 different values between 0.1 and 4 (that is, 
mean POP was 2…320 kPa). Case k = 1 corresponds to POP and q being 
equal, which is analogous to (σv0

′ + q) = σp
′. When k = 0.1, mostly NC 

strains occur as (σv0
′+q) is significantly larger than σp

′. At k > 3, NC 
strains become very unlikely. 

Three uncertainty cases (low, medium, and high) were considered. 
The assumed coefficients of variation (COV) and distribution types used 
for the random variables are shown in Table 1. The standard deviations 
are given by the product of COV and the variable’s mean. The COV 
values of compressibility (Cc, Cs, POP) were selected to represent the 
typical range of observed COV for Finnish clays, i.e., 0.1–0.3 [18,20]. 
This range is close to the approximate guideline (0.10–0.37) for 
consolidation parameters given by Uzielli et al. [36]. In the case of 
embankment load, the variability in surcharge load q is caused by the 
variability in fill material unit weight. Hence, suitable COV values for 
soil density were used for both q and dry crust unit weight γcrust i.e., 
0.02–0.10. This range corresponds to the observed COV for unit weight 
of Finnish clays (0.01–0.03 as reported by [18,20] and the approximate 
guideline (<0.10) given by Uzielli et al. [36]. The thickness of the dry 
crust Hcrust was assumed to be 1 m, 1.5 m, and 2 m in uncertainty cases 
low, medium, and high, respectively. Thicker dry crust increases the 
variability in σv0

′ caused by uncertain γcrust. In addition, thicker dry crust 
is in line with higher uncertainty in q since the load transmission may be 
affected by the thick, stiffer dry crust. The distribution types were 
selected in accordance with the available literature on compressibility 
properties and soil density [16,20]. 

Results for theoretical consolidation scenarios 

Results for normally consolidated (NC) clay 

The computed mean strains for normally consolidated clay (εNC, Eq. 
(8)) varied between 0.007 and 0.506 with a mean value of 0.125 (171 
scenarios). Fig. 2 presents a histogram of the relative errors in estimating 
the first two moments of the strain. The second-order mean has the 
smallest relative error (up to er;2–mean = 9 × 10−5) while the Std has the 
highest, up to er;Std = −0.009. The first-order mean has significantly 
larger relative errors compared to the second-order approximation, up 
to er;1–mean = −0.003. On the other hand, Fig. 3 shows that the relative 

Clay

( , , , , )

( )

( )

Fig. 1. Consolidation scenario in accuracy analyses.  

Table 1 
The random variables in the theoretical consolidation scenarios.   

Dist.a  COV in uncertainty case 

Random variable Mean values Low Medium High 

Compression 
index Cc 

N 0.102, 0.205, 0.290, 
0.409, 0.527, 0.580, 
0.770, 0.996, 1.052, 
1.159, 1.538, 1.989, 
2.102, 3.073, 3.974  

0.10  0.20  0.30 

Swelling index Cs N 0.016, 0.028, 0.039, 
0.039, 0.048, 0.056, 
0.067, 0.092, 0.093, 
0.115, 0.134, 0.160, 
0.221, 0.274, 0.320  

0.10  0.20  0.30 

Pre-overburden 
pressure POPb 

(kPa) 

LN Min = 2; Max = 320 (in 
total 32 different 
values)  

0.10  0.20  0.30 

Unit weight of dry 
crust γcrust (kN/ 
m3) 

N 17  0.02  0.05  0.10 

Surcharge load q 
(kPa) 

N 20, 40, 60, (80)  0.02  0.05  0.10  

a N = normal distribution; LN = lognormal distribution. For LN, arithmetic 
means are given. 

b POP = σp
′-σv0

′ (where σp
′ is preconsolidation pressure and σv0

′ is effective in- 
situ stress). Defined as k × q where k was set to 32 different values between 0.1 
and 4. 
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errors in estimating the 95th percentile are 10–20 times higher 
compared to the moment errors (er;95 = −0.016 to 0.034). The 
assumption of normal distribution is generally more accurate, but 
lognormal can provide some conservatism due to overestimation of the 
strain. 

