
This is an electronic reprint of the original article.
This reprint may differ from the original in pagination and typographic detail.

Powered by TCPDF (www.tcpdf.org)

This material is protected by copyright and other intellectual property rights, and duplication or sale of all or 
part of any of the repository collections is not permitted, except that material may be duplicated by you for 
your research use or educational purposes in electronic or print form. You must obtain permission for any 
other use. Electronic or print copies may not be offered, whether for sale or otherwise to anyone who is not 
an authorised user.

Lemström, Ida; Polojärvi, Arttu; Tuhkuri, Jukka
Numerical experiments on ice-structure interaction in shallow water

Published in:
Cold Regions Science and Technology

DOI:
10.1016/j.coldregions.2020.103088

Published: 01/08/2020

Document Version
Peer reviewed version

Published under the following license:
CC BY-NC-ND

Please cite the original version:
Lemström, I., Polojärvi, A., & Tuhkuri, J. (2020). Numerical experiments on ice-structure interaction in shallow
water. Cold Regions Science and Technology, 176, [103088]. https://doi.org/10.1016/j.coldregions.2020.103088

https://doi.org/10.1016/j.coldregions.2020.103088
https://doi.org/10.1016/j.coldregions.2020.103088


Numerical Experiments on Ice-Structure-Interaction in Shallow Water
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Abstract

This paper studies the ice-structure interaction process on a wide, inclined, offshore structure in shal-

low water. In such a process, the ice rubble pile that forms in front of the structure may reach the

seabed, or in other words, the rubble pile may ground. A grounded rubble pile is often assumed

to protect the structure from high peak ice loads. The study is based on two-dimensional combined

finite-discrete element method simulations and it focuses on the effect of water depth and ice thickness

on peak ice load magnitudes. In order to obtain a better understanding of the physical phenomena

behind the peak ice load events in shallow water, we analyse the probability of rubble pile grounding,

the rubble pile geometries, and the load transmission from the intact ice sheet to the structure through

the ice rubble pile. We also discuss the parameter effects and the probability and severity of ice en-

croachment in shallow and deep water. Our simulations suggest that an interaction process in shallow

water may lead to higher peak ice load magnitudes than an interaction process in deep water. This

is at least the case when there is no pre-existing, partially consolidated ice rubble pile in front of the

structure. We also observed that the ice thickness influences the probability of rubble pile grounding:

For a given ice thickness to water depth ratio, thin ice appears to ground with higher probability than

thick ice.
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1. Introduction

Arctic offshore structures are subjected to high ice loads when drifting sea ice interacts with, and piles

up against, them. Designing safe and sustainable offshore structures for the Arctic requires insight on

the mechanics of the ice-structure interaction process. Many Arctic offshore structures, such as ice

barriers, artificial islands and platforms, are built in relatively shallow water. In shallow water, the

ice rubble pile, forming in the failure process of ice, may reach the seabed. This phenomena is called

grounding and it is believed to affect the ice loading process and the magnitude of the ice loads on the

structure. It has been measured that a grounded rubble pile protects the structure from high ice loads

(Marshall et al., 1989; Timco and Cornett, 1999; Sudom and Timco, 2009). However, the detailed

mechanics of ice loading processes in shallow water are poorly understood.

In this paper, we study ice loading processes in shallow water. The focus is on the peak ice load values

on a wide, inclined, offshore structure. The study is performed by simulating the interaction process

with a two-dimensional combined finite-discrete element method (FEM-DEM) (Cundall and Strack,

1979; Munjiza, 2004). FEM-DEM allows the intact ice sheet and its failure to be modelled based on

the finite element method and the interaction between the individual ice blocks to be modelled based

on the discrete element method. In the simulations, an intact ice sheet is pushed against an inclined

structure with a constant speed (Figure 1). The ice sheet fails into ice rubble and the blocks within the

rubble pile interact with each other, the unbroken part of the ice sheet, the structure, and the seabed.

The focus of this study is on a pristine, continuous ice loading process, which starts when an intact

ice sheet contacts the structure with no pre-existing ice rubble in front of it (Figure 1a). These may

be the most severe ice loading scenarios a structure in shallow water is exposed to. This scenario may

lead to ice encroachment, which occurs when the ice rides up the structure and piles up on top of it,

potentially causing damage to the facilities on it (Figure 1d-f). This type of continuous ice loading

process differs from a loading process, in which a grounded rubble pile forms in front of a structure

during a period of ice motion and then, during no further ice movement, may consolidate, before the

ice motion and the loading process start again. In this paper we study how the magnitudes of the peak

ice loads on the structure are affected by the water depth and grounding, in the case of a continuous

ice loading process, where no consolidation is allowed. The parameters considered are ice thickness,

seabed angle, and ice-structure and ice-seabed friction coefficients.

2



Our simulations suggest that shallow water and rubble pile grounding increases the magnitudes of the

peak ice loads applied on the structure. We discuss the phenomena related to this observation: How

does water depth and ice thickness affect the probability of grounding, the ice rubble pile geometries

and the load transmission through the ice rubble pile—what is the role of the seabed and friction?

We are aware that our results are contrary to studies suggesting that the grounded rubble pile protects

the structure from incoming ice (Marshall et al., 1989; Timco and Cornett, 1999; Sudom and Timco,

2009; Goldstein et al., 2013). These studies, however, were performed under conditions, where freez-

ing could have occurred between the ice blocks within the rubble, and the rubble pile may have, thus,

been partly consolidated. In our simulations, no consolidation is occurring between the ice blocks.

The paper is organized as follows. Section 2 describes the numerical method and the parameters

used in the simulations. Section 3 presents the main results related to the magnitudes of the peak ice

loads, the effect of different parameters and the probability of grounding. Section 4 focuses on the

analysis of the results by examining the rubble pile geometries, load transmission, force chains and

ice encroachment, and compares our work with earlier studies. Section 5 concludes the paper with a

short summary and remarks on future work.

