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Abstract 

Marginal abatement cost (MAC) is a critically important concept for efficient environmental policy 

and management. In this paper we argue that most empirical studies using frontier estimation methods 

such as data envelopment analysis (DEA) over-estimate MACs. The first methodological 

contribution of this paper is to clarify the conceptual distinction between the shadow price and MAC 

in order to analyze three sources of upward bias due to the limited set of abatement options, 

inefficiency, and noisy data. Our second methodological contribution is to develop a novel MAC 

estimation approach based on convex quantile regression. Compared to the traditional methods, 

convex quantile regression is more robust to the choice of the direction vector, random noise, and 

heteroscedasticity. Empirical application to the U.S. electric power plants demonstrates that the 

upward bias of DEA may be a serious problem in real-world applications. 

 

Key words: data envelopment analysis; environmental performance; nonparametric regression; 

production theory; undesirable outputs. 
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1. Introduction 

Environmental sustainability is an increasingly important dimension in both business and political 

decision making. Efficient environmental policy, regulation, and management critically depend on 

reliable information concerning the marginal abatement costs (MACs) of environmental bads such as 

carbon dioxide (CO2). Several data-driven approaches to empirical estimation of MACs from 

observed input-output data are available, including econometric approaches, production economic 

approaches, and mathematical programming approaches (Zhou et al., 2014).1 In operational research 

and management science, data envelopment analysis (DEA; Charnes et al., 1978) remains the most 

popular approach to MAC estimation,2 thanks to its strong axiomatic foundation in the theory of 

production and its nonparametric orientation that lets the data speak for themselves. Shadow pricing 

applications of DEA cover such undesirable outputs as greenhouse gases (most importantly CO2), air 

pollution (e.g., SO2 and SOx), and water pollution (e.g., N and P nutrient emissions), with the scope 

varying from individual plants or firms to industries, sectors, regions, and countries (see, e.g., Zhou 

et al., 2014, for a review). However, the deterministic DEA approach to MAC relies on several strong, 

unrealistic assumptions. 

This study is motivated by the disturbing empirical observation that the published MAC 

estimates of CO2 in the DEA literature are typically 10-100 times higher than the market prices of 

CO2 allowances in emission trading (see Appendix for further details). While the market prices and 

shadow prices may differ for many reasons, including the market failure and the government failure, 

                                                 
1 While data-driven approaches are mainly used for ex post estimation of MAC (e.g., Kuosmanen et al., 2020) or short-

term predictive analytics (e.g., Dai et al., 2020), there exists a large literature on ex ante forecasting of future MAC 

based on simulation-based modeling approaches such as integrated assessment method and computable general 

equilibrium models (Nordhaus and Boyer, 1999; Nordhaus, 2019) and engineering approaches such as energy system 

optimization models and mitigation technology assessment (e.g., Kesicki and Strachan, 2011; Kesicki, 2013). See Lee 

et al. (2014) for a more detailed discussion of alternative modeling approaches.   
2 In recent decades the data-driven literature has seen convergence towards a uniform framework that encompasses the 

key elements of econometric, production economic and DEA approaches (e.g., Kuosmanen et al., 2015). 
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the difference is far from marginal, and calls for an explanation. In this paper we demonstrate that the 

empirical estimates using conventional data-driven methods such as DEA systematically over-

estimate the marginal abatement cost for three reasons. 3  

1) Shadow pricing studies usually focus on downscaling of production as the only abatement option 

(see, e.g., Rødseth, 2013; Zhou et al., 2014, 2015), and ignore other possibilities such as fuel switch, 

capital investment in cleaner technology, or end-of-pipe abatement (e.g., carbon capture and storage).  

2) Estimating shadow prices on the frontier ignores the impact of inefficiency because efficient units 

on the frontier will likely have higher marginal abatement costs than inefficient units located far 

below the efficient frontier (see Lee et al., 2002, for further discussion of this point).   

3) Most shadow pricing studies apply deterministic DEA (e.g., Boyd et al., 2002; Lee et al., 2002) or 

parametric programming (e.g., Färe et al., 1993, 2005; Kwon and Yun, 1999) in order to impose 

shape constraints such as monotonicity and convexity.  

Clearly, all these three sources of bias contribute to over-estimation of the shadow prices and marginal 

abatement costs of undesirable outputs, as will be demonstrated below. Formal analysis of these three 

sources of bias requires a clear conceptual distinction between alternative interpretations of shadow 

price and the MAC, which forms the first methodological contribution of this paper. 

The second contribution of our paper is to develop a novel data-driven approach that builds 

upon convex quantile regression that effectively addresses all three sources of bias noted above. More 

specifically, we combine the directional distance function formulation for convex regression 

(Kuosmanen and Johnson, 2017) with the quantile formulation (Wang et al., 2014), extend the single-

output convex quantile regression formulation to the multivariate setting, and formally prove some 

                                                 
3 Some of these issues have been noted in the literature (e.g., Lee et al., 2002), but the upward bias remains largely 

unrecognized as a formal analysis of the bias is lacking. Further, while this paper focuses on DEA and other frontier 

estimation methods, some of these sources of bias may affect other MAC approaches as well. For example, simulation-

based approaches tend to ignore inefficiency.  
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basic properties of the proposed quantile estimator. In the present context, the main appeal of the 

convex quantile regression approach is that it allows us to gain insight on shadow prices not only on 

the frontier, but also in the interior of the production possibility set because the shadow prices and 

marginal abatement costs are evaluated at the actual level of performance of the evaluated units. In 

addition, three other appealing features of the proposed approach include: i) convex quantile 

regression is robust to noise, ii) it is robust to heteroscedasticity, and iii) it is more robust to the choice 

of the direction vector than the traditional shadow pricing approach. To keep close contact with the 

classic DEA, we also demonstrate how the deterministic DEA estimator is obtained as the limiting 

special case of the proposed quantile estimator. 

In addition to the novel methodological developments, the third contribution of this study is 

to empirically demonstrate that the upward bias of the conventional frontier-based MAC estimates 

can be a serious problem. Using high-quality data of U.S. electric power plants that have been 

investigated in dozens of empirical studies (e.g., Turner, 1995; Färe et al., 2005; Mekaroonreung and 

Johnson, 2014), we show that the proposed conceptual and methodological developments have a 

major impact on empirical estimates of MAC. For example, the median of the conventional DEA 

estimates is more than sixty times higher than the corresponding estimate obtained with our proposed 

method. If environmental policy makers overestimate the MAC, it will lead to inefficient policy 

measures with profound impacts on the economic, environmental, and social wellbeing. 

The rest of the paper is organized as follows. Section 2 introduces the benchmark technology 

with the directional distance function, and discusses the interpretations and derivation of the shadow 

prices and the marginal abatement costs for bad outputs. Section 3 presents the probabilistic 

formulation of the distance function and its estimation by convex quantile regression. Section 4 

describes the data and model specification for a sample of U.S. thermal power plants. Section 5 
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reports the results obtained by the proposed approach and makes comparison with the traditional DEA 

approach. Section 6 discusses concluding remarks and avenues for future research. Proofs of formal 

propositions, some anecdotal empirical evidence, data sources and descriptive statistics, and a 

computational code for GAMS used in the empirical application are provided in Appendix.4 

 

2. Production theory 

2.1 Benchmark technology 

Consider a joint production technology that transforms input vector 
1( ... ) m

mx x 
 x  to good 

outputs 
1( ... ) s

sy y 
 y  and bad outputs 

1( ... ) q

qb b 
 b . The benchmark technology is 

characterized by the production possibility set defined as 

{( , , ) | can produce( , )}m s qT  

 x y b x y b .                                          (1) 

Set T contains all input-output combinations that are feasible. By using the term ‘benchmark 

technology’ we want to stress that feasibility can be understood as a descriptive statement [if 

( , , ) Tx y b , then ( , , )x y b  is technically feasible] or a normative statement [if ( , , ) Tx y b , then 

( , , )x y b  can be used as a benchmark for a performance norm whether or not ( , , )x y b  is actually 

feasible] (see Kuosmanen and Johnson, 2017, for further discussion on this point). 

