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Abstract 

A finite element-based method for accurately determining stress intensity factors (SIF) for interacting 
arbitrarily-shaped 3D cracks is proposed. The method utilizes the superposition principle and does not 
require fine meshes or singular elements. The foundation of the new method is that disturbances in an 
elastic stress field due to neighbouring cracks can be captured accurately by splitting the total stress at 
the crack tip element into two components, singular and non-singular terms. Computed results are in 
very good agreement with the existing numerical solutions. In addition, novel SIF solutions for various 
crack configurations are presented, and the conversion of size-independent solutions to the small crack 
model, the √area parameter model, is introduced. The proposed method can be applied to the SIF 
analysis for interacting cracks with various shapes often observed e.g. in additively manufactured (AM) 
components and the solutions will be useful for the standardization for such complicated defect 
configurations. 
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Nomenclature 
 

ai half-length of crack i 

area The area of the defect projected to the plane perpendicular to the maximum 
principal stress 

d Distance between cracks 

F Dimensionless stress intensity factor 

HV Vickers hardness 

KA1 Stress intensity factor at point A of crack 1 

KA0 Stress intensity factor at point A of a single crack 

Kmax Maximum stress intensity factor 

γ Interaction factor 

ε Distance parameter 

σ0 Remote stress 
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1. Introduction 
 

Metallic components include several natural crack-like defects, which could potentially become 
fatigue crack initiation sites. For instance, such defects may be the result of manufacturing, machining 
or surface finishing. The effect of a single defect on fatigue strength has been comprehensively 
investigated in past studies; see for example [1-5]. However, if defects exist in close proximity, they 
may interact with each other and have an effect to the fatigue strength. In addition, when interaction 
occurs, the effective defect size becomes more difficult to estimate. Therefore, defect interaction has 
been a concern for fatigue experts for many decades. Defect interaction can happen under various 
occasions, such as in the case of casting defects [1, 6-8], surface roughness [1, 9-11], non-metallic 
inclusions [1, 12-14] weld imperfections [15-17] and so forth. Recently, the presence of multiple 
defects in additively manufactured (AM) components has led to a significant reduction in their fatigue 
strength, consequently underscoring the importance of understanding the precise interaction effect in 
fatigue [18-25]. Fig. 1 shows an example of arbitrarily-shaped defects and interacting defects that 
jointly acted as fracture origin in AM specimen [26]. 
 

 
Figure 1. Defects at the fracture origins of AM specimens. [26].  
 

 
Figure 2. Interaction criteria for interacting surface defects in British standard [27].  
 
Current interaction design rules rely on a British standard [27], which provides analytical interaction 
criteria based on the crack length, depth and proximity; see Fig. 2. Since fracture mechanics-based 
design criteria are often based on critical SIF values, it becomes important to be able to compute 
SIF’s accurately. Although closed form solutions for SIFs for 3D cracks are very limited [28, 29], 
several solutions have been obtained by means of various numerical techniques, such as Finite 
Element Method (FEM) [30, 31], Body Force Method (BFM) [32-35], Boundary Element Method 
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[36], Kachanov’s approximation method [37, 38], Eshelby’s equivalent inclusion method [39, 40] 
and Lagrangian finite difference method [41]. Among these methods, FEM is the most popular. The 
main challenges in FEM are that the whole domain must be divided into elements, the very fine mesh 
must be introduced at the regions near the cracks and sometimes special singular elements should be 
used. Such requirements increase the CPU time enormously or the accuracy remains unclear if coarse 
mesh is used. It is easy to understand that SIF’s for complex shaped cracks are even more difficult to 
obtain, and yet, the complexity increases when interacting cracks are involved. Other numerical 
techniques also have their difficulties, since they often require very complicated mathematical 
formulation, the treatment of singular integrals is troublesome and the analysis codes must be self-
created. On the other hand, once the correct code is created the analysis, using for example BFM, is 
very fast and accurate. However, the generalization of such codes for interacting and/or arbitrary 3D 
cracks is very difficult.  
  
This work introduces an efficient Finite Element-based method for interacting arbitrary-shaped 3D 
cracks in solids. The method is hereafter labelled as Stress Component Division Method, SCDM. By 
utilizing superposition principle, this approach provides an accurate tool for SIF analysis using the 
common commercial FEM software, such as ABAQUS, and relatively coarse mesh. This work is 
motivated by the previous study, where similar method was successfully applied to 2D cracks [42]. 
The greatest advantages of the SCDM are that it does not require fine meshes, extrapolations or 
singular elements. With the help of SCDM, this work presents novel SIF’s for various surface crack 
geometries and configurations. Moreover, the conversion of size-independent solutions to the well-
known small crack model, the √area parameter model [43], is introduced.  
 
