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Abstract. Activity-based transportation models simulate demand and
supply as a complex system and therefore large set of parameters need
to be adjusted. One such model is Preday activity-based model that re-
quires adjusting a large set of parameters for its calibration on new urban
environments. Hence, the calibration process is time demanding, and due
to costly simulations, various optimisation methods with dimensionality
reduction and stochastic approximation are adopted. This study adopts
Bayesian Optimisation for Likelihood-free Inference (BOLFI) method for
calibrating the Preday activity-based model to a new urban area. Un-
like the traditional variant of the method that uses Gaussian Process
as a surrogate model for approximating the likelihood function through
modelling discrepancy, we apply a composite surrogate model that en-
compasses Random Forest surrogate model for modelling the discrepancy
and Gaussian Mixture Model for estimating the its density. The results
show that the proposed method benefits the extension and improves the
general applicability to high-dimensional settings without losing the ef-
ficiency of the Bayesian Optimisation in sampling new samples towards
the global optima.

Keywords: transportation model · high-dimensional data · Bayesian
optimisation · likelihood-free inference · random forest

1 Introduction

Activity-based transportation models (ABM) are designed to simulate the trans-
portation demand and supply as a self-organising agent-based complex system
[11]. Such models simulate activities per agent or individual, resulting in a costly
execution in terms of computational time. In addition, the transportation-related
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activities of individuals rely on complex decisions, modelling of which require a
large set of parameter adjustments. One such model is Preday ABM, which
motivates this study, and plays an important role in a simulation toolset on
transportation - SimMobility [1].

Application of the Preday ABM in simulating various environments requires
systematic adjustments or calibration of a large set of parameters (further re-
ferred to as ABM parameters), in order to align the associated outputs more
closely to the observed values or true output statistics. For that purpose, vari-
ous optimisation methods are adopted, including primarily gradient-free meta-
heuristics [28, 29, 31]. However, Bayesian inference with the recent developments
provides a valuable analytical approach for the calibration process [35, 36], a
great advantage of which is the elimination of necessity to simulate a large sam-
ple set in finding the global optima [14, 18, 20, 36].

The Bayesian Optimisation for Likelihood-free Inference (BOLFI) [14] is a
method for inferring parameters of simulation-based models by modelling the dis-
crepancy between observed and simulated output statistics. Its state-of-the-art
performance are achieved with nonparametric approximation of the likelihood
function with regression by Gaussian Processes (GPs) [3], applied in various
domains, such as population genetics [18], spreading of pathogens [22], atomic
structure of materials [40], as well as cosmology [20].

The BOLFI facilitates likelihood-free inference of the response function that
maps the parameters’ values with the discrepancy in the output statistics, by
combining probabilistic (Bayesian) inference and iterative search (optimisation).
The former inherits the theory of approximate Bayesian computation (ABC)
[24, 22] to support the likelihood-free inference. The iterative search is used for
acquiring new samples (parameters’ values) that have great potential to direct
the search towards global optima (minimum discrepancy), by utilising identified
and evaluated optimal points from previous iterations.

However, the ABC methods have limited applicability in settings of high-
dimensional data and costly simulations [27, 16, 32], constituting a bottleneck
for their broader adoption in settings of complex simulation models. Therefore,
applicability of the BOLFI method for calibrating the Preday ABM to a new
urban environment is limited, and neither of the proposed solutions, such as
dimensionality reduction [7, 35], or introduction of synthetic parametric/non-
parametric likelihoods [42, 37, 30, 32, 2], circumvent the obstacle. Namely, the
former requires increased number of simulations, while the latter are applicable
to problems with low number of parameters.