The classical axioms of the benchmark technology considered in this paper include free 

disposability (i.e., 
m s qT T       ) and convexity (i.e., T = Conv(T)) (see, e.g., Färe and 

Primont, 1995). Here the distinction of descriptive versus normative interpretation of the axioms of 

the benchmark technology becomes critical. Note that we apply monotonicity to bads b similar to 

inputs x, but we do not assume that bads can be freely abated. Rather, we state that bad outputs can 

                                                 
4 Free open-source Python packages for convex quantile regression and convex expectile regression are available at 

https://github.com/ds2010/StoNED-Python and https://pypi.org/project/pystoned/. 

https://www.researchgate.net/deref/https%3A%2F%2Fgithub.com%2Fds2010%2FStoNED-Python
https://www.researchgate.net/deref/https%3A%2F%2Fpypi.org%2Fproject%2Fpystoned%2F
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increase. From the descriptive point of view, monotonicity with respect to bad outputs is clearly 

inconsistent with the material balance principle: bad outputs cannot increase indefinitely for a given 

level of material input (e.g., Rødseth, 2016, 2017). However, we here impose monotonicity as a 

normative restriction to guarantee that the shadow prices of bads are always non-negative (cf. Hailu 

and Veeman, 2001), in other words, pollution abatement is always costly. 

 The normative interpretation of the benchmark technology is also helpful for addressing the 

recent critique of the axiomatic approach from the material balance perspective (see, e.g., Rødseth, 

2016, 2017, and references therein). Specifically, we recognize that the underlying pollution 

generating technology might violate the standard disposability and convexity axioms of production 

theory. However, to study the economic tradeoffs between inputs, good outputs, and bad outputs, it 

can be useful to interpret the benchmark technology as an outer envelope of the feasible production 

possibilities. In our interpretation, it is important to take the underlying material flows carefully into 

account in the model specification to avoid perfect linear dependence between input and output 

variables due to the material balance equation. However, we also respect the basic idea of 

nonparametric modeling to allow the data speak for themselves, rather than force the data to a 

straightjacket of too tight theoretical equations. If sufficient data are available, the convex quantile 

regression approach developed in this paper could be readily applied for estimating by-production 

technologies, but in our experience, such empirical data are often difficult to find. For the sake of 

simplicity, we here focus on the classic axiomatic theory of production (Färe and Primont, 1995).  

 

2.2 Directional distance function 

The directional distance function (DDF) introduced by Chambers et al. (1996, 1998) is defined as  

( , , , , , ) sup{ | ( , , , ) }x y b x y bD T       x y b g g g x g y g b g ,        (2) 
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where ( , , )x y b m s q 

g g g  is a direction vector. The DDF is a general functional representation of 

the technology: assuming g-disposability (Färe et al., 2005), the production possibility set T is 

{( , , ) | ( , , , , , ) 0}m s q x y bT D 

  x y b x y b g g g  for any ( , , )x y b m s q 

g g g .    (3) 

While the DDF is commonly used as a measure of technical inefficiency, in this paper we are 

primarily interested in the DDF as a functional representation of production possibilities, which 

proves convenient for estimating shadow prices. 

The DDF inherits the axiomatic properties of the production possibility set (see Chambers et 

al., 1998, Lemma 2.2). Two fundamental properties that any DDF must satisfy include the translation 

property (i.e., ( , , , , , ) ( , , , , , )x y b x y b x y bD D       x g y g b g g g g x y b g g g ) and homogeneity of 

degree -1 in the direction vector (i.e., ( , , , , , ) (1/ ) ( , , , , , ),  0x y b x y bD D      x y b g g g x y b g g g ). 

These properties are crucial for the internal consistency of the DDF, and must be imposed in empirical 

estimation of the DDF (see Kuosmanen and Johnson, 2017).  

In empirical work, the choice of the direction vector ( , , )x y bg g g  can greatly influence the 

empirical results; see Lee et al. (2002), Figure 3, for an excellent illustration. As noted in the 

introduction, the proposed convex quantile regression approach estimates the shadow prices locally 

using the nearest quantiles, making it more robust to the choice of the direction vector than the 

conventional estimation approaches. We return to this point in more detail in Section 5.1. 

 

2.3 Shadow prices 

In constrained optimization, the shadow price of a constraint refers to the change in the optimal value 

of the objective function as the constraint is relaxed by an infinitesimal amount. Note that the 

interpretation of the shadow price depends on the specific formulation of the objective function (e.g., 
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profit maximization or cost minimization) and the constraints of the optimization problem. To avoid 

ambiguity, in this paper we do not postulate any specific objective function, but rather interpret the 

shadow prices purely from the perspective of the production technology characterized by the DDF. 

In the present context, the classical notion of the shadow price has been understood at least in three 

different ways in the literature.  

First, the sub-derivative of the distance function with respect to bad output j, denoted by 

/ jD b   [the arguments of the DDF are suppressed to simplify notation],5 directly corresponds to the 

mathematical definition of the shadow price in mathematical programming (e.g., Leleu, 2013). 

However, the sub-derivatives of the DDF are not informative as such. Therefore, the shadow price 

may refer to the so-called ‘relative shadow prices’ (e.g., Lee et al., 2002) or ‘deflated shadow prices’ 

(e.g., Färe et al., 1993), analogous to the notions of the marginal rates of transformation (MRTs) and 

the marginal products (MPs) in economics. Specifically, denoting the sub-derivative of the DDF with 

respect to good output h by / hD y  , the MRT between good output h and bad output j is given by  

/
( , )

/

j

h j

h

D b
MRT y b

D y

 
 

 
 .        (4) 

Similarly, denoting the sub-derivative of the DDF with respect to input k by / kD x  , the MP of 

input k on bad output j is 

/
( , )

/

j

k j

k

D b
MP x b

D x

 

 

.        (5) 

If inputs and good outputs are measured in physical quantities, then MRTs and MPs provide 

quantity based shadow prices for bad outputs (e.g., tons/MWh). In economics, the shadow price is 

                                                 
5 Note that the DDF is not necessarily differentiable, but the convexity axiom guarantees that the sub-derivatives always 

exist. 
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generally understood as a monetary measure. Therefore, the third interpretation is referred to as the 

‘monetary shadow prices’ for bad outputs, or alternatively ‘absolute shadow prices’ or ‘undeflated 

shadow prices’ (Färe et al., 1993). If the observed price of good output h is given by variable ph and 

the price of input k is wk, then the monetary shadow prices for bad output j are calculated by 

multiplying ( , )h jMRT y b by ph and ( , )k jMP x b  by wk. In case good outputs and inputs are expressed 

in monetary units (i.e., revenue or cost aggregates), equations (4) and (5) directly provide monetary 

shadow prices for bad outputs. To avoid confusion, we will henceforth refer to the first interpretation 

as dual prices, to the second interpretation as MRT and MP, and reserve the term shadow price for 

the monetary shadow prices of bad outputs (i.e., the third interpretation). 

 

2.4 Marginal abatement cost (MAC) 

Shadow pricing of bad outputs using production functions or the DDF is one of the many approaches 

to estimating the marginal abatement costs for bad outputs. The terms ‘shadow price’ and ‘marginal 

abatement cost’ are often used interchangeably in the literature (e.g., Färe et al., 1993, 2005; Zhou et 

al., 2014, 2015). However, there is no reason to assume that the shadow prices of all inputs and 

outputs would be always equal to MAC. Since this distinction is important in order to take a broader 

set of abatement strategies into account, the conceptual confusion may be one of the root causes of 

the upward bias in DEA estimators of MAC. Therefore, the conceptual distinction between shadow 

prices and MAC deserves a clarification.  

We propose the following general definition of MAC in the present setting: 

 

Definition: Marginal abatement cost (MAC) of bad output j is defined as 

,
( , , ) min{ ( , ), ( , )}j h h j k k j

h k
MAC p MRT y b w MP x bx y b .    (6) 
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In contrast to the conventional approach to evaluating MAC that implicitly assumes

( , , ) ( , )j jMAC pMRT y bx y b  in the single-output case, our definition of MAC takes into account the 

opportunities to abate bad output j by either reducing good outputs (i.e., downscaling the activity) or 

increasing the input use (e.g., investment in cleaner technology, fuel switch, or using inputs for end-

of-pipe abatement measures). The MAC formulation (6) uses the least-cost alternative. Note that if 

the government imposes a market price for the bad output (e.g., through emissions tax or tradeable 

permits), then the optimal profit maximizing solution would imply that the shadow prices of all inputs 

and outputs are set equal to the MAC. In the absence of such regulations, however, there is no reason 

for all the shadow prices to equal MAC. By taking into account the possibility to increase input use, 

our definition will generally yield lower MAC whatever method might be used for estimating MRT, 

addressing the first source of upward bias noted in the Introduction.  