2. Principle of the proposed method 
 
2.1 Underlying theory 
 
SCDM utilizes the superposition principle that is applicable in linear-elastic problems, see Fig. 3. 
Although the SIF’s for problems in Fig. 3 (a) and (c) are the same, the stress distributions are different 
by the remote stress, as illustrated in Fig. 4. The total stress in a crack tip element can be divided into 
two components, a singular term and a non-singular term both of which are included, for example, in a 
constant stress element. The singular term is associated with the SIF whereas the non-singular term is 
obtained based on the stress which already exists at the same element by assuming that the crack does 
not exist. In FEM, the non-singular term is dominant and interferes with the accurate determination of 
SIF based on the singular term. Thus, the key of the SCDM is to extract the non-singular term from the 
total stress, after which only the singular term remains. 

 
Figure 3. Superposition principle.  
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Figure 4. Stress distributions for problems in Fig. 3 (a) and (c).  
 
By comparing the two stress components with those of a basic single crack for which an exact SIF is 
known, the interaction factor is obtained. In the case of a single crack, the non-singular stress is 
equivalent to the remote stress. However, in the interacting crack problem, the neighbouring crack 
contributes to the non-singular stress field. In the problem of two cracks, first the non-singular term at 
the tip of an imaginary crack is calculated by solving the problem with only one crack (Cases B and C 
in Fig. 5). Secondly, the problem with two cracks is solved to obtain the total stress at the crack tip 
element (Case A in Fig. 5). Finally, the non-singular term is subtracted from the total stress, after which 
only the singular term remains.  In practise, the equation for SIF of A1 point can be written as 
 

tip i,tip
1 A0

0,tip 0

( )
( )A

A A
K K

A 





,     (1) 

 
where KA1 is the stress intensity factor at point A1, KA0 is the stress intensity factor of a single crack, 0 
is the remote stress and other notations refer to stresses at the centroids of crack tip elements as illustrated 
in Fig. 5. SIF at point B2 is obtained in a similar manner. From Eq. 1 the interaction factor is determined 
as 
 

tip i,tip

0,tip 0

( )
( )
A A
A








     (2) 

 
Since the ratio of stresses is used, the possible error in the obtained stresses will vanish. This allows 
the convenient use of relatively coarse mesh.  
 
The SIF solutions for non-elliptical cracks can be obtained when the SIF for similar elliptical crack 
and the stresses at the crack tip elements are known. For instance, the SIF for a single rectangular 
crack (Fig. 5) can be obtained as Krectangle = A0, tip, rectangle * Kellipse / A0, tip, ellipse. Using the known 
solution Kellipse = 0.730a [32], we obtain Krectangle = 0.809a at A1 point. More SIF’s are 
shown in Table 1.  

 
 



5 
 

 
 

Figure 5. Notations for Equation 1.  
 

2.2 Finite element modeling 

Traditionally, the stresses at the crack tip are obtained by using very fine meshes and singular elements. 
Since the exact stresses at the crack tip are unbounded, the SIF is obtained by extrapolating the results 
with different meshes until reasonable accuracy is obtained. Such analyses tend to be troublesome in 
interaction problems, because the two cracks simultaneously influence the stress distributions in the 
vicinity of other cracks. Consequently, by traditional methods, it is impossible to separate the stress 
distribution caused by a crack itself and the magnification of the stress distribution caused by a 
neighbouring crack.  
 
Above-mentioned challenges related to the used element size are overcome in the proposed method since 
the ratio of stresses is obtained from equal element size. Thus, the element sizes and types are kept 
constant thorough this research in order to maintain the consistency of the results. The smaller crack, 
having surface length of 2a, is kept as the reference dimension. The smallest mesh element in the vicinity 
of the cracks was 0.1a and the mesh element size smoothly increased towards the exterior of the solid. 
This element size was able to model deformation and stress with sufficient accuracy based on the 
sensitive analysis carried out with different element size. The element used was an 8-node brick C3D8R, 
which was found to be the most convenient based on numerical analysis with different element types. 
This finding is in line with previous study on 3D cracks [44]. Elements having fewer degrees of freedom 
than C3D8R gave sometimes unrealistic stress values at the crack tip elements, whereas more advanced 
elements increased the CPU time significantly without improving accuracy. In this study, Young’s 
modulus E = 210 GPa suitable for steel was used.  
 
