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ABSTRACT
We present a relativistic correction scheme to improve the accuracy of 1s core-level binding energies calculated from Green’s function the-
ory in the GW approximation, which does not add computational overhead. An element-specific corrective term is derived as the difference
between the 1s eigenvalues obtained from the self-consistent solutions to the non- or scalar-relativistic Kohn–Sham equations and the four-
component Dirac–Kohn–Sham equations for a free neutral atom. We examine the dependence of this corrective term on the molecular
environment and the amount of exact exchange in hybrid exchange–correlation functionals. This corrective term is then added as a perturba-
tion to the quasiparticle energies from partially self-consistent and single-shot GW calculations. We show that this element-specific relativistic
correction, when applied to a previously reported benchmark set of 65 core-state excitations [D. Golze et al., J. Phys. Chem. Lett. 11, 1840–
1847 (2020)], reduces the mean absolute error (MAE) with respect to the experiment from 0.55 eV to 0.30 eV and eliminates the species
dependence of the MAE, which otherwise increases with the atomic number. The relativistic corrections also reduce the species dependence
for the optimal amount of exact exchange in the hybrid functional used as a starting point for the single-shot G0W0 calculations. Our correc-
tion scheme can be transferred to other methods, which we demonstrate for the delta self-consistent field (ΔSCF) approach based on density
functional theory.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0018231., s

I. INTRODUCTION

Core-level binding energies (BEs), measured by x-ray photoe-
mission spectroscopy (XPS), are element-specific but also depend
on the local chemical environment and thus afford access to infor-
mation about the chemical bonding, oxidation state, and coordina-
tion of a given element in a sample.1–3 The energetic differences
(chemical shifts) between atomic species of the same type can be
smaller than 0.5 eV for second row elements and can be as low as
0.1 eV for carbon 1s excitations.4 The interpretation of an XPS spec-
trum can be very difficult due to overlapping features or the lack
of well-defined reference data.5,6 Highly accurate theoretical tools
for the prediction of relative and absolute BEs are, therefore, nec-
essary to guide the experiment and its interpretation. The reliable
computation of absolute core-level energies is generally more chal-
lenging than the calculation of energy shifts7 and is the focus of this
work.

The most common approach to calculating core-level BEs
is the delta self-consistent field (ΔSCF) method,8 wherein one
computes the total energy difference between the ground and
core-ionized states using Kohn–Sham density functional theory
(KS-DFT). The best absolute core-level BEs have been obtained
with meta-generalized gradient approximation (meta-GGA) func-
tionals, yielding mean deviations of ≈0.2 eV with respect to the
experiment for small molecules.9,10 A similar accuracy has been
obtained with high-level wavefunction-based delta coupled clus-
ter methods,11–13 albeit at much higher computational cost. The
introduction of occupation constraints and the explicit generation
of a charged system in Δ-based approaches lead to a plethora of
problems.14,15 Most importantly, the application to periodic sys-
tems requires further approximations, e.g., neutralizing the unit or
supercell.16,17

These problems do not occur in response theories, which avoid
the explicit introduction of a core-ionized system and recently
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emerged as viable alternatives to Δ-based schemes for core-level
calculations.18–20 One particularly promising response approach is
the GW approximation21 to many-body perturbation theory. GW
offers access to the core-state quasiparticle energies, which can be
directly related to the core-level BEs. The GW approach is the stan-
dard approach to compute valence excitations (band structures) in
solid-state physics.22 With the advent of efficient implementations
with localized basis sets,23–28 GW has also become the method of
choice for calculating the BEs of frontier orbitals in molecules and is
nowadays routinely applied to large molecular structures with sev-
eral hundred atoms.27,29–31 GW has also been successfully applied
to deep valence and semi-core states with excitation energies up to
80 eV.32–34 However, the application of GW for deep core states with
BEs larger than 100 eV, which are the ones relevant for the chemi-
cal analysis, has rarely been attempted. The first GW studies19,35–37

for deep core states reported partly large deviations of several elec-
tronvolts from the experiment. Recently, we have shown that GW
can also be successfully applied for relative and absolute 1s molecu-
lar core-level BEs when utilizing highly accurate techniques for the
integration of the self-energy38 and eigenvalue self-consistency in
the Green’s function.20

The application of GW (or any other method) to absolute core-
level binding energies requires an accurate treatment of relativistic
effects. Already for the 1s core levels of the p-block second period
elements, the magnitude of relativistic effects begins to exceed the
size of the chemical shifts. Recently, we have applied theGW method
to a benchmark set of 65 core-level BEs of the second period ele-
ments C, N, O, and F in small and medium-sized molecules (hence-
forth, the CORE65 benchmark set), obtaining a mean deviation from
the experiment of 0.3 eV.20 Therein, we applied a simple relativistic
correction to the GW computed core-level energies. The purpose of
the present article is to describe this correction.

Relativistic effects enter the GW formalism via the underly-
ing reference calculation. A fully relativistic one-particle reference
is described by a four-component Dirac spinor, or approximately by
two-component spinors. Both types of spinors enable the descrip-
tion of noncollinear electronic states. GW equations with an explicit
spin-dependent electron–electron interaction were only developed
12 years ago39,40 and provide a framework to properly describe spin–
orbit coupling (SOC) effects in GW. Several GW codes emerged over
the past years that implement these equations, employing spinors
from all-electron two-component Dirac–KS-DFT calculations,41,42

KS-DFT with second-variation SOC43 or KS-DFT with fully rel-
ativistic pseudopotentials.44,45 These implementations are in the
following referred to as fully relativistic GW approaches.

Fully relativistic GW calculations have been primarily used
to compute valence and conduction bands of solids with
strong SOC effects. Fully relativistic results have been reported
for actinide metals,46,47 transition metal chalcogenides43,44 and
dichalcogenides,45,48,49 perovskites,44,50 and bismuth-based topolog-
ical insulators.51–56 Compared to non-relativistic GW, the fully rela-
tivistic approach is computationally at least four times more expen-
sive.42 Alternatively, the SOC can be added as a perturbative cor-
rection to the quasiparticle band structure, which was common in
earlier GW studies.57 Since this approach is computationally less
expensive, it continues to be employed.58–60 However, it has been
shown that the SOC post-correction scheme can fail, for example, to
describe the band inversion in topological insulators.53

An explicit treatment of the SOC is typically not necessary
for valence excitations of molecules, unless very heavy atoms are
involved. Since molecular GW studies have mainly focused on
organic semiconductors,22 fully relativistic GW calculations are rare
and have been mostly conducted for diatomic molecules,41,44 but
recently also for transition metal halide complexes.42 If relativis-
tic effects are considered in molecular GW calculations at all, they
are more commonly included by employing one-component refer-
ence states that capture only scalar-relativistic effects. This approach
has been employed in GW calculations with scalar-relativistic
pseudopotentials23,27 or the zeroth-order regular approximation
(ZORA).31

Relativistic considerations for the innermost core-levels differ
from those for valence excitations. SOC leads, for core states with the
angular quantum number l > 0, to a splitting. Already for 2p states of
third-row elements, e.g., sulfur, this splitting lies in the range of 1 eV
and increases for fourth-period elements to several tens of eV.61 SOC
affected core states require, thus, a noncollinear treatment, and we
are only aware of one GW study41 that reports results for deep, spin–
orbit-coupled p states. In this study, we focus on organic molecules
and small inorganic molecules with elements C, N, O, and F, for
which, typically, the 1s excitations in the energy range from 250 eV
to 700 eV are measured in XPS. While scalar relativistic effects are
heightened in the proximity of the poorly screened nuclear charge,
SOC is suppressed for 1s core states. In contrast to valence excita-
tions, the most common scalar-relativistic approximation, ZORA
(or, in the variant used in this work and explained in Sec. II D
2, atomic ZORA62,63), performs poorly for the absolute eigenvalues
associated with the innermost core levels.64,65 In order to avoid the
computational expense of a fully Dirac-like, two-component GW
calculation, which is not essential for the physics of 1s core excita-
tions, we derive here an element-specific relativistic corrective term
for non-relativistic and scalar-relativistic reference states, which we
add in a post-GW perturbative step.