By definition, MAC indicates the cost of an infinitesimal amount of abatement. To connect 

MAC to the widely used notion of marginal abatement cost curve (MACC: e.g., Kesicki and Strachan, 

2011) that plots the marginal cost as a function of the amount of abatement, it is helpful to first 

introduce the total abatement cost function (TAC) and assess abatement costs at the aggregate level. 

 

2.5 Total abatement cost (TAC) 

Given MAC as a function of bad outputs b, the total cost of abating Aij units of bad output j in firm i 

is obtained as the definite integral as  

0

( ) ( , , )
ijA

i ij j i i i jTAC A MAC da  x y b a , 

where a is a vector that indicates the amounts of abatement for each bad output, and aj is its jth element. 

The firm-specific TAC function indicates the least-cost solution to abate a given amount of emission 
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in a given firm, and in general, it may involve a combination of various input- and output-side 

abatement measures as well as synergies and tradeoffs between multiple pollutants (see Lee and 

Wang, 2019, for further discussion about synergies).  

To estimate the TAC curve for all firms of an industry, region, or country, it is important to 

optimally allocate abatement targets Aij to individual firms. That is, the estimation of the abatement 

cost curve at the aggregate level requires solving the following optimization problem 

1 1

( ) min ( )
ij

n n

j i ij ij j
A

i i

TAC A TAC A A A
 

 
  

 
  , 

where Aj is the total amount of abatement of bad output j in the industry or the region. Subsequently, 

the widely-used MACC is simply the derivative function of the aggregate TAC: 

 ( ) ( ) /j j jMACC A dTAC A dA . 

In contrast to the engineering approach to constructing MACC that assumes each abatement 

technology has a constant marginal cost (and hence MACC is a step-function), the production 

economic approach to MAC described above does not require such a simplifying assumption. While 

the engineering approach to MACC typically considers blue-print technologies that are not yet in use, 

our production economic formulation of MACC allows one to focus on existing technologies 

currently in use. Note that the same three sources of upward bias noted in the Introduction will 

obviously carry over from the infinitesimal MAC to the TAC and MACC curves well. In the 

following sections we focus on the quantile estimation of MAC, leaving the data-driven estimation 

of TAC and MACC curves as an interesting challenge for future research. 

 

3. Estimation  

3.1 Data envelopment analysis 
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To make the proposed quantile approach more broadly accessible to readers familiar with DEA, we 

take the DEA formulation of the DDF as our starting point. There are many equivalent ways to 

formulate the deterministic DEA estimator. As our first extension to the classic DEA, let us combine 

the dual formulation of the DDF by Kazemi Matin and Kuosmanen (2009) with the regression 

formulation of DEA by Kuosmanen and Johnson (2010), and write the DEA formulation of the DDF 

as the following linear programming (LP) problem  

, , , ,
1

min

. .

 

 ,

1 

, ,  

0 

n

i

i

i i i i i i i i

i i i i i i i h h i h i h i

x b y

i i i

i i i

i

s t

i

i h

i

i

i



 

 













      

            

     

   

 


α β γ δ ε

γ y β x δ b

β x δ b γ y β x δ b γ y

β g δ g γ g

β 0 γ 0 δ 0

     (7) 

where 
i
  is the DEA estimate of the DDF for observation i, βi, γi, and δi are the estimated dual prices 

(multiplier weights) for inputs, good outputs, and bad outputs, respectively, and αi is a parameter that 

governs returns to scale. In contrast to the usual DEA formulations that compute i
  separately for 

each firm i, we simultaneously compute the values of the DDF for all firms by minimizing the sum 

of i
  (see Kuosmanen and Johnson, 2010). Note that if we impose αi = 0 for all i, then the DEA 

benchmark exhibits constant returns to scale. The first set of equality constraints in (7) can be 

interpreted as a multivariate regression equation. The second set of inequality constraints imposes 

convexity. The third set of constraints imposes the translation property. The fourth set of inequality 

constraints impose free disposability. Note that the sign constraint i δ 0  can be relaxed to allow for 

weak disposability of bad outputs (Kazemi Matin and Kuosmanen, 2009). In the present context, 

imposing i δ 0  as a normative constraint ensures that the shadow prices of a bad output cannot be 



13 

 

negative (cf. Hailu and Veeman, 2001). 

 An appealing feature of the DEA formulation (7) is that the resulting estimates are guaranteed 

to satisfy the axioms of production theory such as convexity and weak or strong disposability. 

However, the dual prices obtained as the optimal solution to (7) reflect the shadow prices on the 

efficient frontier due to the constraint 0 i i    . Therefore, the conventional use of DEA to estimate 

MAC is based on the implicit assumption that the shadow prices for inefficient firms that operate far 

below the efficient frontier are exactly the same as those on the efficient frontier. This clearly a strong, 

unrealistic assumption. While the DEA frontier itself is independent of the specification of the 

direction vector ( , , )x b yg g g , the direction vector determines the projections of the inefficient firms 

to the facets of the DEA frontier, and hence the shadow prices of inefficient firms are highly sensitive 

to the choice of the direction vector. Lee et al. (2002) provide a detailed discussion of this issue. To 

address the impact of inefficiency on MAC estimation, they propose to adjust the estimated dual 

prices downward by an inefficiency correction factor. However, the proposed adjustment seems 

arbitrary, and remains sensitive to the specification of the direction vector.  

Another major problem of the deterministic DEA approach is that it fails to account for 

measurement errors, unobserved heterogeneity, and other random noise in data. Ignoring noise further 

contributes to the overestimation of shadow prices. There is clearly a need for a systematic approach 

to account for inefficiency and noise in shadow price estimation in order to address problems ii) and 

iii) noted in the Introduction.   

 

3.2 Probabilistic DDF 

Kuosmanen and Johnson (2017) introduce a probabilistic model of the DDF where all inputs and 

outputs are subject to inefficiency and noise, governed by a composite error term i i iu v    that 
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contains a non-negative inefficiency term iu  and a random noise term iv . As the observed data are 

perturbed by inefficiency and noise, the value of the DDF for firm i is a random variable  

( , , , , , )x y b

i i i iD x y b g g g .             (8) 

Note that while the production technology T is completely deterministic, and so is function D : there 

is no uncertainty about the frontier itself, but its exact location is uncertain as we estimate it from 

noisy data.  

Explicit modeling of the probabilistic data generating process is relevant in the present context 

because the shadow prices depend on the realization of the random variables ui and vi. Kuosmanen et 

al. (2020) demonstrate using a single output production function that the MAC of a bad output b is a 

decreasing function of inefficiency u. Taking partial derivatives of equation (8) to compute the MRTs 

and MPs, one can verify that the same argument directly extends to the present context of multiple 

inputs and multiple outputs modeled using the DDF. For the sake of brevity, we skip the derivations 

and summarize the qualitative results. On one hand, the presence of negative noise vi < 0 in the data 

would cause upward bias in the deterministic DEA estimates of MAC on the frontier. On the other 

hand, the standard practice of projecting the inefficient units to the frontier to compute the shadow 

prices ignores the impact of positive inefficiency ui > 0, which further contributes to the upward bias. 

To alleviate these two sources of upward bias, in this paper we model the random data 

containing inefficiency and noise by resorting to a probabilistic quantile characterization of the DDF: 

( , , , , , ) sup{ | Pr.[( , , , ) ] 1 }x y b x y b

i i i i i iD T           x y b g g g x g y g b g , (9) 

where parameter [0,1]  . Note that the deterministic DEA technology is the limiting special case 

obtained by setting 1  . The interpretation of the quantile DDF is directly analogous to the standard 

linear quantile regression (Koenker and Bassett, 1978). The present formulation can be seen as an 

extension of the previous quantile formulations by Banker et al. (1991) and Wang et al. (2014) to the 
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general multi-input multi-output setting. The estimation of the quantile DDF is considered in the next 

sub-section.   

How the use of quantiles addresses the upward bias of DEA due to inefficiency and noise? 