All FE analysis use Poisson’s ratio ν = 0.0 and this is shortly reasoned below. Within the context of 3D 
linear-elasticity, the nature of singularity close to a free surface at the tip of a surface crack depends 
on the value of the Poisson’s ratio. However, experiments [45, 46] suggest that this may not be 
significant compared with, for example, the differences in the state of stress, i.e. plane stress or plane 
strain. In practice, a through-crack is often regarded to be under either plane stress or plane strain 
condition, depending on the thickness of the plate, although, a three-dimensional problem in linear-
elasticity is involved, where the state of stress is near plane strain in the interior and plane stress close 
to the free surface. In fact, the changes in the nature of the singularity close to the free surface 
introduced by the Poisson’s ratio effect for plane stress problems is generally ignored in practice [33]. 
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Therefore, it is acceptable to ignore the Poisson effect close to the free boundary and present 
numerical results for zero Poisson ratio only. Moreover, the usual definition of the stress intensity 
factor does not apply if Poisson’s ratio is non-zero; see the detailed analysis by Murakami and Isida 
[47]. In addition, the BFM solutions used for comparison, use also ν = 0.0. 
 
According to, for example, Åman [32] and Murakami & Nemat-Nasser [33], the location of Kmax 
depends on the aspect ratio of a crack. When aspect ratio, i.e. the ratio of crack depth and half of the 
cracks surface length, is 1.0, the Kmax is never located at the deepest point of the crack [32, 33]. Since 
the cracks used in this study had aspect ratios of 1.0, the SIF’s at the cracks deepest points are not 
reported. In addition, the interaction factors are often very small at the deepest points [32, 33], and 
therefore the SIF’s of surface points of interacting cracks are more relevant to investigate. 

 
2.3 Validation 
 

Figures 6 and 7 show the validation of some selected problems, for which SIF’s are known. Body 
Force Method (BFM) solutions are from a previous work that focused on semi-elliptical cracks [32].  
The results are in an excellent agreement with the known numerical solutions. The differences with 
known numerical BFM solutions are typically less than 2%. Larger differences occurred in case of 
triangular cracks, which is most probably due to the variation in Kmax location. The obtained 
dimensionless SIF’s, i.e. F-values, are shown in Table 1. F is determined as  

0/F K a        (3) 

It is noted that the maximum SIF’s of a triangular cracks are not at the surface points. Triangular 
cracks will be discussed later in more detail.  

 
 

 
Figure 6. Interaction factors for similar rectangular, triangular and elliptical cracks. BFM values are from [32].  
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Figure 7. Interaction factors for uneven size elliptical cracks and comparison with BFM values [32].   
 

Table 1. Dimensionless stress intensity factors for single cracks. * In Ref. [34] it is assumed that the Kmax location is at 
the midpoint of the triangular crack front. In this study, the Kmax location is not exactly at the same point, which 
explains the differences in the obtained F-values.  

 

Crack Shape F (current 
study) 

F (ref) Difference 

Ellipse (Surface 
point) 

0.730 [32] 0.732 [33] 0.2 % 

Rectangle (Surface 
point) 

0.809 0.793 [34] 2 % 

Triangle (Surface 
point) 

0.536 0.493 [34] 8% 

Triangle (Kmax 
point) 

0.714 0.618* [34] 13% 

 
3. Results 

 
3.1 Defect shape effect 

Figure 8 shows interaction factors for uneven size rectangular, triangular and elliptical surface cracks. 
The interaction factors at B2 points are always larger than those at A1 points, because the larger crack 
has more influence on the stress field near the smaller crack. It should be noted that the magnitude of 
interaction factor does not necessarily mean larger SIF, because SIF is also a function of crack length. 
Therefore, the attention should be paid on the larger crack. Figure 9 shows the interaction factors at 
Kmax points of triangular surface cracks. In case of same size cracks, interaction factor at MA1 ( = 
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MB2) does not exceed 1.05 regardless of the distance between the cracks. The location of Kmax 
element was found to change regarding the distance between the cracks. When ε = 1.0, the Kmax 
element was 7th element from the surface. With smaller distances, the Kmax location moved closer to 
the surface, see Fig. 9. In case of uneven size triangular cracks, the interaction factor at MA1 point 
was barely larger than 1.0, whereas the interaction factor at MB2 increased smoothly when distance 
decreased.  

 
Figure 8. Interaction factors for uneven size surface cracks.  

 

 

 
Figure 9. Interaction factors of same and uneven size triangular surface cracks.  
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3.2 Asymmetric triangular cracks 

Figures 10 and 11 show the interaction factors for asymmetric triangular surface cracks having the 
same aspect ratio. In Fig. 10, the interaction factor at A1 point increases smoothly when the distance 
between the cracks decrease, in a very similar manner as in the case of symmetric triangular cracks, 
see Fig. 2. On the contrary, Fig. 11 shows that the interaction factors, at every points investigated, are 
very close to 1.0 even when the distance between the cracks is very small.  

