
This is an electronic reprint of the original article.
This reprint may differ from the original in pagination and typographic detail.

Powered by TCPDF (www.tcpdf.org)

This material is protected by copyright and other intellectual property rights, and duplication or sale of all or 
part of any of the repository collections is not permitted, except that material may be duplicated by you for 
your research use or educational purposes in electronic or print form. You must obtain permission for any 
other use. Electronic or print copies may not be offered, whether for sale or otherwise to anyone who is not 
an authorised user.

Bruneval, Fabien; Rodriguez-Mayorga, Mauricio; Rinke, Patrick; Dvorak, Marc
Improved One-Shot Total Energies from the Linearized GW Density Matrix

Published in:
Journal of Chemical Theory and Computation

DOI:
10.1021/acs.jctc.0c01264

Published: 13/04/2021

Document Version
Peer reviewed version

Please cite the original version:
Bruneval, F., Rodriguez-Mayorga, M., Rinke, P., & Dvorak, M. (2021). Improved One-Shot Total Energies from
the Linearized GW Density Matrix. Journal of Chemical Theory and Computation, 17(4), 2126-2136.
https://doi.org/10.1021/acs.jctc.0c01264

https://doi.org/10.1021/acs.jctc.0c01264
https://doi.org/10.1021/acs.jctc.0c01264


Improved one-shot total energies from the
linearized GW density matrix

Fabien Bruneval,∗,† Mauricio Rodriguez-Mayorga,† Patrick Rinke,‡ and Marc
Dvorak‡
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Abstract

The linearized GW density matrix (γGW ) is an
efficient method to improve the static portion of
the self-energy compared to ordinary perturba-
tive GW while keeping the single-shot simplic-
ity of the calculation. Previous work has shown
that γGW gives an improved Fock operator and
total energy components that approach self-
consistent GW quality. Here, we test γGW for
dimer dissociation for the first time by study-
ing N2, LiH, and Be2. We also calculate a set
of self-consistent GW results in identical ba-
sis sets for a direct and consistent comparison.
γGW approaches self-consistent GW total ener-
gies for a starting point based on a high amount
of exact exchange. We also compare the accu-
racy of different total energy functionals, which
differ when evaluated with a non-self-consistent
density or density matrix. While the errors in
total energies among different functionals and
starting points are small, the individual energy
components show noticeable errors when com-
pared to reference data. The energy component
errors of γGW are smaller than functionals of
the density and we suggest that the linearized
GW density matrix is a route to improving total
energy evaluations in the adiabatic connection
framework.

1 Introduction

The GW approximation to the many-electron
problem1 earned its reputation as a success-
ful method for solids with accurate band struc-
ture predictions.2–5 Despite its development in
the 1960’s and early considerations in the con-
text of propagator theory,6 GW has only re-
cently gained popularity in chemistry for its
accurate predictions of orbital energies.7–20 A
lesser known fact is that GW is also a ground
state theory since the total energy can be ob-
tained from the Green’s function.21–24 The GW
total energy and the closely related Random-
Phase Approximation (RPA) energy capture
non-local correlation effects, such as the van der
Waals interactions,25–31 which makes them at-
tractive as advanced exchange-correlation func-
tionals in density-functional theory (DFT) or
Green’s function methods.

The GW equations are meant to be solved
self-consistently as the solution to Dyson’s
equation. In practice, self-consistent solutions
are still rare, though increasing in frequency. A
non-self-consistent evaluation of the self-energy
based on a mean-field Green’s function is much
more common and far less computationally ex-
pensive. As a compromise, one of us recently
introduced the linearized GW density matrix,
denoted γGW .32,33 γGW is evaluated in a single-
shot way, as with G0W0, but its off-diagonal
elements give an update to the static portion of

1



the self-energy that is not accessible with ordi-
nary G0W0. Initial calculations show that the
resulting total energies are in better agreement
with reference data than ordinary G0W0.

To develop a better understanding of Green’s-
function-based total energy methods, system-
atic tests are required. However, such sys-
tematic benchmarking is met by several chal-
lenges. The first challenge is conceptual. Many
nonequivalent total energy functionals of the
Green’s function have been proposed, e.g., RPA
(or Klein functional),34 Luttinger-Ward,35 or
Galitskii-Migdal36 (GM), that only agree for
the fully self-consistent Green’s function G.
The simple one-shot procedure, which is com-
monly used, is therefore problematic as it leads
to functional dependent GW total energies.
In the 2000’s, GW total energy functionals
were investigated that can be evaluated with
a one-shot Green’s function G0 and still retain
some similarity with the fully self-consistent re-
sult.37–41 Furthermore, we notice that today
adiabatic-connection total energies are expe-
riencing a renewed interest.42–44 These meth-
ods go beyond GW in terms of Feynman dia-
grams. However, in most cases, they are imple-
mented in a non-self-consistent fashion. A care-
ful assessment of their performance for non-self-
consistent Green’s functions is therefore timely
and valuable.

The second challenge relates to conservation
laws that could be violated when using a one-
shot procedure. For example, the electron num-
ber is not conserved in non-self-consistent GW
calculations.45,46 A loss or surplus of electrons
leads to large changes in the electrostatic re-
pulsion energy (Hartree energy) and subsequent
total energy errors. Conversely, self-consistent
GW calculations based on the Dyson equation
obey the conservation laws by construction.