Let ,jMAC   denote the marginal abatement cost of bad output j evaluated relative to the quantile τ 

that is closest to the evaluated firm. For example, ,0.5jMAC  is appropriate for shadow pricing the 

median firm in the sample. In contrast, the traditional approach to shadow pricing uses the full frontier 

,1jMAC  for all firms, including inefficient ones. By using ,jMAC   instead of ,1jMAC , our shadow 

price estimate is based on the actual performance of the firm, and hence there is no need to project 

the firm to the frontier. In contrast, the use of ,1jMAC  is sensitive to the choice of the direction vector 

( , , )x b yg g g  that determines the projection to the full frontier. The full frontier itself is highly sensitive 

to noise in data, whereas ,jMAC   is based on shadow prices of the quantile τ that are explicitly 

adjusted for the impacts of inefficiency and noise to reflect the actual level of performance by the 

evaluated firm. Note that the shadow prices generally differ across quantiles τ due to heteroscedastic 

inefficiency and noise: if the variance of i  approaches to zero, then all quantiles converge to the true 

frontier of technology T. The empirical application presented in Section 4 is helpful to further 

illustrate the advantages of the quantile approach. 

 

3.3 Convex quantile regression 

To operationalize the probabilistic distance functions, we need to combine the DDF estimator by 

Kuosmanen et al. (2015, Ch. 7.6.3) with the quantile formulation by Wang et al. (2014). For a given 

quantile τ, we can solve the following linear programming (LP) problem  
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, , , , ,
1 1

min (1 )
n n

i i

i i

   
 

 

 

  
α β γ δ ε ε

 

s.t.             (10) 

 

 

 ,

1 

, ,  

0, 0 

i i i i i i i i i

i i i i i i i h h i h i h i

x b y

i i i

i i i

i i

i

i h

i

i

i

  

 

 

 

 

       

            

     

   

  

γ y β x δ b

β x δ b γ y β x δ b γ y

β g δ g γ g

β 0 γ 0 δ 0

  

Note that problem (10) is directly analogous to the deterministic DEA formulation (7), except that 

formulation (10) includes two error terms (   and   ) that allow for negative and positive deviations 

from the frontier. In the objective function, the parameter τ is the weight of the positive deviations, 

whereas negative deviations are assigned the weight (1–τ).6 For example, setting 0.95   yields the 

95th quantile. Following the standard notation in econometrics and statistics, the estimates of error 

terms    and    are referred to as residuals, denoted by e  and e , respectively. Note that the usual 

regression residual is given by i i ie e e   . In contrast, the estimate of D  for observation i is given 

by its additive inverse i i ie e e    . Note further that the optimal solution must satisfy 0i ie e    

(see Wang et al., 2014). The interpretation of the dual prices βi, γi, and δi is directly analogous to the 

DEA formulation (7): as τ approaches to unity, the quantile frontier approaches to the DEA frontier.  

Denote the number of observations with strictly positive residual ( 0ie  ) by n
  and the 

number of observations with strictly negative residual ( 0ie  ) by n
 . The following propositions 

demonstrate that the basic results from linear quantile regression (Koenker, 2005) and convex 

quantile regression (Wang et al., 2014) extend to the DDF setting: 

                                                 
6 Our specification of weights τ is in line with the standard practice in the linear quantile regression. In contrast, Wang 

et al. (2014) use the weight τ for the negative deviations and reserve (1-τ) for the positive ones. 
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Proposition 1: For any [0,1]  , the optimal solution to problem (10) always satisfies the 

inequalities 1
n

n

 


   and 
n

n

 


 . 

 

Proposition 2: Suppose the observed data ( , , )i i ix y b , i = 1,…,n, are i.i.d. random variables 

generated by model (8) where i  is a continuous random variable. As n , the optimal solution 

to problem (10) converges to the following theoretical bounds with probability 1: 

 1
n

n

 


   and 
n

n

 


 . 

 

Robustness to heteroscedasticity is generally recognized as one of the main advantages of 

quantile regression (e.g., Koenker, 2005). Consider the special case where the variance of i  is 

constant across all observations. If i  is homoscedastic, then the shapes of empirically estimated 

quantile frontiers will be similar across  . In that case, estimating a single quantile or the conditional 

mean suffices to recover any quantile of interest (cf. Kuosmanen et al., 2015). By empirically 

estimating multiple quantiles associated with different levels of performance, we effectively relax the 

homoscedasticity assumption as the shapes of quantile frontiers can freely differ across  . Indeed, 

statistical testing of heteroscedasticity is one of the key applications of linear quantile regression (see, 

e.g., Koenker, 2005); extending such tests to convex quantile regression is an interesting topic for 

future research.  

The rationale of convex quantile regression is very similar to that of partial frontier estimators 

such as the robust order-α approach (Cazals et al., 2002). However, a notable practical difference is 
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that order-α estimator is a step-function, and as such, inapplicable for shadow pricing and MAC 

estimation. We leave a more detailed comparison of the statistical properties and performance of 

multivariate convex quantile regression and partial frontier estimators as an interesting topic for 

future research. 

 

3.4 Indirect estimation of quantiles through convex expectile regression 

As a compelling alternative to the direct estimation of quantiles by solving the LP problem (10), it is 

also possible to estimate quantiles indirectly using convex expectile regression. In the context of 

parametric quantile regression, Waltrup et al. (2015) discuss the possibility to convert expectiles to 

quantiles in detail, showing that the use of expectiles can improve statistical efficiency. In the present 

context, it is worth noting that problem (10) does not necessarily have a unique solution (see Wang 

et al., 2014; Kuosmanen et al. 2015). To ensure a unique solution, Kuosmanen et al. (2015) propose 

to use the following quadratic formulation of the objective function  

2 2

, , , , ,
1 1

min (1 ) ( ) ( ) ,
n n

i i

i i

   
 

 

 

  
α β γ δ ε ε

       (11) 

subject to the same constraints as in problem (10). Similar asymmetric least squares formulation has 

been considered by Aigner et al. (1976) and Newey and Powell (1987) in the context of linear 

expectile regression. One of the advantages of the QP formulation of the objective function is that the 

optimal solution is always unique (Kuosmanen, 2008).  

The following proposition demonstrates the expectile interpretation of the QP problem (11), 

analogous to Newey and Powell (1987):  

 

Proposition 3: For any (0,1)  , the optimal solution to problem (11) subject to the constraints 

of problem (10) satisfies the equations  
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.         (13) 

 

To draw a clear distinction, we use weight  for the quantiles and weight   for the expectiles. 

Jones (1994) demonstrates that there exists a unique transfer function h such that ( )h    (see also 

Waltrup et al., 2015, and references therein). If the probability distribution of the composite error 

term   is known to the researchers (consider, e.g., Monte Carlo simulations), then it is possible to 

determine the weight   corresponding to a given quantile   of interest in advance. In empirical 

applications, this is usually impossible. In practice, one can estimate a fine grid of expectiles, and 

subsequently find the expectile   that corresponds to the quantile  of interest. Efron (1991) suggests 

a simple procedure where one estimates expectile  , and simply counts the number of observations 

with the negative residual ( n
 ) to estimate the corresponding  . Recall from Proposition 2 that the 

ratio /n n
  approaches to   as the sample size approaches to infinity. Waltrup et al. (2015) apply 

similar approach of enumerating a fine grid of  , but they improve efficiency of the procedure by 

using linear interpolation between grid points of  .  

We conclude by noting that while expectiles can be converted to quantiles, for the purposes 

of the present paper, such conversion is not always necessary. As Jones (1994) demonstrates, 

expectiles are simply quantiles of a transformed probability disribution. Recently, the use of 

expectiles as a coherent measure of risk has attracted considerable attention both in finance and 

statistics (e.g., Bellini and Di Bernardino, 2017; Daouia et al., 2018, and references therein). 
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Therefore, one might equally well estimate the shadow prices and MACs using the nearest expectiles 

rather than quantiles. We see both quantiles and expectiles as useful tools for local estimation of 

shadow prices and MACs near the observed data point. 

 

3.5 Estimation procedure for MAC 

The purpose of this sub-section is to elaborate on the local estimation procedure for MAC using 

convex quantile regression described in Section 3.3 or convex expectile regression discussed in 

Section 3.4.  

Firstly, note that the number of quantiles can be seen as a tuning parameter specified by the 

user, depending on the sample size. In principle, the number of quantiles could be set equal to the 

sample size n, but for most applications, a smaller number of quantiles seems sufficient. For example, 

empirical applications by Kuosmanen et al. (2020) and Dai et al. (2020) have employed an equidistant 

grid of 10 quantiles, setting τ = (0.05, 0.15, 0.25,…, 0.85, 0.95). For the sake of clarity, the following 

discussion assumes the equidistant grid of 10 quantiles, but we stress a similar procedure is applicable 

to any arbitrary number of quantiles.   

