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The structure and degree of order in soft matter and other materials is intimately connected to the nature of
the interactions between the particles. One important research goal is to find suitable control mechanisms, to
enhance or suppress different structures. Using dynamical density functional theory, we investigate the interplay
between external shear and the characteristic length scales in the interparticle correlations of a model system.
We show that shear can controllably change the characteristic length scale from one to another quite distinct
value. Moreover, with specific small changes in the form of the particle interactions, the applied shear can either
selectively enhance or suppress the different characteristic wavelengths of the system, thus showing how to
tune these. Our results suggest that the nonlinear response to flow can be harnessed to design different actively
responsive materials.
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The manipulation and control of matter lies at the heart
of much physical and technological progress [1]. Soft matter
is particularly captivating because of its high responsiveness
to external stimuli [2]. The control of order in soft materials
can lead to novel functionalities, associated with dynamical
structural changes, including colloidal self-assembly, and by
combining fluids and light, various photonic devices, e.g.,
adaptive optical lenses, have been made [3–11]. Developing
materials with structures that can be precisely tuned depends
on having control of the characteristic length scales [12–14];
the fluidic nature of soft matter can make them tunable and
reconfigurable [11].

A major challenge to control and manipulate nonequi-
librium soft matter is ascertaining the link between the
microscopic structure and the macroscopic flow behavior
[15,16]. When a complex fluid is subject to shear, a novel
structure can emerge. Recent studies include for lamellar
phases [17], colloids [18–21], colloidal gels [22–24], star
polymers [25,26], biomolecules [27–30], biofluids [31], hy-
drogels [32], and graphene particles [33,34]. Neutron and
x-ray scattering methods have proven valuable probes of the
structure and rheology in soft matter [16,26,28,35–41]. Sur-
prisingly, little is known about the stability under shear of such
structures and how this depends on the particle interactions,
though the question is of relevance, e.g., for ink-jet print
technologies [42,43] and biological microfluidics [44]. To
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understand stability and other properties of sheared systems,
a well-founded dynamical theory is necessary.

Here, we offer general arguments for a model complex
fluid exhibiting at least two characteristic length scales, which
predict counterintuitive behavior. We employ dynamical den-
sity functional theory (DDFT) because it is an efficient
approximate method to determine a system’s dynamical re-
sponse to external fields and external driving in terms of
the particle number density ρ(r, t ), as a function of position
r and time t , which is a quantity readily accessible to ex-
periments. Thus, DDFT yields both the equilibrium and the
nonequilibirum microscopic structure of the material, which
includes information about the characteristic length scales of
the system. The original formulation of DDFT, which can be
derived either from the Langevin equation of motion [45,46]
or from the Smoluchowski equation [47,48], considered time-
dependent external potentials. Rauscher et al. generalized
theory to the treatment of external flow fields (e.g., shear), by
incorporating an additional term describing the affine solvent
flow field [49]. However, this form is incapable of describing
interaction-induced currents orthogonal to the affine flow, cru-
cial in the case of, e.g., laning. Using a dynamical mean-field
approximation, this issue has been successfully addressed in
Refs. [50–52], and applied to study the laning instability [53].
The DDFT equation for the time evolution of ρ is

∂ρ

∂t
+ ∇ · (ρv) = �∇ ·

(
ρ∇ δF[ρ]

δρ

)
, (1)

where v(r, t ) is the solvent velocity, F the Helmholtz free-
energy functional from equilibrium density functional theory
[54–56], and � = βD is the particle mobility, where D is
the diffusion coefficient and β = (kBT )−1; kB is Boltzmann’s
constant and T is the temperature. The Helmholtz free energy
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is composed of three terms:

F[ρ] = kBT
∫

drρ[ln(�nρ) − 1] + F exc[ρ] +
∫

drρVext.

(2)

The first term is the ideal-gas part, where � is the thermal de
Broglie wavelength and n is the dimensionality of the system.
F exc[ρ] is the excess Helmholtz free-energy functional, which
incorporates the influence of the interparticle interactions, and
Vext(r) is the external potential.