Figure 1: Snapshots of a simulated ice-structure interaction process at six stages, each described by the length of ice
pushed against the structure, L. The ice sheet, moving at a constant velocity, vp, breaks into ice blocks in front of the
structure, and forms an ice rubble pile. The first figure shows the initial vertical velocity perturbation, v0, which was used
to vary the initial conditions. Here the ice thickness, h is 0.5 m, the water depth, D, is 5 m, the seabed inclination angle,
α, is 10◦, and ice-structure and ice-ice friction coefficients, µs and µb, are both 0.3.
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2. Methods

2.1. FEM-DEM simulations

The study is based on combined finite-discrete element method (FEM-DEM) simulations (Cundall

and Strack, 1979; Munjiza et al., 1995). All simulations were performed using the 2D FEM-DEM

code developed by the Aalto University Ice Mechanics Group (Paavilainen et al., 2009, 2011; Paavi-

lainen and Tuhkuri, 2012, 2013). Paavilainen et al. (2009, 2011) found the model results to be in good

agreement with the laboratory measurements by Saarinen (2000) and the full-scale data reported by

Timco and Johnston (2004). The benefits of FEM-DEM analyses in ice mechanics are its ability to ac-

count for a high number of individual ice blocks and to account for the granular behavior of ice rubble.

Methods that account for such features have been used in several studies on ice mechanics (Williams

et al., 1986; Hopkins and Hibler III, 1991; Hopkins, 1992, 1998; Hopkins et al., 1999; Barker and

Croasdale, 2004; Liferov, 2005; Tuhkuri and Polojärvi, 2005; Polojärvi and Tuhkuri, 2009, 2013a,b;

Konuk et al., 2009; Polojärvi et al., 2012, 2015; Metrikin and Løset, 2013; Metrikin et al., 2015;

Shunying et al., 2015; van den Berg et al., 2018). A recent review by Tuhkuri and Polojärvi (2018)

describes how such methods have been used in studies on ice loads in various ice loading scenarios.

Figures 1a-f describe our simulations, in which an ice sheet of thickness, h, is pushed against a rigid

inclined structure. Approximately 100 meters away from the structure, a viscous damping boundary

condition is applied on the ice sheet to mimic a semi-infinite ice sheet (Paavilainen et al., 2011). A

constant velocity of vp = 0.05 m/s is applied at the end of the ice sheet. The intact ice sheet consists of

rectangular discrete elements connected by viscous-elastic Timoshenko beams, which fail at locations

where the beams meet a pre-defined failure criterion (Schreyer et al., 2006). The beams go through a

cohesive softening process upon failure (Hillerborg et al., 1976), where the energy dissipated due to

failure matches that of the fracture energy of the ice (Dempsey et al., 1999).

Contact forces are computed using an elastic-viscous-plastic normal contact force model, together

with an incremental tangential contact force model with Coulomb friction (Hopkins, 1992; Paavi-

lainen et al., 2009). The simulations describe local crushing at ice-block-to-ice-block and ice-structure

contacts. The magnitude of local crushing is governed by the plastic limit parameter, σp, which re-

lates the maximum contact load to the contact geometry. No new ice features are created, nor do the

block geometries change during the local crushing (the model cannot be used to describe continuous
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crushing of an intact ice sheet). Water is accounted for by a buoyant force and a simple model for

drag. The model is 2D and, thus, does not allow for clearing of the ice around the structure; the results

presented here do not necessarily apply for slender structures. A summary of the main parameters

used in the simulations is presented in Table 1.

Table 1: Summary of the main parameters used in the numerical experiments.
Parameter Unit Value

General Time step ∆t s 2.0 · 10−5

Element length L0 m 0.25
Gravitational acceleration g m/s2 9.81
Ice sheet velocity vp m/s 0.05
Drag coefficient dc - 2.0

Ice Thickness h m 0.5, 1.25
Effective modulus E GPa 4
Poisson’s ratio v - 0.3
Density ρi kg/m3 900
Tensile strength σ f kPa 600
Shear strength τ f kPa 600

Contact Plastic limit σp MPa 2.0
Ice-ice friction µi - 0.3
Ice-structure friction µs - 0.1, 0.3
Ice-bottom friction µb - 0.1, 0.3

Water Density ρw kg/m3 1010
Depth D m 2, 4, 5, 7, 10, 12.5, 15, 20

Structure Structure angle β ◦ 60
Seabed angle α ◦ 0, 10, 20

2.2. Parametric study

We studied the influence of five different parameters on the ice loads; ice thickness, h, water depth,

D, seabed angle, α, and ice-structure, and ice-seabed friction coefficients, µs and µb. The simulation

parameters were designed to give information about the effects of the studied parameters. The simu-

lation matrix given in Table 2 shows how the simulations were divided into five groups G1-G5 based

on their parameterization.

For each parameterization, five simulation runs with different vertical velocities of the free end of the

ice sheet, v0, were conducted (Figure 1a). The simulated ice-structure interaction process is sensitive

to its initial conditions and it was sufficient to vary v0 within an interval of a fraction of mm/s (see

Ranta et al. (2017a, 2018) for details). Figure 2, shows load records from two simulations with

different v0, but the same parameterization. Figure 2a and b show the horizontal load applied on both
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the structure and the seabed, respectively. As the figure illustrates, the load records diverge soon after

the ice has contacted the structure. The variation in v0 leads to two different ice loading processes

and, consequently, two different peak ice load, F p, values on the structure. Figure 3 illustrates the

direction and the point of application of the total load vector, ~F p
t , in simulation 1 of Figure 2. F p is

the horizontal component of the force resultant acting on the inclined part of the structure. The loads

on the horizontal top part of the structure are not regarded for.

Each simulation group G1-G5 (Table 2) includes simulations with different ice thicknesses, h, inclina-

tion angles of the seabed, α, and water depths, D. The friction coefficients, µs and µb, differ between

groups G1-G3, but otherwise the parameterization for these three groups are identical. G3-G5 has the

same value for µs and µb, but the water depth, D, differs between them. For groups G3 and G4, five

extra simulations were run with the seabed angle 0◦ and in total, the groups included 310 simulations.

In all of the simulations, the total length of ice pushed against the structure, L, is 250 m.

Table 2: Simulation groups G1-G5. Each group includes 5 simulations with the same parameterization but different initial
conditions. The values of ice thickness, h, inclination angle of the seabed, α, water depth, D, and the ice-structure and
ice-ice friction coefficients, µs and µb, respectively, vary between the groups.

