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We study the evolution and persistence of quantum and classical correlations between spatially separated sites
in the disordered XXZ spin chain in its ergodic and many-body-localized phases using exact diagonalization
and matrix product state simulations. We show that in the many-body-localized phase, quantum entanglement
survives in long-time unitary dynamics of the system, even though it is more fragile than the classical corre-
lations. We study the dependence of the residual entanglement and correlations on the system size and on the
disorder strength. Finally, we demonstrate the robustness of entanglement and correlations with respect to local
dissipation in the bulk of the system.

DOI: 10.1103/PhysRevResearch.2.043154

I. INTRODUCTION

Quantum correlations [1] that contain and preserve infor-
mation beyond classical capabilities play an important role
in a variety of interacting quantum systems and quantum
devices, such as quantum computers [2]. The two flavors of
quantum correlations, entanglement, and dissonance, jointly
known as quantum discord, can be characterized by measures,
such as concurrence, mutual information, and relative entropy
between the states [3]. Entanglement in particular is a fragile
property: Interactions with the environment inevitable in real
systems typically leads to, at least, an exponential decay of en-
tanglement in time. In some cases, entanglement sudden death
(ESD) can occur, leading to a complete destruction of entan-
glement in a finite time [4,5]. Development of a long-term
quantum memory calls for the preservation of entanglement
for extended times and preventing ESD in particular.

Related to a quantum memory, Ref. [6] studies the dy-
namics of a single bit of classical or quantum information
in a disordered spin chain. In such systems there is a transi-
tion from the ergodic phase to a many-body-localized (MBL)
phase with the increase in the disorder strength [7–41]. The
MBL phase is an extension of the Anderson-localized state
to the case of interacting particles in a disordered potential
[42,43]. In ergodic systems the local observables contain no
information about the initial state after long unitary evolu-
tion, which is detrimental to the preservation of correlations
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[44–46]. However, strong disorder may prevent equilibration
of the system, and, consequently, it may be possible to recover
some information on the initial state using only local measure-
ments. This property of the MBL phase of matter, together
with the our results on the persistence of entanglement dis-
cussed below, render the MBL physics a potential candidate
for improving quantum memories.

II. MODEL

In this paper, we study the dynamics of classical correla-
tions and entanglement in the XXZ spin chain with on-site
disorder. The dynamics of the spin chain is governed by the
Hamiltonian,

Ĥ =
N∑

j=1

h̄ω j

2
σ̂ z

j + h̄J

4

N−1∑
j=1

(
σ̂ x

j σ̂
x
j+1 + σ̂

y
j σ̂

y
j+1 + �σ̂ z

j σ̂
z
j+1

)
,

(1)
where σ̂ α

j , α = x, y, z are the Pauli spin-1/2 operators corre-
sponding to the site j, ω j is the single-spin potential at site
j, J is referred to as the spin-spin coupling constant and �

is the anisotropy of the spin-spin interaction. Here, we mostly
focus on uncorrelated random potential (RP) for which {ω j}
are independent random numbers uniformly distributed within
the range [−J�, J�]. We also consider the case of quasiperi-
odic potential (QPP) with ω j = J� cos(2πα j + ϕ), where
α = αqp is an irrational number and ϕ is a random phase. We
choose αqp to be the lesser golden ratio (

√
5 − 1)/2. Further-

more, we study the case of periodic potential (PP) given by
the same expression as for the QPP, but α = αp is a rational
number. We choose αp to be equal to 0.6 which yields a period
of the potential equal to 5.
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In the case of the RP and isotropic coupling � = 1, the
transition between the ergodic and the MBL phases is ex-
pected to take place at � ≈ 3.5 [9,13,23,28]. However, there
are some suggestions that this value of the critical disorder
strength may be an underestimate [36]. For the XXZ spin
chain in the QPP, Refs. [29,38–41] imply the MBL transition
to occur roughly at � ≈ 3 for the anisotropy � = 0.25. In the
case of the, PP there is no MBL phase in the thermodynamic
limit owing to conservation of quasimomentum. However, if
the localization length ξ is much shorter than the period of the
potential L, the thermalization time of the full length chain
is expected to scale exponentially as ∝exp(L/ξ ). Thus, in
properly engineered periodic systems, we may expect similar
dynamics as in the quasiperiodic chains.