The last challenge involves benchmark-
ing data. Ideally, we would test non-self-
consistent total energy methods against fully
self-consistent GW calculations. However, such
fully self-consistent GW calculations are a nu-
merical challenge of their own and thus rare in
the literature.24,40,46–50 Owing to the slow basis
set convergence of GW total energy methods,
all benchmarking calculations should be per-

formed with the same basis sets. This require-
ment aggravates systematic benchmarking con-
siderably, since almost all self-consistent GW
reference studies employ different basis sets.

In this work, we assess the accuracy of dif-
ferent total energy functionals for dimer dis-
sociation with emphasis on the performance of
the linearized GW density matrix. Recognizing
the difficulty of obtaining umambiguous self-
consistent GW (scGW ) data, we also perform
our own scGW calculations in identical basis
sets for a consistent comparison. We reach a
complete picture of the performance of one-shot
GW total energies, the linearized GW density
matrix, and their starting point dependencies
for the evaluation of total energies in critical
dissociation problems. Our results allow us to
perform a detailed energy component analysis
on the performance of the various methods. We
conclude that γGW corrects some of the error in
energy components that appears in energy eval-
uations based on the non-self-consistent Green’s
function. γGW therefore shows promise as an
improved single-shot total energy method.

This article is organized as follows: In Sec-
tion 2, we recap the different energy expres-
sions that can be used in the context of GW
total energies: scGW , RPA, and linearized
GW density-matrix. We derive an analytic
proof of the electron conservation of the lat-
ter. In Section 3, we describe the critical steps
and settings to obtain the numerical results.
Then, studying molecular bond dissociations,
we address the quality of the different func-
tionals as compared to self-consistent GW in
Section 4. The approximations of one-shot
adiabatic-connection calculations are explored
in the final results section, Section 5. Conclu-
sions are given in Section 6. Hartree atomic
units are used everywhere in the manuscript.
Real wave functions are assumed.
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2 GW Total Energies

2.1 Many-body perturbation
theory

Many-body perturbation theory considers the
Green’s function G as its central object.51 The
single-particle Green’s function is

G(r, r′, t− t′) = −i 〈N | T̂ [ψ̂(r, t)ψ̂†(r′, t′)] |N〉
(1)

for field creation (annihilation) operator ψ̂†(r′)
(ψ̂(r)), time-ordering operator T̂ , and ground
state |N〉 (we suppress spin variables). The
Green’s function contains a great deal of infor-
mation. For instance, at time zero the Green’s
function yields the so-called one-particle re-
duced density matrix:

γ(r, r′) = −iG(r, r′, 0−), (2)

where 0− stands for the left-hand-side limit to
time 0 (t′ is infinitesimally later than t, t′ →
t+). Going even further, contracting the spatial
indices yields the electronic density:

ρ(r) = −iG(r, r, 0−). (3)

These will be useful quantities when evaluating
the total energy later.

The Green’s function obeys the Dyson equa-
tion

G = G0 +G0(Σxc[G]− vxc)G. (4)

The Dyson equation connects a non-interacting
Green’s function G0 obtained with the
exchange-correlation potential vxc

1 to the fully
interacting Green’s functionG that corresponds
to the self-energy Σxc. Space and time variables
have been omitted for simplicity. Equation (4)
is perhaps the best way to explain the self-
energy, as the connection between G0 and G.
The self-energy itself is a functional of G and
therefore the Dyson equation must be solved
self-consistently.

Here, we focus on the GW approximation

1Note that vxc may represent any mean-field approx-
imation, not only a Kohn-Sham potential but also any
non-local generalized Kohn-Sham potential (a so-called
hybrid functional for instance).

to the self-energy. By subtracting the bare
Coulomb interaction v, which gives rise to the
exact-exchange operator Σx, we obtain the cor-
relation part of the self-energy, Σc, that reads
in the GW approximation1,52

Σc(r, r
′, t− t′) = iG(r, r′, t− t′)
× [W (r, r′, t− t′)− v(r− r′)] , (5)

with W , the screened Coulomb interaction.
The GW approximation obviously depends on
the Green’s function G and therefore should
be calculated self-consistently to satisfy the
Dyson equation, in theory. But as the expres-
sion shows, Σc is dynamic and non-local, which
makes the self-consistent calculations numer-
ically involved. It is then very tempting to
skip the self-consistency and evaluate the GW
self-energy only once using a generalized Kohn-
sham Green’s function G0.

The self-consistent GW approach has a major
advantage over non-self-consistent calculations,
which is that it conserves particle number.
scGW is conservative according to the Baym-
Kadanoff criterium:53 The GW self-energy can
be formally obtained from a functional deriva-
tive of a correlation functional with respect to
G. This ensures that the density calculated
from the resulting Green’s function conserves
the number of electrons.