Group h [m] α [◦] D [m] µs [-] µb [-]

G1 0.5 0, 10, 20 5 0.1 0.1
0.5 0, 10, 20 10 0.1 0.1
1.25 0, 10, 20 5 0.1 0.1
1.25 0, 10, 20 10 0.1 0.1

G2 0.5 0, 10, 20 5 0.3 0.1
0.5 0, 10, 20 10 0.3 0.1
1.25 0, 10, 20 5 0.3 0.1
1.25 0, 10, 20 10 0.3 0.1

G3 0.5 0, 10, 20 5 0.3 0.3
0.5 0, 10, 20 10 0.3 0.3
1.25 0, 10, 20 5 0.3 0.3
1.25 0, 10, 20 10 0.3 0.3

G4 0.5 0, 10, 20 2 0.3 0.3
0.5 0, 10, 20 4 0.3 0.3
1.25 0, 10, 20 12.5 0.3 0.3
1.25 0, 10, 20 20 0.3 0.3

G5 0.5 0, 10, 20 7 0.3 0.3
1.25 0, 10, 20 15 0.3 0.3
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(a) (b)

Figure 2: Ice load records acting on (a) the structure and (b) the seabed from two simulations that had identical parame-
terization but different initial vertical velocity v0 at the free end of the ice sheet (Figure 1). The load records are plotted
against the length of ice pushed against the structure, L. The values of the peak load, F p, are indicated by red circles.
The data is from simulations with ice thickness h = 0.5 m, seabed inclination angle α = 10◦, water depth D = 4 m, and
ice-structure and ice-ice friction coefficients µs = 0.3 and µb = 0.3, respectively.

3. Results

This section presents the results on the effect of water depth on the maximum peak ice load on a shal-

low water structure. The results suggest that the peak ice load magnitudes increase with decreasing

water depth in a continuous ice loading process. The increase in load magnitudes appears to be related

to the increasing probability of grounding. Additionally, the section also shows how ice thickness,

seabed angle, and ice-structure and ice-seabed friction coefficients affect the maximum peak ice load

values.

Figure 3: The direction and the point of application of the peak load vector, ~F p
t , induced on the inclined part of the struc-

ture. Only the horizontal component, F p, of the force resultant is considered in this paper. Here the point of application
is located 0.8 m below the waterline.
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h = 0.5 m

(a)

h = 1.25 m

(b)

Figure 4: The influence of the water depth to ice thickness ratio, D/h, on the maximum peak load, F p, acting on the
structure for ice thicknesses (a) h = 0.5 m and (b) h = 1.25 m. The mean values of F p and their standard deviations for
each D/h are shown. The reader should notice that the scale of vertical axis is different for the two figures.

3.1. Water depth and peak loads

3.1.1. Loads on the structure

Figure 4 shows the mean maximum peak ice load, F p, plotted against the normalized water depth,

D/h, where D is the water depth and h the ice thickness. Respectively, data for ice of thicknesses

h = 0.5 m and h = 1.25 m is shown in Figures 4a and b. The data is from the simulations in groups

G3 and G4 (Table 2), where D, h and the seabed angle, α, were varied. The figure, however, only

includes the data from the simulations with the seabed angle 0◦ to exclude its effect. The mean F p

values for each D/h ratio are based on data from 10 simulations. To compensate for excluding the

data with seabed angles 10◦ and 20◦, five extra simulations for each D/h were performed with the

seabed angle 0◦. The figures show that the mean F p values increase with decreasing water depth.

When D/h is reduced from 20 to 4, F p increases by approximately 50 % for cases where h = 1.25

m and by approximately 30 % for cases where h = 0.5 m. Thus, the increase in peak loads is more

pronounced for thicker ice.

3.1.2. Loads on the seabed

If the rubble pile is to protect the structure from high ice loads, the loads from the incoming ice

sheet are expected to be transmitted to the seabed. This is not observed in the simulations as shown in

Figure 2. The ice load acting on the seabed is, in general, only a fraction of that acting on the structure.

Additionally, the peak ice load acting on the seabed does not occur simultaneously with that on the
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Table 3: The average of the maximum horizontal peak load magnitudes applied on the structure and the seabed, F p
b and

F p, respectively, for each water depth to ice thickness ratio, D/h. The table also shows the 95 % confidence intervals for
the data and presents the ratio between the mean values of F p

b and F p.

h = 0.5 m h = 1.25 m
D/h F p

b [kN] F p [kN] F p
b/F

p F p
b [kN] F p [kN] F p

b/F
p

4 111 ± 23 272 ± 64 0.41 208 ± 37 1289 ± 236 0.16
8 49 ± 7 254 ± 47 0.19 65 ± 22 810 ± 111 0.07
10 31 ± 7 230 ± 43 0.14 19 ± 9 790 ± 95 0.02
20 0 ± 0 194 ± 25 0 0 ± 0 683 ± 82 0

structure. Table 3 compares the mean values of peak ice loads on the seabed, F p
b , to the peak loads on

the structure, F p, by showing the ratios F p
b/F

p for all values of D/h. The data of Table 3 is collected

from the same simulations whose results are presented in Figure 4. There is only one simulation out

of 310 whose F p
b is higher than its F p value. As would be expected, the ratio F p

b/F
p decreases with

increasing D/h. Surprisingly, the F p
b/F

p ratios are significantly lower for thick ice than for thin ice.

3.2. Parameter effects

Table 4 shows how the ice thickness, h, seabed angle, α, and ice-structure and ice-seabed friction,

µb and µs, influence the F p values. Table 4 presents the factor effects for each parameter. The factor

effect of a given parameter describes the average change in F p when that variable is increased from a

lower to a higher value. In Table 4, each base value is the average value of F p with the lower value

of a parameter. The data was derived from different combinations of simulations in groups G1-G4

(Table 2). To determine the factor effect of a given parameter, data from the simulations was selected

so that only that parameter was changed while the others remained constant. Table 4 also shows the

95 % confidence interval for the factor effects.