Dynamics of quantum information in the MBL systems
has been previously studied, for example, in Refs. [47–49],
and we follow the scenario laid out in the Ref. [6]. We focus
here on the dynamics of a pair of spins located at the ends
of a linear chain of N spins in total. The rest of the spins
at sites 2, . . . , N − 1 play the role of a non-Markovian and
possibly nonergodic bath, effects pronounced at high �. We
initialize each bath spin into the maximally mixed infinite-
temperature state. The initial state of the pair is chosen to
be either a mixed classically correlated (CC) state with the
reduced density operator ρ̂CC

1N = (|↑↓〉〈↑↓| + |↓↑〉〈↓↑|)/2 or
the Bell state ρ̂Bell

1N = (|↑↓〉 + |↓↑〉)(〈↑↓| + 〈↓↑|)/2. These
two states have equal single-spin reduced density operators
and the results of spin measurements in the {|↑〉, |↓〉} basis are
perfectly anticorrelated. However, the important difference
between these states is that the Bell state is entangled, i.e.,
it has quantum correlations, whereas the CC state carries only
classical correlations. The density operators of the whole sys-
tem corresponding to these initial conditions read as follows:

ρ̂CC
0 = 1

2N

(
1 − σ̂ z

1 σ̂ z
N

)
, (2)

ρ̂Bell
0 = 1

2N

(
1 − σ̂ z

1 σ̂ z
N + σ̂ x

1 σ̂ x
N + σ̂

y
1 σ̂

y
N

)
, (3)

where 1 is the N-spin identity operator.
The unitary evolution of the density operator is governed

by the Liouville–von Neumann equation as

d ρ̂

dt
= − i

h̄
[Ĥ , ρ̂]. (4)

We quantify the correlations between the outermost spins
of the chain with mutual information [50] and concurrence
[51,52] which are common measures of the total correlations
and quantum entanglement between the spins of the pair,
respectively. Concurrence is nonzero only if the spins are
entangled, whereas mutual information vanishes only if the
spins are uncorrelated. Mutual information is defined as I =
S(ρ̂1) + S(ρ̂N ) − S(ρ̂1N ) where S(ρ̂ ) = − Tr ρ̂ ln ρ̂ is the von
Neumann state entropy, and ρ̂1 and ρ̂N are the reduced density
operators of the first and the last spin, respectively. Concur-
rence is equal to C = max(0, λ1 − λ2 − λ3 − λ4), where λ j

are the eigenvalues of the matrix R =
√√

ρ̂1N ˆ̃ρ1N
√

ρ̂1N in the
descending order and ˆ̃ρ1N = (σ̂ y ⊗ σ̂ y)ρ̂∗

1N (σ̂ y ⊗ σ̂ y) is the
time-reversed reduced density operator of the spin pair. We
expect that the behavior of these quantities is mostly deter-
mined by the interaction of the outermost spins with bath spins

in their close proximity. This is because in the case of strong
disorder the system is expected to be localized and the prop-
agation of correlations is suppressed, and in the case of weak
disorder, each spin thermalizes through local interactions with
a mostly incoherent bath.

III. THEORETICAL ANALYSIS

To obtain initial analytical understanding of the relevant
MBL physics, we analyze the dynamics of the spin chain
using a phenomenological description of the MBL phase.
References [15,22,35] state that the spin operators σ̂ z

j can
be transformed into so-called local integrals of motion τ̂ z

j =
Û σ̂ z

j Û
† by a certain quasilocal unitary transformation Û . The

Hamiltonian of the system (1) can be written in terms of these
integrals of motions [15,22,35] as

Ĥ = h̄
∑

j

K (1)
j τ̂ z

j + h̄
∑
j1< j2

K (2)
j1 j2

τ̂ z
j1
τ̂ z

j2
+ · · · , (5)

where the coefficients K (k)
j1, j2,..., jk

decay exponentially with in-
creasing k and jk − j1. Assuming the system to be deep in the
MBL phase, we neglect the terms with k � 3. In this limit,
we also neglect the distinction between the spin operators and
the local integrals of motion, and, hence, express the initial
conditions as

ρ̂CC
0 ≈ 1

2N

(
1 − τ̂ z

1 τ̂
z
N

)
, (6)