For observed data points, we estimate the MRT and MP as the weighted average of the two 

nearest quantiles. The practical procedure can be summarized as follows: 

1) Find the largest τ* for which the residual i i ie e e    is non-negative. 

2) Calculate the MRT and MP as the weighted average of quantiles τ* and τ*+0.1, weighted 

by the distance to those two quantiles, except for the following three special cases: i) If an observation 

happens to lie exactly on the quantile τ* (i.e., the residual is equal to zero), then use the weighted 

average of the MRTs and MPs of quantiles τ*+0.1 and τ*–0.1. ii) If τ* is equal to 0.95, then simply 

use the MRT and MP for the 95th quantile. iii) If the residual is negative for all quantiles, then simply 
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use the MRT and MP for the quantile for which the residual is the largest. Given the estimates of 

MRT and MP, we can proceed to calculate the MACs of bad outputs for each observation based on 

the MAC formulation in) equation (6), using the prices of good outputs and inputs.  

The conventional DEA implementations of the DDF are known to be sensitive to the choice 

of the direction vector ( , , )x y bg g g . Instead of projecting inefficient observations to the full frontier, 

our approach is to project all observations to their nearest quantiles. Suppose the distance from 

observation i to the full frontier is ( , , ) x y b

i g g g , and the distance to the nearest quantile   is 

( , , ) x y b

i g g g . Clearly, the lengths of these two alternative projections must always satisfy  i i  

for all i. By using the nearest quantiles and by controlling the number of quantiles, the user can 

effectively decrease the length of the projection  i  to an arbitrarily small number; by using an 

equidistant grid of n quantiles τ = (1/(n +1), 2/(n +1), 3/(n +1),…, n/(n+1)), we can enforce  i
 to zero. 

But even if fewer quantiles are used, projection to the nearest quantiles effectively ensures that the 

MAC estimates are less dependent of the choice of the direction vector ( , , )x y bg g g : whichever 

direction vector is used for projection, the length of projection in our approach is typically a small 

fraction of the distance to the full frontier. This fact is another major advantage of the proposed 

approach compared to the conventional approach to projecting inefficient units to the frontier. 

 

4. Application to electric power plants 

4.1 Motivation and specification 

We next demonstrate the advantages of the proposed approach with an empirical application to a 

cross-section of 139 electric power plants operating in the U.S. in 2014. Similar plant level data have 

been used in dozens of empirical application of shadow pricing (e.g., Färe et al., 2005; 
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Mekaroonreung and Johnson, 2014). This application is interesting because the environmental 

regulation of CO2 emissions differs in the U.S. across states. For example, California introduced a 

cap-and-trade program for CO2 in 2013, but many other states do not regulate the CO2 emissions. 

Therefore, we expect to see a large variance in the MAC of CO2 across plants in different states. On 

the other hand, other emissions such as SO2 and NOx are subject to tighter regulation, which also 

influences the CO2 emissions and the input use. For example, low-sulfur coal has a lower energy 

content, and hence the use of low-sulfur coal to decrease SO2 emissions can result as an increase in 

CO2 emissions per unit of electricity. Reliable estimation the MAC of CO2, taking into account the 

synergies of abatement and heterogeneity of plants, would be critically important to assess the 

economic burden of the existing regulation as well as for efficient design of future regulations.  

We use the net generation as the desirable output (y) of power plants.7 As the bad output (b), 

we use the CO2 equivalent emissions, which account for both the direct CO2 emissions and other 

greenhouse gases such as CH4 and N2O. Input variables are specified as the fixed cost (x1) and the 

variable cost (x2), which account for a wide range of production factors and, more importantly, the 

opportunities to abate bad outputs by increasing equipment costs (e.g., investing in cleaner production 

technology, end-of-pipe abatement, etc.), fuel expenses (e.g., using cleaner fuels), or supervision and 

engineering expenses (e.g., improving the quality of operation and maintenance). To justify the use 

of cost aggregates as input variables, we note that the cost function is an equivalent representation of 

the technology according to the duality theory (see, e.g., Färe and Primont, 1995). A detailed 

discussion of the data sources and descriptive statistics is presented in the Appendix.  

 

                                                 
7 According to EIA: “Electricity net generation is the amount of gross electricity generation a generator produces minus 

the electricity used to operate the power plant. These electricity uses include fuel handling equipment, water pumps, 

combustion and cooling air fans, pollution control equipment, and other electricity needs.” (source: 

https://www.eia.gov/tools/faqs/faq.php?id=101&t=3) 

https://www.eia.gov/tools/faqs/faq.php?id=101&t=3
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4.2 Estimated expectiles 

In this application we estimate the shadow prices using an equidistant grid of 10 expectiles with   = 

(0.05, 0.15, 0.25, …, 0.85, 0.95)  without converting the expectiles to quantiles (see Section 3.4 for 

further discussion). The expectiles are estimated by solving the QP problem (11). The estimation was 

implemented in the optimization software GAMS using the embedded CPLEX solver (see the 

Appendix for further details). For the sake of comparison, we also estimated the deterministic DEA 

technology (i.e., expectile   = 1). 

Following Kuosmanen and Johnson (2017), who suggest to specify the direction vector based 

on the relative magnitude of inefficiency noise in the input and output variables, we specify the 

direction vector as ( , , ) ( ,0,0)x y bg g g x . Clearly, the cost aggregates used as input variables are 

much noisier than the outputs. We also stress that the proposed approach is very robust to the choice 

of the direction vector, as discussed in more detail in Section 3.5. 

Figure 1 illustrates the output sets of the estimated expectiles at the sample mean of the fixed 

and variable costs. The horizontal axis indicates the CO2 emission and the vertical axis is the net 

generation. The output isoquants indicated in the figure are the deterministic full frontier, the 95th 

expectiles, the 85th expectiles, and so forth. Similarly, Figure 2 illustrates the input sets of the 

estimated expectiles at the average good and bad outputs. The horizontal and vertical axes indicate 

plant annual fixed cost and variable cost, respectively. From the figure we can see, as expected, that 

the deterministic full frontier envelops all the 10 expectiles from the 95th to the 5th.  

The expectiles depicted in both figures illustrate very large differences in productive 

performance across different power plants. For example, Figure 2 indicates that the least efficient 

plants that fall in the 5th expectile require more than 10 times higher fixed and variable cost than the 

most efficient plants to produce the same output. A large majority of plants operate far from the 
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deterministic DEA frontier: plants are different in terms of the vintage of capital inputs, managerial 

efficiency, type and quality of fuel used, and unobserved heterogeneity. While we do not try to explain 

the performance differences or draw a distinction between inefficiency and noise, we argue that it is 

important to take the performance differences into account in the estimation of shadow prices.  

 Note that the slopes of estimated isoquants are not the same across different expectiles in 

Figures 1 and 2, which suggests the composite error term is heteroscedastic. As Figure 1 illustrates, 

marginal abatement cost of CO2 relative to electricity output is lower for inefficient units than for the 

efficient ones. In contrast, the conventional DEA approach to shadow pricing implicitly assumes that 

all expectiles have the same shape as the full frontier, and therefore, the shadow prices on the frontier 

apply equally well to inefficient units. The proposed approach relaxes this restrictive assumption, 

allowing greater freedom for the data to speak for themselves. 

 

 

Figure 1: Illustration of the output isoquants of expectiles   = 0.05, 0.15,…, 0.95, 1. 
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Figure 2: Illustration of the input isoquants of expectiles   = 0.05, 0.15,…, 0.95, 1. 

 

We have argued above that the proposed approach is robust to the choice of the direction 

vector. To illustrate this fact, consider an inefficient firm that falls between the 25th and 35th 

expectiles. In Figures 1 and 2, these expectiles are indicated by red color and blue color isoquants, 

respectively. Note that the range between these two expectiles is relatively narrow. Therefore, the 

shadow prices estimated based on these two isoquants will be rather similar irrespective of the choice 

of the direction vector as the shadow prices are estimated based on the nearest expectiles. And if the 

band between isoquants is not narrow enough, one can use a finer grid of expectiles. In contrast, the 

conventional DEA approach projects all observations to the 100th expectile (the outermost blue line 

in Figures 1 and 2). While the direction vector does not influence the shape of the DEA frontier, it 

does determine the facet to which an inefficient firm is projected, and therefore, the DEA shadow 
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price estimates are more sensitive to the specification of the direction vector.     