From Eq. (2), the functional derivative in Eq. (1) is

δF[ρ]

δρ
= kBT ln[�nρ] − kBT c

(1) +Vext, (3)

where c(1)(r) ≡ −β
δF exc[ρ]

δρ
is the one-body direct correlation

function [54–56]. We write the velocity field as v(r, t ) =
vaff(r, t ) + vfl(r, t ), which is a sum of the affine flow vaff and a
particle-induced “fluctuation” flow vfl which incorporates the
influence of the forces a pair of approaching particles with
different velocities experience as they flow around each other.
vfl is not known exactly. However, we do know it must be a
functional of the fluid density profile ρ and it must be zero
when the fluid density is uniform, ρ(r, t ) = ρb, correspond-
ing to an equilibrium homogeneous state with zero particle
flux. Assuming that it is possible to make a functional Taylor
expansion, the fluctuation term can be written as

vfl[ρ(r)] = vfl[ρb] +
∫

dr′δρ(r′)
δvfl[ρ(r)]

δρ(r′)

∣∣∣∣
ρb

+ O(δρ2),

(4)

where δρ(r) = ρ(r) − ρb. The first term is zero, and truncat-
ing after the second term we obtain the form suggested in
Ref. [51], i.e.,

vfl(r) =
∫

dr′δρ(r′)κ(r − r′), (5)

where κ(r − r′) = δvfl[ρ(r)]
δρ(r′ ) |

ρb
is the flow kernel. This quantity

has been introduced relatively recently, but its identification
has already led to a series of advances in the areas of nonlinear
rheology and colloidal fluids [50–53,57,58]. We venture to
compare the current state-of-the-art knowledge of the flow
kernel with the state of affairs when Ornstein and Zernike first
identified the direct correlation function c(2)(r) in the early
stages of equilibrium liquid state theory [56]: They knew it
was important, but at first they knew very little about its full
form. The kernel function κ(r − r′) describes the influence
on the velocity of particles colliding with their neighbors. In
the bulk κ is translationally invariant, but in the presence of
confinement, this is no longer the case, especially at distances
of order of a particle diameter from any confining substrate.
A physical interpretation of κ was given in Ref. [51], where
for a fluid of hard spheres the authors obtained an expression
for κ by means of a geometrical construction. More recently,
in Ref. [52] the authors derived an expression for the kernel
function in an exactly solvable low-density limit, again for
hard spheres. What can be inferred more generally is that the
kernel function κ(r − r′) is an odd function of its argument,
with a range that is comparable to the interaction potential.

Our focus here is on systems of soft penetrable particles
interacting via pair potentials which model the effective in-
teractions between polymeric macromolecules such as star
polymers, dendrimers, or micelle forming block copolymers
in solution [59]. Note, however, that our findings can be gen-
eralized to all systems with multiple length scales. Assuming a
steady shear with flow in the x direction and a linear gradient
in the y direction, one can calculate the dispersion relation
ω perpendicular to the flow [53] (see the Appendix for more
details). ω determines the growth or decay of density modu-
lations ∼ exp(ωt + ik · r), with wave vector k. For simplicity
and without loss of generality, we treat the system as being
two dimensional, so k = (kx, ky) and ω can be written as

ω(0, ky) = −ρbkyαy(ky) − k2yD

S(ky)
, (6)

where αy(ky) = ∫
dr sin(kyy)κy(r) and S(k) is the bulk fluid

static structure factor. When the shear rate γ̇ = 0, then
αy(ky) = 0. Also, since S(k) > 0 for all wave numbers k =
|k|, Eq. (6) shows that ω < 0 for all k when αy = 0. Of course,
this means that when γ̇ = 0 the uniform liquid is linearly
stable, as expected. However, for γ̇ > 0 this is not necessarily
the case. In the case of a system with one length scale, a suf-
ficiently large γ̇ can result in ω > 0 for a small band of wave
numbers at certain characteristic wave numbers, leading to a
“laning instability” [50–53,57,58]. For systems with multiple
intrinsic length scales, the dispersion relation exhibits several
distinct peaks, each corresponding to a different length scale.
For γ̇ > 0 the effect of κ, and thus of the function αy(ky), is to
increase or decrease the height of the peaks in the dispersion
relation. This shows it is possible to manipulate the length
scales inherent in the structure of the system and also change
the length scale for which the system is linearly unstable, and
so change, e.g., the spatial frequencies of the oscillations in
the laned state.