ρ̂Bell
0 ≈ 1

2N

(
1 − τ̂ z

1 τ̂
z
N + τ̂ x

1 τ̂ x
N + τ̂

y
1 τ̂

y
N

)
, (7)

where τ̂ α
j = Û σ̂ α

j Û †, α = x, y, z.
We observe that the above CC state does not evolve in time

since its density operator commutes with Ĥ . This means that
the classical correlations are well protected in the MBL phase.
The system prepared in the Bell state evolves nontrivially,
but fortunately the reduced density operator of the outermost
spins can be evaluated analytically as

ρ̂Bell
1N (t ) = 1

4

{
1 − τ̂ z

1 τ̂
z
N + χ (t )

[
τ̂ x

1 (t )τ̂ x
N (t ) + τ̂

y
1 (t )τ̂ y

N (t )
]}

,

(8)
where

χ (t ) =
N−1∏
j=2

cos
(
2K (2)

1 j t
)

cos
(
2K (2)

jN t
)
, (9)

τ̂ x
j (t ) = cos

(
2K (1)

j t
)
τ̂ x

j + sin
(
2K (1)

j t
)
τ̂

y
j , (10)

τ̂
y
j (t ) = − sin

(
2K (1)

j t
)
τ̂ x

j + cos
(
2K (1)

j t
)
τ̂

y
j , (11)

and we assumed that K (2)
1N = 0. Here, the concurrence is equal

to |χ (t )| which decays in time. The classical correlations
which are described by the diagonal elements of the density
operator appear to be more robust than entanglement: The
results of measurements in the eigenbasis of τ̂z are perfectly
anticorrelated.

The coefficients K (2)
1 j and K (2)

jN are exponentially suppressed
except for those that describe the nearest-neighbor interac-
tions. The values of K (2)

12 and K (2)
N−1,N are expected to be close

to h̄J�/4, thus, corresponding to the h̄J �σ̂zσ̂z/4 term in the
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FIG. 1. (a) and (c) Mutual information and (b) and (d) concurrence as functions of time averaged over 400 uncorrelated random realizations
of RP with magnitude (a) and (b) � = 1 and (c) and (d) � = 5. The anisotropy � = 1. The data have been obtained using exact diagonalization
for N = 9 and the matrix product states for N = 40. We show data for both types of initial states, the CC and the Bell states as indicated in the
legends.

original Hamiltonian of Eq. (1). In this case, concurrence is
proportional to cos2(J �t/2) and, hence, oscillates in time
with a period of 2π/(J�).

The neglected terms with k � 3 [see Eq. (5)] affect the
dynamics of the spin chain at times t ∼ (Kk

j1, j2,..., jk )−1. How-
ever, these terms do not affect the persistence of classical
correlations because they commute with the density operator
of the CC state. Furthermore, they do not qualitatively change
the above-discussed behavior of the entanglement since their
main contribution is to cause additional dephasing of the
outermost spins at long times. Thus, the concurrence oscil-
lations taking place at short timescales are unaffected by this
dephasing.

IV. NUMERICAL RESULTS

Guided by our above analytical results based on the phe-
nomenological framework we have carried out numerical
simulations on the spin chain. We employ the exact diagonal-
ization and matrix product state (MPS) techniques [53–59] in
order to simulate the dynamics of short and long spin chains,
respectively.

The evolution of mutual information and concurrence be-
tween the outermost spins averaged over the RP realizations
is shown in Fig. 1. In the case of the only classically corre-
lated initial state, entanglement does not develop during the
evolution of the system and concurrence is always zero. For
the initially entangled Bell state and high disorder � = 5, the
average concurrence in the MBL phase oscillates with the
above-predicted period of 2π/(J�) and decays in time.
For the longest times considered here, concurrence becomes
strongly suppressed but does not completely vanish. This re-
markable behavior is in strong contrast to the ESD [4,5] and
casts interest on MBL physics from the quantum information
point of view.

For the chain with low disorder � = 1, entanglement be-
tween the outermost spins disappears at a finite time indicating
ESD. As expected from the phenomenological approach, clas-
sical correlations are more robust than the quantum ones and

survive in both cases, although at low disorder mutual infor-
mation at long times is much smaller than at the high disorder.
In the case of a long chain N = 40, we observe the mutual
information to monotonously decay in time, but it remains to
be studied whether this is an artifact of the MPS method that
may underestimate classical and quantum correlations [6,12].