The remainder of this article describes this correction. In Sec. II,
we describe the GW formalism, highlighting aspects that are partic-
ularly relevant for core-level calculations, and follow this up with an
overview of the aspects of relativistic theory relevant to this work.
We then describe the methods employed in Sec. III. We present and
discuss the results of our correction schemes, which we apply to GW
and ΔSCF computed core-level BEs of the CORE65 benchmark set
in Sec. IV and finally draw conclusion in Sec. V.

II. THEORY
A. G 0W 0 quasiparticle energies

In practice, GW is often performed as a one-shot perturbative
approach (G0W0) on top of an underlying mean field theory calcula-
tion. Possible mean field theories are Hartree–Fock (HF), KS-DFT,
or hybrid DFT, which yield the molecular orbitals (MOs) {ϕn} and
eigenvalues {ϵn} used as an input (starting point) for the G0W0 cal-
culation. The G0W0 quasiparticle (QP) energies ϵG0W0

n are obtained
by solving the QP equation,

ϵG0W0
nσ = ϵnσ + ReΣnσ(ϵG0W0

nσ ) − vxc
nσ , (1)
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and can be related to the BE of state n by BEnσ = −ϵG0W0
nσ , where

σ denotes the spin index. The nth diagonal elements of the KS
exchange–correlation (XC) potential and self-energy operator Σ are
denoted by vxc

nσ = ⟨ϕnσ ∣vxc
∣ϕnσ⟩ and Σnσ = ⟨ϕnσ ∣Σσ ∣ϕnσ⟩, respectively.

The self-energy operator is given by

Σσ(r, r′,ω) =
i

2π ∫
dω′Gσ

0(r, r′,ω + ω′)W0(r, r′,ω′)eiω
′η, (2)

where Gσ
0 is the non-interacting KS Green’s function, W0 is the

screened Coulomb interaction, and η is a positive infinitesimal. The
KS Green’s function is obtained from the KS orbitals and eigenvalues
by

Gσ
0(r, r′,ω) =∑

m

ϕmσ(r)ϕmσ(r′)
ω − ϵmσ − iηsgn(ϵF − ϵmσ)

, (3)

where ϵF is the Fermi energy and the sum runs over both the occu-
pied and virtual KS orbitals. Within the random phase approxima-
tion, the screened Coulomb interaction is given by

W0(r, r′,ω) = ∫ dr′′ϵ−1
(r, r′′,ω)v(r′′, r′), (4)

with the bare Coulomb interaction v(r, r′) = 1/|r − r′| and the
dielectric function, ϵ,

ϵ(r, r′,ω) = δ(r, r′) − ∫ dr′′v(r, r′′)χ0(r′′, r′,ω), (5)

where the irreducible polarizability χ0 is given in the real-space
Adler–Wiser representation66,67 as

χ0(r, r′,ω) =∑
σ

occ

∑
i

virt

∑
a
ϕaσ(r′)ϕiσ(r′)ϕaσ(r)ϕiσ(r)

× [
1

ω − (ϵaσ − ϵiσ) + iη
+

1
−ω − (ϵaσ − ϵiσ) + iη

]. (6)

The index i runs over occupied orbitals, and a runs over virtual
orbitals. Note that we drop the spin index σ in the following for
simplicity.

We split the self-energy in a correlation partΣc and an exchange
part Σx, where Σ = Σc + Σx. The exchange term is frequency-
independent and calculated as the HF-like exchange with the KS
orbitals, as described in Ref. 38. Details on the calculation of the
correlation part are given in Sec. II B.

Equation (1) is non-linear and can be solved iteratively or
approximately by linearization using a Taylor expansion to the first
order around ϵn.22 As we pointed out in our previous work,20,38 the
linearization error increases rapidly with an increase in BE and can
already amount to 0.5 eV for deeper valence states.22 The magni-
tude of this error is in the range of the chemical shifts expected for
1s excitations. In addition, core-level BEs are an order of magni-
tude larger than deep valence BEs, potentially leading to even larger
linearization errors. We, therefore, always solve the QP equation
iteratively.

B. Frequency treatment for core states
The accurate frequency integration of the self-energy [Eq. (2)]

is one of the major challenges for the calculation of deep core states.
A common approach for valence states is to evaluate the self-energy
for imaginary frequencies and analytically continue it to the real
frequency axis by fitting the self-energy matrix elements to a mul-
tipole model. Analytic continuation is employed in many state-of-
the-art GW implementations24,27,29,68 and yields accurate results for
valence states.69 The structure of Σn for a valence state is typically
smooth in the frequency region where the QP solution is expected
and is well reproduced by analytic continuation. For core states,
the self-energy has a complicated structure with many poles. We
showed that analytic continuation becomes numerically unstable in
the core region and completely fails to reproduce the self-energy
structure.38

For core states, a more accurate evaluation of the self-energy
on the real frequency axis is required. We employ the contour
deformation (CD) technique to evaluate the correlation self-energy
Σc,22,23,38,70–72 where the numerically unstable integration along the
real frequency axis is avoided by extending the integrand to the com-
plex plane. The contours are chosen such that only the poles of
G0 are enclosed in the contours, and the contour integral is evalu-
ated using the residue theorem; see Refs. 22 and 38 for details. The
integral along the real frequency axis is then evaluated as

Σc(r, r′,ω) = −
1

2π ∫
∞

−∞

dω′G0(r, r′,ω + iω′)Wc
0(r, r

′, iω′)

−∑
i
ϕi(r)ϕi(r′)Wc

0(r, r′, ∣ϵi − ω∣ + iη)θ(ϵi − ω)

+∑
a
ϕa(r)ϕa(r′)Wc

0(r, r′, ∣ϵa − ω∣ + iη)θ(ω − ϵa), (7)

where θ is the Heaviside step function, Wc
0(r, r′,ω) = W0(r, r′,ω)

− v(r, r′), and i refers to occupied and a to unoccupied orbitals.
The CD technique reproduces the self-energy structure for core

excitations exactly and matches the results from the computationally
more expensive fully analytic solution of Eq. (2).38 Recently, com-
bining the CD approach with analytic continuation of W0 has been
proposed73 and might be an alternative approach for the accurate
calculation of the self-energy for core states.74

C. Restoration of the core-level quasiparticle peak
In this section, we briefly present the GW variants that we used

in this work. By now, many different GW flavors have emerged in
practical calculations.22 The most common flavor, G0W0 based on
a semi-local DFT starting point, breaks down for core states, as we
will detail in the following. We, therefore, need to go beyond the
most common approach.

The problem with the conventional GW approach is related
to a loss of spectral weight in the QP peak in the spectral function
A(ω) = 1/π∑m∣ImGm∣, where m runs over all occupied and vir-
tual states and G = G0 + G0ΣG. For molecular valence states, G0W0
performed on top of a DFT calculation with the Perdew–Burke–
Ernzerhof (PBE)75 functional (G0W0@PBE) yields a clearly identifi-
able QP peak. This peak corresponds to a distinct solution of Eq. (1).
Multiple solutions, which would indicate spectral weight transfer to
other peaks in the spectral function, have only been observed for
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a few systems for frontier orbitals.69,76–78 These are rare cases and
usually not more than two possible solutions are observed.