Lastly, Fig. 4 shows that the highest relative errors occur in the high 
uncertainty case (COV = 0.30 for Cc). Similar dependency was found 
with all the random variables and the COV of the strain. This observation 
is in line with Bradley and Lee’s [5] study where higher COV of random 
variables led to higher relative errors of FOSM. In addition, it was 
observed that the relative errors increase almost linearly with increasing 
skew and excess kurtosis of the strain (see Figs. S1–S2 in the supple-
mentary material). Higher skew and kurtosis may be related to a higher 
level of non-linearity in the performance function. 

Results for overconsolidated (OC) clay 

The computed mean strains in OC clay (εOC+NC, Eq. (9)) varied be-
tween 0.001 and 0.421 with a mean value of 0.0218 (5472 theoretical 
cases). Fig. 5 shows the relative errors in moments with respect to k in 

three uncertainty cases. At low k, which corresponds to a slightly 
overconsolidated clay layer, the relative errors are generally low. 
Similarly, FOSM performs fairly well at very large k since mostly OC 
strains occur, thus decreasing the nonlinearity of the performance 
function. In the studied scenarios, FOSM is relatively accurate if k is 
smaller than 0.5 or greater than 2.5. The range of k with considerable 
errors is widest in the high uncertainty case. 

In all uncertainty cases, the relative error in the first-order mean 
(er;1–mean) has its peak value at k = 1 (corresponding to σv0

′+q and σp
′

being equal). The magnitude of er;1–mean is the greatest in the high un-
certainty case, at −0.64. The error of Std (er;Std) is greater than er;1–mean, 
and its peak is er;Std ≈ −0.7 in all uncertainty cases. The location of the 
peak error for er;Std shifts with varying uncertainty cases: er;Std is the 
highest at k = {1.10, 1.25, 1.40} in uncertainty cases low, medium, and 
high, respectively. Like the first-order mean, the second-order mean also 
has a peak value at k = 1, and the greatest error (er;2–mean = 0.39) is in the 
high uncertainty case. As the second-order mean is also dependent on 
the standard deviations (like the FOSM-based Std), it has another 
extreme value where er;Std is the highest. Whereas the first-order mean 
systematically underestimates the actual mean, the second-order mean 
mostly overestimates until the peak er;Std where it shifts to 

Fig. 2. NC clay: relative errors in moments of strain.  

Fig. 3. NC clay: relative errors 95th percentile of strain.  

Fig. 4. NC clay: relative errors as a function of uncertainty in compres-
sion index. 

Fig. 5. OC clay: relative errors in the moments of strain as a function of k-ratio.  
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underestimation. 
Fig. 6 shows the relative error in the 95th percentile of the strain 

estimated from normal or lognormal distribution, based on first- or 
second-order mean approximations. The 95th percentile is mostly 
underestimated, and the highest relative error er;95 (around −0.6) occurs 
at the location of peak er;Std. The error er;95 is moderate in all cases when 
k < 1 if the second-order mean is used: up to 0.08 for lognormal and 
−0.06 for normal. In contrast, the range of k-ratios with large er;95 is 
much wider if the first-order mean is used. 

The locations of the highest relative errors were investigated further. 
Fig. 7 shows the three peak error situations in the medium uncertainty 
case (q = 40 kPa and trend values of compression indices for e0 = 3): k =
0.8 (Std overestimated), k = 1 (Peak er;1–mean), and k = 1.25 (Std 
underestimated). Simulated POP values and the corresponding strains 
are also shown to illustrate the non-linearity of the performance func-
tion. When k = 0.8, the strain distribution has two peaks since only OC 
strains occur in some of the simulations. The probability of not 
exceeding the preconsolidation pressure σp

′ (i.e., the probability of only 
OC strains occurring) was estimated by assuming a normal distribution 
for the difference between the final stress (σv0

′ + q) and σp
′. When k =

0.8, this probability is P(σv0
′ + q < σp

′) = 0.12. The FOSM-based normal 
distribution fits the strain histogram quite well except for the peak 
corresponding to only OC strains. Hence, it seems that the finite differ-
ence limits of ± one Std fail to detect the rather unlikely (P = 0.12) case 
of only OC strains occurring. On the other hand, when k = 1, the 
probability is P(σv0

