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Spin pumping consists in the injection of spin currents into a nonmagnetic material due to the precession of
an adjacent ferromagnet. In addition to the pumping of spin the precession always leads to pumping of heat,
but in the presence of spin-orbital entanglement it also leads to a charge current. We investigate the pumping of
charge, spin, and heat in a device where a superconductor and a quantum spin Hall insulator are in proximity
contact with a ferromagnetic insulator. We show that the device supports two robust operation regimes arising
from topological effects. In one regime, the pumped charge, spin, and heat are quantized and related to each other
due to a topological winding number of the reflection coefficient in the scattering matrix formalism, translating
to a Chern number in the case of Hamiltonian formalism. In the second regime, a Majorana zero mode switches
off the pumping of currents owing to the topologically protected perfect Andreev reflection. We show that the
interplay of these two topological effects can be utilized so that the device operates as a robust charge, spin, and
heat transistor.

DOI: 10.1103/PhysRevB.103.205410

I. INTRODUCTION

Transistors are a celebrated example of a basic research
discovery resulting in an enormous societal impact. They
are the building blocks of the modern digital technology
revolution owing to their ability to manipulate electrical cur-
rents with exponential dependencies on the control parameters
[1]. Motivated by this success story, enormous amounts of
research efforts have been devoted to enhancing the func-
tionalities of the next generation of nanoelectronic devices
by exploiting the various ways to manipulate the electrical
currents on the level of single electrons [2–4], the spin de-
gree of freedom [5–19], the thermal properties of mesoscopic
structures [20–23], as well as the mutual coupling of charge,
spin, and energy modes [24,25].

Topological materials are the gold standard for future
electronic, spintronic, and heattronic devices, as the corre-
sponding transport modes are intrinsically linked to each other
in these systems [26,27]. This is best exemplified in the
case of two-dimensional (2D) quantum spin Hall insulators
(QSHI), which support one-dimensional helical edge modes,
so that the electrons moving right and left carry opposite
spins [28,29]. The QSHI states have been observed in various
materials [30–32], but their potential for device applications is
still waiting to be realized. Nevertheless, from the previously
explored topological phenomena, quantum Hall effect, and ac
Josephson effect, we know that topological effects are well
suited for metrology applications. The quantum Hall has been
widely used as a resistance standard [33] and ac Josephson
effect as a voltage standard [34].

*becerra@magtop.ifpan.edu.pl

In this article, we consider a system where the QSHI edge
is placed in proximity to a ferromagnetic insulator (FI) and
a superconductor (SC) to realize Majorana zero-energy mode
(MF) [35–37] (see Fig. 1). The technology for building this
setup has already been developed, motivated by the prospects
of utilizing MFs as a staple ingredient for topological quantum
computers [38–42]. We explore the potential of this setup in
a completely different context utilizing the perfect topologi-
cally protected Andreev reflection (AR) enabled by the MF
[37,43] but not exploiting the existence of a nonlocal quantum
degrees of freedom used in topological quantum computers
[44]. Namely, we study the charge, spin, and heat pumping
in this system in the presence of precessing magnetization
(see Fig. 1). The spin pumping is a scrutinized method to
generate spin currents in magnetic heterostructures [6–8,17]
and forms the basis for many contemporary spintronic appli-
cations [45], but in the case of QSHIs there exists a unique
property that both the charge and spin pumping are quantized
and related to each other [11,12]. We show that also the
heat current is quantized and elaborate the origin of these
quantizations by showing that they result from a topological
winding number of the reflection coefficient in the scatter-
ing matrix formalism and Chern number in the Hamiltonian
formalism—resembling the quantized topological pumps pro-
posed in other contexts [46–49]. Then we show that the key
advantage of our QSHI-FI-SC heterostructure in comparison
to the earlier proposals is that due to the presence of MF
there exists also another topological operation regime, where
the MF switches off the pumping of currents owing to the
perfect AR. We show that it is possible to use external control
parameters to tune between these operation regimes so that the
device operates as a robust charge, spin, and heat transistor
with exponential sensitivity on the applied gate voltage and
precession angle. Moreover, two perfectly quantized limits
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FIG. 1. Sketch of the proposed device consisting of a QSHI in
proximity contact with FI of length L (induced energy gap �F =
|m| sin θ ) and SC (induced energy gap �0). The monodomain mag-
netization m(t ) precesses at an angle θ around the axis perpendicular
to the QSHI driving charge, spin, and heat currents to the drain
(left), which can be controlled with potential at the FI region Vg, the
precession angle θ , temperature and drain voltage Vd . The system
harbors a zero-energy MF at the FI-SC interface that affects the
pumped currents via the scattering coefficient r↓↑

ee (E ).

allow us to build standards for the spin and heat pumping
with the help of accurate measurement of the pumped electric
charge.