We have further examined the dependence of mutual infor-
mation and concurrence after a long time of unitary evolution
as a function of the chain length. The data are shown in Fig. 2
for � = 5 in the MBL phase for short and long chains. We ob-
serve that the residual mutual information saturates at N ≈ 6
which appears to be on the order of the localization length at
the given disorder strength. In contrast, the analysis utilizing
exact diagonalization for the short chains reveals an exponen-
tial behavior of the residual concurrence on the chain length
whereas the MPS studies show that the concurrence after long
evolution is more or less independent on the chain length. This
apparent contradiction can be explained by the fact that the
evolution times feasible for MPS are much shorter than those
available for exact diagonalization. Thus, vanishing of the
average concurrence occurs at longer times than we reach in
the MPS simulations. Nevertheless, the result that quantum
and classical correlations after a long but finite evolution time
seem independent on the length of the chain is consistent
with the discussion above that only the neighborhood of the
outermost spins affects the correlations between them.

In the case of RP, there can be significant realization-
dependent local variations in the disorder strength. In
particular, if in a random realization there is a region close
to an end of the chain where the disorder strength happens
to be low, the MBL protection of the outermost spins may be
lifted. Consequently, they may thermalize leading to loss of
their initial entanglement even though the system as a whole
should be in the MBL phase according to the parameter �.
For QPP defined above, such a situation is much less likely to
happen [37]. To study this effect, we compute the fraction of
realizations where the entanglement remains nonzero after a
long temporal evolution as a function of the �, see Fig. 3. For
the RP, we find that the crossover between ESD and survival
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FIG. 2. (a) and (c) Mutual information and (b) and (d) con-
currence in the long-time limit as a function of the chain length
N in the MBL phase with � = 5. The data have been averaged
over the time interval (a) and (b) t ∈ [1.3 × 105, 106 J−1], (c) and
(d) t ∈ [350 and 400 J−1] and over 400 RP realizations. The error
bars show the error of the mean from the realizations. Here, � = 1.
The total evolution time is (a) and (b) 106 J−1 and (c) and (d) 400 J−1.
The dynamics of the chain is simulated using (a) and (b) exact
diagonalization or (c) and (d) MPS technique.

of entanglement is broad and there is a significant probabil-
ity of ESD even at high �, well above the supposed MBL
transition. For the QPP however, the crossover is sharper and
the probability of entanglement survival for given � is much
higher than that for the RP. In the case of PP, the probability
of entanglement survival behaves in a similar way as for the
QPP, especially for the short N = 9 chains where the curves
are identical for the QPP and PP.

FIG. 3. Probability of entanglement survival as a function of the
potential strength � for RP, QPP, and PP as indicated and for (a) a
short N = 9 and (b) a long N = 40 chain. We assume that the entan-
glement has survived if there is, at least, one occurrence of nonzero
concurrence within the time interval (a) t ∈ [1.3 × 105 and 106 J−1]
or (b) t ∈ [350 and 400 J−1]. Here, � = 1 and the data have been
gathered for 400 potential realizations.

FIG. 4. (a)–(c) Mutual information and (b)–(d) concurrence after
long evolution as functions of the potential strength � for a short
N = 9 chain in (a) and (b) and for a long N = 40 chain in (c) and
(d). The data have been averaged over 400 potential realizations
and over the time interval (a) and (b) t ∈ [1.3 × 105 and 106 J−1] and
(c) and (d) t ∈ [350 and 400 J−1]. Here, � = 1.

In Fig. 4, we study concurrence and mutual information
after long unitary evolution as a function of the potential
strength �. We observe that for the RP both the residual
mutual information and concurrence increase monotonically
with �. The nonmonotonic behavior of concurrence for the
long chain (N = 40) in the QPP and PP is most likely an
artifact of the relatively short evolution time since there is
no such feature in the case of the short (N = 9) chain for
which the evolution may be computed for arbitrary long time
thanks to exact diagonalization. Note that the residual mutual
information between the outermost spins is almost equal for
the initial CC and Bell states. We attribute this coincidence to
the fact that both initial states include an equal amount of clas-
sical correlations and that the quantum correlations, property
of the Bell state only become strongly suppressed during the
temporal evolution while classical correlations persist.

Interestingly, Figs. 3 and 4 indicate that the residual entan-
glement and the probability of entanglement survival deviate
from zero at disorder strengths clearly below the anticipated
transition point �∗ ≈ 3.5 for the RP. In the case of short
chains, this is likely to be a finite-size effect. For the long
chains, the reason of this effect may be that the thermalization
time becomes much longer than our simulations times when
approaching the transition from the ergodic side [27].

