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Application of pressure- and density-based methods for different
flow speeds
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Department of Applied Mechanics, Aalto University, PO Box 14400, 00079, Aalto, Finland

SUMMARY

In this paper, pressure-based and density-based methods are studied at different flow speeds. The methods are
intended for steady flows, and the goal is to find as general an approach as possible to cover different Mach
number regimes. The solution methods are based on a finite-volume approach. Various forms of inviscid
fluxes are applied and connected with either a pressure-based or density-based implicit solution. For this
purpose, a new pressure-correction method is developed that can be applied for incompressible and for
compressible flows. Another option is a standard density-based approximate factorization method. In both
cases, a convergence is accelerated with a Full Approximation Scheme (FAS) multigrid approach. Sample
problems in the range of Ma D 0 : : : 6 are simulated using different approaches, and their efficiency and
accuracy are compared. On the basis of the quality of the solutions, recommendations are made. © 2015 The
Authors. International Journal for Numerical Methods in Fluids published by John Wiley & Sons Ltd.
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1. INTRODUCTION

It is customary to divide numerical methods for a solution of fluid flow into two categories depending
on whether the fluid is compressible [1–3] or incompressible [4–8]. In the early days, the methods
intended for a compressible flow were based on a simple time integration of the flow equations
in a collocated grid. A marker and cell method utilizing a staggered grid [4] formed the basis for
incompressible flow solution methods. Later, similar methods have been called ‘pressure-based’,
while another category is ‘density-based’. An important building block among the pressure-based
methods was the Poisson equation for pressure or pressure corrections introduced in [4]. Later, a
coupled solution [9], where the pressure and the velocity are solved together, gained popularity
owing to its increased robustness.

The formalism in the pressure-based and density-based methods has perhaps been superficially
large owing to the different grid arrangements and the need for a Poisson equation and so on. At
first sight, the textbooks directed at these two fields also look different [8, 10–12]. Both disciplines
have been extended on the other hand: An artificial compressibility method [13] and precondi-
tioning [14] have been used to extend the density-based methods to a low-Mach number regime,
and in the pressure-based community, there has been a long-term quest for a method for all flow
speeds. As a result, several algorithms have been developed to extend pressure-based methods for an
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244 A. MIETTINEN AND T. SIIKONEN

arbitrary Mach number [15–23]. In the past, these developments have mainly been extensions of the
basic pressure-based algorithms, but recently Moukalled and Darwish [19], Nerinckx et al. [21] and
Xisto et al. [22] have connected an originally density-based advection upstream splitting method
(AUSM)-type flux [24] with a pressure-based solver. The gap between the density-based and
pressure-based solution methods is diminishing.

Another important milestone in the pressure-based solution has been the Rhie-Chow interpolation
method [25] that made a collocated grid possible. The Rhie-Chow interpolation provides a coupling
between the neighbouring grid points, which is essential at least in solving Reynolds-averaged flow
equations. Because the density-based methods at a sufficiently high Mach number share this prop-
erty, it has been natural to extend their range of applicability into the low-Mach number region by
preconditioning [14]. This is carried out by artificially lowering the sound speed.

The numerical methods for a fluid flow contain explicit and implicit parts, although these two are
often coupled. The division is most clearly seen if a delta form is applied in the implicit part [3].
Using the delta form, it is straightforward to combine features from the density-based and pressure-
based methods in order to obtain a working algorithm. The purpose of this study is to show that,
in principle, the calculation of a numerical flux and the implicit solution method can be mixed
in many ways, although not all the combinations will be stable. The first goal is to compare the
suitability of existing inviscid fluxes for a large Mach number regime. Because the fluxes are not
originally developed for all flow speeds, modifications to their original form are suggested and
tested. Both density-based and pressure-based implicit solution methods are applied for the solution
of different flux types at different flow speeds. For this purpose, a new pressure-correction method
has been developed on the basis of existing pressure-based and density-based methods. Rather than
exactly correcting the mass balance, this method splits the original density-based implicit part into
the solution of a Poisson equation and the accompanying convection-diffusion equations. After the
pressure solution, the mass balance is not forced to be zero, and the fluxes are not updated. The
convergence of the mass balance takes place together with the other residuals as in the case of
the density-based methods. The proposed solution algorithm can be used for compressible and for
incompressible flows.

In the following, the governing equations and the cell-centred finite-volume approach applied
are described. This is followed by a derivation of the inviscid fluxes and the discretization methods
in general. Standard density-based implicit methods are only briefly reviewed, but the developed
pressure-correction approach is described in more detail. Next, sample problems are simulated using
‘hybrid methods’, for example, a density-based flux-difference splitting is solved using a pressure-
correction algorithm. Because the number of different possibilities is huge, the methods to be tested
are restricted to a few promising alternatives. Finally, the quality of the solutions is analysed, and
conclusions are drawn.

2. GOVERNING EQUATIONS AND DEFINITIONS

It is intended that all methods to be tested share the same modelling. Consequently, in compressible
and in incompressible cases, the Navier–Stokes equations are applied as
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Earlier, � is the density, ui the velocity vector, p the pressure, �ij the viscous stress tensor, e the
specific internal energy, V the absolute value of velocity and qj the heat-flux component in the j -
direction. The total enthalpy is defined as H D e C p=� C V 2=2. A Reynolds-averaged form of
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PRESSURE- AND DENSITY-BASED METHODS FOR DIFFERENT FLOW SPEEDS 245

the equations is applied, and a Boussinesq approximation is applied for the Reynolds stresses. The
heat flux is calculated from q D �.�C �T /rT , where T is the temperature. The turbulent part of
the heat conductivity �T is obtained from the corresponding eddy viscosity �T , the specific heat cp
and a turbulent Prandtl number as �T D cp�T =P rT . Viscosity is calculated from Sutherland’s law
or from a specified function and P rT D 0:9 is used.

In the incompressible cases, no approximations in the original equations are made although some
terms may be tiny in Equations (1)–(3). The variables to be solved by all methods are the primitive
ones, that is, the pressure, the velocity vector (V) and the temperature. The conservative variables
are applied only when a multigrid acceleration of convergence is applied [26, 27]. An equation of
state is in the form of � D �.p; T /; and the speed of sound is calculated as
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where h is the enthalpy. The thermodynamic derivatives are also written using p and T as
independent variables. Thus, the same equation of state can easily be applied with all methods.

In order to close the equation system, turbulence modelling is needed. A low-Reynolds number
approach is used, and the SST k � ! model is applied in the present applications [28].

3. NUMERICAL MODELLING

3.1. Finite-volume form

Equations (1)–(3) are approximated by a general finite-volume form:

Vi
dUi
dt
C
X
j

Sj .F� � Fv/j � nj D ViQi (5)

where Vi is the cell volume, Ui the vector of conservative variables, Sj the cell-face area, nj the
corresponding normal vector, F� and Fv are the inviscid and viscous parts of the flux vector, respec-
tively, and Qi a possible source term. The summation is over the cell faces. For the inviscid part, it is
convenient to define a numerical flux F� separately from a flux vector defined by Equations (1)–(3).
The viscous part of the fluxes is centrally differenced. In the present applications, a thin-layer form
is employed [10, 12]. In the pressure-correction algorithm, its linearized form is used in the implicit
stage, whereas in the density-based methods, the viscous terms are taken into account approximately
by modifying the wave speeds [29]. Because the solution of the viscous part is straightforward, in
the following, only the inviscid flux evaluation is described.

