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Abstract. In the Maximum Balanced Biclique Problem (MBB), we are
given an n-vertex graph G = (V,E), and the goal is to find a bal-
anced complete bipartite subgraph with q vertices on each side while
maximizing q. The MBB problem is among the first known NP-hard
problems, and has recently been shown to be NP-hard to approximate
within a factor n1−o(1), assuming the Small Set Expansion hypothesis
[Manurangsi, ICALP 2017]. An O(n/ logn) approximation follows from
a simple brute-force enumeration argument. In this paper, we provide the
first approximation guarantees beyond brute-force: (1) an O(n/ log2 n)
efficient approximation algorithm, and (2) a parameterized approxima-
tion that returns, for any r ∈ N, an r-approximation algorithm in time

exp
(
O( n

r log r
)
)

. To obtain these results, we translate the subgraph re-

moval arguments of [Feige, SIDMA 2004] from the context of finding a
clique into one of finding a balanced biclique. The key to our proof is the
use of matching edges to guide the search for a balanced biclique.

1 Introduction

The Maximum Balanced Biclique (MBB) problem is among the oldest and most
fundamental NP-hard graph problems. It was stated to be NP-hard (without
proof) in Garey and Johnson’s book [12]; a proof is provided, for instance, in [14].
In this problem, we are given an n-vertex graph G, and we are interested in
finding a balanced complete bipartite subgraph with q vertices on each side while
maximizing the value of q. Since the problem is NP-hard, the main theoretical
interest so far has been on approximation algorithms [18, 11], parameterized
algorithms [16], and parameterized approximation [4]. All results so far have
been on the negative side, suggesting that MBB is very highly intractable. First,
in terms of approximation algorithms, Manurangsi [18] showed that the problem
is NP-hard to approximate within a factor of n1−o(1) assuming the Small Set
Expansion (SSE) hypothesis and that NP 6⊆ BPP. The other hardness result,
somewhat incomparable to Manurangsi’s is shown by Khot [15], that MEB does

not admit nε approximation, for some ε > 0, unless NP ⊆ BPTIME(2n
Ω(1)

).
On the parameterized algorithm side, a recent remarkable result of Lin [16]

? This manuscript is part of Ly Orgo’s master thesis at Aalto University.
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has shown that MBB is W[1]-hard, therefore not admiting an FPT algorithm
unless FPT = W[1]. Finally, MBB does not even admit any o(OPT ) FPT
approximation algorithm [4] assuming the Gap Exponential-Time Hypothesis
(Gap-ETH), where OPT is the number of vertices in the optimal biclique.

The focus of this paper is on approximation algorithms. The aforementioned
negative results suggest that MBB is among the “highly intractable problems”
(those that do not admit n1−o(1) approximation), likely to be in the same ball-
park as the clique, independent set, induced matching, and graph coloring prob-
lem. All these problems admit an O(n/ log n) approximation algorithm via brute-
force enumeration techniques [9, 6]. For maximum clique or graph coloring prob-
lems, a lot of attention in the approximation algorithms community has been on
obtaining any algorithm that beats these brute-force algorithms. In the context
of maximum clique and independent set problems, many LP/SDP (as well as
combinatorial) approaches have been devised, that achieve guarantees beyond
trivial algorithms (see for instance [10, 2, 13] and references therein). However,
such results do not exist at all in the context of MBB.

1.1 Our results and techniques

In this paper, we provide the first set of approximation algorithms on MBB whose
approximation guarantees are asymptotically better than brute-force. Our first
result is an efficient algorithm that runs in polynomial time. Throughout the
paper, we use size of a balanced biclique to denote the number of vertices on
one side. In particular, the size of the complete bipartite graph with q vertices
on each side (Kq,q) is q.

Theorem 1. There is an O(n/ log2 n) polynomial time approximation algorithm
for MBB.

Our second result is a parameterized approximation that gives a tradeoff
between approximation ratio and running time.

Theorem 2. For any r ∈ N, there exists an r-approximation algorithm running

in time exp
(
O( n

r log r )
)

.

Now we give a high-level discussion that highlights our main technical ideas.
Let OPT denote the maximum value of q such that Kq,q exists in G. Notice that,
when OPT < n/ log2 n, we are immediately done since we can return a single
edge and it would be n/ log2 n approximation. Therefore, we may assume that
OPT ≥ n/ log2 n. Our main result shows that we can efficiently find a biclique
containing roughly Ω̃(log2 n) vertices on each side5, and this would also be an
O(n/ log2 n) approximation.