V. EFFECT OF AN ADDITIONAL MARKOVIAN BATH

In physical systems, there are usually multiple decay chan-
nels, such as coupling to a thermal bath of electrons and/or
phonons causing dephasing of the quantum states and af-
fecting localization [60,61]. To study this effect, we choose
here that a spin labeled by the index jd is connected to a
Markovian bath of infinite temperature. In the limit of weak
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FIG. 5. Time of ESD as a function of the position of the dis-
sipating spin jd. Here, N = 10, � = 5, � = 1, and γ = J/2. The
calculation time is 103 × J−1. In the cut region where 3 < jd < 8,
the time of ESD exceeds the longest time period considered.

spin-bath coupling, such a system can be approximated by the
well-known Lindblad equation,

d ρ̂

dt
= − i

h̄
[Ĥ , ρ̂] + 2γ (σ̂−

jd
ρ̂σ̂+

jd
+ σ̂+

jd
ρ̂σ̂−

jd
− ρ̂ ), (12)

where σ̂±
j = (σ̂ x

j ± iσ̂ y
j )/2 and γ is the coupling strength.

We solve the Lindblad equation numerically for the XXZ
chain and study the dependence of the time of ESD on the
position of the dissipating spin jd, see Fig. 5. In the localized
phase with � = 5 and γ = J/2, if the dissipating spin is a
spin of the initially mutually correlated pair, the entangle-
ment rapidly dies after time comparable to 1/γ . However,
if we move the position of the dissipative spin towards the
bulk of the chain, the time it takes to observe ESD seems
to increase exponentially and becomes inaccessible for the
computationally feasible evolution times of the MPS scheme.
This study suggests that potential coupling of the bulk spins
to their Markovian baths does not change our above results on
the persistence of entanglement between the outermost spins.

VI. SUMMARY AND CONCLUSIONS

We have studied the dynamics of entanglement and clas-
sical correlations of a pair of spins located at the ends of a
linear XXZ spin chain with disorder. We have quantified the
amount of quantum and classical correlations between this
pair with concurrence and mutual information. Remarkably,
both of these quantities survive in the strongly disordered
MBL phase, even in the long-time limit. We have also quan-
tified the dependence of residual concurrence and mutual
information after long temporal evolution on the chain length
and the disorder strength. We have shown that the residual
correlations in the MBL phase do not depend on the bath
size, which confirms the intuitive picture that the dynamics of
the outermost spins is determined by their close-by environ-
ment. We have also shown that residual quantum and classical
correlations increase with the disorder strength, but there is
a significant difference in the case of uncorrelated random
and quasiperiodic potential. Finally, we have demonstrated
that provided the chain is in the MBL phase, the correlations
between the outermost spins are protected from local dissi-
pation in the bulk of the chain. These observations suggest
that understanding MBL physics is potentially useful in the fu-
ture endeavor of building large-scale quantum processors and

especially memories where distant qubits may be entangled.
In fact, we have verified that the observed protection of the
entanglement is not limited to random or quasiperiodic poten-
tial, but quantitatively very similar results may be obtained
in a periodic structure provided that the qubit frequencies
are chosen correctly. In the future, we plan to extend our
calculations to typical qubits, such as transmons taking into
account their technical details.
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APPENDIX: COMPUTATIONAL METHODS INVOLVING
MATRIX PRODUCT STATES

We describe the density operator of the chain using the
MPS representation [53–59] of the density operator as

ρ̂ =
D∑

αk=1

∑
s j∈{0,x,y,z}

As1
α1

As2
α1α2

. . . AsN
αN−1

× σ̂
s1
1 σ̂

s2
2 · · · σ̂ sN

N√
2N

, (A1)

where the dimension of the D × D matrices A
sj
α j−1α j is referred

to as the bond dimension D of the MPS representation and
the first As1

α1
and the last AsN

αN−1
matrices are row and column

vectors, respectively, so that the product in Eq. (A1) is a
scalar. The accuracy of the MPS ansatz increases with the
bond dimension. Since the density operator is Hermitian all
the matrices in the representation are real.