 

4.3 Estimated shadow prices and MACs 

Applying the estimation procedure elaborated in Section 3.4, we first calculate the MRT between 

annual net generation and CO2 equivalent emissions, and the MPs of the two inputs on CO2 equivalent 

emissions for each power plant in the sample. We then calculate the (monetary) shadow prices for 

CO2 equivalent emissions, with respect to net generation (i.e., p×MRT), fixed cost (i.e., w×MP1), and 

variable cost (i.e., w×MP2), respectively. These shadow prices represent three options that a power 

plant may take to reduce its CO2 emissions: downscaling the electricity generation, investing in 

capital (e.g., cleaner technology, end-of-pipe abatement measures), or increasing variable input (e.g., 

switch to cleaner fuels, improve quality of operation and maintenance). Finally, we identify the least-

cost alternative as the MAC of CO2 equivalent emissions for each power plant. 

Table 1 reports descriptive statistics of the MAC estimates and shadow prices.8 The median 

of MAC is only $0.11 U.S. dollars per ton, whereas the average is $46.4 per ton. The large difference 

between the median and mean is due to very strong positive skewness in the distribution of MAC 

estimates as some states impose tighter regulation of the CO2 emissions. We note that relying mainly 

on the average MAC can give a misleading picture about the abatement cost as some power plants 

have extremely high marginal abatement costs, which drives up the mean. In the present sample, half 

of U.S. power plants could abate CO2 at very low cost of $0.11 per ton or less.  

For comparison, Table 1 also reports shadow prices of net electric generation (p×MRT), fixed 

input (w×MP1), and variable input (w×MP2), respectively. Recall that our MAC estimate is the 

minimum of these three shadow prices. While the estimates of p×MRT are somewhat higher than 

                                                 
8 MAC is finite for all power plants, but for the majority of plants at least one of the three shadow prices approaches to 

infinity. The infinite shadow prices were excluded from the mean and the standard deviation statistics in Tables 1 and 2. 
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MAC, both w×MP1 and w×MP2 yield extremely high means and standard deviations. This simply 

indicates that increasing input is a very expensive abatement option for most power plants, but for a 

minority of plants, increasing input turns out as the least-cost alternative. Note that while the mean 

value of w×MP2 is extremely large, the median is only $3.38 per ton. Therefore, excluding the input 

side abatement options from the outset is clearly not justified.   

 

Table 1: Estimated MAC and shadow prices (US$/ton). 

  MAC p×MRT w×MP1 w×MP2 

Median 0.11 0.32 63.28 3.38 

Mean 46.40 65.22 27,972.91 74,843,821.53 

Std. Dev. 163.29 259.16 129,181.38 519,659,564.79 

Note: p denotes the electricity price; w denotes the input price, which is assumed to be unity; MP1 and MP2 are 

the marginal products of x1 (fixed cost) and x2 (variable cost) on CO2 equivalent emissions, respectively. 

 

 

 

Figure 3: Euler diagram of the least-cost CO2 abatement options. 
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Figure 3 displays the distribution of the least-cost alternative to CO2 equivalent abatement 

using the Euler diagram. Downscaling production is the single least-cost alternative for 61 out of 139 

power plants, while capital investment is the least-cost alternative for 8 plants, and increasing variable 

input would be most economical for 31 plants. For 9 power plants all three abatement options have 

identical shadow prices, while for 30 power plants, two abatement options have the same shadow 

price. From the perspective of allocative efficiency, those 9 power plants can be considered as 

allocatively efficient with respect to CO2 abatement, while the distribution of least-cost abatement 

options would suggest that there is overcapacity and capital bias in this sector.  

 

4.4 Comparison with deterministic DEA 

Having presented our main empirical findings, we next compare our results with those obtained with 

the conventional DEA approach. Recall that DEA can be seen as the special case (i.e., the 100th 

expectile) of the more general convex expectile regression approach.9  

Table 2 presents descriptive statistics of MAC estimates and p×MRT (shadow price in terms 

of the forgone good output) obtained by the convex expectile regression (the left part of Table 2 is 

identical to Table 1) and the deterministic DEA (the right part of Table 2). Recall that our estimate 

of the median MAC is $0.11 per ton. The conventional DEA approach estimates MAC using the DEA 

estimate of p×MRT, which has the median $72.53 per ton. That is, the median of the conventional 

MAC estimates is 660 times higher than our corresponding estimate, whereas the mean of the 

conventional MAC estimates is 550 times higher than our corresponding estimate.  Clearly, the three 

innovations proposed in this paper make an enormous difference in practice.  

 

                                                 
9 Since the shadow prices of the fully efficient plants are not necessarily unique in DEA, we use the shadow prices of 

the super-efficiency DEA specification to estimate the MAC.  
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Table 2: Comparison of MAC estimates (US$/ton) of convex expectile regression and DEA. 

  Convex expectile regression DEA 

  MAC p×MRT MAC p×MRT 

Median 0.11 0.32 6.72 72.53 

Mean 46.40 65.22 50.43 22,079 

Std. Dev. 163.29 259.16 134.52 109,735 

 

To what extent the large differences in the median and mean estimates of MAC are due to our 

proposed definition of MAC as the least-cost abatement alternative, and what is the relative 

contribution of convex expectile regression? Table 2 sheds also light on this question by reporting 

the shadow price estimates of p×MRT for convex regression and our definition of MAC for 

deterministic DEA. If we consider the median MAC, the DEA estimate decreases to $6.72 per ton by 

simply taking into account the input side abatement options. Similarly, the mean MAC decreases to 

$50.43 per ton. These are already much more realistic estimates than the average of $22,079 per ton 

obtained by the conventional DEA approach. Including the input-side abatement options makes a 

much bigger difference for DEA estimates than for convex expectile regression. 

Focusing attention to MAC estimates that include the input-side abatement options, the 

median of the conventional DEA estimates is 61 times higher than our corresponding estimate 

obtained with convex expectile regression. For the median value, the use of expectiles has a 

proportionately bigger impact than omitting the input-side abatement alternatives. However, the 

impact is considerably smaller for the mean values of MAC: the mean of the DEA estimate is 10 

percent higher than the corresponding estimate from convex expectile regression.  

The main objective of this application is to demonstrate using high-quality plant level data 

used in numerous empirical studies that our proposed methodological innovations have a major 

impact on empirical estimates of MAC. Of course, our MAC estimates are not better because they 

are lower; our method is better because it takes into account the possibility to increase inputs, and 
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estimates shadow prices locally based on the actual level of performance taking into account 

inefficiency and noise, as discussed above. We recognize that further research is needed to shed 

further light on the statistical properties of convex quantile regression and convex expectile regression 

(both theoretical work and Monte Carlo simulations), which may lead to further methodological 

improvements and insights.  

 

5. Conclusions 

In this paper, we have developed a novel data-driven approach based on convex quantile regression 

and convex expectile regression to estimate shadow prices and marginal abatement costs for 

undesirable outputs such as carbon dioxide. The proposed approach effectively addresses three major 

shortcomings of the traditional approach to shadow pricing.  

First, drawing a clear conceptual distinction between shadow prices and marginal abatement 

costs, we redefined the marginal abatement cost as the least-cost alternative among multiple 

abatement options, including the conventional option to downscale activity, but also the capital 

investment (e.g., cleaner technology, end-of-pipe abatement technologies) and increasing the variable 

input (e.g., fuel switch, improved maintenance) as alternative abatement options.  

Second, we apply convex quantile regression or convex expectile regression to estimate 

shadow prices not only on the efficient frontier, but also in the interior of the production possibility 

set. The proposed quantile approach ensures that shadow prices and marginal abatement costs for bad 

outputs are estimated at the actual level of performance by the evaluated units. The local estimation 

approach makes the proposed quantile approach less sensitive to the choice of the direction vector as 

there is no need to project inefficient firms to the efficient frontier. 

Third, the deterministic DEA is known to be sensitive to noise in empirical data. In contrast, 
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the proposed approach takes both noise and inefficiency explicitly into account in the estimation of 

quantiles or expectiles. Indeed, the quantiles (expectiles) differ from each other specifically due to 

heteroscedastic inefficiency and noise.  