′ + q < σp
′) = 0.50. None of the distributions fit the 

histogram well although the lognormal based on second-order mean 
resembles the general shape and fits the higher strain tail relatively well. 
Large errors are explained by the linearization of the performance 
function at mean POP, which leads to an approximation that does not 
describe either of the strain scenarios well (i.e., OC strains only, or both 
OC and NC strains). Lastly, when k = 1.25, the probability is P(σv0

′ + q <
σp

′) = 0.83 (i.e., it is rather likely that only OC strains occur). Occasional 
simulated NC strains cause a skewed tail of higher strains. Similarly, as 
above, FOSM fails to detect the rather unlikely event of NC strains also 
occurring. Except for the tail of higher strains, all FOSM-based distri-
butions fit the remaining OC strain histogram well. 

As pointed out above, peak er;Std is related to situations where FOSM 
fails to detect either OC or NC strains. In fact, the location of peak er;Std 
corresponds to a certain probability P(σv0

′ + q < σp
′), regardless of un-

certainty case: Std is overestimated if P = 0.1–0.3 and grossly under-
estimated if P ≈ 0.8 (see Fig. S3 in the supplementary material). 
Meanwhile, at k = 1 the relative error er;Std does not depend on the 
uncertainty case (see Fig. 5) because the probability is then P = 0.50 in 
all uncertainty cases (see Fig. S4 in the supplementary material). On the 
other hand, FOSM is rather accurate if it is quite certain that σp

′ is 
exceeded (i.e. P ≈ 0) and hence large NC strains dominate the total strain 
εOC+NC. Indeed, Figs. 5 and 6 show that the accuracy of FOSM is rather 
high if k < 0.5 (corresponding to q > 2 × POP): maximum er;95 was then 
0.03 (when lognormal was assumed) while maximum values for mo-
ments were er;Std = −4 × 10−3, er;1–mean = −2 × 10−4 and er;2–mean = 3 ×
10−4. 

Probabilistic settlement models for test embankments 

Geometry and ground conditions 

Three test embankments were used as case studies: Murro, Haar-
ajoki, and Kujala test embankments. Properties of the test embankment 
and the subsoil are summarized in Table 2. Figs. 8–10 present the pro-
files of compressibility parameters (derived from oedometer tests), 
selected mean values for each clay layer, and modeled stresses for the 
three case studies. The overconsolidation was modeled as either con-
stant preconsolidation σp

′ or POP, whichever was more suitable. 

Uncertainty quantification 

Uncertainties in soil properties such as Cc arise from various sources 
of uncertainty [29]. Based on the formulation by Baecher and Ladd [4], 
Müller et al. [25] suggested that the total uncertainty in the determi-
nation of a soil property averaged over some volume based on n inde-
pendent measurements can be defined from: 

COV2
X ≈ (COV2

obs − COV2
e)(ψ + Γ2) + COV2

e

(
1
n

)

+ COV2
tr (13)  

where COVobs is observed variability assessed from the measurements; 
COVe represents measurement error; ψ is a factor representing the sta-
tistical error; and Γ2 is the variance reduction factor; and COVtr repre-
sents transformation error associated with deriving the soil property X 
from the measurements. The value of Γ2 depends on the size of the 
averaging domain and the scale of fluctuation (e.g. [37]. In Eq. (13), it is 
assumed that both the inherent spatial variability and measurement 
error contribute to COVobs [26]. In addition, measurement error is 
assumed to decrease with increasing number of independent measure-
ments n. In many reliability analyses, the COV values accounting for 

Fig. 6. OC clay: relative errors in the 95th percentile of strain as a function of 
k-ratio. 
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different sources of uncertainty may be estimated using literature values 
[29,36]. 