The aim of this study is to overcome the aforementioned bottleneck, for which
we propose an improvement of the BOLFI method with so called Composite
Surrogate Model (BOLFIw/CSM) as a robust surrogate model that handles the
high-dimensional data and takes advantage of the BOLFI method to limit the
number of costly simulations. Namely, the BOLFI method, as specified in [9, 14],
uses a Gaussian Process (GP) as a surrogate model for modelling the response,
i.e., discrepancy, which limits the applicability on high-dimensional data. On the
other hand, if the GP is replaced with more robust surrogate regression model
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(e.g., Random Forest as in [15]), then the non-probabilistic point estimates of the
posterior affect the acquisition of new samples (through an acquisition function)
to efficiently identify the regions of interest in the parameter space, i.e. the
exploitation-exploration trade-off [17]. Therefore, the proposed BOLFIw/CSM
method adopt the Random Forest [8] as a surrogate model and combines it
with a Gaussian Mixture Model [33] as conditional density estimator for semi-
parametric estimation of the posterior distribution.

The rest of the manuscript is organised as follows. In Section 2 we introduce
the Preday ABM and the BOLFI method, followed by a formalisation of the
proposed extension to the BOLFI method, in Section 3. Section 4 introduces the
experimental design and discusses the achieved results. Finally, the work and
conclusions are summarized in Section 5.

2 Materials and Methods

2.1 Preday ABM

The Preday ABM model is a fundamental part of a comprehensive simulation
tool SimMobility and it is used to simulate the mid-term demand of a trans-
portation network in a given urban area [1]. The demand is formulated as daily
travel activities of households and individuals, and the simulation is based on
population characteristics of the simulated urban area.

The model consists of 22 discrete choice sub-models, with total of 817 pa-
rameters. The daily activity schedule of agents are modelled with application
of hierarchical discrete choice models using a Monte-Carlo simulation, over pre-
defined set of activities per agent by using the random utility theory [23, 5].

Overall, the daily simulated activities are categorized in accordance to the
activity type (work, education, shopping, and others) and transportation modes
(MRT, Bus,Private Bus, Car-drive alone, Shared car-drive with 2 passengers,
Shared car-drive with 3 passengers, Motorcycle, Taxi, and Walk). These cate-
gorizations are used for statistical comparison of the simulated data with the
observed data, where the output statistics is expressed as a number of activities
per different combination of activity type and transportation mode (e.g., number
of bus rides for work-based commuting).

Calibration of Preday ABM has been performed in several studies, whereby
parameters are estimated by Simultaneous perturbation stochastic approxima-
tion (SPSA) method with its variants [28, 29, 31]. However, all studies considered
reduction of the dimensionality of the parameter space either by sensitivity anal-
ysis (SA) [34] or principal component analysis (PCA) [19].

2.2 Bayesian optimisation for likelihood-free inference

Likelihood-free inference approach is a method for inferring a posterior distri-
bution of parameters of a simulation-based model [14]. The simulation-based
model is defined as a generative process that under certain parameter values
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generates data similar to observations of an underlying phenomenon. Often the
simulation-based models are of black-box nature or unknown analytical form,
hence their likelihood function is intractable.

From the Bayesian perspective, the inference task corresponds to a statistical
inference of a finite number of parameters θ ∈ Rd of the simulation-based model
from a set of observations Yo:

p(θ|Yo) =
p(Yo|θ) · p(θ)

p(Yo)
, (1)

where p(θ) encodes our prior beliefs on the distribution of parameter values
and p(Yo|θ) represents the likelihood of the observations, given the parameters,
derived from the known function L(θ). Since the analytical form of L(θ) is un-
known in the underlying challenge, we use the notation L(θ) that need to be
approximated over a set of N samples - L̃N (θ). The notation is simplified if the
marginal distribution p(Yo) is omitted because it does not depend on θ:

p(θ|Yo) ∝ L(θ) · p(θ), (2)

where the L(θ) is approximated over finite sample set (L̃N (θ)) and it is recon-
structed as the number of samples increases:

lim
N→∞

L̃N (θ) = L(θ) (3)

The approximation (L̃N (θ)) of the likelihood function (L(θ)) can be per-
formed in parametric or non-parametric manner. The former assumes that the
likelihood belongs to a certain parametric family, and hence it is called synthetic
likelihood [42]. The latter, alternatively, approximate the likelihood function by
a kernel density estimation [12] or surrogate regression [14].