3.2. Inviscid fluxes

The evaluation of the Euler part of the flux vector is based on an interpolation of primitive variables
on both sides of the cell faces, although in the following, the equations are written in terms of the
conservative variables. The interpolated variables are the pressure, the velocity vector and the tem-
perature. In Roe’s method [30], the temperature is substituted by the density. Approximate Riemann
solvers contain intrinsic dissipation owing to the upwind interpolation methods. In the case of Roe’s
method, the inviscid fluxes are calculated from
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where QA is the Jacobian of the flux vector based on Roe’s average. Second-order accuracy is obtained
by using the extrapolated values UL and UR on both sides of the cell face. These are obtained from
a Monotonic Upwind Scheme for Conservation Laws (MUSCL) interpolation [31]
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246 A. MIETTINEN AND T. SIIKONEN

where �1 6 � 6 1 A first-order method results if Ui and UiC1 are applied for the left and right
states instead of Equation (7). If a flux limiter is employed with a second-order interpolation, the
accuracy of the scheme is reduced near the discontinuities in order to preserve a smooth solution.
Equation (6) is fairly complicated owing to the structure of QA, but it takes care of the coupling
of the pressures between the neighbouring cells. The amount of dissipation depends on the inter-
polation method, and with central differencing, the dissipation term drops out. The dissipation
term is implemented as in Ref. [32] including a coupling of the pressure and the kinetic energy of
turbulence [27].

There are many flux-difference and flux-vector splitting methods available for a compressible
flow [12, 24, 30–44]. Many of these are developed in order to avoid anomalies generated by Roe’s
method in some situations. The Rusanov scheme is a very simple alternative, where the Jacobian
matrix of Equation (6) is replaced by its spectral radius [38]
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The spectral radius aiC1=2 D j Nuj C c is selected as a maximum of the spectral radii of the flux
Jacobians on both sides of the cell face [39]. Here, Nu is a velocity component in a face normal direc-
tion. Because this method resembles those applied for incompressible flows, it can also be applied
in this case provided that the spectral radii are tuned in order to avoid excessive dissipation. With a
constant density, the dissipation term of the continuity equation is equal to zero, and consequently,
there is no coupling between the pressures. In order to obtain a working formula for all flow speeds,
the density difference in the continuity equation is approximated as
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In compressible cases, this modification has a negligible effect on the results. For incompressible
flows, the sound speed must be replaced by a suitable pseudo sound speed Qc to be specified later.

An alternative to the upwind methods is to add scalar dissipation to a central-difference scheme
[40]. The implementation of a scalar dissipation scheme in a multidimensional case is not straight-
forward; alternatives are discussed in [12]. In a one-dimensional situation, the inviscid flux is
calculated from

F�iC1=2 D F.UiC1=2/ � DiC1=2 (10)

where UiC1=2 is calculated from the nodal values UiC1=2 D 1
2
.UiC1 C Ui / and dissipation DiC1=2

is a sum of second-order and fourth-order dissipation terms as
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where aiC1=2 is calculated as an average of the nodal values. This method resembles that of the
dissipation term of Equation (8). This can be seen if a second-order upwind method is used in the
fourth-order dissipation term of Equation (11)
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Pressure sensors are used to calculate the coefficients �.2/ and �.4/. Firstly, a pressure sensor is
evaluated from

‡i D
jpiC1 � 2pi C pi�1j

piC1 C 2pi C pi�1
(13)
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For the first coefficient, a maximum value from the cell values is selected

�
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D k.2/ max.‡i ; ‡iC1/ (14)

where a typical value for the parameter is k.2/ D 1=2. The coefficient of the fourth-order dissipation
term is calculated from
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where typically 1=128 6 k.4/ 6 1=64 [12]. The fourth-order term is cut-off as the pressure sensor
is large enough, that is a case near shocks and discontinuities.

The fourth method is a modified Rhie-Chow interpolation originally intended for incompressible
flows [25]. Traditionally, the methods for incompressible flows have belonged to another ‘family’,
and especially with a staggered grid, the difference compared with, for example, approximate Rie-
mann solvers, is large. However, in the case of a collocated grid, the Rhie-Chow flux can be written
in the same way as the compressible alternatives
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The convective velocity Ou applied in this method is modified in order to provide a coupling between
the pressures and to avoid the checkerboard pressure field in the solution. The fluxes OF are also based
on this velocity, the mass flux is Pm D � Ou, the x-wise momentum flux is obtained from Pmu and so on.
The Rhie-Chow interpolation was derived from the discretized momentum equations and contains
pressure gradient terms via a definition of Ou. By using difference approximations for the pressure
gradient terms in the interpolation formula, a pressure-dependent dissipation term is obtained. In a
one-dimensional case, or with a structured grid, the result is essentially the following:
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where NuiC1=2 D .ui C uiC1/=2 and multiplier Nau
P;iC1=2

is created in an implicit solution of the
momentum equations. In order to obtain a form of Equation (17) from the original interpolation
method, a second-order upwind interpolation is assumed for pressures pR and pL. For NuiC1=2, an
average of the neighbouring nodal values is better, especially near the boundaries, than the average
of the MUSCL-interpolated velocities. Multiplier C 0 can be used to diminish the effect of the added
dissipation [41].

Multiplier au
P;iC1=2

depends on the under-relaxation and possibly on a time step of a solution.
Thus, a solution depends on the computational parameters. Because a truncation error of the dissi-
pation terms is proportional to O.	x2/ when a second-order discretization is applied, this does not
matter too much. If the effect of under-relaxation is dropped from term auP in Equation (17), in the
inviscid region, the term is roughly auP � S�u1, where u1 is a free-stream velocity. By applying
this approximation, the final form for the convective velocity is obtained

OuiC1=2 D NuiC1=2 �
1

2�iC1=2 Qc

�
pRiC1=2 � p

L
iC1=2

�
(18)

where Qc D u1=C
0 � Cu1 and the density is calculated as an average of the �R=L values. In

the present applications, values in the range of C D 1 : : : 10 are applied. The same type of a flux
formula has been used in the dual-dissipation scheme [42], for transonic large-eddy simulation [43]
and in the all-speed Roe scheme [44]. In the case of incompressible flows, the same definition of Qc
with C 6 1 is applied for the Rusanov scheme in Equations (8) and (9). For internal flows, u1 is
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248 A. MIETTINEN AND T. SIIKONEN

replaced by the average inlet velocity. In order to maintain constant dissipation properties as well as
to allow a possible grid movement, Qc is modified as

Qc D maxŒC j Nu � vnj; Cu1� (19)

where vn D g � n is a normal component of the grid velocity g.
On the basis of Equation (16), the inviscid fluxes can be written as
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which is computationally more efficient than the form of Equation (16). Earlier, the mass flow
is defined as PmR=L D �R=L Ou. Opposite to term Nu in Equation (17), the pressure is averaged as
Np D .pR C pL/=2. The total specific internal energy is E D e C V 2=2, and the specific internal

energy is calculated from an equation of state e D e.p; T / using the interpolated pressure and
temperature.

It should be noted that, although in Equations (17) and (18) multiplier 1/2 is based on an assump-
tion of a second-order upwind interpolation, currently the pressure values have been obtained using
the MUSCL-interpolation specified case by case. Thus, the larger the central-difference weight of
the interpolation, the smaller is the pressure dissipation in addition to tuning made via parameter C .
As aforementioned, on coarse grids, the effect of parameter C and the interpolation method is visi-
ble in the results, but it is only a fraction of the total truncation error. Occasionally, a smaller value
must be used in order to prevent a possible checkerboard solution and a higher one to reduce the
dissipation. The original Rhie-Chow interpolation corresponds to C � 1 and, consequently, con-
tains more dissipation than the proposed method when C > 1. An important difference is that the
auP multipliers are spatially varying, whereas in the form of Equation (18), the multiplier depends
only on the local density and a constant free-stream velocity.

As the dissipation term of Equation (18) resembles a discretized form of a characteristic vari-
able in a case of a compressible flow, it is tempting to suggest that the upper bound of Qc should
be the sound speed. In the present calculations, this has a tiny effect on the results, but owing to
an enhanced intrinsic dissipation, in some cases, the modification improves the convergence. Fur-
thermore, a corresponding term � QcıV could be added to the cell-face pressure resulting in a more
dissipative dual-dissipation scheme [42].

A possible variant is to apply the Rhie-Chow interpolation only in the continuity equation and
drop it from the other equations. This seems to remove the pressure oscillations, but a careful inspec-
tion reveals small oscillations in the temperature field owing to the differences in the convection
terms of the energy and continuity equations. An interesting feature is the fact that, although the
pressures at the cell centres may be oscillatory without the Rhie-Chow interpolation, the cell-face
pressures are usually smooth. Because visualization is based on cell-vertex data, the checkerboard
pressure field is not always caught in the visualized results.