Table 4 shows that only h and µs significantly affect the F p values, with h having the highest effect,

as would be expected based on Paavilainen and Tuhkuri (2012) and Ranta et al. (2017b). As h is

increased from 0.5 m to 1.25 m, F p is increased by approximately 600 kN (or 300 %). Based on

similar simulations, Paavilainen and Tuhkuri (2012) found that the same increase in ice thickness

results in an increase in the peak ice load of approximately 500 kN in deep water. Thus, it appears

that the ice thickness has a slightly stronger effect on the F p values in shallow than in deep water. The

ice-structure friction coefficient, µs, also affects the F p values. As µs was increased from 0.1 to 0.3,
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Table 4: The factor effects of ice thickness, h, ice-structure and ice-ice friction coefficients, µs and µb, respectively,
and inclination angle of the seabed, α, on the maximum peak ice load magnitudes, F p. The table also gives the 95 %
confidence intervals for the factor effects and shows the simulation groups that were used to derive each effect (Table 2).
The base value refers to the mean F p magnitude with the lower one of the parameter values.

Factor Unit Change in parameter Base value [kN] Effect [kN] Groups used

h m 0.5 → 1.25 194 591 ± 51 G1- G3
µs - 0.1 → 0.3 434 129 ± 35 G1-G2
µb - 0.1 → 0.3 457 21 ± 27 G2-G3
α ◦ 0 → 10 536 −34 ± 38 G1-G4
α ◦ 10 → 20 502 −8 ± 21 G1-G4

F p increased by approximately 30 %. The 95 % confidence intervals for the factor effects of h and µs,

are smaller than the effect itself, which instils confidence to the observation about their effects.

3.3. Probability of grounding

Since the water depth affects the F p values, and the rubble in shallow water ice-structure interaction

may ground, it is interesting to study the probability of grounding, P(G). P(G) is defined as the

fraction of the simulated interaction processes, in which the rubble pile is in contact with the seabed.

Figure 5a shows P(G) at the time instance of F p as a function of D/h. P(G) values are shown for both

ice thicknesses h = 0.5 m and h = 1.25 m. A linear fit was applied to the data fulfilling the condition

of 0 < P(G) < 1. Thus, the data points having P(G) equal to zero or one were excluded when defining

the linear fits. The figure includes the data from all simulation groups G1-G5 (Table 2).

It is no surprise that P(G) decreases with increasing D. For the values 0 < P(G) < 1, the decrease in

the probability of grounding with D appears be linear. Surprisingly, P(G) is in general greater for thin

ice than thick ice. In other words, the thin ice appears to be grounded more often at the instance of

F p than the thick ice. Furthermore, the difference in P(G) for thin and thick ice increases with water

depth. While P(G) has an approximately equal value of ∼ 0.8 − 0.9 for both h with the smallest D/h,

P(G) for the thin ice is approximately double of that of the thick ice for D/h > 10. This suggest that

either thinner ice, in general, grounds more often than thick ice, or that grounding of thin ice has a

stronger effect on the magnitude of peak ice loads than the grounding of thick ice.

The probability of grounding was also verified throughout the entire simulation. Figure 5b shows the

probability of rubble coming into contact with the seabed at any point during the simulation. The data

is from the same simulations as that presented in Figure 5a. The linear fits were again drawn for the
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(a) (b)

Figure 5: The probability of the rubble pile being grounded, P(G), plotted against the relative water depth, D/h, (a) at the
instance of the peak ice load event and (b) at the end of the simulation. Data for both ice thicknesses, h, are shown in the
figure together with the trend lines for points 0 < P(G) < 1.

data fulfilling the condition 0 < P(G) < 1. In Figure 5b, the difference between P(G) for the thin and

thick ice is even greater than at the instance of the peak load event. The probability of grounding for

D/h ≤ 8 is approximately 100 %, and then drops rapidly towards 0 % as D/h is increased.

Section 3.1.2 shows that the ratios between the maximum load applied on the seabed and that applied

on the structure were greater for thin ice than thick ice. This observation is in line with the finding that

thin ice grounds more often than thick ice. We also studied the relation between P(G) and parameters

other than D and h. When the seabed angle, α, is increased, the probability of grounding decreases.

With a larger α, the distance of the seabed from the waterline increases more rapidly when moving

away from the structure than with a smaller α. Thus, it is logical that an increase in α essentially has

the same effect as an increase in D. We also observed that an increase in neither the structure friction

µs nor the seabed friction µb increased P(G).

4. Discussion and Analysis

The results show that the water depth and the ice thickness both have a significant influence on the

magnitude of the peak ice load. This observation suggests that a change in either water depth or

ice thickness causes a change in the mechanical phenomena governing the peak ice load events. This

section focuses on these phenomena by analyzing the rubble pile geometries and the load transmission

through the so-called force chains. Furthermore, the probability and severity of ice encroachment is

discussed. In the end of this section, the observations of this paper are compared to earlier work.
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4.1. Rubble pile geometry

We studied the rubble pile geometries for two reasons: To see if they show any indication of a change

in the mechanical phenomena occurring during the ice loading process with deceasing D or if they

could explain the effect of h and D on the probability of grounding (Figures 4 and 5). Figure 6 shows

one of the rubble pile profiles used in the analysis. To draw the bottom and top profile, respectively,

the lowest and the highest points of the ice mass for each one meter interval in the horizontal direction

are connected. As the figure shows, this simple procedure led to profiles that described the ice mass

well.

Figure 6: Illustration showing how the rubble pile profile, length, height and depth, Lp, Hp and Dp, respectively, are
determined. The rubble pile profile is shown with a thick red line. The figure also shows the grounding length, LG,
describing the length of the grounded part of the rubble pile.

Rubble pile dimensions grow in both horizontal and vertical directions as the length of pushed ice,

L, increases (Figure 1). Comparing the dimensions yielded by the simulations having different h

becomes more straightforward by accounting for the following scaling: Since the volume of the

rubble pile is proportional to Lh (representing the total area of ice), the dimensions of it for given L

are likely to scale with
√

Lh. When L is kept constant, the rubble pile dimensions would be expected

to scale with
√

h.