The standard deviations (Std) of preconsolidation pressure σp
′ or POP 

and compression indices were defined as the product of the mean 
(Figs. 8–10) and the total coefficient of variation COVX defined from Eq. 
(13). Properties of the random variables for each soil layer are presented 
in Table 3, and an extended summary of the assumed uncertainties is 
collected to Table S1 in the supplementary material. Since there was no 
spatial trend with depth, ψ in Eq. (13) was 1/n. The variance reduction 

factor was conservatively assumed to be Γ2 = 1. COVobs was mainly set 
to the typical mean value of 0.20 for compressibility properties [20]. A 
higher value, COVobs = 0.30, was assumed for layers where apparent 
variability was greater: σp

′ in Murro’s dry crust, σp
′ in Haarajoki’s dry 

crust, Haarajoki’s POP in the deepest clay layer, and Kujala’s POP in the 
deepest layer. 

Measurement error related to defining compressibility properties 
was assumed to be COVe = 0.10 for all cases. This value corresponds to a 
lower range of COVe for shear strength testing reported by Phoon and 

Fig. 7. Examples of peak errors in the medium uncertainty case.  

Table 2 
Description of the test embankments and subsoil conditions.  

Property  Murro Haarajoki Kujala 

Construction Location City of Seinäjoki, western Finland City of Järvenpää, southern 
Finland 

City of Lahti, southern 
Finland  

Year 1993 1997 2017 
Embankment geometry and fill 

properties 
Height (m) 2.0 2.9 4.0 
Length (m) 30 100 23.5 
Crest width (m) 10 8 18 
Gradient of the slopes 1:2 1:2 1:1.5 
Fill material crushed rock granular fill crushed rock 
Unit weight γfill (kN/m3) 19.6 21 20 

Subsoil conditions Soil type Soft silty clay Soft clay Silty clay 
Degree of overconsolidation Normally consolidated Moderately overconsolidated Overconsolidated 
Depth of compressing soil (m) 23 20 13 
Thickness of dry crust (m) 2 2 2–3a 

Depth of groundwater (m) 0.8 0.0 1.0 
Settlement monitoring Largest measured settlement 800 mm in 8 years 460 mm in 5 years 115 mm in 17 months 

Estimated ultimate primary 
settlement Sp (mm) 

1000–1150 >460b ≈120 

References For further details Koskinen et al. [15] and Karstunen 
et al. [14] 

Yildiz et al. [41] Löfman and Korkiala-Tanttu 
[21]  

a Dry crust until depth of 2 m was assumed non-compressive due to very low water content. 
b After 5 years of monitoring the primary consolidation was still continuing. 
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Kulhawy [29]. The number of measurements n per layer varied between 
2 and 11, and the resulting total COVX values were quite close to the 
assumed COVobs. 

COVtr was assumed to be zero in all cases except Kujala. Due to high 
sensitivity, some of the Kujala oedometer test specimens were exposed 
to sample disturbance. Especially at the deepest layer the specimen 

quality was assessed to be lower, and thus another estimate of the pre-
consolidation pressure was utilized: that is, a value based on the mobi-
lized undrained shear strength su,mob interpreted from the field vane test. 
The ratio between su,mob and σp

′ was calibrated using the higher quality 
specimens, and the POP value was assessed while considering how the 
transformation uncertainty COVtr related to this relationship (0.28 for 

Fig. 8. Compressibility properties and stresses at Murro test embankment.  

Fig. 9. Compressibility properties and stresses at Haarajoki test embankment.  

Fig. 10. Compressibility properties and stresses at Kujala test embankment.  
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Finnish clays according to D’Ignazio et al. [8]. The resulting total COVX 
for this deepest layer was 0.42. 

The uncertainty in the load was considered via the variability in the 
unit weight of the embankment material γfill. COVX was simply assumed 
to be equal to 0.05 (thus corresponding to the value used by Spross and 
Larsson [33]. The unit weight of clay was assumed to be deterministic 
constant in almost all cases due to the low observed variability. In 
Kujala, however, no undisturbed specimens were taken from the dry 
crust, meaning that unit weight γcrust had to be estimated from water 
content of disturbed specimens. Hence, γcrust was treated as a random 
variable with COVX = 0.05. As in the accuracy study, the void ratios 
were treated as deterministic variables. 