When Roe’s method is used, the inviscid flux is nominally upwinded on the basis of a local
Mach number as opposed to the other flux formulae that are based on an upwinded momentum flux
and a symmetric pressure stencil. Thus, the physics is not properly taken into account in the other
methods and, for example, in a supersonic region pressure affects in an upstream direction. The
symmetric pressure stencil supports a simple derivation of a pressure-correction equation. In the
AUSM method, the pressure gradient term depends explicitly on the local Mach number [22], and
its linearization for a pressure-based method is possible. In the case of Roe’s method, the dissipation
term is perhaps too complicated for such a linearization, but in the following, it is shown later
that deriving a simple pressure-correction equation works in this case. A Convective Upward Split
Pressure (CUSP) method [36] is an interesting alternative that resembles the Rusanov scheme as
Ma < 0:5, but on a supersonic region, it is totally one sided.
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3.3. Application for compressible and incompressible flows

The convenience of the flux-difference or flux-vector splittings is that they may work without any
numerical parameters in the case of a sufficiently compressible flow. This does not always take place
without anomalies. In the case of Roe’s method, an entropy fix is often needed in order to repro-
duce physically meaningful solutions. Roe’s method can be used as Ma ! 0, using an artificial
sound speed that scales the free-stream Mach number to obtain a lower bound of Ma1 D O.0:1/,
but then the physics is lost, and the second part of Equation (16) only works as a complicated
dissipation term.

The Rusanov scheme defined by Equations (8) and (9) works for laminar compressible flows, but
if a turbulence model is included, the spectral radii in the turbulence equations must be modified.
A possible choice is Qc D Nu. Otherwise, the excessive dissipation produced by the original sound
speed c will spoil the solution of the turbulence equations. The same takes place with the flow
equations themselves at low-Mach numbers. The method can be applied for incompressible or low-
Mach number flows by modifying the spectral radius associated with the flow equations. The present
incompressible cases are calculated by replacing the sound speed of the flux formula (8) by Qc D u1.

For incompressible flows, the scalar dissipation scheme must be modified, because at a constant
density, there is no dissipation in the continuity equation. The density difference can be replaced
by an appropriately scaled pressure difference, as was performed in Equation (9) and the spectral
radius by a convective velocity for incompressible flows.

In principle, the flux formulae of Section 3.2 and the implicit solution methods can be made Mach
number independent, but for simplicity, compressible and incompressible alternatives are presently
kept optional. An exception is the modified Rhie-Chow method, where parameter Qc is always applied
in the evaluation of fluxes and no changes are necessary. As aforementioned, in order to improve the
convergence rate in the case of compressible flows, parameter Qc could be limited to a local sound
speed, but this seems to have a minor influence.

Although written using a vector of conservative variables U, only the scalar dissipation formula
D is evaluated from U. For all other fluxes, primitive variables Œp;V; T �T , that is, the pressure,
the velocity vector and the temperature, are used in the MUSCL interpolation. An exception is
Roe’s method, where the primitive variables applied are Œp;V; ��T because of historical reasons.
This requires a relationship e D e.p; �/ between the specific internal energy and the interpolated
variables. Roe’s method and the central-difference scheme are intended and used in the present study
only for compressible flows, and the fluxes are evaluated on the basis of an absolute pressure. The
modified Rhie-Chow and Rusanov methods utilize pressure differences from an ambient pressure,
because the methods are also applied for incompressible flows. However, the absolute pressure
must be used in the energy flux. This is obtained by adding the constant ambient pressure to the
interpolated pressure-difference values.

3.4. Implicit solution methods

3.4.1. Density-based methods. While the flux formulae are more or less similar and can be modified
for different flow speeds, it makes more sense to divide the implicit methods into ‘density-based’
and ‘pressure-based’ alternatives. A density-based implicit method requires that an equation of
state � D �.p; T / or p D p.�; T / is available. Although not always explicitly required, for a
density-based method, a finite value of a density derivative @�=@p is essential. If that is not the
case, preconditioning works for low-Mach number flows by adding a term 1=u21 to @�=@p and
consequently to a definition of a pseudo sound speed from Equation (4).

Implicit methods can be applied in a delta form [3] as

numerics¹	Uº D physics (21)

where ‘physics’ includes the residuals of the discretized equations and ‘numerics’ is an operator
that drives the residual vector R formed by the discretization process to zero. The residual vector is
based on the values from the previous iteration cycle and for steady-state solutions is defined as
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R D �
X
j

Sj .F� � Fv/nj � nj C ViQn
i (22)

In time-accurate cases applying an implicit method, the time derivative is included in R as a source
term, and iterations are made inside a time step. Because UnC1 D Un C 	U, in principle it does
not matter whether 	U or UnC1 is used in a linearized equation system to be solved. Furthermore,
it is not necessary to use	U, because the vector can be replaced by any suitable choice of primitive
variables as in the present method. The delta form has a convenient feature that the numerics-part
does not need to be an accurate linearization of the right-hand side of Equation (21). This allows
the use of simple first-order discretizations in the numerics-part while higher-order methods are
utilized in physics, that is, in calculating the residual. When UnC1 or the corresponding primitive
variables are solved directly, the same principle is known as a deferred correction approach [11].

Compressible flows can be solved as ‘coupled’ using the diagonalization property of Jacobian
matrices of the flux vectors. In a multidimensional case, the resulting system is usually factorized
into lower and upper parts as in a Lower-Upper Symmetric-Gauss-Seidel (LU-SGS) scheme or as
in the present case along the grid index directions. The present density-based solutions are made
using a structured grid solver and an approximately factored scheme that splits the Jacobian matrices
according to the sign of the characteristic speeds [27, 45]. The basic idea is adopted from Ref. [29],
but the diagonal dominance has been increased in the implicit sweeps. The LU-SGS method is
another widely used alternative with compressible flows [46]. The LU-SGS method can be applied
for an unstructured grid system, and it allows the use of a higher Courant number (time step), but
the efficiency is about the same as with the present choice. Both methods have been applied with
preconditioning for low-Mach number flows.

In the present method, the Jacobian matrix of a flux vector A D @F=@U is diagonalized in every
grid index direction as follows [10, 12]

A DMTL.
C C
�/L�1T �1M�1 (23)

where M�1 is a transformation matrix from the conservative to the primitive variables, T �1 trans-
forms the variables into a coordinate system normal to a cell face andL�1 is a transformation matrix
from the primitive to characteristic variables. The diagonal matrix containing the eigenvalues of A
is split into positive (
C) and negative parts (
�). These vectors are modified in order to stabilize
the viscous terms [29].

Because matrix M does not depend on the grid index direction, the present methods are imple-
mented so that the residual vector R is firstly transformed into changes in primitive variables
ıv D .ıp; ıV; ıh/T using ıv D M�1R. After the matrix operations, the final changes in the primi-
tive variables could be transformed back to the conservative variables. However, this is unnecessary,
and it is preferred to update directly the pressure, the velocity vector and the temperature. Thus,
conservative variables are not used at all, and only the fluxes are in a conservative form.

3.4.2. A pressure-correction approach. The number of various pressure-based methods is huge; a
comprehensive review is given in Ref. [47]. The present pressure-correction approach is intended
for all flow speeds and deviates from the traditional approaches. Compared with the commonly used
pressure-based methods, the basic difference of the present solution method is that all the residuals
are calculated simultaneously and only once during an iteration cycle as in density-based algorithms.
The explicit residuals are manipulated in the same way as in the density-based methods. A mass
imbalance is also allowed after the velocity correction step, and the fluxes are not corrected during
the iteration cycle. All the variables are updated in the same manner as in the density-based methods.