The situation is dramatically different for deep core states.
The analysis of the spectral functions in our recent work showed
that a unique QP solution is not obtained with G0W0@PBE for
1s states.20 The spectral function shows a multitude of peaks with
similar spectral weight, but no distinct QP excitation. A spurious
transfer of spectral weight from the QP peak to plasmon satellites
has been previously observed for deep valence states of transition
metal oxides79,80 and semi-core excitations of sodium.33 However,
for deep core states, the transfer of spectral weight is far more
extreme resulting in a spectral function, where the satellite spec-
trum and quasiparticle have completely merged. Such a spectral
function contradicts the expected physics. Photoemission spectra
of molecular 1s excitations show strong QP peaks accompanied by
satellites features due to multi-electron excitations such as shake-
up processes, which are orders of magnitude smaller than the main
excitation.81,82

We showed that the 1s QP peak can be correctly restored by
including eigenvalue self-consistency in G, while keeping PBE as
the starting point.20 This scheme is referred to as evGW0@PBE. In
evGW0, the screened Coulomb interaction is kept fixed at the W0
level, and the Green’s function is recomputed replacing the mean
field eigenvalues with the QP energies from Eq. (1). We enforce
eigenvalue self-consistency only in G. Inserting the QP energies also
in W0 (evGW) reduces the screening, which is not advantageous
because the overscreening in W at the PBE level compensates the
underscreening due to missing vertex corrections. It has been shown
that evGW0 yields bandgaps in good agreement with the experi-
ment,83 while underscreening errors in the evGW scheme lead to
too large bandgaps83 and overly stretched spectra.84

Higher-level self-consistency schemes, such as fully self-
consistent GW (scGW)85–87 or quasiparticle self-consistent GW
(QSGW),88 are expected to restore the 1s QP peak as well but might
not yield better agreement with the experiment than evGW0. It
has been shown that scGW overestimates molecular HOMO excita-
tions89 and bandgaps in solids.90 Similar underscreening effects are
also expected for core states. A first exploratory study seems to con-
firm this assumption for QSGW, reporting an overestimation of 2 eV
for 1s core states of small molecules.37

evGW0 is computationally more demanding than a G0W0 cal-
culation because the QP equation is not only solved for the 1s
core states of interest but also repeatedly for all occupied and vir-
tual states until convergence in G is reached. We showed that the
core-level QP peak can also be restored in a G0W0 calculation by
using a XC functional with a high fraction of exact exchange as the
starting point.20 We employ the PBEh(α) functional family with an
adjustable amount α of HF exact exchange.91 The XC energy Exc is
given by

Exc = αEEX
x + (1 − α)EPBE

x + EPBE
c , α ∈ [0, 1], (8)

where EEX
x denotes the HF exchange energy. EPBE

x and EPBE
c are the

PBE exchange and correlation energy, respectively.
In this work, we followed Ref. 20 and used both evGW0 and

G0W0@PBEh(α). We analyze how the relativistic corrections we
devised affect the two schemes.

D. Relativistic methods
It has long been recognized that relativistic effects play a large

role in the chemistry of heavy elements.92,93 In this work, we treat the
core states of light elements carbon through fluorine, whose BEs are
in the range of 250 eV–700 eV, and for which relativistic effects are
usually smaller than 1 eV. However, the accuracy required to resolve
XPS spectra of 1s excitations of second row elements is in the range
of some tenths of an electronvolt and, therefore, on the same order
of magnitude as the relativistic effects.

Our relativistic correction scheme for GW is based on two dif-
ferent relativistic KS-DFT methods. The first is the four-component
Dirac Kohn–Sham (4c-DKS) approach, further also referred to as
the fully relativistic scheme. The second uses the scalar-relativistic
atomic ZORA.

1. Fully relativistic Dirac approach
The relativistic description of a non-interacting electron in an

external potential V is given by the Dirac equation,94

hDΨ = ϵΨ, (9)

where Ψ = (ϕχ) is a four-component Dirac spinor, which is com-

prised of a large component ϕ and a small component χ, each
of which has two components for the spin functions. The Dirac
Hamiltonian shifted by the rest energy c2 is given by

hD = (
V cσ ⋅ p

cσ ⋅ p −2c2 + V), (10)

where c is the speed of light, σ is a vector of Pauli spin matrices, and
p is the momentum operator. For electron-like states in the non-
relativistic limit (c→∞), the large component ϕ reduces to the wave
function of the Schrödinger equation, while the small component
vanishes.

For the case with N interacting electrons, the electronic rela-
tivistic Hamiltonian is

HD =
N

∑
i
hD(i) +

N

∑
i<j

g(i, j), (11)

where g(i, j) is the electron–electron interaction. In the non-
relativistic case, g(i, j) corresponds to the Coulomb operator,
where the interaction between two electrons is instantaneous. When
including relativity, this cannot be correct because the Coulomb
interaction between electrons involves the exchange of photons trav-
eling at the speed of light. The relativistic electron–electron operator
is much more complicated than the non-relativistic one and cannot
be written in the closed form. Its perturbation expansion in terms of
1/c2 yields

g(i, j) =
∞

∑
n=0
(1
c2)

ngn(i, j)

=
1

∣ri − rj∣
+ O(c−2

), (12)

where g0 is the instantaneous Coulomb interaction and the first
order correction g1 is the Breit term,95,96 which introduces magnetic
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and retardation effects. In our 4c-DKS calculations, we include only
the g0 term. The contributions from the Breit term are believed to
be small,97–100 and they are, therefore, neglected in most relativistic
calculations.

In relativistic KS-DFT,101–105 the XC functional should, in prin-
ciple, also include relativistic effects and should be formulated in
terms of the four-current density.106 The latter is the basic density
variable in relativistic KS-DFT. A relativistic generalization of the
local density approximation (RLDA)103 has been proposed, as well
as a semi-empirical gradient corrected variant (RGGA).102,107 Com-
mon practice, however, is to use a non-relativistic XC functional in
conjunction with the Dirac kinetic energy,100,106 which is the proce-
dure we follow in this work. Here, we use a 4c-DKS approach with
non-relativistic GGA and hybrid GGA functionals.

2. Scalar-relativistic atomic ZORA approach
The computational cost for a fully relativistic 4c-DKS approach

is significantly higher than for non-relativistic Schrödinger Kohn–
Sham (SKS). The scalar-relativistic atomic ZORA [see Eq. (18)]
retains the computational effort of an SKS calculation and has been
shown to capture relativistic effects in good agreement with other
scalar-relativistic all-electron schemes.62,63,108

The original ZORA scheme is derived by solving one of the two
coupled equations in Eq. (9) for the small component χ and insert-
ing it into the other equation, which yields the following (still exact)
expression for the un-normalized large component:

σ ⋅ p
c2

2c2 − V
(1 +

ϵn
2c2 − V

)
−1
σ ⋅ pϕn + Vϕn = ϵnϕn, (13)

and can be rewritten as

σ ⋅ p(
c2

2c2 + ϵn − V
)σ ⋅ pϕn + Vϕn = ϵnϕn. (14)

Expanding the parenthetical term in Eq. (13) as a geometric series
yields the regular approximation,105

σ ⋅ p
c2

2c2 − V
(
∞

∑
k=0
(

ϵn
V − 2c2 )

k
)σ ⋅ pϕn + Vϕn = ϵnϕn. (15)

Retaining only the scalar part of the zeroth order term (k = 0)
transforms Eq. (15) to

(TZORA + V)ϕn = ϵnϕn, (16)

where the ZORA kinetic energy TZORA is defined as109

TZORA
= p ⋅

c2

2c2 − V
p. (17)

The zeroth order is the only order in this expansion that
leaves the Hamiltonian independent of ϵn, enabling a standard
numerical treatment of the ensuing KS equations. From Eq. (14),
it is apparent that the ZORA is equivalent to the supposition
that ϵn ≪ 2c2. This relation is correct for valence states, i.e.,
ZORA correctly reflects their scalar-relativistic behavior. In contrast,
ϵn ≪ 2c2 is a potentially severe approximation for the deep core

states. However, the core states are relatively inert, i.e., the chemi-
cal shifts are small compared to the absolute value of ϵn. The error
introduced for core states by neglecting the higher order terms
(ϵn/(V − 2c2

))
k in Eq. (15) is, therefore, largely an atomic prop-

erty. For a given atomic species, orbital, and orbital occupation,
the dependence of this error on different chemical environments is
minor. Physical quantities that depend on a difference in energies
are, therefore, not strongly affected.