2.2 Self-consistent GW energies
with Galitskii-Migdal

A general way of calculating the total energy
from the Green’s function is with the Galitskii-
Migdal formula,

EGM
total[G] = T [G] + Vne[G] + EH [G]

+ Ex[G] + Ec[G] + Vnn (6)

for kinetic energy T , external potential energy
Vne, Hartree energy EH , exchange energy Ex,
correlation energy Ec, and nuclei repulsion Vnn.
All of these energy components are functionals
of the Green’s function and can be evaluated
with any given candidate G.

However, only the correlation energy itself ac-
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tually depends on the full dynamical Green’s
function G(r, r′, t − t′). All the other compo-
nents just need the time zero Green’s function.
For instance, let us show this statement for the
kinetic energy, whose definition as a functional
of G reads54

T [G] = −i
∫
dr lim

t′→t+
lim
r′→r

(
−∇

2
r

2

)
G(r, r′, t−t′).

(7)
The kinetic operator −∇2

r/2 does not act on the
time variables so that the limit t′ → t+ and the
kinetic operator can be swapped. With this, the
kinetic energy becomes an explicit functional of
the sole one-particle reduced density matrix γ
introduced in Eq. (2):

T [γ] =

∫
dr lim

r′→r

(
−∇

2
r

2

)
γ(r, r′). (8)

Similar arguments can be used to demon-
strate that the exchange energy is also a func-
tional of γ:

Ex[γ] = −1

2

∫
dr

∫
dr′γ(r, r′)

1

|r− r′|
γ(r′, r)

(9)
and that the electrostatic energies Vne and EH
are functionals of the even simpler electronic
density ρ(r).

To summarize these remarks, we explicitly in-
troduce γ and ρ in the Galitskii-Migdal total
energy expression introduced in Eq. (6):

EGM
total[G] = T [γ] + Vne[ρ] + EH [ρ]

+ Ex[γ] + Ec[G] + Vnn. (10)

Our total energy calculations based on scGW
follow this Galitskii-Migdal procedure. Just
the correlation energy Ec[G] is not defined yet.
The general correlation energy in the Galitskii-
Migdal formalism is

Ec[G] =
1

2

∫ ∞
−∞

dω

2π
Tr{G(µ+ iω)Σc(µ+ iω)},

(11)
where the Tr operator implies an integral over
the spatial coordinates. In the previous ex-
pression, we have introduced the Fourier trans-
form of the correlation self-energy Σc and of

the Green’s function G for imaginary frequen-
cies µ + iω with µ a real-valued energy that
separates occupied and empty electronic states.
Our own Galitskii-Migdal energies are numeri-
cally evaluated with Eq. (11).

The correlation energy can be transformed
in an equivalent expression that is numeri-
cally simple and more similar to the adiabatic-
connection correlation energy as we will see.
Let us introduce in Eq. (11) the irreducible po-
larizability χ0 = −iGG, the GW correlation
self-energy from Eq. (5), the expression of the
screened Coulomb interaction W = v + vχv
as a function of the reducible polarizability
χ = χ0 + χ0vχ to obtain

Ec[G] =
1

2

∫ ∞
−∞

dω

2π
Tr{vχ0(iω)−vχ(iω)}. (12)

Eq. (12) is the Galitskii-Migdal correlation en-
ergy in the GW approximation.

In practical calculations, GW total ener-
gies are known to precisely capture the cor-
relation energy of the homogeneous electron
gas.22,23,37,48 However, the correlation energy
is found to be too negative for molecules.24,41

Higher-order terms are necessary to fix this
shortcoming.55

2.3 Non-self-consistent Klein
functional or random-phase
approximation

As the self-consistent evaluation of theGW self-
energy and Green’s function is very challenging,
it is common to use single-shot calculations of
G when evaluating the total energy. This in-
troduces both a dependence on the mean-field
starting point and a dependence on the choice
of energy functional. As mentioned previously,
different expressions for the total energy do not
agree for non-self-consistent Green’s functions.

The most widely used approximation in this
context is certainly the Klein functional34 and
its DFT counterpart, RPA. The Klein func-
tional is obtained from the adiabatic connec-
tion of a non-interacting and a fully interacting
system with the same (exact) electronic den-
sity. The Hohenberg-Kohn theorem56 guaran-
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tees that a local potential that produces the
exact density can always be found irrespective
of the Coulomb interaction strength λ.

Hence, with this constant density, the differ-
ent components of the total energy can be inte-
grated over the coupling constant λ from zero
(non-interacting electrons) to one (fully inter-
acting electrons). The obtained expression con-
tains functionals with logarithms of the self-
energy, which would be rather difficult to eval-
uate for general Green’s functions G and is of
no use to us here (See Appendix B of Ref. 40,
for instance).

However, the Klein functional simplifies much
when evaluated with a Green’s function G0 pro-
duced from a one-electron self-consistent field
(SCF). In this case, G0 reads

G0(r, r
′, ω) = 2

∑
n

ϕn(r)ϕ∗n(r′)

ω − εn ± iη
, (13)

where ϕn(r) and εn are the eigenfunctions and
eigenvalues obtained for the SCF. η is a van-
ishing positive real number. Then the Klein
functional becomes39

EK[G0] = Ts[γ
SCF] + Vne[ρ

SCF] + EH [ρSCF]

+ Ex[γ
SCF] + Φc[G0] + Vnn, (14)

where ρSCF and γSCF denote the SCF density
and density matrix. Here we stress that the
kinetic energy Ts[γ

SCF] is evaluated with Kohn-
Sham orbitals and hence does not contain the
so-called correlation part of the kinetic energy.