The flow equations need to be linearized. The momentum equation can be written in the following
finite-volume form for cell i

Vi
ı.�iVi /
	t

D �
X
j

PmnC1j VnC1j �
X
j

Sjnjpnj C
X
j

Sj .n � �/nC1j (24)
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where j refers to cell faces, superscript n to an iteration cycle and ıVi D VnC1i �Vni . The iteration
is based on pseudo time integration with local time stepping. A first-order discretization is applied
in the linearized part. As in the pressure-correction methods in general, the pressure gradient term
is firstly assumed to be from a previous iteration cycle. In the following, let RM be the residual of
the momentum equation, that is, the right-hand side of Equation (24) from the iteration cycle n and
Rc � 	 Pm the corresponding error in mass balance. The continuity equation is linearized as

Vi
ı�i

	t
D �

X
j

Pmnj �
X
j

ı Pmj D R
c
i �

X
j

ı Pmj (25)

In an incompressible case, there is no density change, but ı� can be interpreted as an imbalance in
mass at step n. Momentum fluxes are linearized as PmnC1j VnC1j � PmnjVnj C Pm

n
j ıVj C Vnj ı Pmj . The

friction term is linearized according to an incompressible approximation. Linearizing Equation (24)
and taking into account Equation (25)

Vi�
n
i

ıVi
	t
CRci ıVi D RMi � Vni R

c
i �

X
j

Pmnj ıVj C
X
j

Sj�j

	sj
.ıVj � ıVi / (26)

where 	sj is a distance between the cell centres and the viscosity � is taken as a sum of molecular
and turbulent viscosities. Earlier term

P
j .Vi � Vj /ı Pmj is dropped. Maintaining this term would

lead to a coupled method. The motivation of the present method is to apply a segregated solution,
that is, a fixed point iteration to all the equations to be solved. Consequently, compromises have to
be made, and the decreased stability must be compensated for by increasing under-relaxation.

Next, the mass flows are divided into groups ‘in’ and ‘out’ of the computational cell as follows:

Vi�
n
i

ıVi
	t
CRci ıVi D RMi � Vni R

c
i �

X
out

Pmnj ıVi �
X
in

Pmnj ıVj C
X
j

Sj�j

	sj
.ıVj � ıVi / (27)

where a positive mass flux is defined to be out of the cell. Using the definition of the mass imbalance
Rci C

P
out Pmj D �

P
in Pmj , the final form of the linearized momentum equation is obtained0

@Vi�
n
i

	t
�
X
in

Pmnj C
X
j

Sj�

	sj

1
A ıVi CX

in

Pmnj ıVj �
X
j

Sj�j

	sj
ıVj D RMi � Vni R

c
i (28)

The multiplier of the diagonal term ıVi is auii � auP;i that forms the basis for the original Rhie-
Chow interpolation method introduced in Equation (17). Because all components of the momentum
equations have the same form, the multipliers on the left-hand side are the same for all equations.
For turbulent flows, the viscosity � is replaced by the effective viscosity, that is, by the sum of the
molecular and eddy viscosities. The two last sums on the left-hand side contain unknowns ıVj from
the neighbouring cells behind the cell-surface j . If the time-derivative term were removed, the diag-
onal term would be exactly the same as the sum of the off-diagonal terms. This was accomplished
by changing the outgoing flows C the mass imbalance to incoming mass flows that are negative
by definition. On the right-hand side, the resulting equation (28) has a recalculated residual that
contains a contribution from the mass imbalance. In general, pressure-correction methods do not
include this term, because the mass balance is assumed to be zero after the velocity correction step.
As the residuals are calculated simultaneously, the error in the mass balance must be filtered out,
and this is the effect of the modified residual in Equation (28). The transformation of residuals is
similar to the transformation matrix M�1 in the case of a density-based solution.

The energy equation is more complicated than the other scalar equations, because it is coupled
with all the other equations. A segregated solution in a compressible case requires that the effect of
these couplings is minimized. There are many ways to approximate the energy equation as well as
to linearize it. The linearization of the energy equation is based on the residual from the previous
iteration cycle. The energy residual is obtained from Equation (22) using Equation (3)
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REi D �
X
j

PmjHj C
X
j

Sj .� � n/j � Vj C
X
j

Sj�j .rT /j � nj (29)

In the case of a turbulent flow, the thermal conductivity �j consists of laminar and turbulent
parts. A convenient variable is enthalpy, and thus, the energy equation is written in terms of a
total enthalpy H D h C V 2=2 C k, where k is the kinetic energy of turbulence. The time-
derivative term is complicated because of the kinetic energies. The linearization is initiated from
�nC1j HnC1

j � �njH
n
j C �

n
j ıHj CH

n
j ı�j C ıH

n
j ı�j . The last term is usually ignored, but in this

case, it is related with the mass imbalance, which results in a second term on the right-hand side of
the following expression:

Vi
ı.�iHi /

	t
� Hn

i R
c
i CR

c
i ıhi C Vi�

n
i

ıhi

	t
C Vi�

n
i Vni �

ıVi
	t
C Vi�

n
i

ık

	t
(30)

where the kinetic energy change was dropped from the second term resulting in Rci ıHi � Rci ıhi .
By moving the densities inside the ‘delta’ variables and using the values from the previous iteration
cycle, the following linearization is obtained for the time derivative of the total enthalpy

Vi
ı.�iHi /

	t
� Hn

i R
c
i CR

c
i ıhi C Vi�

n
i

ıhi

	t
C Vni � R

M
i �

�
V ni
�2
Rci CR

k
i � k

n
i R

c
i (31)

where Rki is a residual of the kinetic energy of turbulence. A linearization of the convection and
diffusion terms follows the guidelines of the treatment of momentum equations. In the linearization,
the kinetic energy terms as well as the rate of work carried out by the viscous forces are ignored
for simplicity. As the aim is to avoid coupling with the other equations in the implicit solution,
sacrifices have to be made at the cost of stability. After linearizing the flux terms and making the
same approximations as in the case of the momentum equation, the following equation is obtained0
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i C Vi

ıpi

	t
D Rhi C Vi

ıpi

	t

(32)

where the explicit residuals for the energy
�
REi

�
, continuity, momentum and kinetic energy of tur-

bulence are utilized. The time-derivative approximation contains a change of pressure Viıpi=	t ,
which will be used in the derivation of the pressure-correction equation. It should be noted that local
time stepping is applied, and the solution is intended for steady flows. Therefore, in the solution
of enthalpies, the pressure term can be ignored. A term Vip

0
i=	t , where p0 is the pressure correc-

tion, could be included on the right-hand side of Equation (32) after the pressure correction. This
idea still needs further development, because a simple correction tested led to divergence. Because
of this, the enthalpy is solved from Equation (32) without the last term on the right-hand side, and
after that, the temperatures are updated as ıTi � ıhi=cpi . As mentioned earlier, other thermody-
namic variables including the internal energy and the enthalpy are updated as a function of the new
temperature and pressure values although the enthalpy change was solved from Equation (32).

The pressure-correction method is intended to work with an arbitrary convective flux. A derivation
of a pressure-correction equation is started by establishing a relationship between the pressure and
velocity corrections on a cell face. The correction of the convective velocity must not be based on
the convective speed Ou defined by Equation (18) but rather on the momentum equation applied at the
cell-face location. This is approximated by taking an average of the linearized momentum equations
on both sides of the cell face i C 1=2. Ignoring the off-diagonal terms (Semi-Implicit Method for
Pressure-Linked Equations (SIMPLE) approximation):

V0iC1=2 D �
ViC1=2

Nau
P;iC1=2

�
rp0

�
iC1=2

(33)
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where ViC1=2 is a volume of an auxiliary cell located at the face and the multiplier is obtained from
the two diagonal components of Equation (28)

1

Nau
P;iC1=2

D
1

2

 
1

auP;iC1
C

1

auP;i

!
(34)

The correction of the convective velocity depends on a normal derivative of the pressure correction

Nu0iC1=2 D �
ViC1=2

Nau
P;iC1=2

�
@p0

@n

�
iC1=2

(35)

In the SIMPLEC-approximation [9], the following relationship is used

Nu0iC1=2 D �
	t

�iC1=2

�
@p0

@n

�
iC1=2

(36)

A symmetric stencil is applied for the pressure gradient at all flow speeds. Furthermore, the present
test cases are calculated by approximating the gradients of the pressure correction on the basis of an
orthogonal grid assumption. Thus, for the SIMPLE method

Nu0iC1=2 D �
SiC1=2

Nau
P;iC1=2

.p0iC1 � p
0
i / (37)

It is well known that this increases the need for under-relaxation with non-orthogonal grids. There
are several ways to avoid this, but these increase the computation time per cycle [11]. In this case,
the solution time increases, and this must be more than compensated for by the smaller number of
iteration cycles. In the present method, the instability caused by the grid skewness is reduced by
under-relaxing the velocity corrections made after the pressure-correction step.