The Bayesian Optimisation for Likelihood-free Inference (BOLFI), as an iter-
ative process, approximates the likelihood function from the posterior distribu-
tion of the response function, i.e., modelled discrepancy with surrogate regres-
sion model, which is updated at each iteration following the Bayes’s theorem
[14]. The iterative update of the posterior distribution triggers acquiring new
evidence from the parameter space with a highest potential to progress towards
global optima. So, an acquisition function A(θ) is introduced, whereby s ∈ R
generated samples are credited with an utility. The iterative process continues
by enriching the evidence with simulated k ≤ s samples with the highest utility.

In [9, 17] several acquisition functions are defined, but for the purpose of this
study, we adopt the expected improvement (EI) [26], defined as follows:

EI(θ) = σ(θ)[zΦ(z) + φ(z)], (4)

z =
f∗ − µ(θ)

σ(θ)
, (5)

where σ(θ) and µ(θ) are statistics of the inferred posterior distribution, f∗ is
the most optimal output, i.e., minimal discrepancy discovered, and Φ and φ
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are probability density and cumulative distribution function in terms of the
standard normal distribution, respectively. The expected improvement EI(θ) =
0 if σ(θ) = 0. The analogy behind (4) reveals the exploration-exploitation trade-
off that favours larger uncertainty proximal to the known optimal region(s).

2.3 Limitations of BOLFI for calibrating Preday ABM

The Preday ABM can be seen as a black-box model with costly executions, pa-
rameters of which need to be adjusted so that the simulated output corresponds
to the observed quantities. Therefore, for minimizing the discrepancy in the
output with limited number of simulations, the BOLFI method fits naturally.
However, its applicability is limited to settings with up to 10-dimensional para-
metric space [38, 17], which clearly does not suffice the requirement of Preday
ABM model with total of 817 ABM parameters.

To overcome the limitation of likelihood-free inference over high-dimensional
spaces when applied with Bayesian optimisation, earlier attempts propose se-
quential investigation of effective sub-spaces [10, 41] or discovery of active sub-
spaces [35]. Both require larger set of simulations and yet have been proven to
work for up to 400 features. Recent attempts opt for employment of Deep Gaus-
sian Processes (DGPs) [3] and combination of GPs [39] for splitting the dis-
crepancies in accordance to a latent variable, and dimensions of the parameter
space, respectively. Both reported successful application over couple of domains,
albeit with much lower order of magnitude in terms of dimensionality, than the
underlying problem of calibrating the Preday ABM. Other approaches consider
replacement of the regression surrogate model, in particular with Random Forest
[15, 32], but on use-cases defined over 76- and 2-dimensional parameter space.

3 BOLFI with Composite Surrogate Model

The proposed extension of the BOLFI method adds on the previous works that
consider the Random Forests (RF) [8] as a surrogate model for likelihood approx-
imation through modelling the discrepancy, extended with a Gaussian Mixture
model [13, 33] as a density estimator conditioned on the approximated likeli-
hoods. The novelty of the proposed method lies in the density estimation of
predictions from a robust surrogate model, which can be utilised by existing
acquisition functions that depend on probabilistic inputs. The combination of
both components is referred to as a composite surrogate model and the overall
proposed method abbreviated as BOLFIw/CSM.

Random Forest [8] is an ensemble method composed of C regression trees.
Regression trees follows the concept of a decision tree, with structure made of
decision binary nodes, built iteratively in top-down fashion. Each regression tree
is built over a sub-space of the parameter space, which is designed by random
subsets of both the features (dimensions) and bootstrap samples. Therefore,
each regression tree predicts the target, given a dataset, for a specific region in
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the defined space. Ensemble prediction, on the other hand, is an aggregation
(average) of the outcomes of all C tree components:

RF(θ|Θo, Yo) =
1

C

C∑
i=1

τi(θ|Θsi , Ysi), (6)

where C is the number of tree components, Θsi and Ysi are training dataset of
i-th regression tree τi, while Θo and Yo global training dataset.