Figures 7a-h illustrate the use of this scaling by showing the mean rubble pile profiles at the end of the

simulations (L = 250 m) for the four D/h ratios used in the simulations with thin and thick ice. The

horizontal and vertical coordinates of the graphs are x̂ = x/
√

h and ŷ = y/
√

h, respectively, with x̂ = 0

aligning with the top of the structure and ŷ = 0 with the water level. Each mean profile was obtained

by averaging the top and bottom profiles from the simulations having the h and D values given in the

graphs of the figure. Simulations from the groups G3 and G4 were used to draw the mean profiles, as
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 7: The mean rubble pile profiles at the end of the entire simulation. The left column shows the cases with the ice
thickness h = 0.5 m and the right column for the cases with h = 1.25 m. Water depth, D, increases from top to bottom.
Data is shown in a scale coordinate system having the axes x̂ = x/

√
h and ŷ = y/

√
h. The thin lines in each figure indicate

the standard deviation of the top and bottom profile.

these groups include simulations with all four D/h ratios (Table 2). Only the simulations with α = 0◦

were included.

The graphs of Figure 7 suggest that the commonly used ratio D/h may not be the correct measure for

studies in ice-structure interaction in shallow water. As the graphs show, with D/h = 20 the scaled

top and the bottom profiles for both ice thicknesses are very similar. This result indicates that the pile

13



Table 5: Scaled rubble pile length, height and depth, L̂p = Lp/
√

h, Ĥp = Hp/
√

h and D̂p = Dp/
√

h, respectively (Figure 6),
at the end of the simulation. Data for the lowest and highest normalized water depth, D/h, is given for both ice thicknesses
0.5 m and 1.25 m. The table also shows the percentage of the ice mass above the waterline in each case.

h = 0.5 m h = 1.25 m
D/h = 4 D/h = 20 D/h = 4 D/h = 20

L̂p [m1/2] 59.4 ± 8.6 50.9 ± 4.6 47.9 ± 5.1 40.7 ± 3.8
Ĥp [m1/2] 7.7 ± 1.4 7.4 ± 1.4 6.1 ± 0.8 5.4 ± 0.9
D̂p [m1/2] 6.0 ± 0.8 9.4 ± 1.1 6.9 ± 1.1 10.3 ± 0.9
Ice above WL [%] 36.8 ± 5.8 20.5 ± 2.0 36.6 ± 4.6 24.2 ± 2.2

dimensions are proportional to
√

h when the seabed does not affect the pile formation. However, with

low D/h ratios, h starts to affect the profiles. The rubble piles formed of thin ice are more elongated

than the ones formed of thick ice. To understand the reason for this, one should notice that with low

D/h, in the scaled graphs, the seabed appears to be relatively higher for thin ice than for thick ice. In

other words, the effect of the seabed is stronger for thin than thick ice for a given D/h.

We also studied the pile dimensions in more detail. Figure 6 visualizes how these dimensions are

defined. The rubble pile length, Lp, is defined to be the distance between the rubble pile boundaries

in the horizontal direction. The boundary away from the structure is defined to be the point where

the piled-up ice blocks have a combined thickness larger than 2h. The height, Hp, is taken as the

distance between the waterline and the highest point of the rubble pile. When defining Lp and Hp,

the encroached ice (the blocks on top of the flat part of the structure) is not accounted for. The rubble

pile depth, Dp, is defined as the distance between the lowest point of the rubble pile and the waterline.

Based on the above, the rubble pile dimensions are scaled with
√

h for the analysis.

Table 5 shows the scaled rubble pile length, L̂p = Lp/
√

h, height, Ĥp = Hp/
√

h, and depth, D̂p =

Dp/
√

h at the end of the simulation (L = 250 m). The table includes the data from the simulations

with all values of α, unlike Figure 7, where only the data from the simulations with the seabed angle,

α = 0◦, were included. It can be immediately seen that the rubble piles in shallow water (D/h = 4) are

longer and slightly higher than in deep water (D/h = 20). The increase in L̂p is approximately 17 %

when h = 0.5 m and 18 % when h = 1.25 m. Similarly, as D decreases, Ĥp increases by approximately

4 % when h = 0.5 m and by approximately 13 % when h = 1.25 m.

Table 5 also gives the percentage of the ice rubble mass located above the waterline at the instance

L = 250 m. It can be seen that the amount of ice above waterline increases with decreasing D/h
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Table 6: The horizontal static load on the structure due to ice rubble, F s, together with the peak horizontal load on the
structure, F p, and the ratio F s/F p for all water depth to ice thickness, D/h, ratios. F s is only about 3-6 % of F p.

h = 0.5 m h = 1.25 m
D/h F s [kN] F p [kN] F s/F p F s [kN] F p [kN] F s/F p

4 10 272 0.04 56 1289 0.04
8 11 254 0.04 39 810 0.05
10 8 230 0.03 43 790 0.06
20 6 194 0.03 23 683 0.03

ratio. The increase is approximately 80 % when h = 0.5 m and approximately 50 % when h = 1.25

m. The increase in the ice volume above the waterline is likely to lead to an increase in the value of

the horizontal static load, F s, on the inclined part of the structure. It is worth estimating, what is the

contribution of F s on the peak ice load F p, which also increased with decreasing D/h ratio.

The horizontal static load, F s, was calculated using the mean rubble pile profiles of Figure 7. The

profiles give the average volume of the ice rubble piled on top of the inclined part of the structure, and

thus, allow estimating the load components due to the weight and buoyancy of the rubble. Table 6

shows F s and F p together with the ratio F s/F p for all D/h ratios. While the value of F s increases

with D, the ratio F s/F p does not show any trend and is small in value (between 3-6 %). It should be

noticed that here F s was calculated based on the rubble pile profiles at the end of the simulation and

not at the instance of F p; The static load at the instance of F p has likely been even smaller than the

values given in Table 6. It can be concluded that the contribution of F s on F p is insignificant for all

D/h.

Further, we observed that the grounding length, LG, depends on h. The grounding length describes the

length of the grounded part of the rubble pile and is defined as the distance between the structure and

the furthest point where the rubble pile reaches closer than h/2 from the seabed (Figure 6). Figure 8

shows the scaled grounding length, L̂G = LG/
√

h, as a function of D/
√

h. For the simulations of each

D/
√

h, maximum L̂G value is shown. The L̂G data points of the figure fall on the same line excluding

the cases having the lowest and the highest D/
√

h ratios. Thus, L̂G is proportional to the water depth.