Finally, the pressure-correction equation is obtained by linearizing the continuity equation. The
method is basically the same as used by Karki and Patankar [16] with a staggered grid and later
applied with a collocated grid [17]. A linearized continuity equation is"
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(38)

In order to eliminate the enthalpy changes, the following crude approximation is utilized on the
basis of Equation (32):"
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(39)

For the convection-based terms, the speed of sound defined by Equation (4) is approximated as

1

c2
�
@�

@p
(40)

By taking into account, Equations (4), (32) and (37), the following pressure-correction equation
is obtained"
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where �j is calculated as an average of the nodal values, whereas pressure correction p0j refers
to a node on the opposite side of face j . According to the test calculations, in Equation (41), an
upwind treatment of �j decreases the stability. The first and the third terms do not exist in the
standard SIMPLE approach, but these are necessary in order to provide stability of the method in
the case of compressible flows. There is no guarantee that the diagonal term dominates, because the
volumetric flows in and out are not equal in a general case, and therefore, a check is made to ensure
that condition. Furthermore, it seems that the driving force is the mass residual, and the effect of the
last term in Equation (41) is small. In principle, a more accurate coupling between Equations (32)
and (38) could be made. In a supersonic case, the pressure-correction equation does not reduce to a
one-sided formula. However, as will be seen, the same pressure-correction equation works even in
a case when Roe’s method is used for the evaluation of the fluxes. This can be interpreted such that
an implicit dissipation term is added to the pressure-correction equation (41).

For the pressure-based solution, the mass flows calculated by any method introduced in
Section 3.2 are stored and used in Equations (28), (32) and (41). The boundary conditions in the
implicit stage are accomplished using a layer of ghost cells beyond the computational domain. For
the pressure equation, the boundary conditions are @p0=@n D 0 on the solid walls and the symmetry
boundaries. A condition p0 D 0 is applied elsewhere. As will be seen later, the explicit coupling cre-
ated by this lowers the efficiency in some cases. For the other equations, the change of any variable
is put to zero in the ghost cells.

At the moment, the additional compressibility terms in Equation (41) are switched off in the
incompressible cases, although the equation evidently works at all flow speeds. The equation is
solved using an algebraic multigrid method with a line Gauss-Seidel smoothing. After a solution of
the pressure-correction equation, the pressures are updated from pnC1 D pnC˛pp

0, where ˛p < 1.
The cell-face velocities are not corrected from Equation (37), but instead the nodal velocities are
directly updated using the corrections in the pressure gradient

V0i D �˛
0
u

Vi

auP;i

�
rp0

�
i

(42)

where 0 < ˛0u 6 1.
There are several ways to build up a solution algorithm based on the equations earlier. In the

present simulations, only one alternative is used, although other choices have also been tested. In
the algorithm used in the present cases (Figure 1 left) at the beginning of the iteration cycle, the
residuals including the mass balance are calculated and the mass flows Pmj are stored for the implicit
stage. Next the momentum equations are solved one by one from Equation (28), and the velocities
are updated to V� D Vn C ıV. After that the pressure-correction equation is solved, and the pres-
sure and the velocity fields are updated. It is unnecessary to correct the cell-face fluxes, because
the mass imbalance is taken care of by modifying the residuals defined by the right-hand sides of
Equations (28) and (32). Finally, the rest of the equations are solved in a segregated manner. After
the iteration cycle, the required fluid properties as �, �, � are updated. These, as well as specific
internal energy and the derivatives of density in the compressible solution, are calculated as a func-
tion of pressure and temperature. If the multigrid cycling is not taken into account, no updating of
the residuals including the mass balance is made during the implicit part of the solution. A recal-
culation of the mass balance and a Pressure implicit with splitting of operator (PISO) iteration [7]
has been tested but not applied in the present test cases. The basic iteration cycle is followed by an
optional FAS multigrid procedure with a simple V-cycle. The FAS method is applied to a system of
equations as in the density-based solution [27].

Another choice is to solve the pressure-correction equation first and then correct the pressure
gradient terms in the momentum and energy equations (Figure 1 right). In this way, there is no
separate velocity correction from Equation (42), because the momentum equations as well as the
energy equation are solved using the updated pressure field. Because SIMPLE-approximation and
SIMPLEC-approximation can be applied with both methods shown in Figure 1, the total number of
basic choices is four. With all possible modifications, including the PISO loop and a more accurate
pressure-gradient term, the list of different choices is practically endless.
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Figure 1. Two solution algorithms. The SIMPLE-like method shown on the left is used in the test cases.

3.4.3. Under-relaxation. A proper under-relaxation is needed for an efficient solution and for
stabile algorithms. In the present approach, under-relaxation is mainly performed via the time-
derivative term that depends on a local time-step size. The local time-step concept is used, and its
length is determined by the convective and viscous stability criteria. This approach was selected
because it works well with the density-based methods at high Reynolds numbers. A relationship
between the Courant number and the under-relaxation factor commonly applied in pressure-based
methods for the velocities can be found by equating the diagonal terms of both methods as based on
Equation (28)

Vi�
n
i

	t
�
X
in

Pmnj D �
X
in

Pmnj =˛u (43)

where the diffusion-based terms are ignored. In a one-dimensional case, Equation (43) results
roughly in ˛u D CFL=.1C CFL/ in an incompressible or ˛u D CFL=.1C CFLC 1=Ma/ in a
compressible application, respectively. The difference between these depends on whether Nu or NuCc
is applied in the definition of a Courant number. These relationships are shown in Figure 2. It is seen
that in a compressible solution at a low-Mach number of Ma D 0:1, a Courant number in a given
range corresponds to a low value of ˛u.
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Figure 2. Relationship between the Courant number and the commonly applied under-relaxation coefficient
at different flow speeds.

In a three-dimensional case, the definition of a Courant number is not unique, and the stability
requirement caused by the viscous effects makes the behaviour of the local time step highly non-
linear and results in a high under-relaxation inside the boundary layers. In the present algorithm, a
convective time-step size is evaluated from

CFL D
	tconv

V

2
4X

k

Sk Nuk C c

sX
k

S2
k

3
5 (44)

where the summation is over a grid-direction index k of the structured grid applied. Here, the con-
vective velocities Nuk as well as the multiplier of c are based on the average cell-face properties of
both sides of the cell in direction k.

Another dimensionless parameter d governs the stability of the viscous terms:

d D
	tvis�eff

2	s2min
(45)

where �eff is the effective kinematic viscosity and	smin is the minimum cell dimension. The final
time-step size is taken as a minimum of	tconv and	tvis . In the present test cases, a constant value
of d D 5 is used, whereas the Courant number is selected case by case.

The time-derivative term with local time stepping is all that is needed in the density-based
approach. For the pressure-correction method, the sound speed in Equation (44) is replaced by
Qc, if the flow is assumed to be incompressible. Otherwise, the same time-step size is used as
with the density-based approach. Furthermore, the updated pressures must be under-relaxed as
pnC1 D pnC˛pp

0 to insure convergence. The associated velocity corrections are optionally under-
relaxed in some cases as VnC1 D V� C ˛0uV0, where V� is the velocity after the solution of the
momentum equation. If the pressure correction were made before the solution of the velocity vector,
˛0u would be used in updating the pressure gradient terms of the momentum and energy equations.
The under-relaxation factor ˛0u applied at this stage should not be mixed with the common alternative
that is used to replace the relaxation based on the time-derivative term, for example, in Figure 2.