Finally, the correlation functional Φc[G0] in-
troduced in Eq. (14) is identical to the one
coined RPA in the framework of the adiabatic-
connection fluctuation-dissipation approach to
DFT:57

Φc[G0] =
1

2

∫ ∞
−∞

dω

2π
Tr {vχ0(iω) + ln [1− vχ0(iω)]} .

(15)
In this work, energies denoted RPA are calcu-
lated with Eqs. (14) and (15). Notice the dif-
ferences and similarities between the correlation
energy functionals Ec defined in Eq. (12) and Φc

defined in Eq. (15). The difference between Φc

and Ec is usually interpreted as the kinetic cor-

relation energy that Φc should contain whereas
Ec should not.

In non-self-consistent calculations, the RPA
functional and the Klein functional give the
same total energy. However, the agreement is
lost at self-consistency.47 Remember that the
RPA functional is defined in the framework of
Kohn-Sham DFT and that the self-consistent
cycles are performed to obtain a local Kohn-
Sham potential. The Klein functional is a
Green’s function approach and will converge
to the self-consistent GW result. As the vast
majority of the practical cases use a non-self-
consistent approach, we will consider RPA or
Klein functional as synonyms in the following.

2.4 Linearized GW density ma-
trix

Recently, the linearized GW density-matrix
(γGW ) was introduced. It provides a third op-
tion to compute the total energy in our study,
the other two being Galitskii-Migdal and the
Klein functional.32,33 This density matrix is ob-
tained from the linearized Dyson equation

G = G0 +G0(Σxc[G0]− vxc)G0, (16)

where all Green’s functions G on the right-hand
side of the equation have been replaced with
a non-interacting G0. This linear approxima-
tion is customary in the context of the Sham-
Schlüter equation,58,59 where a local potential is
derived from a non-local dynamical self-energy.

The linearized GW density matrix has sev-
eral interesting properties, despite the fact that
it is obtained from a linearized approximation.
First, γGW has a closed expression in the Kohn-
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Sham orbital basis:

γGWij = 2δij − 2
∑
as

wsiaw
s
ja

(εi − εa − Ωs)(εj − εa − Ωs)
(17a)

γGWab = 2
∑
is

wsaiw
s
bi

(εi − εa − Ωs)(εi − εb − Ωs)
(17b)

γGWib = 2
〈i|Σx − vxc |b〉

εi − εb

+2
1

εi − εb

[∑
as

wsiaw
s
ba

(εi − εa − Ωs)

−
∑
js

wsijw
s
bj

(εj − εb − Ωs)

]
, (17c)

where i, j indices run over occupied orbitals
and a, b over empty orbitals. The virtual-
occupied terms γGWbi can be readily obtained
thanks to the symmetry of the density matrix.
The poles Ωs and the residues ws of the re-
ducible polarizability vχv can be obtained ana-
lytically60–62 solving Casida-like equations.63,64

A detailed derivation and the generalization of
spin-unrestricted case for these equations can
be found in Ref. 33.

The solution of Casida-like equations scale as
N6 in computational time, which is usually the
limiting step in our calculations. It should be
noted that alternate approaches using imagi-
nary times instead of frequencies manage to
reach a cubic scaling instead.65–69

Second, the linearized GW density matrix
conserves the number of electrons, which is not
the case for regular non-self-consistent Green’s
functions. The number of electrons is obtained
from the trace of γGW , which we can perform
analytically by considering the diagonal terms
in Eqs. (17a)-(17c):

TrγGW =
∑
i

γGWii +
∑
a

γGWaa

=
∑
i

2δii = N. (18)

We have used the symmetry wsia = wsai to arrive
at the final result.

To summarize the situation about the elec-
tron conservation, it is mathematically proven
that the mean-field (Kohn-Sham or Hartree-
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Figure 1: Number of electrons as a function of
the bond length in H2 for different approxima-
tions. The dashed lines are one-shot evaluations
of the Dyson equation, whereas the solid lines
(γGW ) represent for the linearized GW density-
matrix. The horizontal black line shows the ex-
act result. Calculations are performed in aug-
cc-pV5Z basis set.

Fock), scGW , and linearized Dyson Green’s
functions do conserve the number of electrons.
On the contrary, for the Green’s function ob-
tained from the Dyson equation evaluated from
a non-self-consistent self-energy Σxc[G0], there
exists no mathematical proof and therefore vi-
olation may occur.

Let us evaluate here whether a violation of
the electron number indeed happens in prac-
tice. In Fig. 1, we consider the stretched H2

molecule as a simple but enlightening exam-
ple. Standard perturbative GW is based on
the mean-field G0 which obviously conserve the
number of electrons and is therefore not repre-
sented here. Then, we solve the Dyson equation
numerically for imaginary frequencies for a one-
shot self-energy based on Hartree-Fock (HF)
Σxc[G

HF
0 ] or on PBE Σxc[G

PBE
0 ]. The HF based

G0 reproduces earlier calculations and gives a
relatively small error.41,70 Conversely, for the
GPBE

0 -based self-energy, the electron number is
already much too high at equilibrium and then
increases further as the hydrogen atoms move
apart from each other. Finally, as expected
from the formal derivation in Eq. (18), the
linearized density-matrix γGWalways perfectly
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conserves the number of electrons, irrespective
of the SCF starting point.