 

 

 
Figure 10. Interaction factors for skewed triangular surface cracks.  
 

 
Figure 11. Interaction factors for skewed triangular surface cracks.  
 

3.3 Mixed crack geometries 

Figure 12 shows interaction factors for elliptical and rectangular surface cracks. The interaction 
factors of an elliptical crack are slightly higher than those of a rectangular crack. This is logical, 
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because the ellipse has smoother crack front than the rectangle and thus, the effect of an ellipse to the 
rectangle is smaller than vice versa. Figure 13 shows the interaction factors for rectangular and 
triangular cracks. Although the Kmax of a triangular crack is located at MB2 point, the interaction 
factor of B2 point is always higher than that of MB2 point. This seems also natural, because B2 point 
is closer to the rectangular crack and is therefore more affected by the disturbances in the stress field, 
due to the rectangular crack. Figure 14 shows the interaction factors for elliptical and triangular 
cracks. By comparing Figs. 13 and 14, their similarity is evident. Considering, for example the 
triangular cracks, it seems that the actual shapes of neighbouring cracks do not influence remarkably 
on the interaction factors. Such a result may be useful, because it allows modelling simplifications of 
more complex shaped cracks.  

 
Figure 12. Interaction factors for elliptical and rectangular surface cracks.  
 

 
Figure 13 Interaction factors for rectangular and triangular surface cracks.  
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Figure 14. Interaction factors for elliptical and triangular surface cracks.  
 

4. Conversion of the size-independent results to the area  parameter model 

All the results presented in this paper are size-independent. They use the most generic form of stress 
intensity factor: 0K F a  . However, considering the unique phenomenon of small crack 
initiation and their well-known size-dependent threshold SIF range [1], small cracks are commonly 
treated in a different manner than long cracks. Murakami [43] has established a well-known area  
parameter model for the fatigue limit evaluation of small cracks. Since the area  parameter model 
literally uses the area  of irregularly shaped defects, it is necessary to express SIF’s in terms of the 
square root of the projected area of defects, area .  
According to Murakami [43], the Kmax of a small surface crack can be expressed by the following 
equation, regardless of the actual shape of the defect: 
 

max 00.65K area       (4) 
 
Where area is the area of a crack projected to the plane perpendicular to the maximum principal stress. 
In order to convert the F-values of three basic cracks used in this study to the area  parameter model, 
we must make their areas equal, see Fig. 15. Then, we solve for F* the following form of equations:  
 

*F a F area       (5) 
 
The computed values are shown in Table 2. The maximum difference is 9%, which is likely a result of 
somewhat ambiguous Kmax location of triangular cracks. The differences in other problems are less than 
5%. It should be noted that the Eq. 4 is semi-empirical and its accuracy has been stated to be within 10% 
[43]. Considering also such viewpoint, the numerical results presented in here coincide very well also 
with the area parameter model.  
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Table 2. Dimensionless stress intensity factors and comparison with the √area parameter model.  
Crack Shape F (current 

study) 
F (ref) Difference in F F* (current 

study) 
F* [43] Difference in F* 

Ellipse 
(Surface point) 

0.730 [32] 0.732 [33] 0.2 % 0.652 0.65 0.3% 

Rectangle 
(Surface point) 

0.809 0.793 [34] 2 % 0.680 0.65 4.4% 

Triangle (Kmax 
point) 

0.714 0.618 [34] 13% 0.714 0.65 9 % 

 

 
Figure 15. Equal areas of three basic cracks of this study.  
 
5. Discussion 
 
The proposed SCDM is convenient in the evaluation of arbitrarily-shaped interacting 3D cracks. The 
major advantages of SCDM are that it is computationally efficient, requires no singular elements and 
is less sensitive to accurate determination of the stresses in the vicinity of the cracks. In addition, 
modern FE software can be utilised, which allows the utilization of the versatility of FEM. SCDM 
uses the ratio of stresses, see Eq. 1, which makes it very insensitive for mesh details, errors in the 
absolute stress values at the crack tips or Poisson’s ratio effect. The method also makes it easy to 
compare complex shaped cracks with simpler shapes. Such comparison gives justification to 
convenient modelling simplifications.   
 