4. RESULTS

4.1. Viscous flow over a NACA0012 airfoil

4.1.1. Transonic flow. The first case is a flow over an NACA0012 airfoil at Ma1 D 0:799, Re D
9�106 and ˛ D 2:26°. Experimental data for this case are provided by Harris [48]. In the simulations,
a fully turbulent flow was assumed, and the SST k �! model was used. The initial conditions were
set to the far-field values on the coarsest grid level, and on the finer levels, the initial values were
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interpolated from the next coarser level. The case was calculated using different flux approximations
at varying grid densities. A C-type structured grid was applied, and the most accurate grid size was
384 � 128. The far field is placed at a distance of 50 chord lengths and in the first cell yC < 1

except in a couple of cells at the stagnation point. On the solid wall, a no-slip condition and an
adiabatic wall were used, and the pressure was extrapolated from the flow field using a second-order
formula. Constant far-field boundary conditions were applied. The implicit solution was obtained
either by the density-based method or the pressure-correction approach described in Section 3.4.2.
The discretization was a second-order upwind method in a stream-wise direction and third-order
upwind-biased (� D 1=3) in a wall normal direction. No limiter was applied. With the modified
Rhie-Chow interpolation, C D 10 was used, and no upper bound for Qc was applied. With the
Rusanov scheme, NuC Qc was used as a multiplier of the dissipation term in the turbulence equations,
while NuC c was applied for the flow equations.

A pressure coefficient distribution as calculated using Roe’s method and a density-based implicit
solution are shown in Figure 3. Although not shown, the result is practically the same with all the
flux alternatives tested. The use of a flux limiter would have a small effect in this case, but the
tiny oscillation after the shock wave is smoothed out as the limiter is applied. The implicit solution
method applied does not have any effect on the visualized result. A closer look at the pressure
and skin friction coefficients on the airfoil surface reveals that the distributions are most identical
with Roe’s method and the modified Rhie-Chow approach (Figure 4). The solution obtained by the
Rusanov scheme moves the shock position to the upstream direction by one grid point. The central-
difference method was applied using coefficients k.2/ D 1=2 and k.4/ D 1=128. This results in a
smeared shock profile. No effort was made to modify the coefficients, but obviously, a sharper shock
profile can be obtained by tuning the coefficients. The skin friction coefficient distributions closely
follow the shapes of the Cp-plots (Figure 4).

Figure 3. Pressure-coefficient distribution in a transonic case at Ma D 0:799, Re D 9 � 106 and ˛ D 2:26°.
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Figure 4. Pressure and skin friction coefficients in the transonic case on an NACA0012 airfoil. RC,
Rhie-Chow.
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Because Roe’s flux-difference splitting is believed to be the most accurate alternative, the result
of a grid-convergence study is shown in Figure 5. In order to ensure the convergence, the grid
should have been doubled still at least once. However, the densest grid applied is more accurate
than the grid densities applied in practice. The convergence of the two implicit methods is compared
in Figure 6 using two multigrid levels and a Courant number of CFL D 0:5. In addition, with
the pressure-correction method, ˛p D 0:05 and ˛u D 0:5 were applied. The low Courant number
is used because the pressure-correction method becomes unstable at about CFL D 1 with more
than one multigrid level. It is seen that, in terms of the iteration cycles, a convergence of the lift
coefficient is faster with the pressure-based method. However, in terms of the maximum change in
pressure, the density-based method requires fewer iteration cycles. The final level of the maximum
correction in pressure is of the order of 1 Pa or less. The dimensional value of 	pmax varies and in
this case a value of the order of O.0:1/ Pa represents a converged result with the single-precision
machine accuracy used. This value depends on the case and should not be mixed with a tolerance
in solving the pressure-correction equation. The convergence histories of the pressure-correction
method also include an oscillatory behaviour with a period of about 300 cycles. This is probably
caused by pressure reflections from the boundaries. The speed of the convergence rate of any method
is governed by the Courant number and the number of multigrid levels, while the effect of ˛p is
not as significant provided that it is in a suitable range. The density-based method is stable with
a higher Courant number of CFL D 2:5, which strongly affects the convergence rate (Figure 6).
By increasing the number of multigrid levels with the density-based method, the convergence is
still improved, and the convergence history is less oscillatory than with the pressure-based solution.
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Figure 5. A grid convergence of Roe’s method in the transonic case.
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A flux limiter would remove most of the spikes in the pressure-correction histories calculated by
any method. It should be noted that these spikes are local; the global L2 norms share a smoother
behaviour.

At CFL D 2:5, more than three multigrid levels lead to a highly oscillatory convergence his-
tory even with the density-based method, but by reducing the Courant number and by increasing the
multigrid levels, the efficiency could perhaps be improved on that shown in Figure 6. In addition
to the worse stability properties, the present pressure-correction approach takes in this case about
threefold computation time/iteration cycle. This is strongly dependent on the efficiency of the solu-
tion of the pressure-correction equation and depends on the case. Exact figures for the efficiency
are difficult to estimate, because so many parameters are involved. The efficiency of the methods is
further discussed in the next section concerning a subsonic flow.

The calculated drag and lift coefficients are shown in Tables I and II. It is seen that, even with
the densest grid level, there are differences between the discretizations. Ideally, with a consistent
method, a converged solution is the same, but in addition to the grid convergence, a possible iteration
error may cause the differences. According to the calculated values, Roe’s method and the modified
Rhie-Chow scheme are most similar, as can also be anticipated from the calculated pressure and
skin friction distributions.

4.1.2. Incompressible flow. An incompressible case is a flow at a Reynolds number of Re D 6 �106

and an angle of attack of ˛ D 10°. Simulated skin friction factors are available in Ref. [49], and
experimental data for pressure at a lower Reynolds number of Re D 2:88 � 106 are available in
Ref. [50]. Because the equations are solved in a dimensional form, the boundary conditions are
u1 D 15m/s,Lref D 0:2181m, � D 1000 kg/m3 and �1 D 1:136�10�3 kg=.m�s/ corresponding
to water properties. No circulation correction was applied for the far-field boundary conditions,
that is, constant far-field values were applied. The airfoil surface was adiabatic, and the surface
pressure was approximated from the flow field using a second-order formula. The initial conditions
were set to the far-field values on the coarsest grid level, and on the finer levels, the initial values
were interpolated from the next coarser level. SST k � ! turbulence model was applied, and a
fully turbulent flow was assumed. The same grid applied in the transonic case leads to inaccurate
results in this case. The grid used in the computations was downloaded from the web page [49]
and is thus the same as used in the reference simulations. The far field is placed at a distance of
500 chord lengths. Especially the drag coefficient is very sensitive to the grid density and a grid
size of 896 � 256 was applied on the densest grid level. On the densest grid level in the first cell
yC D O.0:1/ except near the stagnation point where yC D O.0:5/. The case was calculated using a
Rusanov scheme with Qc D u1 D 15 m/s for all equations, and a modified Rhie-Chow interpolation
with Qc D 15m/s and Qc D 75m/s corresponding to C D 1 and C D 5, respectively. For the Rusanov

Table I. Calculated drag coefficients for the NACA0012 airfoil (Ma1 D
0:799, Re D 9 � 106 and ˛ D 2:26°).

Method/grid density 384 � 128 192 � 64 96 � 32

Central (k.2/ D 1=2 and k.4/ D 1=128) 0.031930 0.032111 0.036457
Rusanov 0.032069 0.033916 0.045506
Modified Rhie-Chow (u1= Qc D 0:1/ 0.032280 0.031761 0.035747
Roe 0.032635 0.032071 0.034052

Table II. Calculated lift coefficients for the NACA0012 airfoil (Ma1 D
0:799, Re D 9 � 106 and ˛ D 2:26°).