Consolidation settlement model 

For the case studies, Latin hypercube MCS (instead of crude MCS) 
was performed using @RISK software [27] to ensure higher computa-
tional accuracy. The histogram of the ultimate primary settlement Sp 
was constructed using 1 × 106 realizations. The strains were calculated 
with Eqs. (8) and (9). The load q was modeled as a Boussinesq 
embankment load (qemb). The compressibility properties of each clay 
layer were modeled as single random variables, meaning that perfect 
spatial correlation was assumed within the clay layer. The settlements 
were computed for 100 mm thick calculation layers and then summed to 
acquire the total settlement caused by the embankment load (e.g., [33]). 
In addition to MCS, deterministic maximum settlement Smax was 
computed by using the highest measured compression indices per layer, 
lowest measured σp

′ or POP, and the 90th percentile of the unit weights. 
The minimum deterministic settlement Smin was computed in a similar 
manner. 

For the clay layer closest to the ground surface, OC strains were 
calculated using a constant modulus of compressibility (derived from Cs) 
as recommended in Finland [38]. In addition, the embankment load at 
Haarajoki was modified because the groundwater is at the ground sur-
face; that is, the mean value of effective embankment load qemb

′ was 
defined by a deterministic iterative process where effective unit weight 
of fill was used for the submerged part of the embankment. 

Results for test embankments 

Figs. 11–13 present the settlement histograms for Murro, Haarajoki, 
and Kujala test embankments, respectively. Besides the histogram of 
MCS values, Figs. 11–13 also illustrate the normal and lognormal dis-
tributions constructed with (first-order) Std and either first- or second- 

order mean estimated with FOSM. Figs. 11–13 show that the deter-
ministic estimates Smin were rather close to the fifth percentile whereas 
Smax were marked with significant conservatism since they were located 
quite far away from the histogram values. 

Table 4 presents the relative errors and statistics for the ultimate 
settlement Sp in all three case studies. The relative errors were the 

Table 3 
Random variables in the reliability analyses of the test embankments.  

Case studya  Compression index Cc  Swelling index Cc Preconsolidation pressure σp
′ or POP 

Layer depth (m) Dist.b Mean COVX  Std Dist.b Mean COVX  Std Dist.b Mean COVX  Std Variable 

Murro 0–1.6 N  0.502  0.19  0.095 N  0.020  0.19  0.004 LN 90.7  0.30 27.64 σp
′

1.6–3 N  0.586  0.22  0.131 N  0.021  0.22  0.005 LN 29.0  0.22 6.48 σp
′

3–8.8 N  1.056  0.18  0.195          
8.8–15 N  0.789  0.19  0.148          
15–23 N  0.584  0.21  0.122                         

Haarajoki 0–2 N  0.268  0.19  0.052 N  0.058  0.19  0.011 LN 49.4  0.31 15.46 σp
′

2–6 N  3.036  0.19  0.574 N  0.189  0.19  0.037 LN 53.0  0.19 10.02 σp
′

6–13 N  1.967  0.19  0.365 N  0.179  0.19  0.034 LN 36.0  0.30 10.68 POP 
13–20 N  1.125  0.22  0.252 N  0.137  0.22  0.031                

Kujala 0–2c              

2–4 N  0.468  0.22  0.105 N  0.080  0.22  0.018 LN 180.0  0.22 40.25 POP 
4–9 N  0.164  0.22  0.037 N  0.039  0.22  0.009 LN 59.0  0.22 13.19 POP 
9–13 N  0.548  0.22  0.123 N  0.085  0.22  0.019 LN 69.9  0.42 29.36 POP  

a Unit weights γfill were defined as normal distribution with COVX = 0.05 and mean values as in Table 2. 
b N = normal distribution; LN = lognormal distribution. For LN, arithmetic moments are given. 
c Unit weight γcrust defined as normal distribution with mean = 19 kN/m3 and COVX = 0.05 (Std = 0.95). 

Fig. 11. Monte Carlo simulation and FOSM results for Murro.  

Fig. 12. Monte Carlo simulation and FOSM results for Haarajoki.  