We illustrate these general observations for the family
of fluids composed of particles interacting via the Barkan-
Engel-Lifshitz (BEL) pair potential [60], which has multiple
characteristic length scales. This model system offers com-
putational convenience and the possibility to study complex
external shear. The multiple length scales in the BEL potential
can lead to the formation of multiple complex equilibrium
structures, such as quasicrystals. While in the following we
specialize to results based on the BEL potential, our results
can be generalized to a wide range of multiple length-scale
systems. The BEL pair potential has the form

φ(r) = εe− 1
2 σ 2r2 (c0 + c2r

2 + c4r
4 + c6r

6 + c8r
8), (7)

where the parameter ε defines the overall strength of the
repulsion and the other coefficients can be adjusted so that
the structures formed exhibit two characteristic length scales.
An additional reason for choosing the BEL model is the fact
that the excess Helmholtz free-energy functional can be ap-
proximated with surprising accuracy by the simple mean-field
form

F exc[ρ] = 1

2

∫
dr

∫
dr′ρ(r)ρ(r′)φ(|r − r′|). (8)
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FIG. 1. Three rather similar interparticle pair potentials with ex-
tremely different behavior under shear, cases 1–3 discussed in the
text, which are respectively the solid (green), short-dashed (orange),
and long-dashed (red) lines. The inset displays the Fourier transform
of the pair potentials φ̂(k).

With this approximation, we have S(k)−1 = 1 + ρbβφ̂(k) in
Eq. (6), where φ̂(k) is the Fourier transform of the pair po-
tential [53]. We choose the simplest ansatz for the flow kernel
κ(r) compatible with the symmetry of the system,

κ(r) = −β f (γ̇ , ρ)∇φ(r). (9)

Recent results for hard disks imply that the prefactor f ∼ γ̇ 0.8

[61]. However, here we further simplify by assuming f = aγ̇ ,
where a = 1 is constant [53].

We now show that small changes in the pair po-
tential φ, corresponding to small changes in the chem-
istry or molecular architecture of the polymeric macro-
molecules, can result in substantially different effects.
We illustrate this fact by varying the set C ≡ {σ +
δσ, c0, c2, c4 + δc4, c6, c8}, where δσ and δc4 are the
small variations considered and where the reference values
{σ, c0, c2, c4, c6, c8} are those proposed in Ref. [60], i.e., CR ≡
{0.771, 1,−1.095, 0.4397,−0.04927, 0.001831}, which lead
to the system having two characteristic length scales 2π/k1
and 2π/k2, where the corresponding wave numbers are k1 = 1
and k2 = 1.93 ≈ 2. Specifically, we discuss three different
cases, illustrated in Fig. 1. We emphasize that the three pair
potentials appear structurally very similar, but give rise to
three very different scenarios under shear: In case 1, we see
below that the external shear causes the system to switch
from one characteristic length scale being dominant to the
other. In case 2, both length scales are amplified by shear and
thus their prominence in the overall structure of the fluid is
enhanced. In this case, if the shear rate is sufficiently large it
is possible to form a laned state. In the last case 3 shear has the
opposite effect, increasing the damping of both characteristic
length scales, making the uniform liquid even more stable
under shear. Perturbations of the steady state are absorbed
more rapidly in the nonequilibrium case. We present hereafter
the equilibrium and steady-state (under shear) density profiles
together with corresponding dispersion relations for different
shear rates γ̇ . We denote as γ̇c the threshold value of the
shear rate at which the system becomes linearly unstable (for
one of the length scales). For all three cases the system is
confined between a pair of parallel (soft) purely repulsive
walls, exerting the external potential

Vext(y) =

⎧⎪⎨
⎪⎩
V0e− y3/2

4 , 0 < y < L
2 ,

V0, y < 0 or y > L,

V0e− (y−L)3/2

4 , L
2 < y < L,

(10)

where the y axis is perpendicular to the surfaces of the walls,
L = 172 is the distance between the walls, andV0 is the repul-
sion strength. The softness of Vext aids the numerical stability
of the calculations. For the presented cases the values of βV0
are chosen to be different only for visualization purposes
and are specified below. We fix the bulk fluid density to be
ρb = 0.5 in all our calculations.