Eventually, we propose an alternative ex-
pression for the total energy that equals the
scGW total energy when evaluated with a self-
consistent Green’s function33

EγGW

total = T [γGW ] + Vne[ρ
GW ] + EH [ρGW ]

+ Ex[γ
GW ] + Ec[G0] + Vnn. (19)

In Eq. (19), the correlation energy Ec is the
Galistkii-Migdal expression shown in Eq. (12)
but evaluated with a non-interacting Green’s
function G0. This expression is different from
the correlation energy of the RPA/Klein func-
tional (Φc) in that it does not include the ki-
netic correlation energy, which is already in-
cluded in the kinetic energy term T [γGW ]. As a
side note we like to reiterate that γGW is a corre-
lated density matrix with occupation numbers
that depart from 0 or 1 (non-idempotency).
In previous work, one of us has shown that
the occupation numbers of γGW approximate
those obtained from scGW for the stretched H2

molecule.33

Now we need to evaluate the different total
energy expressions for realistic molecules. We
first present in the following sections the tech-
nical details for the numerical implementations.

3 GW total energies in

Gaussian basis with

MOLGW and FHI-AIMS

To compare the different total energy expres-
sions in practice, we have used two computer
codes that have GW capabilities for molecules,
namely MOLGW62 and FHI-AIMS.11,71 Both
codes can use the same Gaussian basis sets.
Nevertheless, some important technical details
vary.

MOLGW uses analytic Gaussian-type or-
bitals, as is customary in quantum chemistry.
With this choice of orbitals, the integrals in
the Hamiltonian can be evaluated analytically
with recursive formulas.72,73 FHI-AIMS uses
numeric atomic-centered orbitals. This ap-

proach is more versatile as any type of atomic-
centered orbital can be used, in principle. How-
ever, the integrals have to be computed using a
quadrature.71 In the present study, we employ
spherical Gaussian orbitals from the Dunning
family.74 The discretization and quadrature er-
rors in FHI-AIMS are known to be negligible.
We use the same settings for the basis and nu-
merical quadrature as determined in Ref. 75 for
Gaussian-type orbitals in FHI-AIMS.

Both codes use the resolution of the iden-
tity approximation in order to eliminate the
two-electron 4-center repulsion integrals.76,77

This approximation has been shown to be ex-
tremely efficient and accurate for the GW self-
energy.9,11,78 In MOLGW and FHI-AIMS, an
atomic-centered auxiliary basis is introduced to
split the 4-center integrals into 2-center and
3-center integrals using the so-called Coulomb
metric. For our present purpose of total energy
comparisons, we have used much more complete
auxiliary basis sets than usually needed for GW
orbital energies. In MOLGW, we have used the
“PAUTO” recipe as described in Ref. 79 and
implemented in GAUSSIAN.80 This technique
automatically generates an auxiliary basis set
corresponding to an input basis set. Its accu-
racy in the context of GW calculations has al-
ready been assessed in Ref. 81. In FHI-AIMS,
the RI basis is initialized with all possible on-
site products of the chosen numeric atomic-
centered orbitals which, in this work, are the
Gaussian-type orbitals. The set of these auxil-
iary basis functions centered on a chosen atomic
site are reduced with a Gram-Schmidt-like or-
thogonalization procedure. FHI-AIMS further
reduces the auxiliary basis through a singular
value decomposition to orthogonalize auxiliary
basis functions centered on different atoms.

In Table 1, we show the HF total energy at
the micro-Hartree accuracy for three systems:
the helium atom, the neon atom, and ethene
(C2H4). The error induced by the two different
auxiliary bases can be measured by the differ-
ence in their HF energies. It is always lower
than 0.1 mHa, which is more than sufficient for
all the results that will be reported in the fol-
lowing.

Finally, the two codes treat the GW self-
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energy differently. In scGW calculations, FHI-
AIMS fits all dynamical quantities needed
for the self-consistent calculation on an addi-
tional auxiliary basis of Lorentzians in order
to perform Fourier transforms analytically.82

As shown in Eq. (12), the Green’s function
G(µ+ iu) is only needed for imaginary frequen-
cies to calculate the correlation energy. The
same statement holds for the density and the
density matrix entering the other parts of the
energy expression in Eq. (10). As a conse-
quence, the entire total energy can be evalu-
ated from the sole knowledge of G(µ + iu) at
the expense of a quadrature on the imaginary
axis. FHI-AIMS uses an exponentially spaced
imaginary frequency grid so that grid point k is
placed at

ωk = ω0[e
(k−1)h − 1] (20)

for a constant h that determines the maximum
frequency. Our calculations are converged with
60 frequency points, in agreement with previous
convergence studies.82

MOLGW takes an alternative route to cal-
culating the self-energy, as it is mostly de-
voted to “one-shot” calculations. When a non-
interacting Green’s function G0 is used, a sim-
ple spectral decomposition of the self-energy
can be obtained, as shown in Ref. 62, but at
the expense of a large diagonalization. With
this spectral decomposition, the correlation en-
ergy is calculated analytically.