This proportionality may allow predicting the maximum depth for a rubble pile irrespective of the ice

thickness. Consequently, the same proportionality could lead to predictions on limit water depth for

grounding to occur.
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Figure 8: The scaled grounding length, L̂G, as a function of the scaled water depth, D/
√

h. LG describes the length of the
grounded part of the rubble pile and L̂G is defined as LG/

√
h.

Figure 9: The average rubble pile profiles for the simulations with ice thickness h = 0.5 m and h = 1.25 m as the length
of pushed ice has reached L = 250 m and L = 100 m, respectively. Profiles for two water depths, D, are shown.

According to the above described scaling, the rubble pile profiles from the simulations with different

values of h should be similar for constant values of Lh. Figure 9 demonstrates that this is the case by

showing the mean rubble pile profiles for simulations with h = 0.5 m and 1.25 m and water depths

D = 5 m and 10 m. For the simulation with h = 0.5 m, the figure shows the profile at L = 250 m, and

for the simulation with h = 1.25 m at L = 100 m. Thus, Lh is constant for all simulations of the figure.

It can be observed that the rubble pile profiles are very similar in all cases. This gives confidence in

the suggested scaling.
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4.2. Load transmission and force chains

In order to understand the mechanisms behind the peak ice load events, one should understand how

the ice load is transmitted from the moving ice sheet to the structure. This occurs through the so-called

force chains (Paavilainen and Tuhkuri, 2013). In the case of an ice-structure interaction process, the

force chains are chain-like sequences of ice blocks compressed between the intact ice sheet and the

structure (Figures 10a). The force chains transmit the load through the ice rubble. Paavilainen and

Tuhkuri (2013) have shown that in deep water, the resulting ice load is often applied close to the

waterline of the structure.

Figures 10a-c illustrate how, even during a peak ice load event, most of the ice blocks of the rubble

do not carry significant loads, while the blocks belonging to the force chains are subjected to high

compression. To characterize the force chains and to study their directions in more detail, we utilized

an algorithm introduced in Peters et al. (2005). In short, the algorithm relies on using the contact

forces applied on the ice blocks to first define a block stress tensor and, then, the principal values and

directions of this tensor. The block stress tensor describes the average compressive stress applied on

each block.

The algorithm allowed us to identify the force chains during the peak ice load events in all of the

simulations. In 96 % of the peak load events, the force chain pointed to the location on the structure

where the peak load was measured. This verified that the algorithm could be used in our study

and clearly highlights the importance of the force chains. The force chains were divided into three

categories (Figures 10a-c). The chains in Category (1) transmit the load to the structure in a region

within ±1 m from the waterline, whereas in the case of Category (2) the load is applied further down

on the structure, but not to the seabed. Finally, the cases where the force chain is transmitted to the

seabed belong to Category (3).

Figures 11a and b present the results of the analysis for ice thicknesses h = 0.5 m and h = 1.25 m,

respectively, by showing the relative number of force chains belonging to each category for each D/h

ratio. As Figure 11a shows, when h = 0.5 m, the relative number of force chains in Category (1) stays

approximately constant for all values of D/h while the number of instances belonging to Category (3)

decreases with increasing D/h (rubble does not ground with high D/h). Thus, the peak ice load in

a process with thin ice is, in general, applied on the structure close to its waterline, similarly to the
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(a) category 1

(b) category 2

(c) category 3

Figure 10: Examples of force chains occurring at F p events. Force chains are categorized to belong into three groups
based on the F p being applied (a) on the waterline region of the structure (±1 m from the waterline), (b) further down on
the structure, and (c) on the seabed. The ice blocks belonging to the force chains are shown in brown.

case of deep water (Paavilainen and Tuhkuri, 2013). According to Figure 11b, when h = 1.25 m, the

relative amount of the force chains in Category (1) clearly decreases as D/h decreases.

In summary, when the ice blocks downwards motion is restricted due to the seabed, the direction of

force chains appears to change when the ice is thick. Results of Section 3.2 show that the effect of h

on the peak ice loads is slightly stronger in our simulations than in the earlier simulation work with
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h = 0.5 m

(a)

h = 1.25 m

(b)

Figure 11: The share of the force chains at the F p events belonging to the three categories shown in Figure 10 for ice
thicknesses (a) h = 0.5 m and (b) h = 1.25 m. Results are shown for all four D/h values used.

deep water (Paavilainen and Tuhkuri, 2012; Ranta et al., 2017b). The strong effect of h may be partly

due to the force chains transmitting the load to the lower part of the structure in shallow water.

Related to this, it is interesting that for the simulations with D/h = 4, the ratio between the maximum

seabed loads, F p
b , for simulations with h = 1.25 m and 0.5 m is about 2 (Table 3). This is close to the

ratio 1.25 m/0.5 m = 2.5 between the values of h, or in other words, between the ice volumes in the

end of the simulations with the two values of h. If the value of F p
b was to scale with the volume of the

ice rubble, the ratio of the F p
b values would be expected to be about 2.5. Furthermore, with D/h = 4,

the ratio between the values of F p yielded by the simulations with different h is about 5, which is

close to (1.25 m/0.5 m)2 = 6.25. This suggests, that in this case F p approximately scales with h2, as

does the maximum flexural load of a beam. Further, if F p
b and F p scale with h and h2, respectively,

then

F p
b (h = 1.25 m)

F p(h = 1.25 m)
=

(
2.5
2.52

)
F p

b (h = 0.5 m)
F p(h = 0.5 m)

= 0.4
F p

b (h = 0.5 m)
F p(h = 0.5 m)

. (1)

The data of Table 3 shows that the ratio of the F p
b/F

p ratios’ for the simulations with the different val-

ues of h was 0.16/0.41 = 0.4 when D/h = 4. Thus, in very shallow water, with a considerable amount

of grounded rubble, there may exist a bending-related load limiting mechanism, which governs the

values of F p while simultaneously relating them to the values of F p
b .
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Figure 12: The probability of ice encroachment, P(E), plotted against the normalized water depth, D/h, and the corre-
sponding linear fits.