II. THEORETICAL APPROACH

To describe the system, consisting of the edge states of 2D
QSHI in proximity contact with FI and SC as illustrated in
Fig. 1, we consider a time-dependent Bogoliubov–de Gennes
(BdG) Hamiltonian,

HBdG(t )= [vF pσz−μ(x)]τz+m(x, t ) · σ+�(x)τx, (1)

where σ = (σx, σy, σz ) and τ = (τx, τy, τz ) are Pauli matrices
that act in the spin and Nambu space, respectively, vF

is the Fermi velocity, p = −ih̄∂x is the momentum
operator along the edge (x direction), m(x, t ) is the
time-dependent magnetization in the FI (which includes
the exchange coupling strength between the two materials),
�(x) is the induced superconducting order parameter,
and μ(x) is the chemical potential. We assume that
�(x) = �0 is constant over the region occupied by the
SC. The magnetization of the FI island is parametrized as
m(x, t ) = m0(x)[sin θ (t ) cos φ(t ), sin θ (t ) sin φ(t ), cos θ (t )],
where m0(x) = m0 under the FI region (uniform precession).
Moreover, we consider periodic driving such that
m(x, t + T ) = m(x, t ), with T = 2π/ω being the precession
period and ω the precession frequency. Throughout the text
we assume that the temperature is much smaller than the
critical temperatures of the superconductivity and magnetism,
so that the temperature dependence of �0 and m0 can be
neglected.

The dynamics of the magnetization in the FI results in
pumping of charge, spin, and heat into the left lead. The
pumped charge over one cycle in the adiabatic limit can be
calculated from the expression [50,51]

Qe = − e

4π

∫
dE

(
∂ f

∂E

)∫ T

0
dt Im

{
Tr

[
S†τz

∂S
∂t

]}
, (2)

where f (E ) is the Fermi distribution function, and S (E , t ) ≡
S (E , θ (t ), φ(t )) is the instantaneous scattering matrix pertain-
ing to a normal metal-FI-SC junction. This can be casted in the
form

S (E , θ, φ) ≡
(
See(E , θ, φ) Seh(E , θ, φ)
She(E , θ, φ) Shh(E , θ, φ)

)
, (3)

accounting for both the normal (ee) and Andreev (eh) pro-
cesses, so that each of these components is a matrix describing
the spin-dependent scattering. The pumping of spin S can
be found analogously by using substitutions e → h̄/2 and
τz → σ in Eq. (2). We consider only the Sz component, since it
is the only spin component conserved in the left lead. Finally,
the heat QE injected in the left lead is obtained from the
expression

QE = − h̄

8π

∫
dE

(
∂ f

∂E

)∫ T

0
dt Tr

[
∂S
∂t

∂S†

∂t

]
. (4)

Here we have neglected the possible heat losses to the sub-
strate. The spin-momentum locking in the QSHI edges limits
the scattering matrix elements so that the only nonzero re-
flection coefficients are r↓↑

ee(hh)(E , θ, φ) and r↓↑
he(eh)(E , θ ). Here,

r↓↑
ee(hh)(E , θ, φ) describes the reflection amplitude for an elec-

tron (hole) with spin ↑ injected from the QSHI at energy E
to be reflected back to QSHI as electron (hole) with spin ↓
because of the FI and the SC. Similarly, r↓↑

he(eh)(E , θ ) describe
the amplitudes for the AR processes, where the electron (hole)
is reflected back as a hole (electron). Each reflection coeffi-
cient accounts for all the possible scattering paths, including
the effect of the MF at the FI-SC interface, and the reflection
coefficients satisfy |r↓↑

ee(hh)(E , θ, φ)|2 + |r↓↑
he(eh)(E , θ )|2 = 1.