The “one-shot” Galitskii-Migdal G0W0 corre-
lation energy based on a HF starting point com-
puted with both codes is given in Table 1 for
the same three electronic systems. The differ-
ence between FHI-AIMS and MOLGW quanti-
fies the quadrature error. In all cases, the error
remains well below 0.1 mHa. In the end, the
GM total energy EGM

total, which is the sum of the
two previous columns, varies very little when
comparing the two codes. Therefore, we have
verified the consistency of the results obtained
with MOLGW and FHI-AIMS.
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Figure 2: N2 dissociation curve obtained with
scGW and different one-shot evaluations in cc-
pVQZ basis. RPA or Klein functional total en-
ergies are shown with dashed lines. Linearized
GW total energies are shown with solid lines.
The CCSD(T) energy is given as a reference.

4 Dissociation curves

We can now evaluate the performance of the dif-
ferent GW total energies for realistic situations.
Diatomic molecules are very often considered
as a benchmark for computational chemistry
methods. Here, we treat three molecules that
have very different types of bond: N2, a cova-
lently bonded molecule, LiH, an ionic molecule,
and Be2, a van der Waals bonded dimer.

In the following, we compare the scGW to-
tal energy to the one-shot evaluations in the
RPA/Klein functional (Eq. (14)), labeled RPA,
or in the Galistkii-Midgal functional (Eq. (19))
based on the linearized GW density-matrix,
denoted γGW . As the latter two formulas
are not self-consistent, they necessarily depend
on the SCF approximation on which they are
based. We use the notation “RPA@” and
“γGW@” to highlight the starting point depen-
dence. The coupled-cluster total energies at the
level CCSD(T) are provided for completeness,
but the main focus of the present work is the
approximation of self-consistent GW with one-
shot calculations.

A convenient way of exploring the starting
point dependence is to play with the exact-
exchange content α in the PBEh hybrid func-
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Table 1: Hartree-Fock, G0W0@HF Galistkii-Midgal correlation and total energies in cc-pVQZ basis
obtained in FHI-AIMS and MOLGW codes (Ha).

HF Ec[G0] EGM
total

He
FHI-AIMS -2.861514 -0.120551 -2.982065
MOLGW -2.861514 -0.120554 -2.982068
Diff. 2.3× 10−7 2.5× 10−6 2.7× 10−6

Ne
FHI-AIMS -128.543452 -0.759737 -129.303189
MOLGW -128.543470 -0.759780 -129.303250
Diff. 1.8× 10−5 4.4× 10−5 6.1× 10−5

C2H4

FHI-AIMS -78.068893 -0.997408 -79.066301
MOLGW -78.068823 -0.997380 -79.066203
Diff. 7.0× 10−5 2.8× 10−5 9.8× 10−5

Table 2: Equilibrium bond lengths in Angstrom for N2, LiH, and Be2. Below the CCSD(T) and
scGW results, rows correspond to the starting self-consistent mean-field inputs, whereas columns
show the two energy formulas, RPA or γGW .

N2 LiH Be2

CCSD(T) 1.0961 1.5870 2.4895
scGW 1.0865 1.5627 2.6567

RPA γGW RPA γGW RPA γGW

PBEh1.00 1.0859 1.0861 1.5604 1.5631 2.6838 2.6844
PBEh0.75 1.0886 1.0861 1.5611 1.5619 2.5953 2.6773
PBEh0.50 1.0914 1.0855 1.5617 1.5612 2.5328 2.6817
PBEh0.25 1.0946 1.0836 1.5632 1.5580 2.4655 2.8269
PBEh0.00 1.0985 1.0767 1.5674 1.5616 2.3683 3.2400
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Figure 3: LiH dissociation curve obtained with
scGW and different one-shot evaluations in cc-
pVQZ basis. RPA or Klein functional total en-
ergies are shown with dashed lines. Linearized
GW total energies are shown with solid lines.
The CCSD(T) energy is given as a reference.

tional.83 Within this approach, the standard
PBE functional84 is denoted PBEh0.00 and the
PBE0 functional85 PBEh0.25.

Figure 2 shows the dissociation curves for the
N2 molecule. The equilibrium bond lengths
are summarized in Table 2. Even though all
the curves have a very similar minimum, the
γGW total energy is less sensitive to the start-
ing point than RPA. For PBEh1.00, both RPA
and γGWagree remarkably well with the scGW
curve. However, when decreasing the amount of
exact-exchange, the RPA energies continuously
go down. On the contrary, the γGW energies are
much less sensitive to the SCF starting point
and slowly go up when decreasing α.