As shown in Fig. 2, the interaction criteria in the standard BS 7910:2013 + A1:2015 [27] considers 
only the aspect ratios of the defects instead of their actual shapes. Although the complex shaped 
surface cracks typically reach semi-elliptical shape after crack initiation and continue growing 
maintaining the semi-elliptical shape, in some problems it is important to evaluate the SIF of the 
original crack shape precisely. For example, consider the fatigue limit, which has been shown to 
represent the crack propagation threshold in most steels [1, 43]. The fatigue limit is associated with 
non-propagating cracks that emanate from original defects, grow some extent and eventually stop 
propagating [1, 43]. The non-propagating crack size depends on several factors, such as defect 
orientation [48], stress ratio [49, 50] and dual-phase microstructure [51]. However, notwithstanding 
other factors, a non-propagating crack usually tends to appear as a result of plasticity-induced crack-
closure [52]. Therefore, it has been suggested that the Vickers hardness, HV, which reflects the 



13 
 

materials resistance against plastic deformation, can be the most relevant material parameter in the 
description of non-propagating crack characteristics [53]. 
 
Based on experimental results reported in the literature, Åman et al. [53] have summarized the 
relationship between the non-propagating size and HV. It was evident that the non-propagating cracks 
hardly exist at the fatigue limit when HV of a material exceeds 400 kgf/mm2. This implies that in the 
case of high strength steels, having limited resistance against plastic deformation and insufficient 
development of crack closure, the crack initiation very often leads to the crack propagation until 
failure. In such a problem, where crack initiation conditions must be accurately determined, it 
becomes important to evaluate the SIF’s of the initial cracks precisely.  
 
If one considers, for example, the cases shown in Figures 10 and 11, the aspect ratios of both crack 
configurations are equal, but the interaction factors differ significantly, especially when the distance 
between cracks is relatively small. In Fig. 10, the interaction factors are nearly same as the 
corresponding interaction factors of a symmetric triangular crack. However, Fig. 11 shows that the 
interaction factors, at every points investigated, are very close to 1.0 even when the distance between 
the cracks is very small. According to the standard [27], the problems in Figs. 10 and 11 are equivalent 
since the aspect ratios of cracks are the same. However, if the crack initiation must be taken into 
consideration, it is recommended to evaluate the SIF’s precisely by taking into account the actual 
crack shape configurations.  
 
 
6. Conclusions 
 

The proposed new FE-based method is applicable to interacting 3D crack problems. The key point of 
the method is to divide the stress at an element into two components, singular and non-singular terms, 
which is not possible with traditional FEM procedures. The singular term is associated with the SIF 
whereas the non-singular term is obtained based on the stress which already exists at the same element 
by assuming that the crack does not exist. In FEM, the non-singular term is dominant and interferes with 
the accurate determination of SIF based on the singular term. Thus, the key of the method is to extract 
the non-singular term from the total stress, after which only the singular term remains. By comparing the 
two stress components with those of a basic single crack for which an exact SIF is known, the interaction 
factor is obtained. The results are in excellent agreement with known numerical solutions. The 
differences with known solutions are typically the order of 0.2-5%. The new method does not require 
special elements or fine meshes, because it uses the ratio of SIF’s. Therefore, if an error exists in an 
element, it will be divided by the same error. Nevertheless, the method can be used by any common 
FE software without losing the versatility of FEM. The method itself and the numerical results 
presented in this paper could be very useful for standardization of general rules for interacting defect 
guidelines. In addition, the results could be especially useful in defect tolerance problems of AM 
materials, since AM defects often have very complex shapes. As the natural defects in materials are 
typically considered equivalent to small cracks, also the simple conversion of size-independent 
solutions for a small crack model, the area  parameter model is also presented in this work. As a 
future work, the SCDM will be applied to real crack geometries, such as shown in Fig. 1. Also 
experimental validation of the SIF’s for complex shaped cracks would be important. In addition, 
numerical analyses considering more than two cracks and also parallel, non-adjacent and other crack 
configurations would be interesting to examine in the future.  

 



14 
 

Acknowledgements 
 
The present research was financially supported by the Academy of Finland (decisions no. 298762). 
Appreciation is also due to CSC – IT Centre for Science Ltd. for the allocation of computational 
resources. The authors appreciate Prof. Heikki Remes, Aalto University, Finland, for his valuable 
comments.  
 
References  

[1] Murakami, Y. (2019). Metal fatigue: effects of small defects and nonmetallic inclusions. 
Academic Press. 

[2] Schönbauer, B. M., & Mayer, H. (2019). Effect of small defects on the fatigue strength of 
martensitic stainless steels. International Journal of Fatigue 127, 362-375. DOI 
doi.org/10.1016/j.ijfatigue.2019.06.021.  