The only φ-dependent coefficients satisfy [52]

r↓↑
ee (E , θ, φ) = r0(E , θ )eiφ, r↓↑

hh (E ) = −[r↓↑
ee (−E )]∗, (5)

and the magnitude of r↓↑
ee (E , θ, φ) is suppressed at low ener-

gies due to the topologically protected perfect AR |r↓↑
he (E =

0, θ )| = 1, so that for E � m0,�0 it can be approximated as
[52]

|r0(E , θ )|2 ≈ E2/
2

1 + E2/
2
, (6)

where


 = 2�0

(
ξF (0, θ )

ξF (Vg, θ )

)2
ξS

ξF (Vg, θ ) + ξS
e−2L/ξF (Vg,θ ) (7)

is the Majorana linewidth (for which |r↓↑
ee (E = 
)|2 =

|r↓↑
he (E )|2 = 1/2) expressed in terms of the coherence lengths

ξF (Vg, θ ) = h̄vF /

√
m2

0 sin2 θ − (eVg)2 and ξS = h̄vF /�0 per-
taining to the ferromagnet and superconductor, respectively.
Here we have denoted the chemical potential in the FI region
as μFI = eVg to indicate that it can be controlled with the gate
voltage and L is the length of the FI region (Fig. 1). In analytic
calculations we use the approximation (6), but numerical cal-
culations are done using the full expression for r↓↑

ee (E , θ, φ)
[52]. In the following we utilize the topological protection of
the MFs, which ensures that 
 depends exponentially on the
parameters Vg and θ [Eq. (7)]. This dependence only breaks
down if eVg → m0 sin θ , at which point the electrons under
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the FI become gapless and the adiabatic scattering matrix
approximation is no longer valid.

For simplicity, in the following we assume φ(t ) = ωt and
θ (t ) ≡ θ is constant. However, many of our results can be
generalized for arbitrary trajectory in (θ (t ), φ(t )) space [52].
Interestingly, the special form of the scattering matrix for the
combined system leads to the charge, spin, and heat pumped
over a cycle to be determined by a single dimensionless
charge Q:

Qe = eQ, Sz = − h̄

2
Q, QE = h̄ω

2
Q. (8)

In the adiabatic limit,

Q = − 1

2π

∫
dE

(
∂ f (E )

∂E

) ∫ 2π

0
dφ |r↓↑

ee (E , θ, φ)|2 (9)

depends on the applied drain voltage Vd and temperature kBT
(kB is the Boltzmann constant) via f (E ), and the gate voltage
Vg and rotation angle θ via |r↓↑

ee (E , θ, φ)|2. In the special case
of constant θ we can also go the rotating frame and calculate
the frequency dependence of Q [52]. In the limits T = 0 and
Vd = 0, we obtain

Q =
[

1 − 2


h̄ω
arctan

(
h̄ω

2


)]
. (10)

In a continuous operation of the device the pumped charge,
spin, and heat currents flowing into the drain can be written,
respectively, as 〈Ie〉 = ω Qe/2π , 〈Is〉 = ω Sz/2π , and 〈IE 〉 =
ω QE/2π . If drain voltage is applied (Vd �= 0) there exist also
dc current contributions which do not depend on the mag-
netization dynamics. In this case the pumped currents can
be obtained by measuring the currents in the presence and
absence of the magnetization dynamics [52].

III. TOPOLOGICAL EFFECTS

As shown above, all quantities of interest are determined
by Q. Before analyzing Q in detail, we first highlight the ro-
bust topological features of this quantity. Namely, we find that
Q = 0 for eVd , kBT, h̄ω � 
 owing to the perfect topological
AR caused by the MF. On the other hand, Q = 1 if eVd � 
,
or kBT � 
 or h̄ω � 
. The latter quantization appears due
to the topological winding of the phase of r↓↑

ee (E , θ, φ) =
r0(E , θ )eiφ when the above conditions guarantee that the mag-
nitude satisfies |r↓↑

ee (E , θ, φ)| = 1. The quantization of the
pumped charge to Q = 1 can also be understood as Thouless
pumping arising due to a Chern number associated with the
pumping cycle in the case of the Hamiltonian formalism [52].
The quantized charge and spin pumping in these limits are ro-
bust topological results which are independent of the details of
the magnetization trajectory (θ (t ), φ(t )) [52]. The topological
protection guarantees that deviations of Q on the quantized
values depend on an exponential way on the parameters Vg