Case 1. In order to achieve a switch between the two
length scales we set the pair potential parameters as C1 ≡
{σ + 0.006, c0, c2, c4, c6, c8}. This choice has been made by
studying the form of the first term in Eq. (6). Figure 2(a)
shows the dispersion relation ω(k) for increasing shear. The
solid (green) line is the static γ̇ = 0 case. It has two peaks
at k1 and k2, corresponding to the two intrinsic length scales
in the system. The least damped length scale, and thus the
highest peak, corresponds to k = k1 = 1. In order to diminish
this peak (i.e., make modes with this wave number more
damped) and enhance the smaller length scale (with wave
number k2 ≈ 2), the first term of Eq. (6) must be negative at
k1 and positive around k2. For the pair potential parameters C1,
on imposing an external shear on the system, the k ≈ 1 peak
in the dispersion relation decreases [see Fig. 2(a)]. Simulta-
neously, the k ≈ 2 peak increases and eventually the system
becomes linearly unstable, when ω(k2) > 0. This effect can
be obtained for a range of values of δσ or for other more
complex variations of the set CR. However, here our aim is
to use parameter sets close to the reference one.

In Fig. 2(b) we show the γ̇ = 0 equilibrium density profile
(dashed green) and the γ̇ = 4.5 steady-state density profile
(solid red), where the external potential parameter is βV0 =
400. The γ̇ = 0 density profile contains oscillations (correla-
tions) with both length scales, but because the large length
scale ∼2π/k1 is dominant, these are most easily visible in
the profile, particularly farther from the wall (larger y)—cf.
Ref. [62]. Away from the wall the density is uniform, be-
cause for this value the bulk fluid state is linearly stable.
Increasing ρb leads to the oscillations increasing in ampli-
tude and decaying more slowly into the bulk, because one
is approaching the linear stability threshold associated with
freezing. However, under shear the small length scale comes
to dominate over the large length scale, being increasingly
prominent as y increases. Moreover, only the oscillations with
the small wavelength survive in the center of the system,
setting the wavelength of the shear-induced laning. The results
in Figs. 2(a) and 2(b) show that a system exhibiting one
characteristic length scale can be controllably tuned by means
of shear to obtain a system exhibiting a different typical (lane)
length scale.

Case 2. We now consider the reference set C2 = CR. In this
setup, the effect of the flow kernel is to increase both peaks in
the dispersion relation, as shown in Fig. 2(c). In Fig. 2(d) we
display corresponding density profiles, with βV0 = 500, and
γ̇ = 0 and γ̇ = 1.5. The γ̇ = 0 equilibrium density profile
shows the typical oscillations decaying towards the center of
the system, with the wavelength being the large length scale.
The peak in the dispersion relation corresponding to this is the
highest, being closer to zero. In the region close to the wall
one can observe the contribution from the small length-scale
density oscillation decaying relatively fast. However, as γ̇ is
increased, the small length scale becomes more prominent
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FIG. 2. On the left we display the dispersion relation ω(k) for varying shear rate γ̇ . In each case the solid line is the unsheared γ̇ = 0 case,
followed by the long-dashed, intermediate-dashed, and short-dashed lines, for increasing γ̇ , respectively. On the right we display corresponding
density profiles from DDFT, where the dashed line is for γ̇ = 0 (unsheared equilibrium system) and the solid line is the steady state for
particular γ̇ > 0 [vertically shifted by 1, except for in (d), which is shifted by 1.1]. Three cases are considered: Case 1 with parameters C1,
displayed in (a) and (b); case 2, for C2, in (c) and (d); and case 3 with parameters C3, in (e) and (f). In case 1, the ω(k) displayed in (a) is for
shear rates γ̇ = 0, 1.5, 3, and 4.5. As γ̇ is increased, the first peak at k ≈ 1 decreases, while the second at k ≈ 2 increases. For strong enough
shear one can eventually swap from one dominant length scale to the other. In (b) the density profiles are for γ̇ = 0 and γ̇ = 4.5 > γ̇c. In the
sheared suspension the short (wavelength) length scale becomes more prominent and the long length scale less so. In (c) the results are for
γ̇ = 0, 0.5, 1, and 1.5. As γ̇ is increased, both peaks in ω(k) increase in value, leading eventually to the system becoming linearly unstable. In
(d) the case 2 density profiles are for γ̇ = 0 and γ̇ = 1.5 > γ̇c. In the sheared case, both length scales are more prominent and have a slower
decay away from the wall. Moreover, the short length scale (almost not visible for γ̇ = 0) becomes slightly dominant. For case 3 in (e), the
ω(k) displayed are for γ̇ = 0, 0.2, 0.4, and 0.5. As γ̇ is increased, both peaks in ω(k) move down, making all density modulations even more
strongly damped, so decreasing any structuring away from the wall. The corresponding density profiles in (f) are for γ̇ = 0 and 0.5.