[3] Matsunaga, H., Shomura, N., Muramoto, S., & Endo, M. (2011). Shear mode threshold for a small 
fatigue crack in a bearing steel. Fatigue & Fracture of Engineering Materials & Structures, 34(1), 
72-82. DOI 10.1111/j.1460-2695.2010.01495.x.  

[4] Socie, D. F., Hua, C. T., & Worthem, D. W. (1987). Mixed mode small crack growth. Fatigue & 
Fracture of Engineering Materials & Structures, 10(1), 1-16. 

[5] Kondo, Y., Sakae, C., Kubota, M., & Kudou, T. (2003). The effect of material hardness and mean 
stress on the fatigue limit of steels containing small defects. Fatigue & Fracture of Engineering 
Materials & Structures, 26(8), 675-682.     DOI 10.1046/j.1460-2695.2003.00656.x. 

[6] Endo, M., & Yanase, K. (2014). Effects of small defects, matrix structures and loading conditions 
on the fatigue strength of ductile cast irons. Theoretical and Applied Fracture Mechanics, 69, 34-43. 
DOI 10.1016/j.tafmec.2013.12.005. 

[7] Léopold, G., Nadot, Y., Billaudeau, T., & Mendez, J. (2015). Influence of artificial and casting 
defects on fatigue strength of moulded components in Ti‐6Al‐4V alloy. Fatigue & Fracture of 
Engineering Materials & Structures, 38(9), 1026-1041. DOI 10.1111/ffe.12326. 

[8] Serrano-Munoz, I., Buffiere, J. Y., Verdu, C., Gaillard, Y., Mu, P., & Nadot, Y. (2016). Influence 
of surface and internal casting defects on the fatigue behaviour of A357-T6 cast aluminium alloy. 
International Journal of Fatigue, 82, 361-370. DOI 10.1016/j.ijfatigue.2015.07.032.  

[9] Takahashi, K., & Murakami, Y. (1999). Quantitative evaluation of effect of surface roughness on 
fatigue strength. Engineering Against Fatigue, 693-703. 

[10] Murakami, Y., Tsutsumi K., & Fujishima, M. (1996). Quantitative evaluation of effect of surface 
roughness on fatigue strength. Trans. Jpn. SOC. Mech. Eng. Ser. A, 63597, 1124-1131. 

[11] Kawamoto, M., Nishioka, K., Inui, T., & Tsuchiya, F. (1955). The influence of surface roughness 
of specimens on fatigue strength under rotating-beam test. J Soc Mater Sci Jpn, 4, 42-48. 

[12] Murakami, Y., Kodama, S., & Konuma, S. (1989). Quantitative evaluation of effects of non-
metallic inclusions on fatigue strength of high strength steels. I: Basic fatigue mechanism and 
evaluation of correlation between the fatigue fracture stress and the size and location of non-metallic 
inclusions. International Journal of Fatigue, 11(5), 291-298. DOI 10.1016/0142-1123(89)90054-6. 



15 
 

[13] Karr, U., Schuller, R., Fitzka, M., Schönbauer, B., Tran, D., Pennings, B., & Mayer, H. (2017). 
Influence of inclusion type on the very high cycle fatigue properties of 18Ni maraging steel. Journal 
of Materials Science, 52(10), 5954-5967. 

[14] Matsunaga, H., Sun, C., Hong, Y., & Murakami, Y. (2015). Dominant factors for very‐high‐

cycle fatigue of high‐strength steels and a new design method for components. Fatigue & Fracture 
of Engineering Materials & Structures, 38(11), 1274-1284. DOI 10.1111/ffe.12331. 

[15] Madia, M., Schork, B., Bernhard, J., & Kaffenberger, M. (2017). Multiple crack initiation and 
propagation in weldments under fatigue loading. Procedia Structural Integrity, 7, 423-430. DOI 
10.1016/j.prostr.2017.11.108. 

[16] Otegui, J. L., Kerr, H. W., Burns, D. J., & Mohaupt, U. H. (1989). Fatigue crack initiation from 
defects at weld toes in steel. International Journal of Pressure Vessels and Piping, 38(5), 385-417. 
DOI 10.1016/0308-0161(89)90048-3. 

[17] Leitner, M., Murakami, Y., Farajian, M., Remes, H., & Stoschka, M. (2018). Fatigue Strength 
Assessment of Welded Mild Steel Joints Containing Bulk Imperfections. Metals, 8(5), 306. DOI 
10.3390/met8050306. 

[18] Yamashita, Y., Murakami, T., Mihara, R., Okada, M., & Murakami, Y. (2018). Defect analysis 
and fatigue design basis for Ni-based superalloy 718 manufactured by selective laser melting. 
International Journal of Fatigue, 117, 485-495. DOI 10.1016/j.ijfatigue.2018.08.002. 