and θ .
On the other hand, the quantization of the heat QE can

be related to the mesoscopic charge relaxation in quantum
capacitors [53,54]. There, the charge relaxation resistance
associated to a single conduction channel coupled to the
mesoscopic capacitor is Rq = h/2e2 leading to 〈IE 〉 = Rq〈I2

e 〉.
For circular precession, we find 〈I2

e 〉 = (〈Ie〉)2, and hence the

FIG. 2. The dimensionless charge Q in the adiabatic limit
[Eq. (9)] as a function of T for various values of (a) gate voltages
eVg (in units �0) and (b) angles θ . The insets are zooms into the
suppression (kBT � 
, Q ≈ 0) and quantization (kBT � 
, Q ≈ 1)
regimes. The asymptotic expressions of Q [Eq. (11)] are shown in
the suppression (circles) and quantization (squares) regimes. The
other parameters are L = 400 nm, �0 = 1 meV, m0/�0 = 2, and
vF = 2.7 × 105 m/s.

quantization of the charge Qe engenders quantization of QE .
Nevertheless, contrary to the mesoscopic capacitors, here the
quantization stems from the topological gap of the system and
not from the discreteness of the energy levels.

IV. TRANSISTOR BEHAVIOR

The detailed analysis of the transistor characteristics can
be based on the interplay of the topological effects discussed
above. We start by discussing the characteristics in the ab-
sence of drain voltage Vd = 0, because in this case the currents
are caused purely by the magnetization dynamics.

In Fig. 2 we show the dimensionless charge Q in the
adiabatic limit [Eq. (9)] as a function of temperature T for
different values of Vg and θ . The asymptotic expressions of Q
at low and high temperatures are [52]

Q ≈

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

π2

3

(
kBT




)2

, kBT � 


1 − π

4

(



kBT

)
, kBT � 


. (11)

Due to the topological protection of MFs the Majorana
linewidth 
 depends exponentially on the control parameters
Vg and θ [Eq. (7)]. Therefore it is easy to see from Eq. (11) and
Fig. 2 that the pumping can be efficiently turned on and of,f
ensuring the device can operate as a transistor. Moreover, two
perfectly quantized and extremely robust topological limits al-
low definition of standards for charge, spin, and heat pumping.

The operation of the transistor can also be controlled with
the frequency. In Fig. 3 we show Q as a function of ω.
Again, we have two operation regimes, and the corresponding
asymptotic expressions of Q are

Q =

⎧⎪⎪⎨
⎪⎪⎩

1

12

(
h̄ω




)2

, |h̄ω| � 


1 − π


h̄|ω| , |h̄ω| � 


, (12)
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FIG. 3. The dimensionless charge Q as a function of ω for Vd =
T = 0 and various values of (a) eVg (in units of �0) and (b) θ . The
insets are zooms into the suppression (h̄ω � 
, Q ≈ 0) and quan-
tization (h̄ω � 
, Q ≈ 1) regimes. The asymptotic expressions of
Q [Eq. (12)] are shown in the suppression (circles) and quantization
(squares) regimes. The other parameters are the same as in Fig. 2.

demonstrating that pumping can again be turned on and off
with the control parameters Vg and θ .

Finally, in Fig. 4 we show the dimensionless charge Q in
the adiabatic limit [Eq. (9)] as a function of Vd . Similar robust
switching behavior from Q = 0 to Q = 1 is obtained again
with the asymptotic expressions,

Q ≈

⎧⎪⎪⎨
⎪⎪⎩

(
eVd




)2

, eVd � 


1 −
(




eVd

)2

, eVd � 


, (13)

indicating that Q depends exponentially on Vg and θ . We
emphasize that for Vd �= 0 also dc currents are present, and
the expressions (13) and Fig. 4 only describe the contribution
coming from the magnetization dynamics.

In addition to the low-energy continuum model, we have
checked all features of the transistor behavior using the
KWANT software package [55] implementation of the 2D
quantum transport setup shown in Fig. 1, including realistic
disorder potential. The results from the two methods show
excellent agreement [52], solidifying the universality and ro-
bustness of the topological transistor. While the results have
been obtained assuming circular precession of the FI magne-
tization around the z axis, the quantization of the charge Qe

and spin Sz remain the same in the two topological limits, as
long as the magnetization vector encloses the z axis during
the precession. On the other hand, the heat QE will deviate
from the universal expression in Eq. (8), since in this case
〈I2

e 〉 �= (〈Ie〉)2 [52].