5 Here, we use the convention that Ω̃ hides asymptotically smaller terms.
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Enumeration by Vertices: By a standard brute-force enumeration argument, one
can easily find a biclique of size Ω(log n/ log log n). We explain this algorithm as
an intuitive starting point. Assume that the graph G = (A∪B,E) is bipartite 6

with |A| = |B| = n. Fix an optimal biclique Q in G. We partition A into
A1 ∪A2 ∪ . . .∪A` arbitrarily where each set Aj contains |Aj | = dlog3 ne vertices
each (that is, we have ` = n/dlog3 ne sets.) Recall that OPT ≥ n/ log2 n. By

averaging argument, there must be a “good” set Aj that contains log3 n
log2 n

= log n

vertices from the optimal biclique Q, that is, |Aj ∩ V (Q)| ≥ log n. We then
enumerate all subsets X ⊆ Aj : |X| = (a log n/ log log n); for each X, let CX =
{v ∈ B : NG(v) ⊇ X} be the neighbors that can be included to form a biclique
with X (that is, G[C∪CX ] is a biclique). We return any pair of sets (X,CX) such

that |CX | ≥ |X|. The running time of this procedure is n
dlog3 ne

(
log3 n

(logn/ log logn)

)
≤

(log3 n)logn/ log logn = poly(n).

Feige’s Subgraph Removal. The above enumeration trick has been used several
times for many problems (including clique and biclique) in the literature. It
provides immediately a search procedure for a clique/biclique of size Θ( logn

log logn )

wheneverOPT ≥ n/(logO(1) n). For clique (as well as independent set), Feige [10]
“augmented” a subgraph removal procedure on top of this vertex enumeration
procedure, so that his algorithm returns a clique of size Ω((log n/ log log n)2)
instead. Unfortunately, the above-mentioned natural idea of vertex enumeration
is not quite compatible with Feige’s subgraph removal arguments.

New Idea: Enumeration by Matching Edges. This is where our new observation
comes in handy. We perform a “matching-edge” enumeration instead of a vertex
enumeration. We explain the intuition of our proof by describing another pro-
cedure that finds a biclique containing Ω(log n/ log log n) vertices on each side.
The main benefit of matching-edge enumeration over vertex enumeration is its
versatility, which allows us to use Feige’s subgraph removal trick [10] to derive
our desired result.

Again we fix an n-vertex m-edge bipartite graph G = (A ∪ B,E) and an
optimal biclique Q in G. Since we focus on the case OPT ≥ n/(log2 n), we have
that |E(Q)| = OPT 2 ≥ n2/(log4 n). We partition the edges in E into at most n
matchings, that is, E = E1 ∪E2 ∪ . . .∪En, where each set Ej is a matching. By
dismissing all small sets, it is easy to see that there exists some larger set Ej such
that |Ej | ≥ 16(log5 n) and |Ej ∩ E(Q)| ≥ |Ej |/2(log4 n). We again divide such
set Ej into Ej,1∪Ej,2∪ . . .∪Ej,s such that d2 log5 ne ≤ |Ej,α| ≤ d4 log5 ne for all
α = 1, 2, . . . , s. By averaging (using the fact that |Ej ∩E(Q)| ≥ |Ej |/(2 log4 n)),

there exists Ej,α such that |Ej,α∩E(Q)| ≥ 2 log5 n
2 log4 n

≥ log n. We can enumerate all

size-(log n/ log log n) subsets M ⊆ Ej,α in time (log5 n)O(logn/ log logn) = poly(n).
Each such subsetM is a matching, and we can check whether it induces a biclique

6 See Lemma 1 for a simple formal proof that it suffices to focus on the case of bipartite
graphs.



4 P. Chalermsook et al.

in G. This concludes an algorithm that finds a biclique with Ω(log n/ log log n)
vertices on each side, based on matching-edge enumeration.

In Section 3, we show how to implement Feige’s subgraph removal procedure
on top of the matching-edge enumeration procedure. The presentation there is
self-contained and does not rely on the discussion in this section.

1.2 Further Related Results

Prior to Khot [15], Feige and Kogan showed that unless NP ⊆ DTIME(2n
3
4
+o(1)

),

the problem does not admit 2Ω((logn)Ω(1)) approximation. Due to interest on ap-
plication sides, there have been several heuristics [21, 20] proposed for MBB, but
none of them give any theoretical guarantee on the approximation factor.