M.S. Löfman and L.K. Korkiala-Tanttu                                                                                                                                                                                                    



Transportation Geotechnics 30 (2021) 100625

9

smallest for Murro (highest being er;Std = 0.0014), which was expected 
since Murro clay basin is mostly normally consolidated. The first- and 
second-order means were almost identical although the relative error 
was slightly smaller for the second-order mean. The skew and excess 
kurtosis for Murro were almost zero, which indicates a shape close to 
normal distribution (see Fig. 11). 

The relative errors were considerably higher for Haarajoki and 
Kujala as expected for overconsolidated clays. The respective k-ratios in 
the compressing soil layers were k = 0.5–1.2 in Haarajoki and k =

0.8–2.3 in Kujala (see Figs. 9 and 10). In both case studies, Std is over-
estimated (er;Std = 0.0196 for Haarajoki and 0.0685 for Kujala), and the 
first-order mean underestimates the actual mean (er;1–mean = −0.1253 
for Haarajoki and er;1–mean = −0.1496 for Kujala). On the other hand, the 
second-order mean has significantly lower relative errors at er;2–mean =

0.0179 and er;2–mean = 0.0523 for Haarajoki and Kujala, respectively. 
The results imply that the “effective” k-ratio is 0.8–0.9 where both Std 
and second-order mean are overestimates (see Fig. 5). In both Haarajoki 
and Kujala, the lognormal distribution based on second-order mean 
seems to fit the shape of the histogram the best although the higher 
percentiles are fitted better with the normal distribution (see Figs. 12 
and 13). 

Finally, the relative errors in the estimation of the 95th percentile 
were investigated (see Table S2 in the supplementary material). In all 
case studies, the normal distribution based on second-order mean has 
the smallest er;95 (less than ± 0.02 in all cases). The lognormal based on 
second-order mean overestimates the 95th percentile in all case studies, 
thus providing a conservative upper bound. 

Discussion 

When FOSM was applied to the case studies, significantly smaller 
relative errors were observed compared to the theoretical single-layer 
cases. One explanation of this could be that the stress conditions did 
not match closely enough with the conditions of peak errors. On the 
other hand, the k-ratios and the probability of NC strains varied between 

clay layers, which may “smoothen” the settlement distribution since no 
single condition dominates the uncertainty propagation. Using the 
second-order approximation of the mean significantly increases the ac-
curacy of FOSM in OC clay case studies, but there is still a visible 
discrepancy between the estimated distribution and the actual histo-
gram (see Figs. 11–13). In optimization designs where a very high 
reliability level is targeted, this level of accuracy would not suffice. On 
the other hand, when assessing the likely magnitude of primary 
consolidation settlement (i.e., during the preliminary planning stages), 
the level of accuracy provided by FOSM seems adequate also for the OC 
clays. Both normal and lognormal distribution can be assumed to illus-
trate the likely domain of settlements. Finally, it should be noted that the 
accuracy of FOSM could be further improved by applying the second- 
order approximation of the standard deviation alongside with the 
second-order mean. Nevertheless, if very high reliability level is tar-
geted, methods like Monte Carlo simulation should be used to ensure the 
highest possible accuracy. However, the required large number of re-
alizations comes with computational challenges, and therefore great 
effort has been directed to developing methods like subset simulation 
[1] and metamodeling techniques (e.g., [10]) that help to decrease the 
computational demand. 

It should be noted that the FOSM equations applied in this paper 
apply if the random variables are statistically independent from each 
other. That is, the correlation between the random variables was ignored 
for the sake of simplicity. The Pearson’s coefficients of correlation ρ 
derived for the FI-CLAY/14/856 database [19] are presented in the 
supplementary material (Table S3). The correlation between compres-
sion indices and preconsolidation pressure (OCR or σp

′) was found to be 
weak (ρ = −0.159 to −0.286). On the other hand, moderate correlation 
was observed between Cc and Cs (ρ = 0.597). In their summarizing study 
of site-specific cross-correlations, Zhou et al. [42] found a similar 
moderate correlation between Cc and Cs. Nevertheless, the authors of the 
present study estimate that this moderate correlation between 
compression indices does not significantly affect the variance of the 
settlement because POP (or σp

′) had the greatest contribution to the 
variance in the case studies according to the sensitivity analyses. On the 
other hand, it should be noted that a formulation of FOSM that in-
corporates coefficients of correlation is also available (e.g., [3]). 