Since the potential V enters in the denominator of Eq. (17),
rather than as ϵn − V, it is clear that ZORA is gauge dependent, i.e., a
constant shift in the electrostatic potential does not lead to a constant
shift in the energy. In practice, this dependence on the choice of the
zero-energy level of the potential in different chemical environments
would be a severe problem. Different methods have been proposed
to restore gauge-invariance. One of them is the scaled ZORA,110

where the eigenvalues are rescaled after self-consistency is reached.
Scaled ZORA restores almost, but not completely gauge-invariance.

Full gauge-invariance is achieved in the atomic ZORA scheme
(aZORA), which we use in this work. We employ the aZORA
approach as defined in Eqs. (55) and (56) of Ref. 62 and bench-
marked in Refs. 63 and 108. In aZORA, the potential in the denom-
inator of TZORA is replaced with the potential vat(j) of a radially
symmetric free atom in empty space, which is calculated once at
the outset of the calculation and, therefore, does not depend on the
chemical environment in any way. The potential vat(j) is evaluated
using boundary conditions with zero potential at infinity (i.e., non-
periodic boundary conditions). The dependence on index j indi-
cates that vat(j) corresponds to the potential of the atomic species
at the center where the basis function φj is localized. For semilocal
DFT calculations with, e.g., the PBE functional, we construct vat(j)
using the same functional. For our hybrid DFT calculations with
the PBEh family, vat(j) is, instead, constructed using PBE exchange–
correlation for simplicity. This approximation is entirely minor for
the same reasons as using vat(j) instead of V in the first place. The
dominant effect of eitherV or vat(j) in Eq. (17) with respect to the 2c2

term is the deep electron–nucleus potential, modified by the overall
electrostatic screening of the surrounding core electrons. In con-
trast, differences associated with vxc are negligible compared to the
magnitude of 2c2.

The atomic potential vat(j) introduces a dependence on the
localized basis functions φj in the kinetic term TaZORA. Therefore,
the matrix elements need to be symmetrized to restore Hermiticity,
which finally gives

⟨φi∣TaZORA
∣φj⟩ =

1
2
⟨φi∣p ⋅

c2

2c2 − vat(j)
p∣φj⟩

+
1
2
⟨φj∣p ⋅

c2

2c2 − vat(i)
p∣φi⟩. (18)

While the absolute values of the scaled ZORA eigenvalues are
closer to the 4c-DKS reference,110 we expect the relative shifts with
respect to 4c-DKS, which are relevant for the proposed correc-
tion scheme, to be more consistent with aZORA. The reason is
that the latter, unlike scaled ZORA, restores the gauge-invariance
completely.
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E. Atomic relativistic corrections for GW
For GW, we have developed three simple correction schemes

to account for relativistic effects: (I) Atomic relativistic corrections
are added to the QP energies. (II) The aZORA Hamiltonian is used
for the underlying DFT calculation, and the obtained KS eigenvalues
and MOs are used as a starting point for GW. (III) aZORA is used
as in II, and atomic relativistic corrections are added to the QP ener-
gies. The atomic corrections are always added as a post-processing
step to the converged QP energies and have been obtained as follows.

For scheme I, the atomic relativistic corrections ΔϵSKS
1s,at are

computed as the difference between the non-relativistic SKS 1s
eigenvalues (ϵSKS

1s,at) and the fully relativistic 4c-DKS 1s eigenvalues
(ϵ4c-DKS

1s,at ),

ΔϵSKS
1s,at = ϵ

4c-DKS
1s,at − ϵSKS

1s,at. (19)

The label “at” indicates that the calculations are performed for a
free neutral atom. For scheme III, we use the atomic corrections
ΔϵaZORA

1s,at ,

ΔϵaZORA
1s,at = ϵ4c-DKS

1s,at − ϵaZORA
1s,at , (20)

evaluating the difference to the aZORA 1s eigenvalues (ϵaZORA
1s,at )

instead to the SKS eigenvalues. The atomic 1s eigenvalues ϵSKS
1s,at,

ϵaZORA
1s,at , and ϵ4c-DKS

1s,at are computed self-consistently at the PBE level by
solving the radial SKS, aZORA, and 4c-DKS equations, respectively.

III. COMPUTATIONAL DETAILS
All GW and ΔSCF calculations are performed with the all-

electron FHI-aims program package,24,62,111 which is based on
numerically tabulated atom-centered orbitals (NAOs). Core-level
BEs from G0W0, evGW0, and ΔSCF calculations are calculated for
the CORE65 benchmark set introduced in Ref. 20, which contains
65 1s binding energies of second row elements (C, N, O, and F)
for 31 closed- and one open-shell molecule. The settings for G0W0,
evGW0, and ΔSCF are the same as in our previous work20 and are
summarized in the following.

The ΔSCF calculations are performed with the PBE0112,113

hybrid functional employing def2 quadruple-ζ valence plus polariza-
tion (def2-QZVP)114 basis sets. The all-electron def2-QZVP Gaus-
sian basis sets are treated numerically in FHI-aims for compliance
with the NAO scheme. We decontract the def2-QZVP basis sets to
enable a full relaxation of the other electrons in the presence of a
core-hole; see Ref. 20 for further details and an explanation of the
basis set choice.

For the GW calculations, the QP equation [Eq. (1)] is always
solved iteratively. For the partially self-consistent evGW0 scheme,
we iterate the eigenvalues additionally in G. We use the PBE func-
tional75 as a starting point for the evGW0 calculations. As dis-
cussed in Sec. II C, a distinct 1s QP solution does not exist at the
G0W0@PBE level, i.e., for the initial evGW0@PBE step. We, there-
fore, initialize the evGW0 loop with approximate 1s QP solutions
obtained, e.g., by linearizing the 1s QP equation or employing a
larger value for the broadening parameter η. Note that this is only
done for the first evGW0@PBE steps. For G0W0, we employ the
PBEh(α) hybrid functionals91 for the underlying DFT calculation,

where α indicates the fraction of HF exchange in the functional.
The core-level BEs are extrapolated to the complete basis set limit
to account for the slow convergence of the GW QP energies with
respect to the basis set size.22,27,69,115,116 All empty states that can be
resolved by the given basis set are included in the calculation of the
self-energy. The extrapolation is performed by a linear regression
with respect to the inverse of the total number of basis functions
using the Dunning basis set family cc-pVnZ (n = 3–6).117,118 Details
are given in Table S3 of the supplementary material, and compre-
hensive convergence studies are presented in Fig. S1. Furthermore,
we use the CD technique38 to compute theGW self-energy. The inte-
gral over the imaginary frequency axis in Eq. (7) is computed using
modified Gauss–Legendre grids24 with 200 grid points.

Relativistic effects for GW are included in three different ways,
as described in Section IIE. For ΔSCF, we account for relativis-
tic effects self-consistently using the aZORA.62 We also apply the
atomic relativistic schemes introduced in Sec. II E to ΔSCF for com-
parison. To obtain the atomic relativistic corrections for Eqs. (19)
and (20), the radial DKS, SKS, and aZORA-KS equations are solved
self-consistently on numerical real-space grids with the DFTATOM
code119 incorporated into FHI-aims.