The RF regression method has relatively small number of hyper-parameters
that can significantly influence the outcome. Commonly adjusted are: the number
of tree components C; the minimum number of samples in a terminating node
that controls the structure growth and overfitting settings of the individual tree
components; and number of features to design a sub-space or partition.

Gaussian Mixture Model (GMM) [13, 33] is a semiparametric density
function composed of weighted sum of M components, where each component
is a Gaussian distribution (function). In this study we are considering one-
dimensional model over a vector of values x ∈ RC , defined as follows:

p(x) =

M∑
i=1

wi N (x|µi, σi);

M∑
i=1

wi = 1, wi > 0. (7)

N (x|µi, σi) =
1

σi
√

2π
exp(− 1

2σ2
i

(x− µi)
2), (8)

Composite surrogate model (CSM) extends the RF surrogate model with
a GMM density estimator. The proposed method takes advantage of the RF as
a robust regression method in terms of the high-dimensional data, and com-
pensates its limitations regarding the expected parametric posterior estimates
for likelihood approximation. Namely, the RF model is: (i) unable to predict
a value outside of the observed range; and (ii) is characterised with the non-
probabilistic nature of the predicted outcome. Thus, as a standalone surrogate
the RF greatly affects the efficiency of the selected acquisition function A(θ),
i.e., EI, in acquiring new promising samples. Consequently, the GMM exten-
sion to the base surrogate model compensate the limitations and estimates the
posterior in a semiparametric form from the predicted outcomes. As such, the
overall composite nature of the discrepancy surrogate model is considered being
semiparametric, as well.

In previous studies where RF surrogate model is used, [15] consider empirical
or simple average as posterior point estimates, which retain the limitations,
while the study of [32] uses quantile-based estimation of the posterior cumulative
distribution by Quantile RF [25]. The latter introduces a probabilistic outcome,
but limited to quantile-based representation only, whereby a potential multi-
modality of the probability function remains a challenge.

The CSM approximates the likelihood of a given set of parameter values
θ as linear combination of component-wise approximated likelihood functions
through predicted discrepancies (T ) from individual regression trees in a RF:
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LN (θ) =

M∑
i=1

wi A(N (T |µi, σi)) (9)

T = { τi | τi = τi(θ|Θsi , Ysi), i = 1, ..., C }. (10)

The abstraction behind the proposed method compartmentalises the high-
dimensional parameter space into regions examined individually in terms of their
exploration-exploitation trade-off. The regions that over the aggregated exploita-
tion points show possibility to improve the exploration will further be favoured.

4 Results

Performances of the proposed method are empirically evaluated through an ex-
perimental setup, as described hereafter.

The algorithm of BOLFIw/CSM is described in Algorithm 1. It is initialised
with four input parameters: initial and iteration sample size, maximum num-
ber of iterations, and random variation rate of new samples. While the rest of
the algorithm is covered with previously formalised elements or they are self-
sufficiently named, the last parameter and sampling function are to be clarified.

The sampling function is used at the initial phase, when ni samples are gen-
erated and in the iterative process, for generating new nt samples for evaluation.
In case of the former, the function generates random samples (ABM parameter
values) from a uniform distribution across all dimensions. For the latter, the
sampling function follows the currently optimal set of ABM parameter values
and assign new values to a random portion ρ (variation rate) of the dimensions.

Algorithm 1: BOLFIw/CSM

Input:
ni/nt ← initial/iteration sample size;
maxt ← maximum number of iterations;
ρ← variation rate for random variation of new samples;
Result: Θ, SΘ
Θ ← generateInitialSample(ni);
SΘ ← simulate(Θ);
Θbest ← pullOptimalTheta(Θ,SΘ);
while ! terminate(maxt) do

Θt ← generateSample(nt,ρ) ;
T ← fitRandomForest(Θ,SΘ) ;
Λt ← estimateDensity(T ,Θt) ;
EI∗t ← acquisition(Λt) ;
Θ∗
t ← pullOptimalEstimatedTheta(EI∗t );

SΘ∗
t
← simulate(Θ∗

t );

Θ,SΘ ← updateParameterSet(Θ∗
t ,SΘ∗

t
) ;

end
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Table 1. Summary of BOLFIw/CSM and BOLFIw/RF hyper-parameters.