The Maximum Edge Biclique (MEB) problem is very similar to the MBB
problem, except for the fact that MEB aims to maximize the number of edges in a
(possibly not balanced) biclique. Similarly to MBB, MEB is known to be n1−o(1)

hard to approximate under the same complexity-theoretic assumptions [18]. As-
suming more standard complexity assumptions, the problem is known to be nε

hard to approximate [1].
The covering variants of biclique problems (called minimum biclique cover)

are better understood from approximation perspectives: There is a n1−o(1) hard-
ness result assuming P 6= NP [5] and some non-trivial algorithms exist in the
contexts of both approximation and parameterized algorithms [7].

The trade-off between an approximation factor and the running time has
recently received attention. See e.g. [3, 8, 19, 2] and the references therein.

2 Preliminaries

This paper follows standard notation in graph theory. Given a graph G = (V,E),
denote by NG(v) the neighboring vertices of v in G (excluding v). For q ∈ N,
denote by Kq,q the complete bipartite graph with q vertices on each side. For
any subset S ⊆ V , denote by G[S], the induced subgraph on S. We sometimes
abuse notation and use, for each edge set F ⊆ E, G[F ] to represent G[V (F )].

An s-edge coloring of graph G = (V,E) is a partition of E into E1∪E2∪ . . .∪
Es where each Ei is a matching in G. We will use the following edge coloring
theorem of König (see, for instance, [17]).

Theorem 3. Given a bipartite graph G = (A ∪ B,E) where each node has a
degree of at most ∆, there exists a ∆-edge coloring of G that can be computed
efficiently.

We show that we can focus only on designing approximation algorithms for
bipartite graphs.

Lemma 1. If there is an α-approximation algorithm for MBB in bipartite graphs,
then there is an O(α) approximation for MBB in general graphs.
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Proof. We turn a general graph G = (VG, EG) into a bipartite graph H =
(L ∪ R,EH) as follows: For each vertex v ∈ VG, add the vertex into either L or
R independently with probability 1/2. Next, we keep only the edges between L
and R, that is, EH = {(u, v) : u ∈ L, v ∈ R}.

Let A∪B be an optimal complete bipartite subgraph in G where |A| = |B| =
OPT . Let M be a perfect matching in G[A ∪ B], so |M | = OPT . We say that
an edge e = (u, v) ∈ M is good if u ∈ L and v ∈ R. Let M ′ ⊆ M be the set of
good edges. Notice that, E[|M ′|] = |M |/4 and that the vertices of M ′ induce a
biclique in H. Therefore, in expectation, the biclique A ∪ B appears in H as a
biclique of size at least OPT/4 on each side, so the presumed α-approximation
would be able to return a biclique of size OPT/4α in expectation.

To obtain a deterministic algorithm, notice that the above proof only relies
on pairwise independence of the choice of random bits. ut

3 Our Algorithms

3.1 Subgraph Removal implies Approximation Algorithms

We prove an analogue of Feige’s subgraph removal procedure in the context of
MBB. By simple calculation, it implies both of our algorithmic results.

Theorem 4. Given a graph G = (V,E) with a maximum balanced biclique
of size n/z, for each t = O( nz5 ), there exists an algorithm that runs in time

zO(t)poly(n) and finds a balanced biclique of size q = Θ(t logz
n
t ).

Now we show that this theorem implies both Theorem 1 and Theorem 2.
These proofs are standard (see [10, 2]) and are only presented here for complete-
ness of exposition.

Corollary 1. For any r ∈ N, there exists an r-approximation algorithm running

in time exp
(
O( n

r log r )
)

.

Proof. We are given a bipartite graph G = (A∪B,E). If OPT ≤ n/(log2 r), we
are done since we can enumerate all subsets S ⊆ A of size n/(r log2 r) (and this
would be an r-approximation) in time(

n

n/(r log2 r)

)
≤ (er log2 r)n/(r log

2 r) ≤ 2O(n/(r log r))

Otherwise, we have that OPT = n/z for z ≤ log2 r. Choose t = n
r log r log z so

that zO(t) = 2O( n
r log r ). It is easy to check that t ≤ O(n/z5) for sufficiently large

n. Theorem 4 gives us a biclique with at least Ω(t · logz(n/t)) = Ω( n log r
r log r log2 z

) =

Ω( n
r log2 z

) nodes on each side. The approximation factor obtained is:

n/z

Ω( n
r log2 z

)
= O(r)

ut



6 P. Chalermsook et al.

Corollary 2. There is a polynomial time O(n/ log2 n) approximation algorithm.