Method/grid density 384 � 128 192 � 64 96 � 32

Central (k.2/ D 1=2 and k.4/ D 1=128) 0.258361 0.252280 0.316916
Rusanov 0.258289 0.235089 0.289804
Modified Rhie-Chow (u1= Qc D 0:1/ 0.269134 0.247677 0.212004
Roe 0.273400 0.245830 0.167384
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scheme, the dissipation increases as Qc is increased, and Qc D u1 represents a natural upper limit for
the dissipation in an incompressible case. For the modified Rhie-Chow method, the situation is the
opposite. A third-order upwind-biased discretization (� D 1=3 from the MUSCL-formula (7)) was
applied for the convection term and pressure.

The pressure profiles given in Figure 7 show that there are no visible differences between the
methods. In addition, a compressible solution with Roe’s method atMa D 0:15 leads to essentially
the same result. The experimental data agree with the computations. In the skin friction coefficient
distributions, there are also no visible differences. However, all solutions predict a bit higher drag
coefficient and a bit lower lift coefficient than the reference results obtained using three different
Computational Fluid Dynamics (CFD) solvers provided by the web page [49] (Table III). It can also
be seen that the lift coefficient (Table IV) does not converge monotonically with all the methods
as the grid is refined. Even with the densest grid, it cannot be guaranteed that a grid-converged
result has been obtained. However, the results are close enough to the reference values and can
be explained by differences in boundary conditions and implementation of the turbulence model.
Especially the lack of the circulation correction may affect the results. With the modified Rhie-Chow
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Figure 7. Pressure and skin friction coefficients in an incompressible case (Re D 6 � 106 and ˛ D 10°). RC,
Rhie-Chow.

Table III. Calculated drag coefficients for the NACA0012 airfoil (Re D 6 � 106 and
˛ D 10°).

Method/grid density 896 � 256 448 � 128 224 � 64

Rusanov (u1= Qc D 1/ 0.012997 0.015387 0.017441
Modified Rhie-Chow (u1= Qc D 1/ 0.012942 0.013061 0.015766
Modified Rhie-Chow (u1= Qc D 0:2/ 0.012900 0.013009 0.013748
Roe (Ma D 0:15/ 0.012875 0.013091 0.014347
Ref. [49] (Ma D 0:15/ 0.01236. . . 0.1253

Table IV. Calculated lift coefficients for the NACA0012 airfoil (Re D 6 � 106 and
˛ D 10°).

Method/grid density 896 � 256 448 � 128 224 � 64

Rusanov (u1= Qc D 1/ 1.056445 1.065687 1.051942
Modified Rhie-Chow (u1= Qc D 1/ 1.057803 1.057462 1.066063
Modified Rhie-Chow (u1= Qc D 0:2/ 1.057577 1.057149 1.053991
Roe (Ma D 0:15/ 1.068439 1.068727 1.066431
Ref. [49] (Ma D 0:15/ 1.0765. . . 1.0840
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scheme, the smaller numerical dissipation with Qc D 75 m/s results in best results on the coarse grid
levels. The compressible solution deviates a bit from the incompressible solutions.

As in the transonic case, the efficiency of the methods is difficult to determine exactly. The effi-
ciency is compared using a grid size of 448 � 128; and simulations were made using a modified
Rhie-Chow scheme with pressure correction and a density-based solution applying Roe’s method.
Convergences are compared in Figure 8 with different Courant numbers and multigrid levels. It is
seen that, in this subsonic case, the value of 	pmax is about an order of magnitude lower than in the
transonic case. In this application, more than three grid levels with the density-based method lead
to an oscillatory solution, whereas in the case of the pressure-correction approach, only a single
grid level was possible. With the density-based method using three multigrid levels, the maximum
change in pressure is converged in less than 1000 cycles, but it takes about 10 000 cycles until the
lift coefficient reaches its final value (Figure 8). With the pressure-based incompressible solution,
the situation is the opposite, at CFL D 1 the lift coefficient is converged in about 8000 cycles, but
for the maximum change in pressure, the convergence takes more than 10 000 cycles. The solution
method affects the final level of 	pmax. It can be seen that by increasing the number of multigrid
levels	pmax increases and that is also the case with the pressure-correction approach. However, the
	pmax levels in Figure 8 represent converged results of the methods applied. Because the drag coef-
ficient appeared to have one of the slowest convergence rates among the quantities measured, the
solution was considered to be converged when the fifth digit of CD changed by a maximum of ˙1
counts. The results are given in Table V together with a computational time/grid cell/cycle. It is seen
that in this case the pressure correction takes more than a fivefold solution time per cycle compared
with a single-grid density-based solution. This is more than in the transonic case. The difference is
caused by the longer solution time required to solve the pressure-correction equation. Furthermore,
the pressure-correction method has much worse smoothing properties than the density-based solu-
tion, which makes the latter even in this case the fastest method because the multigrid acceleration
can be applied efficiently.
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Figure 8. Convergence of a maximum change in pressure and a lift coefficient (Re D 6 � 106 and ˛ D 10°).

Table V. A performance of different methods (Re D 6 � 106 and ˛ D 10°).

Method CFL Grid levels CPU time/cycle/cell (�s) Total CPU time Relative performance

Density-based 1.0 1 4.3 12 500 2.7
Density-based 1.0 3 6.8 4700 1.0
Pressure-based 1.0 1 23.3 10 600 2.3
Pressure-based 0.1 1 23.3 31 900 6.8
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4.2. Inviscid cases

4.2.1. Flow past a circular bump in a channel. The inviscid supersonic cases were simulated using
Roe’s method and the modified Rhie-Chow interpolation, because these behaved similarly in the
viscous-flow simulations. The purpose was to compare the performance of the methods in the case
of strong shock waves. The first case is a flow past a circular bump in a channel that was used in
Refs. [19] and [22] at an inlet Mach number equal toMa D 1:4. The geometry consists of a channel
of height L and length 3L, and a centrally based circular arc of length L and thickness 0:04L.
The H-grid, equidistant in the x-direction and at each x-location equidistant in the y-direction,
has a size of 240 � 240. Because the flow is supersonic, the inlet boundary conditions were set to
obtain the required Mach number. At the outlet boundary density, pressure and momentum were
extrapolated using a first-order formula. On the walls, slip conditions were specified, and a second-
order extrapolation was used for the pressure. The van Albada limiter was used in both grid-index
directions [51]. A density-based implicit method was applied withCFL D 1:2without the multigrid
acceleration for convergence. The selected Courant number without the multigrid acceleration is
near a maximum stable set-up in this case.

The Mach number distributions along the bottom line and the bump surface are given in Figure 9.
It is seen that there is only a small difference between the methods. On a coarse 120 � 120 grid,
a slightly oscillatory behaviour is seen after the bump with the modified Rhie-Chow scheme. By
doubling the grid density once more to 480�480 (not shown), the difference is still smaller. The dif-
ferences in drag coefficients defined as a dimensionless x-wise force are 3.39%, 1.73% and 0.88%
between the methods with the three successive grid densities. In the lift coefficients, the difference
is even smaller, but in order to reach a difference of 0.1% in CD , it would still require several dou-
blings in the grid density. Roe’s method predicts the lowest drag coefficients and with this method
the difference in the predicted CD between the coarsest and densest grid is only 0.1%. Thus, the
modified Rhie-Chow method contains more dissipation, but the results clearly indicate that the solu-
tions obtained with Roe’s method and the modified Rhie-Chow interpolation converge to the same
results. The shock profiles are remarkably sharp with both methods, and the modified Rhie-Chow
method is only a bit less accurate with the dense grid. Although not shown, there are only small dif-
ferences between the methods in the Mach number distributions, and there are no unrealistic flow
patterns, as observed in Ref. [22]. The reason is suggested to be in the choice of a scaling factor Qc
instead of the standard Rhie-Chow interpolation.