The density operator obeys the Liouville–von Neumann
or Lindblad equations for the closed or open system, respec-
tively. These equations can be formally written as

d ρ̂

dt
= Lρ̂, (A2)

where the Liouvillian L can be expressed as a matrix product
operator (MPO) in the following form:

Lρ̂ = 1

2N

D∑
αk=1

∑
s j ,s′

k∈{0,x,y,z}
W

s1s′
1

α1 W
s2s′

2
α1α2 · · ·W sN s′

N
αN−1

×σ̂
s1
1 σ̂

s2
2 · · · σ̂ sN

N Tr(σ̂ s′
1

1 σ̂
s′

2
2 · · · σ̂ s′

N
N ρ̂ ), (A3)

where W
sj s′

k
α j−1α j , W

s1s′
1

α1 , and W sN s′
N

αN−1 are real D × D, 1 × D, and
D × 1 coefficient matrices, respectively. Since the Hamil-
tonian of Eq. (1) has only short-range interactions, the
corresponding Liouvillian can be exactly expressed in the
MPO form with O(1) bond dimension.
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To integrate Eq. (A2) over a time interval [t, t + δt], we
apply the operator exponential of the Liouvillian, exp(L δt )
to the current state ρ̂(t ). For the Hamiltonians with the
nearest-neighbor interaction, the evaluation of the operator
exponential can be implemented by splitting the Liouvillian
into a sum of two terms as

L = Lo + Le, (A4)

where

Lo/eρ̂ = − i

h̄
[Ĥo/e, ρ̂], (A5)

Ĥo = h̄ω1

4
σ z

1 +
�N/2�∑

j=1

[
h̄ω2 j−1

4
σ̂ z

2 j−1

h̄ω2 j

4
σ̂ z

2 j

+ h̄J

4

(
σ̂ x

2 j−1σ̂
x
2 j + σ̂

y
2 j−1σ̂

y
2 j + �σ̂ z

2 j−1σ̂
z
2 j

)]
, (A6)

and

Ĥe =
�(N−1)/2�∑

j=1

[
h̄ω2 j

4
σ̂ z

2 j + h̄ω2 j+1

4
σ̂ z

2 j+1

+ h̄J

4

(
σ̂ x

2 j σ̂
x
2 j+1 + σ̂

y
2 j σ̂

y
2 j+1 + �σ̂ z

2 j σ̂
z
2 j+1

)] + h̄ωN

4
σ z

N

(A7)

In our case, all the terms in the above sum for either Lo or Le

commute pairwise, and hence, the exponential exp(Lo/eδt ) is
a product of the individually exponentiated terms. The result
can be efficiently represented as a MPO. Subsequently, we
employ the Trotter–Suzuki decomposition for the operator
exponential as

eL δt = e(1/2)Loδt eLeδt e(1/2)Loδt + O(δt3), (A8)

where we omit the term O(δt3) in our calculations. The exact
application of the operator exponential to the state ρ̂ leads to a
rapid exponential growth of the bond dimension in the corre-
sponding MPS representation. Consequently, we compress to
the state after each time step into a representation with a fixed
maximum bond length.

The MPS approximation works well if the temporally
evolving state of the system exhibits so-called area-law
entanglement, i.e., the entanglement entropy across some bi-
partition scales as the area of this biparition, which for the
studied one-dimensional systems is just a single point since
the maximal achievable entanglement entropy in the MPS
representation scales as ln D [59]. In MBL systems, the en-
tanglement of the eigenstates obeys the area law and the
temporal evolution of an initially nonentangled or weakly
entangled state shows logarithmic growth of entanglement [9].
This is in stark contrast to ergodic systems which usually
support volume-law entangled eigenstates for which the en-
tanglement entropy across a certain biparition is proportional
to the volume of the bipartition. These systems also exhibit
linear entanglement growth in time [9]. Consequently, the
MPS representation with a reasonably small D is accurate
for systems in the MBL phase but fails to describe ergodic
quantum systems. In fact, the ability to accurately describe the
system using MPS representation with low bond dimension
may, in some cases, be a signature of the MBL phase [6].
However, at very short times of the evolution of the system,
the MPS representation may be accurate enough even for the
systems deeply in the ergodic phase since the entanglement
does not appear instantly in the system. Since the accuracy of
the MPS representation strongly depends on the whether we
are in the MBL phase or not, we use different bond dimensions
for different disorder strength varying from D = 40 for � =
10 to D = 100 for � = 1. For a representative collection of
parameter values, we have numerically verified that within the
resulting uncertainty, this technique yields mutual information
and concurrence insensitive to further increments of the bond
dimension.
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