and for a shear rate stronger than the critical shear γ̇c (cor-
responding to the onset of the linear instability), we observe
that both length scales influence the structure deeper into the
bulk. This example shows that it is possible to switch on and
off multiple length scales, which are not present (in the bulk)
in the unperturbed situation.

Case 3. The interesting feature of this case is that shear
makes the system more stable than the equilibrium state, i.e.,
both of the peaks in ω are suppressed by shear. This phe-
nomenon can be observed when the parameters C3 ≡ {σ +
0.006, c0, c2, c4 − 0.0147, c6, c8}. As before, this set has been
determined by studying the form of the first term in Eq. (6).
Specifically, the effect of the shear is to decrease the height of
both peaks in the dispersion relation [Fig. 2(e)]. In this situ-
ation the system is less susceptible to external perturbations
and thus is able to absorb any modulation faster if subject
to external shear. In Fig. 2(f) this mostly affects the rate of
decay of the density oscillations into the bulk, rather than the
initial amplitude, so the effect of the shear is not immediately
apparent. This suppression of both peaks in ω(k) can be ob-
tained with a range of values of (δσ , δc4) or from other more

complex variations of the set CR. However, our aim is to use
sets close to the reference one.

To summarize, we have shown that it is possible to control-
lably tune the typical particle spacing in soft matter systems
exhibiting multiple intrinsic length scales, using shear as the
control. For our soft particle model we have shown that
depending on the form of the interactions (i.e., the chemi-
cal makeup of the molecules), it is possible to change the
characteristic distance between lanes of particles. Our work
shows that tiny changes in the chemistry of the particles,
namely in the form of the pair interaction potential, can lead
to extremely different macroscopic structures. We suggest that
this nonlinear behavior can be exploited to develop a class of
active metadevices. The key conceptual step to perform this
study is the identification of the shear kernel [50–53,57,58].
This only occurred recently and it deserves much future
study.

A.S. is supported by the Swiss National Science Foun-
dation under Grant No. P2FRP2_181453 and A.J.A. by the
EPSRC under Grant No. EP/P015689/1.
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APPENDIX

1. Dispersion relation

Here, we derive the dispersion relation ω(k) in Eq. (6) for a
sheared system. This comes out of performing a stability anal-
ysis on the generic DDFT equation with nonaffine advection
and follows the treatment in Ref. [53]. ω(k) is the key quantity
that allows one to predict the characteristic length scales in the
system and how these are influenced by externally imposed
shear. We start by assuming the one-body density takes the
form of a constant plus a small perturbation,