Proof. If OPT ≤ n/(log2 n), we are immediately done. Otherwise, assume that
z = O(log2 n). Let t = logz n, we use Theorem 4 to find a balanced biclique Kq,q

where q = Θ(log2
z n) (so this algorithm runs in polynomial time). Therefore, the

approximation factor is OPT/q ≤ O(n log2 z
z log2 n

) ≤ O(n/ log2 n). ut

3.2 Proof of Theorem 4

We now describe our algorithm. It has two steps. In the first step, we perform
a pre-processing by removing vertices whose degrees are too large compared to
the size of the optimal biclique. This step will allow us to apply König’s edge
coloring theorem, decomposing the graph into a union of disjoint matchings.

Step 1: Degree Reduction We are given an n-vertex bipartite graph G′ =
(V ′, E′) that contains an optimal biclique Q of size p = n/z; define a parameter
k, such that p2 = m/k is the number of edges in the optimal biclique.

This step is summarized in the following lemma.

Lemma 2. There is an efficient algorithm that produces a graph G = (V,E)
such that:

– |V (G)| ≥ n/2
– Each vertex in G has degree at most 2pk.
– There exists a biclique containing p/2 vertices on each side of G.

Proof. Whenever there is a vertex v whose degree is more than 2pk = 2
√
mk,

we remove v and all edges incident to v (but we keep vertices in NG(v).) Notice
that we would remove at most 1

2

√
m/k = p

2 vertices from the graph (since we
have at most m edges), and therefore at least p/2 vertices remain on each side
of Q after such removals. This completes the proof. ut

Step 2: An Analogue of Feige’s argument Assume we are given a graph
G = (A ∪B,E) that satisfies the conditions in Lemma 2. Let Q be the optimal
biclique in G containing at least p/2 vertices on each side (therefore containing
at least m/4k edges). This choice of optimal clique Q is fixed throughout the
execution of the algorithm.

Definition 1. We say that a subset of edges E′′ is poor if |E′′ ∩ E(Q)| <
|E′′|/8k.

Definition 2. Let Q′ be a balanced biclique. An edge e is said to be consistent
with Q′ if Q′ ∪ {e} induces a biclique and the endpoints of e is are disjoint from
V (Q), that is, if Q′ is Kr,r, we must have that Q′ ∪ {e} induces a Kr+1,r+1.
Denote by CE(Q′) the set of edges that are consistent with biclique Q′.
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Now we present our algorithm. The algorithm has multiple phases, and each
phase consists of many iterations that keep growing the set of matching edges
F whose vertices induce a biclique.

In the beginning, E′ ← E. In each phase, we start from edge set E′′ ← E′

and F ← ∅. In each iteration, if we have that |E′′| ≤ 106pk3t, then we say
that the phase terminates successfully and the algorithm terminates.
Otherwise, we partition E′′ into 2kp subsets E′′1 ∪ E′′2 ∪ . . . ∪ E′′2kp where each
E′′j is a matching. We say that E′′j is large if |E′′j | ≥ 16kt; otherwise, we say that
E′′j is small. Consider each large set E′′j and partition it further (arbitrarily) into
E′′j,1 ∪E′′j,2 ∪ . . .∪E′′j,`(j) where each set has size at least 16kt and at most 32kt.

A good matching is a subset M ⊆ E′′j,α : |M | = t that satisfies two conditions:
(i) G[M ] is a biclique and (ii) the set of consistent edges EM = CE(G[M ])∩E′′
is sufficiently large, that is, |EM | ≥ |E′′|/8k − (5pkt). If a good matching exists
in some subset E′′j,α, we update F ← F ∪M , E′′ ← EM , and then start the new
iteration. Otherwise, if no good matching is found, we claim that E′′ is a poor
subset (proof provided below), the phase terminates unsuccessfully, and we
start a new phase with E′ ← E′ \ E′′.

Analysis of Running Time

A phase either ends with a poor subset of edges removed from the graph (when
it is unsuccessful) or it ends with a collection of matching edges F (when it is
successful). Each poor subset is a subset of size at least one, so there can be at
most m unsuccessful phases.

Lemma 3. The running time of each phase is at most zO(t)nO(1).

Proof. In each iteration, each set E′′j,α has size at most 32kt and we enumerate
all subsets of size t inside it. There are at most n iterations in each phase. So,
the total running time would be at most:(

32kt

t

)
nO(1) ≤

(
32ekt

t

)t
nO(1) ≤ kO(t)nO(1).

Since k = z2m
n2 < z2, then kO(t) = zO(t).