[19] Gao, W., Zhang, Y., Ramanujan, D., Ramani, K., Chen, Y., Williams, C.B., Wang, C.C., Shin, 
Y.C., Zhang, S. & Zavattieri, P.D. (2015). The status, challenges, and future of additive 
manufacturing in engineering. Computer-Aided Design, 69, 65-89. DOI 10.1016/j.cad.2015.04.001. 

[20] Masuo, H., Tanaka, Y., Morokoshi, S., Yagura, H., Uchida, T., Yamamoto, Y., & Murakami, Y. 
(2018). Influence of defects, surface roughness and HIP on the fatigue strength of Ti-6Al-4V 
manufactured by additive manufacturing. International Journal of Fatigue, 117, 163-179. DOI 
10.1016/j.ijfatigue.2018.07.020 

[21] Molaei, R., & Fatemi, A. (2018). Fatigue design with additive manufactured metals: issues to 
consider and perspective for future research. Procedia Engineering, 213, 5-16. DOI 
10.1016/j.proeng.2018.02.002. 

[22] Yadollahi, A., & Shamsaei, N. (2017). Additive manufacturing of fatigue resistant materials: 
Challenges and opportunities. International Journal of Fatigue, 98, 14-31. DOI 
10.1016/j.ijfatigue.2017.01.001. 

[23] Beretta, S., & Romano, S. (2017). A comparison of fatigue strength sensitivity to defects for 
materials manufactured by AM or traditional processes. International Journal of Fatigue, 94, 178-
191. DOI 10.1016/j.ijfatigue.2016.06.020. 

[24] Pei, C., Shi, D., Yuan, H., & Li, H. (2019). Assessment of mechanical properties and fatigue 
performance of a selective laser melted nickel-base superalloy Inconel 718. Materials Science and 
Engineering: A, 759, 278-287. DOI 10.1016/j.msea.2019.05.007. 

[25] Ferro, P., Fabrizi, A., Berto, F., Savio, G., Meneghello, R., & Rosso, S. (2020). Defects as a root 
cause of fatigue weakening of additively manufactured AlSi10Mg components. Theoretical and 
Applied Fracture Mechanics, 108, 102611. DOI 10.1016/j.tafmec.2020.102611. 



16 
 

[26] Yamashita, Y., Murakami, T., Mihara, R., Okada, M, & Murakami, Y. (2017). Defect Analysis 
and Fatigue Design Basis for Ni-based Superalloy 718 manufactured by Additive Manufacturing. 
Procedia Structural Integrity, Volume 7. 11-18. DOI 10.1016/j.prostr.2017.11.054. 

[27] Standard, B. (2015). BS 7910: 2013+ A1: 2015 Guide to methods for assessing the acceptability 
of flaws in metallic structures. London, UK: BSI Stand Publ. 

[28] Kassir, M., & Sih, G. C. (1975). Three-dimensional crack problems: A new selection of crack 
solutions in three-dimensional elasticity (Book), Leiden, Noordhoff, International Publishing, 
Mechanics of Fracture, vol. 2. 

[29] Sneddon I.N. (1946). The distribution of stress in the neighbourhood of a crack in an elastic 
solid. Proceedings of Royal Society of London, A 187, 229-260.  

[30] Gupta, P., Pereira, J.P., Kim, D.J., Duarte, C.A. & Eason, T. (2012). Analysis of three-
dimensional fracture mechanics problems: A non-intrusive approach using a generalized finite 
element method. Engineering Fracture Mechanics, 90, 41-64. 

[31] Silva, R. C. C., Guerreiro, J. N. C., & Loula, A. F. D. (2007). A study of pipe interacting 
corrosion defects using the FEM and neural networks. Advances in Engineering Software, 38(11-12), 
868-875. DOI 10.1016/j.advengsoft.2006.08.047.  

[32] Åman, M. (2015). Interacting three-dimensional surface cracks under tensile loading, Master’s 
Thesis, available: https://aaltodoc.aalto.fi/handle/123456789/16692 (last accessed date 11 November 
2019).  

[33] Murakami, Y., & Nemat-Nasser, S. (1982). Interacting dissimilar semi-elliptical surface flaws 
under tension and bending. Engineering Fracture Mechanics, 16(3), 373-386. DOI 10.1016/0013-
7944(82)90115-1. 

[34] Murakami, Y., & Nemat-Nasser, S. (1983). Growth and stability of interacting surface flaws of 
arbitrary shape. Engineering Fracture Mechanics, 17(3), 193-210. DOI 10.1016/0013-
7944(83)90027-9. 