ρ(r, t ) = ρb + δρ(r, t ) = ρb +
∑
k

εke
ik·r+ωt , (A1)

where we have assumed a Fourier decomposition of the per-
turbation to write it as a sum over modes with wave vector k,
and corresponding amplitude εk and ω(k) is the growth/decay
rate, referred to as the dispersion relation. For simplicity, we
consider a two-dimensional system in the (x, y) plane. How-
ever, the generalization to three dimensions is straightforward.
It is convenient to write the velocity field as

v(r) = vaff(y)ex + vfl(r) = γ̇ yex + vfl(r), (A2)

where a simple shear is assumed to be acting along the x axis,
where γ̇ is the shear rate and vfl(r) is the nonaffine term (also
referred to as the “fluctuation” term). Using these definitions,
and a functional Taylor expansion of c(1)(r), i.e.,

c(1)(r) = c(1)[ρb] +
∫

dr′δρ(r′)c(2)(|r − r′|) + O(δρ2),

(A3)

where c(2)(r) = δc(1)/δρ|ρb is the bulk fluid two-body direct
correlation function, Eq. (1) reduces to

ωδρ(r, t ) + ρb∇ · v(r) + ∇ · [δρ(r, t )v(r)]
= −k2D[1 − ρbĉ(k)]δρ(r, t ) + O(δρ2), (A4)

where D = kBT� is the diffusion coefficient and ĉ(k) is the
Fourier transform of c(2)(r). The right-hand side of the last
equation is a known result [45,47,54,63,64]. The Taylor ex-
pansion of the free energy is an appropriate approximation,
since we assume the density variations around the bulk value
to be small, i.e., δρ � 1.We then recall that for an equilibrium
fluid [1 − ρbĉ(k)] = 1/S(k), where S(k) is the static structure
factor [55]. Using Eq. (A2) and then dividing each term by
δρ(r, t ), we obtain

ω = − ρb

δρ(r, t )
∇ · vfl(r) − ikxv

aff
x (r) − ikxv

fl
x (r)

− ikyv
fl
y (r) − ∇ · vfl(r) − k2D

S(k)
+ O(δρ). (A5)

Since we are interested in the growth/decay of perturbations
perpendicular to the flow, we consider the wave vectors k =

(0, ky). We then have

ω = − ρb

δρ(r, t )
∇ · vfl(r) − ikyv

fl
y (r) − ∇ · vfl(r)

− k2yD

S(ky)
+ O(δρ). (A6)

The nonaffine velocity term has the general convolution form
shown in Eq. (5). Replacing Eq. (A1) in Eq. (5), and using
r′′ = r − r′, we find

vfl(r) = δρ(r, t )
∫

dr′′[cos(k · r′′) − i sin(k · r′′)]κ(r′′).

(A7)

We recall that the y component of the kernel function, κy, has
to be an odd function, which implies that

∫
dr′κy(r − r′) = 0

and also that the first of the above integrals is vanishing, so
that we can simplify to obtain

vfl(r) = −iδρ(r, t )
∫

dr′′ sin(k · r′′)κ(r′′)

= −iδρ(r, t )α(k), (A8)

where α(k) = ∫
dr sin(k · r)κ(r). In Eq. (A6) the second and

the third terms on the right-hand side are of order δρ, which
can be neglected, since we consider the limit of small pertur-
bation δρ, i.e., εk → 0. We are left with the equation

ω(k) = −ρbk · α(k) − k2yD

S(ky)
. (A9)

Since we have chosen to consider the wave vectors k = (0, ky)
in order to study the instability along the y axis, we can write

ω(0, ky) = −ρbkyαy(ky) − k2yD

S(ky)
, (A10)

where αy(ky) = ∫
dr sin(kyy)κy(r).

2. Flow kernel for uniaxial shear

When imposing a uniaxial shear, i.e., when vaff(r) = yγ̇ ex,
one can reduce the problem to an effective one-dimensional
system, by assuming that the density varies only along the
stability axis, i.e., perpendicular to the walls responsible for
the shear. The fact that some of the integrals do not depend on
ρ(r) = ρ(y) means that the velocity fluctuation term can be
written as

vfl
y (y) = γ̇

∫ ∞

−∞
ρ(y − y′)L(y′)dy′, (A11)

where the function L(y) can be obtained numerically (only
once, independently from the shear rate γ̇ and the one-
body density ρ), reducing the full two-dimensional or
three-dimensional problem to an effective (much quicker)
one-dimensional one. For details, see the Appendix in
Ref. [53].
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