The very same conclusions can be drawn
from the analysis of LiH dissociation in Fig. 3:
Both expressions agree for PBEh1.00, and γGW is
less sensitive to the starting point than RPA.
Here, for LiH, a pathological behavior of
γGW@PBEh0.00 can be observed: The total en-
ergy rises too rapidly as the bond length in-
creases. The weird behavior happens in the re-
gion where the transition from an ionic bonding
Li+ H− to an atomic limit Li· H· starts.86

Then we turn to the delicate case of Be2,
which has been carefully investigated in the
past to determine the ability of the RPA func-
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-29.45

-29.43

-29.40

-29.38

-29.35

-29.33

-29.30

-29.28

-29.25

E
to

ta
l

(H
a)

Be2
CCSD(T)
scGW
RPA@PBEh1.00
RPA@PBEh0.75
RPA@PBEh0.50
RPA@PBEh0.25
RPA@PBEh0.00

γGW@PBEh1.00

γGW@PBEh0.75

γGW@PBEh0.50

γGW@PBEh0.25

γGW@PBEh0.00

2.0 2.5 3.0 3.5 4.0

Bond length (Å)
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Figure 4: Be2 dissociation curve with scGW
and different one-shot evaluations in cc-pV5Z
basis (upper panel). Be2 binding energy with
scGW and different one-shot evaluations in cc-
pV5Z basis (lower panel). The CCSD(T) result
is given as a reference.

tional to capture the elusive van der Waals in-
teractions.87–89 Be2 is interesting for another
reason: its binding energy curve often exhibits
a large positive bump at intermediate bond
lengths.

The upper panel of Fig. 4 shows the total
energy along the Be2 dissociation. Again, the
RPA dependence on the SCF starting point is
worrying, whereas the γGW expression is much
less sensitive. However, the binding energy of
the beryllium dimer is so weak that it is better
to inspect the binding energy curves instead,
in which the energy of the two isolated beryl-
lium atoms has been subtracted from the total
energy.

The lower panel of Fig. 4 shows the binding
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energy curves of Be2. First of all, scGW pro-
duces a smooth binding energy curve with a
minimum and no bump at intermediate bond
lengths. This in itself is a remarkable re-
sult, which has, to our knowledge, not yet
been reported for scGW . This behavior con-
trasts with the huge positive bump found for
RPA@PBEh0.00 and the huge negative bump
observed for γGW@PBEh0.00. However when
the exact-exchange amount is increased, both
functionals behave much better. In particular,
γGW@PBEh0.50 is a very convincing approxima-
tion to scGW .

The absence of bump had already been ob-
tained in earlier one-shot RPA calculations by
playing with the starting point, HF in Ref.
89 or G0W0 in Ref. 90. The starting mean-
field approximation has a massive effect on the
overall shape of the binding energy curve of
Fig. 4. We observe the deep well obtained
for γGW@PBEh0.00 correlates with the occur-
rence of a sizable negative eigenvalue in the den-
sity matrix. Remember that the eigenvalues of
the density matrix are occupation numbers and
should be between 0 and 1. The absence of
sizable negative eigenvalues in γGW is hence a
important sanity check for the method.

Across these dissociation curves, one can
draw the general conclusion that the PBE start-
ing point should be avoided for molecules. Ad-
ditionally, hybrid functionals with a large con-
tent of exact-exchange are a better SCF start-
ing point for both RPA and γGW in the sense
that they better approach the scGW result.
The γGW total energy appears less sensitive to
the starting point and might be thought of as
a reliable way to avoid the heavy fully self-
consistent GW calculations.

5 Energy component com-

parison

In the previous Section, we discussed the qual-
ity of total energies in the non-self-consistent
approximations to scGW . However, even when
they agree, these approximations are built with
different energy components. For instance, the
Hartree energy in the RPA functional is con-

structed directly from a DFT electronic density,
whereas in the γGW functional, it is obtained
from the linearized GW density matrix. Even
when the total energies match between RPA,
γGWand scGW , it is very much possible that
the individual components of the total energy
differ.

In our study, the individual parts of the
scGW total energy are available, which pro-
vides us with a unique opportunity to appraise
the quality of each component of the total en-
ergy. This analysis is instructive not only for
the approximation to the GW total energy it-
self, but for the general framework of adiabatic-
connection fluctuation-dissipation (ACFD). In-
deed, the vast majority of the ACFD ap-
proaches rely on a non-self-consistent calcula-
tion, in which the electronic density is kept con-
stant and equal to the underlying SCF starting
point.

In this section, we consider the examples of
water and methane, whose energy components
are shown in Figs. 5 and 6. In these series of
plots, we provide the total energy, the kinetic
energy, the electron-nucleus energy, the Hartree
energy, the exchange energy, and the sum of
the latter three as a function of the starting
SCF method. To span a wide range of start-
ing points, we give the results for all the tuned
PBEh functionals from α = 0 to α = 1 and also
for pure HF. As reference, we also provide the
scGW and the coupled-cluster (CCSD) results.
The latter ones have been calculated with Gaus-
sian16.80 Note that for comparison purposes,
we have enforced the same energy scale on the
y-axis and the data sometimes fall outside the
graph.

The upper left panels of Fig. 5 and 6 represent
the total energy of H2O and CH4. They confirm
the previous conclusions: γGW reproduces quite
well the scGW total energy irrespective of the
starting point. RPA is more sensitive to the
starting point, but with high amounts of exact
exchange in the starting point both RPA and
γGW reproduce the scGW total energy well. We
also see that the scGW total energy is too low
compared to CCSD.