The proposed convex expectile regression approach to marginal abatement cost estimation 

was applied to a sample of U.S. electric power plants. The main purpose of this application was to 

demonstrate using high-quality plant level data used by numerous empirical studies that our proposed 

approach yields systematically lower marginal abatement cost estimates than the traditional DEA 

approach. The median of the conventional DEA estimates is 660 times higher than our corresponding 

estimate obtained by convex expectile regression. If one takes the input-side abatement alternatives 

into account in DEA estimation, following our definition of marginal abatement cost, the median 

DEA estimate is still 61 times higher than our expectile based estimate. While we recognize the need 

for further research on convex quantile regression and convex expectile regression, in our view, the 

empirical application clearly demonstrates that the three innovations proposed in this paper are of 

considerable practical importance.   

The present study opens several fascinating avenues for future research, both in theoretical 

and empirical domains. As noted in Section 2.4, the proposed approach could be further extended to 

estimate the abatement cost curve. In Section 5 we noted that statistical properties and performance 

of convex quantile regression and convex expectile regression warrants further research, both in 

theory and in terms of systematic Monte-Carlo simulations. Developing operational methods for 

statistical inferences such as bootstrapping, and addressing econometric issues such as endogeneity 

in the present context, provide other important topics for future research.  

From the empirical point of view, the proposed approach can provide more reliable and robust 

estimates of marginal abatement costs of not only CO2 but also other environmental bads. While the 
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present application focuses on a single pollutant, the proposed quantile regression approach builds 

upon the general multi-input, multi-output framework, and therefore, it readily allows one to model 

synergies and tradeoffs between multiple pollutants. The proposed approach has many potential 

applications ranging from the plant and firm level studies to industries, sectors, regions, and countries, 

similar to the classic DEA (cf. the follow up studies Kuosmanen et al., 2020, and Dai et al., 2020).  

We conclude by emphasizing that systematic overestimation of the abatement cost has 

profound and far-reaching policy implications. If the policy makers believe that CO2 abatement is 

prohibitively expensive, they are less likely to consider mitigation options, and are more likely to 

favor adaptation strategy, or simply accept the damage cost due to climate change. For example, 

perceived high economic cost of the Kyoto Protocol (see, e.g., Nordhaus and Boyer, 1999) was the 

main reason why the U.S. did not commit to the Kyoto targets. If better estimations methods enable 

empirical researchers to identify affordable abatement options, not only through downscaling 

production but also through capital investment and increased input use, new empirical evidence could 

convince policy makers around the world to pursue more stringent mitigation targets called for by the 

Intergovernmental Panel on Climate Change (IPCC). 
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Online appendices 

 

Appendix A) Proofs of formal propositions 

 

 

Proposition 1: For any [0,1]  , the optimal solution to problem (10) always satisfies the 

inequalities 1
n

n

 


   and 
n

n

 


 . 

  

Proof. This proposition is an extension of the standard result in linear quantile regression (see 

Koenker, 2005) to multivariate convex quantile regression. Following Wang et al. (2014), our 

strategy is to prove that the result depends on the objective function, and the constraints of the LP 

problem (10) do not affect the result in any way.  

In a finite sample it is possible that the residual of an observation i is exactly equal to zero, 

that is, 0i i    . For a given quantile  , denote the number of such zero residuals by 0n . Note 

that we have by construction  

0n n n n  
    . 

Starting from a feasible solution that satisfies the constraints of problem (10), let us consider the 

impact of an infinitesimal parallel shift of the frontier on the value of the objective function. Taking 

the partial derivative of the objective function with respect to a constant term added to the intercepts 

i  (see Wang et al., 2014, for details), we see that the marginal effect on infinitesimal upward shift 

on the objective function is equal to  

0(1 )( )n n n       .  
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Analogously, the marginal effect on infinitesimal downward shift on the objective function is equal 

to  

0(1 ) ( )n n n       . 

If the objective function was continuous, then setting these two partial derivatives equal to zero and 

solving the two resulting equations would yield 1n    , n   , and 0 0n  . However, the 

objective function is not necessarily continuous in the optimal solution as 0n  may be positive. In the 

general case, the Kuhn-Tucker conditions imply that the optimal solution to the LP problem (10) must 

always satisfy  

0

0

(1 ) ( ) 0

(1 )( ) 0

n n n

n n n

  

  

 

 

 

 

    


   

 

Reorganizing the first inequality, we have 

0 0(1 ) ( ) ( ) 0n n n n n n n n n                         , 

which implies  

n

n

 


 . 

Similarly, the second inequality yields 

0 0(1 )( ) (1 )( ) (1 ) 0n n n n n n n n n                           , 

implying 

  1
n

n

 


  .            
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Proposition 2: Suppose the observed data ( , , )i i ix y b , i = 1,…,n, are i.i.d. random variables 

generated by model (8) where i  is a continuous random variable. As n , the optimal solution 

to problem (10) converges to the following theoretical bounds with probability 1: 

 1
n

n

 


   and 
n

n

 


 . 

 

Proof. Properties of continuous random variables ensure that the probability of observation i falling 

exactly on quantile   is equal to zero, that is, 

Pr. ( , , , , , ) 0 0x y b

i i iD  
 

x y b g g g  

for any arbitrary observation i and any quantile  . Therefore, the proportion of observations with 

zero residuals decreases towards zero as the sample size increases, that is, 
0

0
n

n

   as n . 

Combining this fact with the results from Proposition 1, we see immediately that the relative sizes of 

subsamples with positive and negative residuals, respectively, must converge to their theoretical 

bounds as n , that is,  

n

n

 


 , 

1
n

n

 


  .           

 

Proposition 3: For any expectile  , the optimal solution to problem (11) always satisfies the 

equations  

1 1

(1 )
n n

i i

i i

e e  

 

   ,          (12) 
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1

1 1

n

i

i

n n

i i

i i

e

e e







 

 







 
.         (13) 

  

Proof. Starting from a feasible solution that satisfies the constraints of problem (11), let us consider 

the impact of an infinitesimal parallel shift of the frontier on the value of the objective function, 

similar to the proof of Proposition 1. Denote the QP objective function of problem (11) by O, and let 

O

a




 denote the marginal effect on infinitesimal upward shift of the frontier on the objective function. 

The optimal solution to problem (11) must satisfy the first-order condition 

1 1

2(1 ) 2 0
n n

i i

i i

O
e e

a
  

 


   


  . 

Dividing this equation by two, we see that equation (12) must be satisfied.  

Next, we can reorganize the equation (12) to see that  

1 1

1 1 1

1

1 1

(1 )
n n

i i

i i

n n n

i i i

i i i

n

i

i

n n

i i

i i

e e

e e e

e

e e

 





 

 

  

  





 

 

 

 
   

 

 



 

  



 

 

This result can be seen as a discrete analogue of the corresponding result for the continuous random 

variables, stated in Footnote 2 of Newey and Powell (1987) [attributed to A. Goldberg by the authors].  
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Appendix B) Anecdotal empirical evidence 

In this section we compare the published estimates of the marginal abatement costs of CO2 with the market 

prices of CO2 allowances in California, Europe, and Beijing, China. The recent article by Lee and Wang 

(2019) reviews 11 published studies with marginal abatement cost estimates of CO2 in different countries 

ranging between $16 – $476 U.S. dollars per ton (see Figure A1). The fact that the published estimates 

exhibit such a large variance seems somewhat alarming.  

 

 

(source of the figure: Lee and Wang, 2019) 

Figure A1: Comparison of published MAC estimates of CO2. Note: “Present study” in the caption 

refers to Lee and Wang (2019). 

 

In contrast, the market prices of CO2 allowances in years 2014-2018 lie consistently below this range of 

estimates, approximately $12-$15 per ton in California, €5-€15 per ton in the EU, and €5-€10 per ton in 

Beijing (see Figures A2-A4). While the market prices and shadow prices may differ for many different 

reasons, in our view, such a large difference calls for an explanation. 
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Figure A2: Price of Californian CO2 emission allowances ($US/ton)  

(source: http://calcarbondash.org/) 

 

Figure A3: Price of European CO2 emission allowances (€/ton)  

(source:http://markets.businessinsider.com/commodities/historical-prices/co2-

emissionsrechte/euro/1.5.2004_1.6.2018) 

 



43 

 

 

Figure A4: Price of Beijing CO2 emission allowances (€/ton) 

(source: http://www.cbeex.com/article/ywzx/tjyzx/) 
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Appendix C) Data used in the application to electric power plants in the U.S. 