Parameter BOLFIw/CSM BOLFIw/RF

Density estimator GMM [6] Empirical mean/variance
Variation rate (ρ) 0.3; 0.5; 0.8; 1.0 0.3; 0.5; 0.8; 1.0

Iteration sample size (nt) 100 100

The newly assigned values are randomly sampled from a Gaussian distribution
with unit variance and mean - the value observed in the currently optimal sam-
ple, for the corresponding dimensions. Analogously, newly sampled sets of ABM
parameter values are generated from the neighbourhood of the optimal ABM
parameters. The underlying implementation encompasses RF and GMM algo-
rithms implemented in R and described in [21] and [6], respectively 5.

The data used for empirical evaluation of the proposed method include sta-
tistical, economic and demographic description of population of a virtual city,
provided along the SimMobility simulation toolbox. The virtual city is designed
so that reflects characteristics of the urban area in Singapore, encapsulating
population data, built environment, and transportation network description [4].
It is designed with population of 351 518 individuals, 100 000 households, and
six modes of transportation (MRT, bus, car, motorcycle, taxi, and walk). In
addition, the provided virtual city is specified with calibrated ABM parameter
values, which are considered as a ground truth in the discussion of the achieved
results within this study.

Due to the time constraints and computationally-demanding simulations, we
sampled 10% of the population given in the database. The sampling is performed
in stratified manner, according to the features registered in the database.

For comparing purposes, the simulated daily activities are summarised to
a set of summary statistics, including: number of tours, number of stops, and
number of trips. Furthermore, the summary statistics are calculated in regards to
three different categories: (i) per person, (ii) per person and tour type (purpose
of travel), and (iii) per person and transportation mode. Therefore, the final
simulated results are summarised through total of 9 summary statistics. Finally,
the discrepancy between simulations are defined as a Euclidean distance between
corresponding vectors of the summary statistics.

The proposed BOLFIw/SCM method is applied for calibrating the Preday
ABM to fit the observed daily activities in the virtual city - provided as a
supplementary material on the SimMobility transportation simulation toolset.
The application is based on predefined set of input parameters of the algorithm,
with the variation rate being changed and its effects examined. In addition, for
performance evaluating purposes, the experimental setup includes application of
the BOLFI method with Random Forest (BOLFIw/RF) as a surrogate model
- a method proposed in [15]. Complete set of input parameters concerning the
application of both methods are summarised in Table 1. Each run of the both
methods with varying variation rate (random portion of the parameters that

5Code available at: https://version.aalto.fi/gitlab/kuzmanv1/bolfiwcsm-preday
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Fig. 1. Average discrepancy reached across all iterations (upper). Variation rates in
sampling new parameters compared to the iteration at which the optimal result were
first achieved (lower-left) and the discrepancy for both methods (lower-right).

are changed at each sampling) starts with the same initial set of 10 simulated
samples and terminated after the 50-th iteration. The Random forest method is
applied with default hyper-parameter values (500 regression trees, and minimum
number of instances in a leaf is 5. The results are summarised over 5 repeated
runs with different random seed (Figure 1).

The results, as shown in Figure 1 (upper figure), distinguish the dominance
of the BOLFIw/CSM method, when applied with variation rate of 1.0, which
means that sampled parameter values differ completely from the most optimal
set at the given iteration. The dominance is observed in terms of pace, at which
the final or best score is achieved. Namely, the BOLFIw/CSM method with
ρ = 1.0 needs approximately 20 iterations on average, for achieving the final
results of the other methods (after 50 iterations).