Turning to the kinetic energy T [γ] in the up-
per central panels of Fig. 5 and 6, the expla-
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Figure 5: H2O energy decomposition as a function of the starting SCF functional in cc-pVQZ basis.
Energy parts are given for SCF, RPA, γGW , scGW , and CCSD. Results for scGW and CCSD are
independent from the starting point. Upper left panel is the total energy, upper central panel the
kinetic energy, and upper right panel the electron-nucleus energy. Lower left panel is the Hartree
energy, lower central panel the exchange energy, and lower right the sum of electron-nucleus, Hartree
and exchange energies. Note that the SCF kinetic energy which does not contain the correlation
part is too low to be visualized on the same plot.

nation requires some additional details. scGW ,
CCSD, and γGWmethods give direct access to
the reduced density matrix and therefore the
kinetic energy can be calculated directly. This
kinetic energy readily incorporates the so-called
correlation part of the kinetic energy. The SCF
kinetic energy is calculated from the Kohn-
Sham orbitals and misses this correlation part.
This explains why the SCF kinetic energies are
way too low and the curve does not even appear
on the graph. Finally, the RPA kinetic energy
is defined indirectly:

TRPA = Ts[ϕi] + Φc[G0]− Ec[G0], (21)

as the adiabatic-connection in Φc[G0] is meant
to capture the pure correlation energy together
with the kinetic energy correlation. From the
upper central panels of Figs. 5 and 6, we observe
that both RPA and γGWkinetic energies are
very sensitive to the starting SCF functional.

For the next energies in Figs. 5 and 6, namely
the electron-nucleus Vne, Hartree EH , and ex-

change Ex energies, the RPA values are identi-
cal to the SCF energies in the “one-shot” ap-
proach. For the other methods, one can first
note the astonishing agreement of those ener-
gies within scGW and CCSD. Then, both RPA
and γGW energies are rather sensitive to the cho-
sen starting point.

However, the different deviations may com-
pensate to some extent. Let us quantify this
with the lower right panels of Figs. 5 and 6.
There we draw the sum Vne+EH+Ex that is not
updated in a “one-shot” adiabatic-connection
approach. For the SCF calculations alone, a
large amount of exchange is required to match
scGW or CCSD for H2O, whereas for CH4 SCF
always remains too low. Conversely, γGWagrees
well with scGW and CCSD for large amounts
of exchange for both molecules.

We conclude that the “one-shot” adiabatic-
connection approach can be problematic since
simple parts of the total energy, such as the
electrostatic and the exchange components, are
kept unchanged and equal to their SCF start-
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Figure 6: CH4 energy decomposition as a function of the starting SCF functional in cc-pVQZ basis.
Energy parts are given for SCF, RPA, γGW , scGW , and CCSD. Results for scGW and CCSD are
independent from the starting point. Upper left panel is the total energy, upper central panel the
kinetic energy, and upper right panel the electron-nucleus energy. Lower left panel is the Hartree
energy, lower central panel the exchange energy, and lower right the sum of electron-nucleus, Hartree
and exchange energies. Note that the SCF kinetic energy which does not contain the correlation
part is too low to be visualized on the same plot.

ing point. Hence, improving the adiabatic con-
nection total energy would imply compensat-
ing the “one-shot” error with the correlation
energy. This could, in turn, worsen the cor-
relation energy component by itself. Work-
ing with an improved density matrix, such as
γ@PBEh0.75 would accurately separate the nec-
essary improvement to the correlation energy
from the improvement to the electrostatic and
exchange energies. Compared with scGW and
CCSD, γ@PBEh0.75 gives good total energies
and total energy components.

6 Conclusion

In this article, we have compared the perfor-
mance of approximated GW total energy func-
tionals to the self-consistent reference value.
We have especially studied the RPA functional
(also named Klein functional) and the recently
proposed linearized density matrix total energy.
We have shown analytically and numerically
that the linearized GW density matrix con-

serves the number of electrons, an important
property which is violated by the usual one-shot
Dyson equation.

We have shown that the linearized density-
matrix total energy is less sensitive to the start-
ing SCF functional than the regular RPA when
studying dissociation of diatomic molecules, in-
cluding the famously difficult example of Be2.
Both RPA and γGW total energies better ap-
proach scGW when starting from hybrid func-
tionals with a high content of exact-exchange
(0.75-1.00). This gives us a hint that those SCF
functionals produce Green’s functions which are
reasonably close to that obtained with scGW .

With a term by term comparison of the to-
tal energy components for water and methane,
we have appraised the intrinsic error intro-
duced when performing a one-shot adiabatic-
connection calculation. In one-shot calcula-
tions, the electron-nucleus, the Hartree and the
exchange energies are kept equal to the SCF
starting point. For methane, we show that
no simple hybrid functional correctly produces
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these energy components and no sufficient er-
ror cancellation occurs in their sum, when com-
pared to the reference data. Therefore, the er-
ror in these energies permeates up to the final
total energy. These findings show that the quest
for a better adiabatic-connection correlation en-
ergy should come along with a quest for a bet-
ter density matrix. The linearized GW density
matrix may be a rung towards achieving that
goal.

In pursuit of open materials science,91 we
made the results of all relevant calculations
available on the Novel Materials Discovery
(NOMAD) repository.92
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