The Size of Bicliques

Now we proceed to show that at some point, the algorithm would terminate
successfully and return a relatively large biclique.

Lemma 4. If no good matching is found in a phase, then E′′ is a poor subset.

Proof. Assume, by contrapositive, that E′′ is not poor. Then |E′′ ∩ E(Q)| ≥
|E′′|/8k. Notice that the number of edges in the small sets E′′j is at most 16kt ·
(2kp) ≤ |E′′|/16k. Therefore, at least |E′′|/16k edges in Q appear in one of the
large sets. Since |E′′ ∩ E(Q)|/|E′′| ≥ 1/16k, by averaging argument, we have
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that there exists a large set E′′j,α for which |E′′j,α ∩ E(Q)|/|E′′j,α| ≥ 1/16k which
implies that |E′′j,α ∩E(Q)| ≥ |E′′j,α|/16k ≥ t. Let M be an arbitrary size-t subset
of E′′j,α ∩ E(Q). Notice that M is good: Firstly, G[M ] is a biclique. Moreover,
any edge e in E′′ ∩ E(Q) that is not sharing a vertex with any edge in M , is
consistent with G[M ]. There are at least |E′′|/8k−5pkt such edges, because the
number of edges that have two vertices in M is less than t2 and the number of
edges that have one vertex in M is at most ∆(G) · 2t ≤ 4kpt. Since t ≤ p, then
t2 + 4kpt < 5kpt. ut

So, the above lemma implies that whenever a subset of edges is removed from
the graph, that subset must be poor. The following lemma says that, at some
point, a poor subset would not exist anymore.

Lemma 5. Let Ê1, Ê2, . . . , Ê` be a collection of poor subsets removed from the
phases. Then, |

⋃
i Êi ∩ E(Q)| < m/8k

Proof. This follows from the fact that |Êi ∩E(Q)| < |Êi|/8k. Summing over all
i gives us the desired bound. ut

Corollary 3. At the beginning of each phase, we have that |E′∩E(Q)| ≥ m/8k.

Proof. Since after the degree reduction we have at least m/4k edges in E′∩E(Q),
then by Lemma 5, we have at least m/4k−m/8k = m/8k edges in E(Q) left in
each phase. ut

With this, we know that the unsuccessful phase cannot remove too many
edges from the optimal solution. Now, we argue that the result returned by a
successful phase is a matching F that induces a biclique and it has the desired
size.

Observation 5 Let F1 be a matching such that G[F1] is a biclique. Let F2 ⊆
CE(G[F1]) be another matching such that G[F2] is also a biclique. Then G[F1 ∪
F2] is a biclique containing |F1|+ |F2| vertices on each side.

This observation implies that the result returned by the algorithm induces
a biclique. Its size is equal to the product of t with the number of iterations in
that phase. The following lemma will finish the proof.

Lemma 6. A successful phase runs for at least Ω(logz
(
m
t

)
) iterations.

Proof. Notice that in the same phase, each iteration, that starts with E′′, pro-
ceeds to the next iteration (starting with EM ) on the condition that the number
of remaining edges is at least |EM | ≥ |E′′|/8k − 5pkt ≥ |E′′|/16k. At the begin-
ning of the phase, there are at least m/8k edges in E′, and the stopping condition

is when |E′′| ≤ 106pk3t. Therefore, we can proceed for at least log16k

(
m

107k4pt

)
iterations. Since m = Θ(p2k) and k = z2m

n2 ≤ z2, then the number of iterations
is Ω(logk

(
m
t

)
) ≥ Ω(logz

(
m
t

)
). ut
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4 Discussions and Open Problems

In this paper, we present approximation algorithms for MBB whose guarantee
is better than that of brute-force. One obvious open question is to match the
O(n/ log3 n) approximation of clique, which would put biclique and clique in
the same ballpark. A truly interesting direction is to study the power of semi-
definite programs for bicliques. While there are many such algorithms for cliques
and coloring, we do not have them for any biclique problem (including maximum
edge biclique or biclique covering problems).

Finally, as discussed in [10], an interesting aspect of the subgraph removal
algorithm is its connection to algorithmic Ramsey theory. In particular, the
poor subgraph detection algorithm can be seen as a constructive Ramsey-type
argument (please refer to discussions in Feige’s paper for more detail.) While
standard Ramsey arguments (i.e. clique v.s. independent set) have found their
applications in theoretical computer science, ours is perhaps the first algorithmic
result of Ramsey-type theorem for balanced bicliques.
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