/

Roe
Rhie-Chow

-1.0 -0.5 0.0 1.00.5 1.5 2.0
0.8

1.0

1.2

1.4

1.6

1.8

/

-1.0 -0.5 0.0 1.00.5 1.5 2.0
0.8

1.0

1.2

1.4

1.6

1.8

Roe
Rhie-Chow

Figure 9. Mach number distributions with a grid size of 240 � 240 (left) and 120 � 120 (right) using Roe’s
method and the modified Rhie-Chow interpolation.
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4.2.2. Supersonic flow over a blunt body. The second case is a supersonic external flow over a
circular cylinder. This case was also used in Ref. [22], but in the present simulation, the grid was
extended over the whole cylinder. In the rear part of the cylinder, the inviscid solution is not realistic,
because the flow tends to perform ‘an inviscid separation’. The O-type has a size of 128�88 cells in
the wall normal and circumferential directions, respectively. The grid was extended in order to study
the dissipation behaviour of the methods at ultimate conditions. The free-stream conditions were
Ma1 D 2 or 6 and T1 D 288:15 K, and the far-field boundary conditions were kept as constant.
The Courant number was set to CFL D 1 in all simulations. In addition, ˛p D 0:1 and ˛u D 0:5

were applied with the pressure-correction method. The discretization of the inviscid terms was the
same as in the previous case, that is, a limited scheme in both directions of the structured grid, but
for case of Ma1 D 6, a first-order method was also applied.

The simulated pressure-coefficient distributions are given in Figure 10 at Ma1 D 6 using the
first-order discretization. A carbuncle phenomenon is visible obtained using Roe’s method, whereas
the modified Rhie-Chow scheme results in a smooth solution. Furthermore, the solution with Roe’s
method is also asymmetric. The carbuncle disappears with the second-order limited interpolation,
but the resulting solution is highly oscillatory. A steady and smooth solution is obtained by the
modified Rhie-Chow method with both interpolation methods.

At Ma1 D 2 the simulated pressure-coefficient distributions are given in Figure 11 using the
limited second-order method. In this case, there are qualitatively only small differences between
the results„ and the stability properties are also about the same. The modified Rhie-Chow method

Figure 10. Pressure coefficient distributions at Ma D 6:0. Roe’s method (left) and the modified Rhie-Chow
interpolation (right). A first-order method is used.

Figure 11. Pressure coefficient distributions atMa D 2:0. Roe’s method (left) and the modified Rhie-Chow
interpolation (right). A second-order solution with the van Albada limiter.
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Figure 12. Pressure coefficient and temperature distributions along the centreline and on the cylinder surface
(Ma1 D 2:0).
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Figure 13. Convergence of a maximum change in pressure and a drag coefficient. Inviscid flow over a
cylinder Ma1 D 2, Roe’s flux-difference splitting.

produces a bit higher overshoot at the shock front, but the difference is hardly seen in Figure 12.
Roe’s method produces a glitch at x=D � �0:3, that is, at a sonic point. This can be removed
by using an entropy fix. The modified Rhie-Chow scheme predicts a smooth pressure profile at
the sonic point. In the temperature, there are differences behind the cylinder, but interestingly, the
temperatures are the same after x=D � 1:7. In the rear part of the cylinder, there is a pair of
small numerically induced vortices, which shows that the Euler equations are not appropriate in
that region. It should be noted that an H-CUSP (total enthalpy based CUSP) scheme (not shown)
removes the overshoot across the shock and does not require an entropy fix. In the front part of the
cylinder, this method is very accurate, but in the rear part, a massive separation was created, and the
results cannot be compared with the two other methods.

A comparison was made using two alternatives for both fluxes and the solution methods, alto-
gether four cases. An example of the convergence histories is shown in Figure 13 for the maximum
change in pressure and the drag coefficient with Roe’s method as solved using the density-based
method and the pressure-correction approach. As mentioned earlier, the pressure correction in
Equation (41) is upwind biased in the supersonic region, where the influence of pressure should
only be into the downstream direction. Still the method works with a decent under-relaxation fac-
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tor of ˛p D 0:1, but the unphysical vortex pair remains oscillatory in the steady-state simulation.
The pressure oscillations are of an order of a few pascals with a density-based solution, but up to
a few hundred pascals with the pressure-correction method, as is seen from Figure 13. The larger
amplitude in pressure oscillations leads to marked oscillations also in the history of the drag coeffi-
cient. These oscillations are induced by the unphysical separation and a vortex pair in the rear part
of the cylinder, which can be decreased by a smaller Courant number. Because the machine accu-
racy has not been reached, there exists about a 0.5% difference in the drag values, although a fully
converged result would not depend on the solution method (pressure or density based) applied.

5. CONCLUSIONS

In this study, several alternatives for inviscid fluxes were tested and modified in order to find a
working formula for steady-state incompressible and compressible flows. It was shown that the
fluxes can be written in a similar form, although the original range of applicability is different.
All the fluxes contain a central-difference term and an additional dissipation term. The amount of
dissipation is governed by a discretization method and in some cases by numerical parameters.

The approximate Riemann solver (Roe’s method) works without any numerical parameters at suf-
ficiently high Mach numbers. By modifying the wave speed and the associated derivative (@�=@p),
the same flux can be used for low-Mach number flows. The drawback of the method is the need
for an entropy fix in many flow cases. The Rusanov scheme is a simple alternative, but it contains
more dissipation than Roe’s method. Furthermore, the spectral radii must be tuned in the turbulence
equations. The scheme can be applied for low-Mach number flows by manipulating the spectral
radii also in the flow equations.

The central difference method with a scalar dissipation is a widely used method in the simula-
tion of compressible flows, but the numerical parameters have a significant effect on the results.
Furthermore, the method is more complex than the fourth alternative called a modified Rhie-Chow
scheme. Although this method was designed to avoid the checkerboard solution, in the case of an
incompressible flow, the version applied in the present study can be used without any additional
modification at least up to a Mach number of Ma1 D 6. The method does not produce a carbun-
cle phenomenon or other anomalies. There is a numerical parameter, which in most cases can have
a constant value. It should be noted that, with a collocated grid, incompressible flow cases may be
occasionally encountered where the pressure field contains local oscillations, perhaps only in a few
hidden cells. By increasing the dissipation via parameter C , these can be reduced, but a staggered
or Arakawa grid remains to be the safest alternatives for incompressible flows in general.

The present simulations were made using a structured grid, but the methods can be applied for
a general grid system. The pressure-correction method can be directly applied for an unstructured
grid, and the LU-SGS method can be used to replace the density-based implicit solution. The fluxes
require a gradient-based evaluation when the unstructured grid is used. Alternatively, a first-order
approximation could be tried for the pressures in Equation (18), but this increased the drag and the
lift values by about two per cent in the transonic case.

An important result of the present study is that the implicit solution methods are in principle
interchangeable provided the linearization is made in a robust way, which is not always straightfor-
ward. In this study, a version of the pressure-correction approach was derived, which can be applied
for compressible and for incompressible flows. The method can be applied in many ways, but in
the present simulations, a SIMPLE-type subversion was employed. Because the implicit part of the
solution can be changed and also the fluxes are applicable for different flow speeds, it is not essen-
tial to divide solution methods into pressure-based and density-based alternatives, although these
terms are useful in practice. The ability to combine methods from a different basis supports the idea
of having a general toolbox from which the user can pick the most suitable combination [52]. For
compressible flows, the most robust alternative among the combinations tested in this study is to use
a density-based implicit solver with the originally incompressible flux (the modified Rhie-Chow).
Other alternatives exist, for example, recently AUSM-type fluxes have been applied with pressure-
based solutions. A viable option is the CUSP-method, which in the present transonic case behaves
very similarly to Roe’s method and the modified Rhie-Chow scheme.
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Recently, coupled pressure-based solution methods have become popular choices in the case of
incompressible flows. It is not very likely that any pressure-based alternative could compete with
the existing density-based solvers in the case of a compressible flow. In some cases, where most of
the computational domain is at a very low Mach number, but in some parts supersonic flow exists,
a pressure-based solver may be an attractive as well as the most efficient choice. A density-based
algorithm can be preconditioned, but a pressure-based implicit part is probably more efficient and is
generally recommended. With both choices, the suggested modified Rhie-Chow scheme is a robust
and simple alternative for the inviscid flux.
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