[35] Noda, N. A., Kobayashi, K., & Oohashi, T. (2001). Variation of the stress intensity factor along 
the crack front of interacting semi-elliptical surface cracks. Archive of Applied Mechanics, 71(1), 43-
52. DOI 10.1007/s004190000113. 

[36] Denda, M. & Dong, Y. (1997). Complex variable approach to the BEM for multiple crack 
problems. Computer methods in applied mechanics and engineering, 141, 247-264. 

[37] Kachanov, M. (1987). Elastic solids with many cracks: a simple method of analysis. 
International Journal of Solids and Structures, 23, 23-43. 

[38] Lekesiz, N., Katsube, N., Rokhlin, S.I. & Seghi, R.R. (2013). The stress intensity factors for a 
periodic array of interacting coplanar penny-shaped cracks.  International journal of solids and 
structures, 50, 186-200. 

[39] Xiao, Z., Lim, M. & Liew, K. (1994). Stress intensity factors for two coplanar pennyshaped 
cracks under uniaxial tension. International journal of engineering science, 32, 303-311. 

[40] Shodja, H., Rad, I. & Soheilifard, R. (2003). Interacting cracks and ellipsoidal inhomogeneities 
by the equivalent inclusion method. Journal of the Mechanics and Physics of Solids, 51, 945-960. 



17 
 

[41] Chen, Y. (1975). Numerical computation of dynamic stress intensity factors by a Lagrangian 
finite-difference method (the HEMP code). Engineering Fracture Mechanics, 7, 653-660. 

[42] Murakami, Y. (1976). A simple procedure for the accurate determination of stress intensity factors 
by finite element method, Engineering Fracture Mechanics, Volume 8, Issue 4, 643-655 
 
[43] Murakami, Y. & Endo, M. (1983). Quantitative evaluation of fatigue strength of metals containing 
various small defects or cracks. Engineering Fracture Mechanics, Volume 17, Issue 1, 1-15. 
 
[44] Chen D. H. & Nisitani H. (2007). Body force method. International Journal of Fracture, 86. 
161–189. 

[45] Nisitani H. & Morimitsu T. (1976). Estimation of crack propagation property by the rotating-
bending fatigue test of specimens with a small hole. Journal of the Japan Society of Mechanical 
Engineers JSME, 42. 325-334. 
 
[46] Kawano H., Endo T. & Murakami Y. (1980). Propagation of cracks emanating from microhole 
of 40 μm diameter, Prelim. Proc. Japan, Journal of the Japan Society of Mechanical Engineers JSME 
No 800-11. 179-181  
 
[47] Murakami Y. & Ishida M. (1985). Analysis of stress intensity factors for arbitrarily shaped 
surface crack and stress distribution near surface. Trans. JSME, Ser. A, Vol. 51, No. 464.  

[48] Lorenzino, P., Okazaki, S., Matsunaga, H., & Murakami, Y. (2015). Effect of small defect 
orientation on fatigue limit of carbon steels. Fatigue & Fracture of Engineering Materials & 
Structures, 38(9), 1076-1086. DOI:10.1111/ffe.12321. 

[49] Kondo, Y., Sakae, C., Kubota, M., & Kudou, T. (2003). The effect of material hardness and 
mean stress on the fatigue limit of steels containing small defects. Fatigue & Fracture of Engineering 
Materials & Structures, 26(8), 675-682. DOI 10.1046/j.1460-2695.2003.00656.x. 

[50] Wada, K., Abass, A., Okazaki, S., Fukushima, Y., Matsunaga, H., & Tsuzaki, K. (2017). Fatigue 
Crack Threshold of Bearing Steel at a Very Low Stress Ratio. Procedia Structural Integrity, 7, 391-
398. DOI 10.1016/j.prostr.2017.11.104. 

[51] Åman, M., Okazaki, S., Matsunaga, H., Marquis, G. B., & Remes, H. (2017). Interaction effect 
of adjacent small defects on the fatigue limit of a medium carbon steel. Fatigue & Fracture of 
Engineering Materials & Structures, 40(1), 130-144. DOI 10.1111/ffe.12482. 

[52] Elber, W. (1971). The significance of fatigue crack closure. In Damage tolerance in aircraft 
structures. ASTM International. 

[53] Åman, M., Wada, K., Matsunaga, H., Remes, H. & Marquis, G. (2020). The influence of 
interacting small defects on the fatigue limits of a pure iron and a bearing steel. International journal 
of fatigue, vol. 135, 105560. DOI 10.1016/j.ijfatigue.2020.105560. 

 