We investigate the dependence of the relativistic eigenvalue
corrections on the molecular environment, XC functional, and basis
set using the DIRAC program,120,121 which features a 4c-DKS DFT
implementation for the 3D electronic wave function, enabling also
molecular calculations. Similar to Eq. (19), we define the molecular
corrections as

ΔϵSKS
1s,mol = ϵ

4c-DKS
1s,mol − ϵ

SKS
1s,mol, (21)

where ϵ4c-DKS
1s,mol are molecular 1s eigenvalues of the 4c-DKS Hamilto-

nian. The corresponding non-relativistic eigenvalues ϵSKS
1s,mol are here

obtained from a 4c-DKS calculation, resetting the speed of light to
the non-relativistic limit (c→∞).

The DIRAC calculations are performed for the molecular struc-
tures of the CORE65 benchmark set, excluding the spin-polarized
O2 case, using all-electron Dyall basis sets122 of triple-zeta quality
and the PBE functional. We define the difference ΔMOL between
the molecular and atomic eigenvalue corrections as

ΔMOL = ΔϵSKS
1s,at − Δϵ

SKS
1s,mol. (22)

The functional dependence of the atomic corrections is assessed for
the PBEh(α) hybrid family. We also study the basis set dependence
for the Dyall series122 with reference to the fully converged radial
solution from DFTATOM,

ΔBAS = ΔϵSKS
1s,at(dyall) − ΔϵSKS

1s,at(radial). (23)

IV. RESULTS AND DISCUSSION
We first present the atomic relativistic corrections and dis-

cuss their dependence on technical and convergence parameter, the
XC functional, and the molecular environment. We proceed with
a discussion of non-relativistic results for the CORE65 benchmark
set and demonstrate how our simple correction schemes, based on
these atomic corrections, improve the agreement of the computed
absolute 1s BEs to the experiment.
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FIG. 1. (a) Schematic of an energy level diagram of 1s eigenvalues comparing
non-relativistic Schrödinger Kohn–Sham (SKS), fully relativistic four-component
Dirac–Kohn–Sham (4c-DKS), and scalar-relativistic aZORA. (b) Atomic relativistic
Δϵ1s,at for the spherical SKS [Eq. (19)] and aZORA Hamiltonian [Eq. (20)] with
respect to the atomic number.

A. Atomic relativistic corrections
Figure 1(a) shows a sketch of the 1s eigenvalues from the non-

relativistic SKS, 4c-DKS, and scalar-relativistic aZORA calculations.
The SKS eigenvalues are generally overestimated with respect to
the 4c-DKS reference, while aZORA underestimates the 1s eigen-
values by nearly as much. The atomic eigenvalue corrections Δϵ1s,at
for SKS [Eq. (19)] and aZORA [Eq. (20)] are given in Table I. The
SKS corrections are negative and increase in magnitude with the
atomic number, ranging from −4 meV for Li to −13.4 eV for Ar.
The aZORA corrections are positive and increase from 4 meV (Li)
to 12.4 eV (Ar).

TABLE I. Atomic eigenvalue corrections Δϵ1s,at for the SKS [Eq. (19)] and aZORA
Hamiltonian [Eq. (20)] for the second and third period elements. Z indicates the atomic
number.

Z Excitation SKS (eV) aZORA (eV)

3 Li1s −0.004 245 0.003 683
4 Be1s −0.016 54 0.015 16
5 B1s −0.050 18 0.043 54
6 C1s −0.117 6 0.100 1
7 N1s −0.235 5 0.199 6
8 O1s −0.424 4 0.359 3
9 F1s −0.708 0 0.600 0
10 Ne1s −1.113 0.945 6
11 Na1s −1.658 1.442
12 Mg1s −2.387 2.116
13 Al1s −3.360 3.009
14 Si1s −4.607 4.161
15 P1s −6.180 5.620
16 S1s −8.129 7.435
17 Cl1s −10.51 9.664
18 Ar1s −13.39 12.37

The atomic corrections given in Table I are visualized in
Fig. 1(b). We observe that the magnitude of the atomic corrections
for both SKS and aZORA depends on the fourth power of atomic
number Z. This dependence for the Schrödinger equation is known
from the relativistic correction to the exact energy of the hydrogenic
orbital, whose leading order term in a perturbative expansion scales
as the fourth power of Z,94,123–125 and a similar result has been dis-
cussed for the ZORA Hamiltonian as well.64 As the 1s orbitals are
poorly screened by the outer orbitals, the magnitude of the relativis-
tic correction trends similarly to that of the unscreened hydrogenic
orbitals.

The results reported in Table I are obtained from the self-
consistent solutions of the radial SKS and 4c-DKS equations. The
radial equations enforce a spherical symmetry of the solution. How-
ever, most atoms have ground states with non-spherical symmetry.
For the second row, this applies to B, C, O, and F. For these ele-
ments, the spherical solutions are too high in total energy by sev-
eral tenths of eV and assume fractional occupation numbers. The
1s eigenvalue corrections ΔϵSKS

1s,at obtained from the radial SKS and
4c-DKS equations are, therefore, an approximation. To estimate the
error introduced by this approximation, we solved the 3D SKS equa-
tions for the free neutral atom and compared the 1s eigenvalues of
the spherical and non-spherical solution. The spherical solution is
also obtained with the 3D equations and is identical to the radial
one if we do not break the symmetry and enforce integer occu-
pations. The non-spherical 3D solution is obtained by employing
occupation constraints. We find that the difference in the absolute
1s eigenvalues between the spherical and non-spherical solutions is
less than 50 meV, see Table S1 of the supplementary material, which
is an order of magnitude smaller than the relativistic corrections
themselves. The error in the relative values, ΔϵSKS

1s,at, is expected to be
even smaller, and thus, we conclude that the radial approximation is
sufficient.

The radial calculations are performed on a numeric real-space
grid, which can be easily converged, whereas the 3D calculations rely
on relativistic all-electron Gaussian basis sets, potentially introduc-
ing a basis set incompleteness error. Figure 2(a) shows the basis set
convergence of the Dyall series with respect to the radial solution.
At the double-ζ level, the error is within a few meV, and for the rel-
evant 1s states, we reach convergence already at the triple-ζ level;
see Fig. 2(a). We use the quadruple-ζ basis set for the calculations
shown in Fig. 2(b) and the triple-ζ basis set for the calculations in
Fig. 2(c).

In Fig. 2(b), we examine the dependence of the atomic eigen-
value correction ΔϵSKS

1s,at on the fraction α of exact HF exchange in the
PBEh(α) functional for α = 0 (PBE), α = 0.25 (PBE0), and α = 0.5.
The magnitude of the eigenvalue correction shows a slight depen-
dence on α, increasing by an amount that is proportional to the
fraction of exact exchange. At first glance, the α dependence seems
more pronounced for heavier elements. However, this is only true
for the absolute values: setting the PBE functional as reference and
comparing to PBEh(α = 0.5), the magnitude of the atomic correc-
tion increases by 12 meV for carbon 1s, which corresponds to 10.2%,
and 40 meV for fluorine 1s, which, however, corresponds only to
5.7%. In fact, the α dependence seems to decrease with the atomic
number when comparing relative deviations; see Table S6 of the
supplementary material for the tabulated values. For all elements
listed in Table I, we find that the α dependence is an order of
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FIG. 2. Basis set convergence and dependence of the atomic corrections on
the XC functional and molecular environment. (a) Difference ΔBAS as defined
in Eq. (23) between the Dyall all-electron basis set at the double, triple, and
quadruple-ζ levels122 and the radial solution on numeric real-space grids. (b)
Atomic eigenvalue correction ΔϵSKS

1s,at [Eq. (19)] computed with the PBEh(α) func-
tional with three different values of α. (c) Difference ΔMOL as defined in Eq. (22)
between the molecular eigenvalue correction and the atomic value for C1s, N1s,
O1s, and F1s excitations of the CORE65 benchmark set. Bars contain the second
and third quartiles, whiskers extend to encompass 95% of the results, and outliers
are shown as dots.

magnitude smaller than the relativistic correction itself. We thus
neglect it when applying our relativistic correction schemes to the
1s QP energies from G0W0@PBEh.