Since FOSM incorporates only the first two moments of uncertain 
variables, non-symmetric distributions cannot be modelled properly. 
For instance, POP (or σp

′) was modelled as lognormal distribution, which 
causes errors especially if the coefficient of variation is large. On the 
other hand, if should be noted that according to the literature, not only 
lognormal but also normal distribution might be suitable for the mea-
sures of overconsolidation [16,20]. Nevertheless, it is noteworthy that 
uncertainty quantification (including distribution selection), which is 
based on literature, is appropriate in cases where the targeted reliability 
level is rather low. On contrary, if a high level of reliability is targeted, 
efforts should be directed to more accurate, site-specific uncertainty 
quantification. For instance, Bayesian approaches can be employed to 
increase the reliability in estimated probability distributions (e.g. [39]). 

Lastly, the void ratio e0 was treated as a deterministic constant due to 
two main reasons. First, the observed variability of e0 is quite small for 
homogeneous Finnish clay layers: observed COV varied between 0.02 

Fig. 13. Monte Carlo simulation and FOSM results for Kujala.  

Table 4 
Settlement statistics and relative error er in FOSM for the test embankments.  

Case Value Mean, 
MCS 

1st-order mean, 
FOSM 

2nd-order mean, 
FOSM 

Std, 
MCS 

Std, FOSM COV, 
MCS 

Median, 
MCS 

Skew, 
MCS 

Excess kurtosis, 
MCS 

Murro Statistic  934.06  933.11  933.72  114.69  114.85  0.123  932.7  0.0679  0.0088  
er   −0.0010  0.0007   0.0014     

Haarajoki Statistic  729.72  638.30  742.77  269.17  274.45  0.369  707.2  0.5200  0.2446  
er   −0.1253  0.0179   0.0196     

Kujala Statistic  136.95  116.47  144.12  33.16  35.43  0.242  131.7  0.8099  0.7514  
er   −0.1496  0.0523   0.0685     

Note: The settlement values are in millimeters. 
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and 0.12 with a mean value of 0.06 [20]. Second, even though the 
correlation between e0 and compression indices is positive (ρ = 0.81 for 
Cc and ρ = 0.65 for Cs [19]), thus implying that higher e0 leads to higher 
compressibility, higher e0 actually decreases the resulting strain (Eqs. 
(8) and (9)). This contradiction has been discussed by Wesley [40]. 
Hence, it is more straightforward to fix e0, the physical parameter, and 
apply variability to compression indices only. This issue is avoided when 
using alternative compressibility measures that define compressibility 
with respect to strain instead of changes in void ratio such as 
compression ratio CR = Cc/(1 + e0), or modified compression index λ*. It 
should be noted that the observed variability in compression ratio CR 
was almost identical to Cc for Finnish clays [20]. 

Summary and conclusions 

This paper applied first-order second-moment method, or FOSM, and 
Monte Carlo simulation to perform reliability analysis of primary 
consolidation settlement in normally consolidated (NC) and over-
consolidated (OC) clay. Various scenarios of overconsolidation (defined 
via pre-overburden pressure POP = σp

′ − σv0
′) and external loading q 

were considered. The relative errors in estimating the mean, the stan-
dard deviation (Std), or the 95th percentile of strain or settlement by 
means of FOSM were assessed by comparing to the Latin hypercube 
Monte Carlo. Both theoretical scenarios and real cases studies (three test 
embankments founded on NC or OC clay subsoil) were considered to 
evaluate the accuracy of FOSM. It was observed that the relative errors 
in the theoretical single-layer problems were significantly higher than in 
the test embankments, thus providing conservative upper bounds for the 
errors. 

Regarding NC clays, it can be concluded that FOSM can be used in 
most serviceability limit state (SLS) verifications with acceptable rela-
tive errors. The highest relative error in second-order mean was only 9 
× 10−5, and the relative error in Std was no more than −0.009. Mean-
while, relative errors in estimating the upper 95th percentile were 
higher (from −0.016 to 0.034), but lognormal distribution can be 
assumed to ensure conservative estimates (i.e. overestimation of the 
probability of large settlements). Nonetheless, if high reliability levels 
are targeted, Monte Carlo simulation equipped with meticulous uncer-
tainty quantification should always be applied to acquire the highest 
possible accuracy. 