The data were obtained from Emissions & Generation Resource Integrated Database (eGRID) of the 

US Environmental Protection Agency (EPA),10 Form 1 - Electric Utility Annual Report of the Federal 

Energy Regulatory Commission (FERC), 11  and Form EIA-861 of the US Energy Information 

Administration (EIA).12 Comparable data on economic inputs and outputs along with emissions are 

only available for a limited number of power plants. To allow for the possibility of fuel switch, we 

consider a sample of 139 thermal power plants operating in the U.S. in 2014, of which 67 use coal 

and 72 use natural gas as the primary fuel, but the mixed use of both coal and gas is common in this 

sample of power plants.  

We use the ‘plant annual net generation’ as the desirable output (y). As the bad output (b), we 

use ‘plant annual CO2 equivalent emissions’. In this study, both output variables were obtained from 

the eGRID data. This specification accounts for not only the direct CO2 emissions but also other 

greenhouse gases such as CH4 and N2O. The electricity price (p) is estimated by dividing the total 

electricity revenues by the total disposition of electricity of each electric generating utility from the 

Form EIA-861.  

The input variables (x) include plant annual fixed cost (x1) and variable cost (x2), collected 

from Steam-Electric Generating Plant Statistics (Large Plants) in the FERC Form-1. Input x1 is the 

‘total cost’, consisting of capitalized costs associated with land and land rights, structures and 

improvements, equipment, and asset retirement. Input x2 is the ‘total production expenses’, 

comprising expenses of operation (supervision and engineering, fuel, steam, electric, rents, 

allowances, etc.) and maintenance.  

                                                 
10 https://www.epa.gov/energy/emissions-generation-resource-integrated-database-egrid (eGRID). 
11 https://www.ferc.gov/docs-filing/forms/form-1/data.asp (FERC Form-1). 
12 https://www.eia.gov/electricity/data/eia861/ (Form EIA-861). 

https://www.epa.gov/energy/emissions-generation-resource-integrated-database-egrid
https://www.ferc.gov/docs-filing/forms/form-1/data.asp
https://www.eia.gov/electricity/data/eia861/
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Descriptive statistics of the input, output, and price variables are reported in Table A1. 

 

Table A1: Descriptive statistics of the input, output, and price variables (sample size n = 139). 

  

Fixed 

cost  Variable cost Net generation 

CO2 

equivalent Electricity price 

Unit 106 US$ 106 US$ GWh 103 tons US$/MWh 

Mean 517.40 112.12 3,375.87 3,226.29 85.09 

Median 240.87 61.54 1,423.84 1,159.48 83.18 

Std. Dev. 659.76 143.02 4,372.51 4,511.24 19.18 

 

While our output variables are standard, our specification of input variables differs to some 

extent from previous studies (e.g., Färe et al., 2005; Lee et al., 2002; Vardanyan and Noh, 2006). 

First, instead of simply considering the generating capacity,13 labor (i.e., number of employees), and 

fuel (i.e., amount of fuel consumption) as input variables, we used inputs x1 and x2 to account for a 

wider range of production factors and, more importantly, the opportunities to abate bad outputs by 

increasing equipment costs (e.g., investing in cleaner production technology, end-of-pipe abatement, 

etc.), fuel expenses (e.g., using cleaner fuels), or supervision and engineering expenses (e.g., 

improving the quality of operation and maintenance). Second, inputs x1 and x2 are measured in 

monetary units (i.e., containing both quantity and price information) and thus we can assume that the 

prices of the inputs are equal to unity (1 US$). 
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Appendix D) Computational code used in the empirical application 

Computational code for GAMS used for estimating the 95th quantile: 

-------------------------------------------------------------------------------------------- ----------------------------------------------------  

$Title  Convex Quantile Regression (CQR) using Quadratic Programming 

$Ontext 

This file constructs a quadratic CQR formulation for shadow pricing. 

Sample size: 139 

Inputs {m1: Fixed cost (billions); m2: Variable cost (billions)} 

Good output {Net generation (TWh)} 

Bad output {CO2 equivalent emissions (millions of tons)} 

 

Direction vector {gx=x_bar, gb=0, gy=0} 

$Offtext 

Sets 

i  index of plants  /i1*i139/ 

m  index of inputs  /m1*m2/ 

; 

Scalar 

tau  quantile  /0.95/ 

; 

Alias 

(i,h) 

; 

Parameters 

x(i,m)   Input m of plant i 

y(i)     Net generation of plant i 

b(i)     CO2 equivalent emissions of plant i 

; 

*Import data for inputs, goods, & bads to GDX 

$CALL GDXXRW.EXE X.xlsx par=x rng=Sheet1!A1:C140 rdim=1 cdim=1 

$CALL GDXXRW.EXE Y.xlsx par=y rng=Sheet1!A1:B139 rdim=1 

$CALL GDXXRW.EXE B.xlsx par=b rng=Sheet1!A1:B139 rdim=1 

*Assign data from GDX to parameters 

$GDXIN X.gdx 

$LOAD x 

$GDXIN Y.gdx 

$LOAD y 

$GDXIN B.gdx 

$LOAD b 

$GDXIN 

*Calculate the column means of inputs 

Parameter xbar(m); 

          xbar(m) = sum(i, x(i,m))/139; 

 

*Set the direction vector 

Parameter gx(i,m)  direction for inputs; 

          gx(i,m) = xbar(m); 

 

Parameter id(i)  identity matrix for later use; 

          id(i) = 1; 

Variables 
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alpha(i)   intercept term 

beta(i,m)  coefficients for x 

gamma(i)   coefficients for y 

delta(i)   coefficients for b 

eplus(i)   error term + 

eminus(i)  error term - 

sse        sum of squared errors 

; 

Positive Variables 

beta 

gamma 

delta 

eplus 

eminus 

; 

Equations 

obj        objective function 

reg(i)     regression equation 

con(i,h)   convexity 

trl(i)     translation property 

; 

obj ..       sse =e= (1-tau)*sum(i, eminus(i)*eminus(i)) + tau*sum(i, 

eplus(i)*eplus(i)); 

reg(i) ..    gamma(i)*y(i) =e= alpha(i) + sum(m, beta(i,m)*x(i,m)) + 

delta(i)*b(i) - eminus(i) + eplus(i); 

con(i,h) ..  alpha(i) + sum(m, beta(i,m)*x(i,m)) + delta(i)*b(i) - 

gamma(i)*y(i) =l= 

             alpha(h) + sum(m, beta(h,m)*x(i,m)) + delta(h)*b(i) - 

gamma(h)*y(i); 

trl(i) ..    sum(m, beta(i,m)*gx(i,m)) =e= id(i); 

Model 

CQRQP95  /all/; 

Option QCP = CPLEX; 

Option ResLim = 1000000; 

Solve CQRQP95 using QCP minimizing sse; 

*Make GAMS to print any zeros in the form of 'EPS' 

beta.l(i,m)$(not beta.l(i,m)) = EPS; 

gamma.l(i)$(not gamma.l(i)) = EPS; 

delta.l(i)$(not delta.l(i)) = EPS; 

eplus.l(i)$(not eplus.l(i)) = EPS; 

eminus.l(i)$(not eminus.l(i)) = EPS; 

alpha.l(i)$(not alpha.l(i)) = EPS; 

Display beta.l, gamma.l, delta.l, eplus.l, eminus.l, alpha.l, sse.l; 

Execute_unload "Results95.gdx" beta.l gamma.l delta.l eplus.l eminus.l 

alpha.l sse.l 

Execute 'gdxxrw.exe Results95.gdx var=sse.l rng=Sheet1!A1' 

Execute 'gdxxrw.exe Results95.gdx EpsOut=0 var=beta.l rng=beta!A1' 

Execute 'gdxxrw.exe Results95.gdx EpsOut=0 var=gamma.l rng=gamma!A1' 

Execute 'gdxxrw.exe Results95.gdx EpsOut=0 var=delta.l rng=delta!A1' 

Execute 'gdxxrw.exe Results95.gdx EpsOut=0 var=eplus.l rng=eplus!A1' 

Execute 'gdxxrw.exe Results95.gdx EpsOut=0 var=eminus.l rng=eminus!A1' 

Execute 'gdxxrw.exe Results95.gdx EpsOut=0 var=alpha.l rng=alpha!A1' 

----------------------------------------------------------------------------------------------------------------- ------------------------------- 

 