In Fig. 2(c), we compare the atomic eigenvalue correction
[Eq. (19)] to the molecular eigenvalue correction [Eq. (21)]. For
most of the excitations considered, the atomic eigenvalue correc-
tion slightly underestimates in magnitude the molecular correction,
but the difference between the two is below 5 meV for 49 of the 63
excitations considered, with a maximum deviation of 12.6 meV. The
distribution of these differences is similar for the core excitations of
different elements and small enough in comparison with the mag-
nitude of the eigenvalue correction to justify the use of the atomic
values irrespective of the chemical environment.

The atomic SKS corrections reported in Table I are very sim-
ilar to the atomic corrections published in Ref. 9 for second row
elements B → F. The atomic corrections in Ref. 9 are 10 meV–
40 meV larger than ours and were computed by comparing the
four-component Dirac–Hartree–Fock (DHF) energies with the non-
relativistic HF energies. Our analysis of different PBEh functionals
in Fig. 2(b) suggests that these differences must be partly attributed
to the exchange treatment. The remaining differences might be due
to the usage of non-relativistic basis sets in combination with the
4c-DHF Hamiltonian in Ref. 9. The atomic SKS corrections are also
surprisingly similar to the corrections derived for second period
elements in an early work from the 1960s based on Pauli pertur-
bation theory of charged two-electron atoms.126,127 Pauli perturba-
tion theory is based on the first order in the expansion of Eq. (13)
in terms of 1/c2. It is highly singular in the deep core region128

and has been largely replaced by the regular approximation, which
expands Eq. (13) in terms of ϵn

V−2c2 . The correspondence worsens
when valence electrons are included.129

B. Non-relativistic quasiparticle energies
In our previous work,20 we briefly discussed the effect of rela-

tivistic corrections, comparing non-relativistic and relativistic 1s BEs
from evGW0 to experiment. We will now analyze the non-relativistic
evGW0 calculations in more detail and additionally include the
non-relativistic G0W0@PBEh and ΔSCF results in the discussion.

Figure 3 displays the mean absolute error (MAE) of the absolute
1s BEs with respect to the experiment for the CORE65 benchmark
set. The MAEs obtained from non-relativistic evGW0 calculations
increase with the atomic number [Fig. 3(c)], and the magnitude of
this increase is within the range of the atomic relativistic correc-
tions given in Table I. The distribution of these errors is shown in
Fig. 4(a), where the grouping in species is evident. evGW0 system-
atically underestimates the 1s BEs for all 65 excitations. The non-
relativistic ΔSCF calculations underestimate the 1s BEs as well, and
the MAEs show a very similar trend with respect to the atomic num-
ber; see Fig. 3(c). Comparing the overall MAE for the non-relativistic
calculations, we find that the MAE for ΔSCF is 0.83 eV, which is
slightly larger than the 0.55 eV MAE for evGW0.

Relativistic effects are also apparent when considering the opti-
mal α for use in a G0W0@PBEh(α) scheme. Figure 3(a) shows the
MAE for non-relativistic G0W0@PBEh(α) calculations with respect
to the fraction of exact exchange α. These calculations have been
carried out for a subset of 43 excitations of the CORE65 bench-
mark set, for which the mapping between the core state and the
atom does not require the analysis of, e.g., MO coefficients. In our
previous work,20 we reported the α dependence of the MAE includ-
ing relativistic effects [Fig. 3(b)] and found that the smallest MAE is
obtained for α values around 0.45. For MAEs smaller than 0.45, the
BEs are underestimated and for larger α values increasingly overesti-
mated. For the non-relativistic results, we observe a stronger species
dependence of the optimal α value. As the non-relativistic Hamilto-
nian underestimates the core-level BE, increasing the exact exchange
reduces the screening, resulting in a larger BE. An increase in α can
thus offset the relativistic error. Comparing the MAE from non-
relativistic G0W0@PBEh(α) calculations [Fig. 3(a)], we find that the
optimal α indeed increases with the atomic number, from 0.44 for
C1s excitations to about 0.53 for F1s.
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FIG. 3. Mean absolute error (MAE) of absolute 1s BEs with respect to the exper-
iment for the CORE65 benchmark set. MAE for G0W 0@PBEh dependent on the
fraction of exact exchange α in the PBEh functional (a) without and (b) with the
atomic relativistic correction (RC). (c) MAE for ΔSCF and evGW 0@PBE, without
and with RC.

C. Atomic and scalar-relativistic correction schemes
We investigate three simple schemes to account for relativis-

tic corrections (RC) in 1s core-level BEs from GW. Additionally,
we discuss the application of these three schemes to ΔSCF. The first
approach is to add the atomic corrections ΔϵSKS

1s,at defined in Eq. (19)
to the QP energies and corresponds to the scheme we employed in
our latest work.20 We label scheme I “method + RC.” The second
is to use aZORA for the underlying DFT calculations and use the
aZORA eigenvalues and MOs as the starting point for the GW cal-
culation. We refer to scheme II as “method + aZORA.” In the third
scheme, we use scheme II to obtain the QP energies and add the
atomic corrections ΔϵaZORA

1s,at defined in Eq. (20) afterward. We label
scheme III “method + aZORA + RC.”

For evGW0, we also explored a variant of schemes I and III,
where we added the atomic corrections to the DFT eigenvalues
instead to the QP energies. These corrected eigenvalues were then
used as the starting point for the evGW0 calculation. These pre-
correction variants yield with a mean absolute difference of 16 meV
(pre-correction variant of scheme I) and 2.2 meV (pre-correction
variant of scheme III) BEs that are extremely similar to the ones
from evGW0 + RC and evGW0 + aZORA + RC, respectively; see
Table S5 and Fig. S2 of the supplementary material for details.

FIG. 4. Distribution of errors with respect to the experiment for absolute 1s BEs
of the CORE65 benchmark set, where Errori = BEtheory

i − BEexp
i . Note that the

histogram is stacked. Three different relativistic correction (RC) schemes are com-
pared. (a) Non-relativistic evGW 0, (b) evGW 0 adding the atomic corrections ϵSKS

1s,at
to the QP energies, (c) evGW 0 using aZORA in the underlying DFT calculation,
(d) evGW 0 using aZORA as in (c) and adding atomic corrections ϵaZORA

1s,at to the
QP energies.

Adding the atomic correction as a post-processing step is transfer-
able to non-relativistic GW results obtained from any code, and we
thus disregard the pre-correction variant in the following.

Compared with the non-relativistic energies, the evGW0 + RC
scheme reduces the error with respect to the experiment, as shown in
Fig. 4(b). The errors are more tightly distributed, and the clustering
by species is no longer evident. Generally, the BEs are still underesti-
mated. However, the overall MAE is reduced from 0.55 eV to 0.30 eV
and is now well within the accuracy required for the chemical anal-
ysis. Furthermore, the species dependence in the MAE is largely
eliminated; see Fig. 3(c) and Table II. Solely the MAE for the F1s
excitations is with 0.44 eV slightly larger than for the other elements.
This might be attributable to poor statistics since our benchmark set
contains only three F1s excitation.