The Figure 1 (lower figures) shows the performance in terms of the itera-
tions when the final optimal result was first achieved, as well as the achieved
discrepancy at the end of the iterative processes. The former address the issue
of early achievement of the minimum discrepancy, while the latter, the overall
optima attained in terms of the discrepancy. In both analyses, when ρ = 1.0,
the BOLFIw/CSM shows significantly better results with as twice as better per-
formance than the its counterpart. However, aforementioned performances are
not attained with lower variation rates, where the progress towards the global
minimum is on average similar for both methods, with exception when ρ = 0.5.

The analogy behind the observed outcome suggests that the methods with
the lower variation rates (ρ < 1.0) tend to generate less spread samples in the
high-dimensional space, and hence, the density function of the predicted values
by the RF surrogate model tends to be more uniformly shaped, without distinct
Gaussian components. Therefore, the convergence of the GMM density estimator
is affected, resulting in non-reliable density estimates. In such cases, it is apparent
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that the empirical average over the predicted values is more informative. On the
other hand, the benefit of the GMM density estimator is significant when the
sampling function is able to produce scattered new samples, triggering significant
progress towards the global optimum.

The calibration of the Preday ABM with the overall lowest discrepancies is
achieved by BOLFIw/CSM with variation rate of 1.0, where the distance between
the summary statistics derived from simulated and observed data is 1713.26. The
best record of its counterpart is 2163.98. Both, however, lags behind the ground
truth, whereby the sampled 10% of the population from the virtual city simulates
daily activity schedules with discrepancy of 193.89.

5 Summary and Conclusions

This study addresses the issue of calibrating Preday activity-based simulation
model from the SimMobility toolset with a limited number of simulations. It
corresponds to the task of parameter inference of a simulation-based model with
intractable likelihood function over high-dimensional parameter space. For such
class of problems, Bayesian Optimisation for Likelihood-free Inference (BOLFI)
[14] is of great importance. However, the number of ABM parameters in the
Preday ABM is greater than models of previous adoption of the BOLFI method.

Therefore, we aimed at improving the surrogate model to approximate the
likelihood through modelling discrepancy. The improved model would be able to
encapsulate the knowledge from high-dimensional data with limited sample size,
and to tailor the acquisition function to efficiently identify the regions of inter-
est. Consequently, we propose the BOLFI approach with Composite Surrogate
Model (BOLFIw/CSM), whereby the posterior distribution for approximating
the intractable likelihood function is composed by a density estimates over the
regression model. The surrogate model is set to be Random Forest (RF), non-
aggregated output of which is fed into a Gaussian Mixture model (GMM) density
estimator. The mixture of Gaussians is then used for acquiring new evidence that
guides efficiently the search towards the global optima. The proposed method
inherits the robust characteristics of the RF models in terms of limited overfit to
the small sample size in high-dimensional settings. Moreover, the GMM density
estimator adapts the output so that the existing acquisition function can be used
without loss of its efficiency in the context of the Bayesian Optimisation.

The BOLFIw/CSM method shows promising results for calibrating the Pre-
day ABM on a new city environment, with data provided as demo data along the
SimMobility toolset. The method is compared to the BOLFI approach applied
with the RF for approximation of the likelihood, following empirical mean and
variance. The BOLFIw/CSM shows great performance with sampling function
that generates scattered new samples. Otherwise, as new samples get proximal
to the latest most optimal point, the surrogate model tends to predict more uni-
formly distributed values, which limits the convergence of the density estimator.

In further work, the BOLFIw/CSM method is to be examined in more exten-
sive experimental setup regarding the applicable domains, method’s parameters,
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and confronting with a larger set of comparative methods. Finally, the calibra-
tion of the Preday ABM is to be extended to a real-world urban environment
and compared with the non-Bayesian approaches.
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39. Thomas, O., Pesonen, H., Sá-Leão, R., de Lencastre, H., Kaski, S., Corander,

J.: Split-BOLFI for for misspecification-robust likelihood free inference in high
dimensions. arXiv preprint arXiv:2002.09377 (2020)
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