For the considered OC clay scenarios, errors were induced by the 
non-linear performance function that was non-differentiable when final 
stress was equal to preconsolidation pressure σp

′ (i.e. when load q =

POP). Regarding FOSM applied to OC clays, the following conclusions 
could be drawn:  

• The means had the highest relative error when q = POP. The second- 
order mean should be preferred over first-order since it is more ac-
curate, and it more likely overestimated the mean. In the theoretical 
scenarios, the relative error of second-order mean was up to 0.39, 
while the highest value in case studies was 0.0523.  

• The Std had the highest relative error when the probability of not 
exceeding σp

′ (i.e., the probability of only OC strains occurring) was 
around 0.8. In these situations, the possibility of large NC strains was 
not detected. In the theoretical scenarios, the relative error of Std 
was up to −0.7, while the highest value in case studies was 0.0685.  

• The accuracy of FOSM was adequate when q > 2 × POP. In such 
situations, the exceedance of σp

′ is rather certain and large NC strains 
dominated the total strain. The relative errors in the mean and Std 
were in the scale of 10−3…10−4 while error in estimating the 95th 
percentile was no more than 0.03, meaning that FOSM may be used 
in most SLS verifications.  

• Meanwhile, significant errors are possible when q ≤ 2 × POP. In such 
situations, Monte Carlo simulation should be preferred over FOSM to 
ensure high enough accuracy in the SLS verification. However, if the 
purpose is to estimate the likely magnitude of settlements (like in a 

preliminary planning stage), FOSM equipped with second-order 
mean can be rather useful: both normal and lognormal distribu-
tions can be considered to illustrate the likely domain of settlements. 

This study was limited to evaluating the ultimate primary consoli-
dation settlement Sp using compression index (Cc) method. The Cc 
method was selected because it is the most widely known consolidation 
settlement model for clays. Similarly, predicting the magnitude of Sp was 
evaluated to represent a classical problem often encountered in SLS 
design of transportation structures founded on clay subsoil. The proba-
bility distribution of Sp was estimated, instead of the probability of 
exceeding allowed settlement pf, because the allowed settlement and 
residual settlement Sresidual after preloading are project-dependent and 
all the possible scenarios could not be investigated within the scope of 
the study. Nevertheless, regarding future work, the conditions where the 
accuracy of FOSM was sufficient should be further investigated: the 
accuracy in evaluating Sresidual should be studied by considering different 
scenarios of consolidation rate, secondary settlement, and time con-
straints. In addition, different settlement models should be considered. 
Finally, FOSM should be applied to various case studies that deal with 
specific SLS verifications so that the accuracy in the estimated proba-
bility of exceeding allowed settlement pf can be evaluated. 
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[20] Löfman MS, Korkiala-Tanttu LK. Inherent variability of geotechnical properties for 
Finnish clay soils. In: Matos JC, editor. 18th International Probabilistic Workshop, 
Lecture Notes in Civil Engineering 153. Cham: Springer; 2021. p. 431–43. 
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vertical drains. Géotechnique 2021;71(3):226–38. https://doi.org/10.1680/ 
jgeot.19.P.053. 

[34] Startzman RA, Wattenbarger RA. An improved computation procedure for risk 
analysis problems with unusual probability functions. SPE 1985 Hydrocarbon 
Economics and Evaluation Symposium Proceedings: Society of Petroleum 
Engineers. 1985. 

[35] U.S. Army Corps of Engineers. Engineering and design: Introduction to probability 
and reliability methods for use in geotechnical engineering. ETL 1110-2-547. 
Washington, DC; 1997. 

[36] Uzielli M, Lacasse S, Nadim F, Phoon K-K. Soil variability analysis for geotechnical 
practice. In: Characterisation and engineering properties of natural soils. London: 
Taylor & Francis; 2007. p. 1653–752. 

[37] Vanmarcke EH. Random fields: analysis and synthesis. Cambridge: MIT Press; 
1983. 
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