FIG. 4. The dimensionless charge Q as a function of drain volt-
age Vd for various values of (a) gate voltages Vg and (b) angles
θ . Two different limits for Q are evident in the plots. The insets
are zooms into the suppression (low Vd ) and quantization (high Vd )
regimes, respectively. The asymptotic limits of the pumped charge
are also shown in the suppression (circles) and quantization (squares)
regimes. The charges in the bottom insets have been shifted evenly
for the sake of visualization.

V. CONCLUSIONS AND OUTLOOK

We have described the operation principles of a robust
charge, spin, and heat transistor consisting of a QSHI prox-
imity coupled to FI and SC. The device supports two robust
operation regimes arising from topological effects. In the sup-
pression regime at low energies the pumping is switched off
due to the perfect AR of the electrons impinging on the MF
hosted in the device. Since the perfect AR is topologically pro-
tected, this suppression is not affected by disorder and other
imperfections of the device. At high energies the pumped
charge is quantized due to the topological winding number
associated with the scattering matrix (or Thouless pumping).
Therefore the operation in this regime is also intrinsically
robust against imperfections. The operation frequencies in
our analysis are limited by the energy gap of the system:
h̄ω � �0, m0 sin θ . Thus the device can be operated at gi-
gahertz frequencies, which is the typical frequency range of
the spin-pumping experiments. Our device is scalable, as it is
possible to pattern 2D QSHI with FI and SC arrays by various
depositions methods.

ACKNOWLEDGMENTS

The work is supported by the Foundation for Polish Sci-
ence through the IRA Programme cofinanced by the EU
within the SG OP. Numerical simulations were carried out
with the support of the Interdisciplinary Centre for Mathe-
matical and Computational Modelling (ICM), University of
Warsaw, under Grant No. G78-13.

[1] A. S. Sedra and K. C. Smith, Microelectronic Circuits, 5th ed.
(Oxford University Press, Oxford, England, 2004).

[2] M. A. Kastner, The single-electron transistor, Rev. Mod. Phys.
64, 849 (1992).

[3] R. Hützen, A. Zazunov, B. Braunecker, A. L. Yeyati, and R.
Egger, Majorana Single-Charge Transistor, Phys. Rev. Lett.
109, 166403 (2012).

[4] J. P. Pekola, O.-P. Saira, V. F. Maisi, A. Kemppinen, M.
Möttönen, Y. A. Pashkin, and D. V. Averin, Single-electron
current sources: Toward a refined definition of the ampere, Rev.
Mod. Phys. 85, 1421 (2013).

[5] S. Datta and B. Das, Electronic analog of the
electro-optic modulator, Appl. Phys. Lett. 56, 665
(1990).

205410-4

https://doi.org/10.1103/RevModPhys.64.849
https://doi.org/10.1103/PhysRevLett.109.166403
https://doi.org/10.1103/RevModPhys.85.1421
https://doi.org/10.1063/1.102730


TOPOLOGICAL CHARGE, SPIN, AND HEAT TRANSISTOR PHYSICAL REVIEW B 103, 205410 (2021)

[6] A. Brataas, Y. Tserkovnyak, G. E. W. Bauer, and B. I. Halperin,
Spin battery operated by ferromagnetic resonance, Phys. Rev. B
66, 060404(R) (2002).

[7] Y. Tserkovnyak, A. Brataas, and G. E. W. Bauer, Enhanced
Gilbert Damping in Thin Ferromagnetic Films, Phys. Rev. Lett.
88, 117601 (2002).

[8] Y. Tserkovnyak, A. Brataas, G. E. W. Bauer, and B. I. Halperin,
Nonlocal magnetization dynamics in ferromagnetic heterostruc-
tures, Rev. Mod. Phys. 77, 1375 (2005).

[9] A. Fert, Nobel Lecture: Origin, development, and future of
spintronics, Rev. Mod. Phys. 80, 1517 (2008).

[10] P. A. Grünberg, Nobel Lecture: From spin waves to giant mag-
netoresistance and beyond, Rev. Mod. Phys. 80, 1531 (2008).

[11] X.-L. Qi, T. L. Hughes, and S.-C. Zhang, Fractional charge and
quantized current in the quantum spin Hall state, Nat. Phys. 4,
273 (2008).

[12] F. Mahfouzi, B. K. Nikolić, S.-H. Chen, and C.-R.
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