Scheme I has also been successfully employed forG0W0@PBEh.
The range of optimal α is reduced by a factor of two for the
G0W0@PBEh(α) + RC scheme vis-á-vis the non-relativistic one; see
Figs. 3(a) and 3(b). With the relativistic correction, the value of α that
minimizes the MAE ranges from 0.44 for C1s excitations to 0.49 for
F1s excitations. This also shows in a slight species dependence of the
MAE values we reported for the G0W0@PBEh(α = 0.45) results with
RC earlier.20

Judging by the MAE alone (Table II), the evGW0 + aZORA
results are an improvement over the evGW0 + RC scheme. The over-
all MAE is 0.18 eV. Their distribution [Fig. 4(c)] is more centered. A
slight clustering by species is observed, although this is not as obvi-
ous as for the non-relativistic results shown in Fig. 4(a). In contrast
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TABLE II. Mean absolute error (MAE) and mean error (ME) in eV with respect to the experiment, by species and in aggregate for absolute BEs of the CORE65 benchmark set.
The error for excitation i is defined as Errori = BEtheory

i − BEexp
i .

ΔSCF ΔSCF evGW0 evGW0
ΔSCF ΔSCF + RC + aZORA + aZORA + RC evGW0 evGW0 + RC + aZORA + aZORA + RC

Core-level MAE ME MAE ME MAE ME MAE ME MAE ME MAE ME MAE ME MAE ME

All 0.83 −0.83 0.57 −0.57 0.33 −0.31 0.46 −0.46 0.55 −0.55 0.30 −0.29 0.18 −0.07 0.32 −0.29
C1s 0.60 −0.60 0.48 −0.48 0.36 −0.36 0.52 −0.52 0.39 −0.39 0.27 −0.27 0.21 −0.15 0.27 −0.25
N1s 0.79 −0.79 0.56 −0.56 0.32 −0.32 0.52 −0.52 0.54 −0.54 0.30 −0.30 0.10 −0.07 0.27 −0.27
O1s 1.11 −1.11 0.69 −0.68 0.32 −0.27 0.64 −0.63 0.71 −0.71 0.32 −0.28 0.19 0.02 0.38 −0.34
F1s 1.36 −1.36 0.65 −0.65 0.12 0.03 0.57 −0.57 1.15 −1.15 0.44 −0.44 0.10 0.08 0.52 −0.52

to the non-relativistic values, the 1s excitations of the lighter ele-
ments, such as carbon, tend to be more underestimated than the 1s
BEs of oxygen.

The evGW0 + aZORA + RC scheme performs worse than the
evGW0 + aZORA approach, with an error distribution similar to
evGW0 + RC; see Fig. 4(d). The MAE for the individual species is
in the same range as for evGW0 + RC, as is the overall MAE with
0.32 eV; see Table II. The evGW0 + aZORA + RC scheme is the most
sophisticated among the three relativistic corrections discussed here:
scalar-relativistic effects are included in the MOs used as the starting
point for the evGW0 calculation, and the QP energies are corrected
with respect to the fully relativistic atomic reference. It is thus sur-
prising that it performs worse than evGW0 + aZORA. The similar
performance of evGW0 + RC and evGW0 + aZORA + RC rather
implies that the effect of including relativistic effects in the MOs is
minimal.

To further investigate this surprising behavior, we visualized
the mean errors (MEs) for C1s, N1s, O1s, and F1s in Fig. 5(b). The
error is defined as BEtheory −BEexperiment. Thus, negative MEs indicate
a systematic underestimation of the BEs with respect to the experi-
ment. For the non-relativistic results, the absolute value of the ME
corresponds directly to the MAE, and the ME is increasingly nega-
tive with the atomic number. The MEs for evGW0 + RC and evGW0
+ aZORA + RC are negative and show almost no species depen-
dence, which is in agreement with our previous analysis of the MAE
and the error distribution in Fig. 4. For evGW0 + aZORA, however,
we observe a trend that is reverse to the non-relativistic results. The
ME increases with the atomic number and becomes even positive
for F1s.

Comparing non-relativistic with the relativistic BEs, we find
that the size of the relativistic correction is 2–3 times larger with
evGW0 + aZORA than with the other two schemes; see Fig. 5(c).
In combination with the upward trend observed for the ME, this
implies that aZORA is overestimating the relativistic correction for
1s states. This reflects the well-known tendency of aZORA to over-
estimate the relativistic correction to core-state eigenvalues.64,65 For
the second period elements, where the relativistic error ranges from
0.2 eV to 0.7 eV, the aZORA overcorrection compensates, in part,
a chronic underestimation of the BEs. While this error cancella-
tion may seem fortuitous for second row elements, the rapid growth

FIG. 5. [(a) and (b)] Mean error with respect to the experiment for 1s BEs from
(a) ΔSCF and (b) evGW 0 for the CORE65 benchmark set, where the error for
excitation i is defined as Errori = BEtheory

i − BEexp
i . Three relativistic schemes

are compared to the non-relativistic results. (c) Average size of the relativistic
correction for 1s BEs from evGW 0 for the CORE65 benchmark set with five addi-
tional molecules containing third period elements, where ΔBE = BErelativistic −

BEnon-relativistic. For evGW 0 + RC, ΔBE corresponds to the negative of the atomic
corrections ΔϵSKS

1s,at, given in Table I.
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of the relativistic correction with the atomic number implies that
evGW0 + aZORA might lead to large errors for 1s BEs of heavier ele-
ments. To illustrate this, we analyze the relativistic corrections for a
small number of phosphorus and sulfur containing small molecules
alongside those for the CORE65 benchmark set: H2S, SO2, PH3,
PF3, and PF5 [see Fig. 5(c)]. The relativistic corrections obtained
with the evGW0 + aZORA scheme are more than 10 eV larger than
with evGW0 + RC and evGW0 + aZORA + RC. Also the difference
between evGW0 + aZORA + RC and evGW0 + RC, which is negli-
gible for second period elements, becomes more significant: 2.1 eV
for the P1s excitations and 2.6 eV for the S1s. This suggests that the
use of a scalar-relativistic reference for the underlying DFT calcula-
tion becomes more relevant as the magnitude of relativistic effects
increases. However, the effect of the relativistic reference is only
about one third of the magnitude of the relativistic correction for
these states.

We also applied the three correction schemes to 1s BEs
obtained from ΔSCF and plotted the MEs by species in Fig. 5(a). We
observe the same trends as for evGW0. Note the similarity between
Figs. 5(a) and 5(b). ΔSCF + RC or ΔSCF + aZORA + RC largely
eliminate the species dependence of the ME. Although it is not as
marked as for evGW0 + aZORA, the MEs also increase slightly with
the atomic number for ΔSCF + aZORA. The size of the relativistic
correction is two times larger with ΔSCF + aZORA than with ΔSCF
+ RC or ΔSCF + aZORA + RC, which suggests that the relativistic 1s
corrections are also overestimated at the ΔSCF + aZORA level. ΔSCF
entails the difference in total energy between the ionized and neutral
systems. However, the ZORA overcorrection of core states propa-
gates to the final calculation of the BE in approximately the same
manner as in the 1s levels. This can be seen from Slater transition
state theory:130,131 In ΔSCF, we calculate the energy difference h̵ω =
E(N − 1) − E(N), where N is the number of electrons and E(N − 1)
and E(N) are the total energies of the core-ionized and neutral sys-
tems, respectively. This energy difference is approximately related
to the 1s eigenvalue by h̵ω = ∂E/∂n1s + O((δn1s)

3
) and ∂E/∂n1s

= ϵ1s, where n1s is the occupation number of the 1s state.132 This is
an important detail to consider when comparing the performance of
XC functionals for ΔSCF calculations of 1s excitations since the rel-
ativistic treatment makes a difference. For example, a recent study10

with the SCAN functional uses the ΔSCF approach in combination
with scaled ZORA, while an atomic correction scheme was used for a
similar benchmark study9 with the Tao-Perdew-Staroverov-Scuseria
(TPSS) functional. Both studies report very good agreement with
the experiment. However, it is difficult to judge, which functional
performs better, since the relativistic effects are not treated on equal
footing.