4.3. Ice encroachment

Ice encroachment is one of the most important design considerations for shallow water offshore struc-

tures, and thus, it is of interest to study how the probability and severity of encroachment changes

with h and D. Figure 12 shows the probability of ice encroachment, P(E), plotted against the D/h

ratio. Similarly to the probability of grounding, P(E) is defined as the fraction of the simulations, in

which ice encroachment occurred. Encroachment is defined to have occurred in a simulation if, at

any instant of the simulation, ice reached the top of the structure (the horizontal part of the structure).

In order to enable a comparison of all four D/h ratios, only data from simulation groups G3 and G4

was included here (Table 2).

As shown in Figure 12, P(E) is, for all values of D/h, higher for thicker ice than for thinner ice.

Accounting for all simulations analysed, ice encroachment occurred in approximately 60 % of the

thin ice simulations, whereas for the thick ice simulations, the probability of encroachment is approx-

imately 80 %. This result was expected, since thicker ice has a higher load bearing capacity, which

allows it to push larger volumes of ice up along the structure and on top of it. The linear fits of P(E)

for both h = 0.5 m and h = 1.25 m indicate a weak increasing trend with increasing water depth.

The severity of the ice encroachment was studied by examining how much ice encroaches on top

of the structure at the end of the simulation. The measures used are the volume and the length of

encroached ice, VE and LE, respectively. Figure 14 describes how these variables are defined. VE is
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the total volume of the ice on top of the structure while LE describes how far from the inclined face of

the structure the ice fragments have advanced. To make the variables dimensionless, VE was scaled

with h2 and LE was scaled with h. Figures 13a and b show VE/h2 and LE/h, respectively, plotted

against the ratio D/h. The data for both ice thicknesses are given in the same figures. Additionally,

Figure 13 highlights the mean and maximum values for VE/h2 and LE/h for each D/h with black and

red markers, respectively. Linear fits for the maximum values are also shown with the corresponding

values of coefficients of determination R2.

Figures 13a and b, interestingly, show that the values of VE/h2 and LE/h are on the same level for

both ice thicknesses. The values of R2 for the linear fits are high, which indicates that the data for both

values of h appear to fit the same line. If the VE and LE values were not scaled, they would, in general,

be significantly higher for the thicker than for the thinner ice. On average, VE and LE for the 1.25 m

thick ice are about five and two times higher, respectively, than for ice having the thickness of 0.5 m.

Even if the data shows high scatter, Figures 13and b suggest that the mean values of both VE/h2 and

LE/h are increasing with decreasing D/h. As D/h decreases, the maximum values of VE/h2 and LE/h

increase significantly. In other words, D has an effect on the severity of the ice encroachment, even if

it does not have a noticeable effect on the probability of the encroachment.

Table 7 summarizes the extreme cases of encroachment in the simulations by showing the maximum

values, max(VE) and max(LE), for all simulations. These are the unscaled values of the red markers in

(a) (b)

Figure 13: (a) The scaled encroachment volume, VE/h2, and (b) the scaled encroachment length, LE/h, at the end of the
simulation as a function of normalized water depth, D/h. The mean and maximum values for each data set are given and
the linear fits for all the maximum values, including both h = 0.5 m and h = 1.25 m, and their coefficients of determination,
R2, are also presented. Horizontal offsets of 0.2 are applied to the D/h ratios in order to distinguish the data sets from
each other.
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Figure 13. From an engineering perspective, these worst case scenarios may be the most interesting

ones. The thickness independent values can be obtained by scaling max(VE) and max(LE) with h2

and h, respectively. However, the unscaled maximum values are presented in Table 7 to emphasize

the influence of ice thickness on the severity of ice encroachment. The effect of the water depth on

max(VE) and max(LE) is clear. The smallest values of max(VE) and max(LE) are obtained with thin

ice and deep water, whereas the largest values of max(VE) and max(LE) are reached with thick ice and

shallow water. Additionally, Table 7 shows that ice thickness have a significant effect on the unscaled

maximum values of VE and LE. Figure 14 shows an example from the end of a simulation with very

severe ice encroachment.

4.4. Comparison to earlier work

Results above suggest that the magnitude of the peak ice loads increase with decreasing water depth.

This is contrary to earlier work reported in, for example, Marshall et al. (1989), Timco and Cornett

(1999) and Sudom and Timco (2009). Marshall et al. (1989) performed full-scale ice-pressure mea-

surements on ESSO’s caisson retained island (CRI). The measurements implied that grounded rubble

Figure 14: An example from the end of a simulation with severe ice encroachment. Here, the ice thickness is 1.25 m
and the water depth is 5 m (D/h = 4). The length of the encroached ice, LE , is 22 m and the encroached volume, VE , is
approximately 80 m2.

Table 7: The most severe encroachment cases for different normalized water depths, D/h, and ice thicknesses h = 0.5 m
and h = 1.25 m. In the table, max(VE) and max(LE) stand for the maximum encroachment volume and length, respectively.
These maximum values are the unscaled equivalences of the values indicated by red markers in Figure 13.

h = 0.5 m h = 1.25 m
D/h max(VE) [m2] max(LE) [m] max(VE) [m2] max(LE) [m]
4 12.0 7.9 80.3 22.0
8 9.3 7.0 63.4 21.9
10 11.0 6.9 60.1 20.4
20 5.0 5.7 39.7 16.4
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protect the offshore structure from high ice loads. Higher local ice pressures were measured during

the initial rubble formation than later during the winter. In the late season, the contact pressures were

negligible. Timco and Cornett (1999) and Sudom and Timco (2009) used data measured from Tar-

suit CRI and Molikpaq, respectively, and showed that grounded rubble can act as a protective buffer

for the structure. The measurements showed up to an 85% reduction in the peak ice loads, when a

grounded ice rubble pile was present. In both of these cases, the rubble pile in front of the structure

had readily formed and become stable, and, thus, had likely partially consolidated. Here, instead, we

studied a case of a continuous ice loading process with no consolidation. We believe it is important

to consider these two cases as different types of ice loading scenarios.