Both schemes that consistently improve the agreement with the
experiment, evGW0 + RC and evGW0 + aZORA + RC, chronically
underestimate the 1s BEs. This might be attributed to the broad-
ening of the experimental spectra due to vibration effects, while
GW yields vertical excitation energies. It has been demonstrated for
GW-computed excitations of frontier orbitals that the deviation to
the experiment can be reduced to 0.1 eV when fully resolving the
vibrational structure based on the Franck–Condon multimode anal-
ysis, performed as a post-processing step to the GW calculation.133

This level of accuracy is often not required to resolve most XPS
spectra but could be, in principle, reached by applying the same
approach.

V. CONCLUSION
Relativistic corrections for 1s core-level energies from GW

have been derived for non-relativistic and scalar-relativistic start-
ing points. We have investigated three schemes for 1s QP ener-
gies from evGW0: A post-GW atomic correction (evGW0 + RC)
using a non-relativistic reference, employing an aZORA refer-
ence (evGW0 + aZORA) and an aZORA reference along with a
post-GW atomic correction (evGW0 + aZORA + RC). All three
schemes improve agreement with the experiment. The evGW0
+ RC and evGW0 + RC + aZORA schemes reduce the mean abso-
lute error to about 0.3 eV and eliminate the species dependence.
The evGW0 + aZORA scheme further reduces the overall MAE
to 0.2 eV, but does so inconsistently, due to a species-dependent
overcorrection.

The similarity of the results for the evGW0 + RC and evGW0
+ aZORA + RC schemes indicates that the use of the scalar-
relativistic reference has no significant effect on the result. Of
the two, the evGW0 + RC scheme offers the further advantage
that it is readily applicable in codes that have not implemented
the aZORA Hamiltonian, and this is our recommendation to the
practitioner. The application of the scheme entails an a poste-
riori shift of the non-relativistic evGW0 energies by the ΔϵSKS

1s,at
values in Table I. We have shown that the derived corrections
for the non-relativistic reference also consistently improve core-
level energies from G0W0 and ΔSCF, suggesting that they are
generally applicable to core-level BEs from different theoretical
methods.

The evGW0 + RC and evGW0 + aZORA + RC schemes cor-
rect the non-relativistic values in a consistent manner and, there-
fore, form a solid foundation for further development and refine-
ment. Further refinements may include the inclusion of vibrational
effects to further improve the accuracy, in particular for C1s exci-
tations, which are generally subject to very small chemical shifts.
The development of relativistically corrected GW also paves the
way for the accurate calculation of XPS in condensed phase sys-
tems, where Δ-approaches are problematic. Relativistic corrections
will also improve the accuracy of x-ray absorption spectra from the
Bethe–Salpeter equation, which employs the quantities computed in
the GW calculations.134,135

SUPPLEMENTARY MATERIAL

See the supplementary material for the comparison of 1s eigen-
values for spherical and non-spherical solutions with the KS equa-
tions for neutral atoms (Table S1); plot of basis set dependence of
the extrapolation scheme (Fig. S1); convergence of KS 1s eigen-
values and total energies for cc-pVnZ and NAO-VCC-nZ basis
set series (Table S2); scalar-relativistic evGW0@PBE + aZORA
results for basis set series cc-pVnZ (n = 3–6), extrapolated val-
ues, standard errors, and correlation coefficients (Table S3); results
and experimental data for the CORE65 benchmark set for evGW0
+ aZORA and evGW0 + aZORA + RC (Table S4); non-relativistic
ΔSCF results and pre-corrected evGW0 energies (Table S5); dif-
ference between the pre- and post-corrected schemes for the
CORE65 benchmark set (Fig. S2); and tabulated values of Fig. 2(b)
(Table S6).
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90M. Grumet, P. Liu, M. Kaltak, J. Klimeŝ, and G. Kresse, “Beyond the quasiparti-
cle approximation: Fully self-consistent GW calculations,” Phys. Rev. B 98, 155143
(2018).
91V. Atalla, M. Yoon, F. Caruso, P. Rinke, and M. Scheffler, “Hybrid density func-
tional theory meets quasiparticle calculations: A consistent electronic structure
approach,” Phys. Rev. B 88, 165122 (2013).
92P. Pyykkö, “Relativistic effects in structural chemistry,” Chem. Rev. 88, 563–594
(1988).
93Relativistic Electronic Structure Theory, edited by P. Schwerdtfeger (Elsevier,
2002).
94P. A. M. Dirac, “The quantum theory of the electron,” Proc. R. Soc. London,
Ser. A 117, 610–624 (1928).
95G. Breit, “The effect of retardation on the interaction of two electrons,” Phys.
Rev. 34, 553–573 (1929).
96W. Kutzelnigg, “Perturbation theory of relativistic effects,” in Relativistic Elec-
tronic Structure Theory, edited by P. Schwerdtfeger (Elsevier, 2002), Chap. 12,
pp. 664–757.
97L. Visscher and K. G. Dyall, “Relativistic and correlation effects on molecu-
lar properties. I. The dihalogens F2, Cl2, Br2, I2, and At2,” J. Chem. Phys. 104,
9040–9046 (1996).
98L. Visscher, J. Styszyñski, and W. C. Nieuwpoort, “Relativistic and correlation
effects on molecular properties. II. The hydrogen halides HF, HCl, HBr, HI, and
HAt,” J. Chem. Phys. 105, 1987–1994 (1996).
99H. M. Quiney, H. Skaane, and I. P. Grant, “Relativistic, quantum electrodynamic
and many-body effects in the water molecule,” Chem. Phys. Lett. 290, 473–480
(1998).
100O. Fossgaard, O. Gropen, M. C. Valero, and T. Saue, “On the performance
of four-component relativistic density functional theory: Spectroscopic constants
and dipole moments of the diatomics HX and XY (X, Y=F, Cl, Br, and I),” J. Chem.
Phys. 118, 10418–10430 (2003).
101A. K. Rajagopal and J. Callaway, “Inhomogeneous electron gas,” Phys. Rev. B
7, 1912–1919 (1973).
102A. K. Rajagopal, “Inhomogeneous relativistic electron gas,” J. Phys. C 11,
L943–L948 (1978).
103A. H. MacDonald and S. H. Vosko, “A relativistic density functional formal-
ism,” J. Phys. C 12, 2977–2990 (1979).
104T. Saue and T. Helgaker, “Four-component relativistic Kohn–Sham theory,”
J. Comput. Chem. 23, 814–823 (2002).
105M. Reiher and A. Wolf, Relativistic Quantum Chemistry: The Fundamental
Theory of Molecular Science (Wiley, Weinheim, 2009).
106E. Engel, “Relativistic density functional theory,” in Relativistic Electronic
Structure Theory, edited by P. Schwerdtfeger (Elsevier, 2002), Chap. 10,
pp. 253–621.
107M. V. Ramana and A. K. Rajagopal, “Inhomogeneous relativistic electron gas:
Correlation potential,” Phys. Rev. A 24, 1689–1695 (1981).

108K. Lejaeghere, G. Bihlmayer, T. Björkman, P. Blaha, S. Blügel, V. Blum, D.
Caliste, I. E. Castelli, S. J. Clark, A. Dal Corso, S. de Gironcoli, T. Deutsch, J. K.
Dewhurst, I. Di Marco, C. Draxl, M. Dułak, O. Eriksson, J. A. Flores-Livas, K. F.
Garrity, L. Genovese, P. Giannozzi, M. Giantomassi, S. Goedecker, X. Gonze,
O. Grånäs, E. K. U. Gross, A. Gulans, F. Gygi, D. R. Hamann, P. J. Hasnip, N. A. W.
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