High friction coefficient values for the ice-ice contacts, µi, could be expected to lead to the grounded

rubble pile protecting the structure, if the effect of µi was assumed to be analogous to that of the

partial rubble consolidation. However, earlier work by Paavilainen and Tuhkuri (2012) indicated that

µi does not have any significant effect on the values of peak ice loads in ice-structure interaction

process in deep water. In order to study if this was the case in shallow water as well, we performed

some reference simulations using µi = 0.5. The reference simulations had the ice thickness h = 0.5

m and water depth D = 5 m (D/h = 10). The change in µi did not lead to any noticeable effect in the

peak load values, and due to this, the influence µi was not further investigated in the simulations here.

Other earlier work, however, shows that the water depth has a similar influence on ice loads as ob-

served here. Karulin et al. (2007) conducted model tests on a Caisson-type platform in shallow water

to study the ice-structure interaction process. In their experiments, the loads on the structure were

higher during the initial stage of the interaction process in shallow water, when compared to a process

in deep water. Their model tests further showed a load reduction once the rubble pile had stabilized

and consolidation occurred inside the rubble pile, which is in agreement with the full-scale studies

from Marshall et al. (1989), Timco and Cornett (1999) and Sudom and Timco (2009).

McKenna et al. (2011) and Neth (1991) reported that the rubble piles formed from thicker ice had

higher maximum pile heights than the rubble piles formed from thinner ice. We observed that for a

given normalized water depth, D/h, the simulated interaction processes with thin ice led to rubble pile

grounding more often than those with thick ice. Consequently, the profiles of the rubble piles formed

of thin ice are affected more strongly by the seabed than the profiles of those formed of thick ice.

Since ice thickness affects both the horizontal and vertical growth of the rubble pile, we introduced
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a scaling factor
√

h to account for its effect. The scaling proved to be useful when analyzing the

rubble pile geometries (Figure 7). The scaled profiles showed that ice thickness does not affect the

rubble pile geometry—neither length nor height—until the seabed starts to affect the geometry. When

scaling both the length of the grounded part of the rubble pile and the water depth with
√

h, the scaled

grounding length appears to be proportional with the scaled water depth (Figure 8), explaining the

effect of the seabed on the rubble pile geometry. Had we compared the unscaled maximum pile

heights, we would have ended up with the same conclusion that McKenna et al. (2011) and Neth

(1991).

By using the same simulation tool as we did, Paavilainen and Tuhkuri (2013) observed that the ice

loads are transmitted to the structure via force-chains (Figure 10) and that the ice loads are, in general,

applied close to the waterline. A similar observation on the point of application of the ice load was also

made in model-scale experiments by Timco (1991), who showed that this is the case for vertical, and

positively and negatively inclined structures. The full-scale measurements from the Confederation

Bridge also support the observations that ice loads act on the structure near its waterline (Tripathi

et al., 2011). These observations agree well with our simulations when the ice is thin or when the ice

is thick and the water is deep. However, when the ice is thick and the water is shallow, the loads are

often transmitted well below the waterline (Figure 11).

McKenna et al. (2011) and Li et al. (2009) observed that thick ice tends to produce ride-up events,

where ice rides directly up the surface of the structure, while thin ice is more prone to produce pile-

up events, where incoming ice breaks into ice blocks and piles up against the structure. They, further

suggest that ride-up events lead to longer encroachment lengths than pile-up events. The work is based

on full-scale ice encroachment events and physical model tests. We did not distinguish between, ride-

up and pile-up events. However, the frequency and severity of the ice encroachment observed in the

simulations studied here align with the observations by McKenna et al. (2011) and Li et al. (2009)

concerning ice thickness (Figure 13).

Model scale tests and DEM simulations presented in Bridges et al. (2019) indicate that the volume

of encroached ice is strongly dependent on the ice thickness, which aligns with the results presented

in Figure 13 (it should, however, be noticed that the values for encroachment volume in Figure 13

are scaled). In their simulations, they pushed an equal length of ice of different thicknesses against

a structure, which similar to our simulations, results into different total volumes of ice being pushed
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against the structure. Then they increased the length of the simulations for the cases with thin ice so

that the total volume of pushed ice was equal to that in the simulations with thick ice. This change

did not increase the volume of encroached ice, when compared to their original simulations with thin

ice. They concluded that the increase in the severity of the encroachment with ice thickness is due

to the higher load bearing capacity of thick ice in bending. When we used dimensionless values of

encroachment volume and encroachment length (VE scaled with h2 and LE scaled with h), the ice

thickness did not appear to have an effect on the severity of the ice encroachment in the simulations

(Figure 13).

On the other hand, according to McKenna et al. (2011) and Li et al. (2009), ice encroachment occurs

more frequently for thin than for thick ice. Our simulations yield a different result, since the proba-

bility of ice encroachment was 10 − 20 % higher for the thick than the thin ice. A potential reason

for the difference is related to the driving force. In our simulations, the ice sheet is moved towards

the structure with a constant velocity, which effectively means that the driving force is unlimited. In

nature this is not the case, but instead the driving force is limited, and it is plausible to assume that

thin ice is moved more easily than thick ice. Thin ice could, then, be expected to encroach more often

than thick ice.

Ice encroachment is often associated with shallow water structures. In our simulations, the water

depth did not have a clear effect on the probability of encroachment, but the severity of ice encroach-

ment increased with decreasing water depth. This result differs from the observation by McKenna

et al. (2011), who did not find a clear effect of water depth on ice encroachment heights or lengths in

full-scale. The full-scale events, however, might have varied significantly and the data related to them

is from vertical structures. Bridges et al. (2019), on the other hand, suggest that the water depth does

not have a role in ice encroachment after a grounded rubble pile has formed in front of the structure.

They suggest that encroachment occurs by ice riding up the slope created by the grounded rubble pile,

and therefore, the water depth influences ice encroachment only by how much ice is required to form

the grounded rubble pile. Our results differ from theirs in that the ice encroachment occurred in our

simulations also when the rubble pile was not grounded.
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5. Conclusions

This paper provides results from 310 2D FEM-DEM simulations of a continuous ice-structure interac-

tion process in shallow water. The focus is on the effect of rubble pile grounding, water depth, D, and

ice thickness, h, on the peak ice load events. Based on our results, the following main observations

can be made:

• The peak ice load magnitudes increase with decreasing water depth. The increase is more

pronounced for the thick than the thin ice (Section 3.1.1). When the ice is thick and the water

is shallow, the load is more often applied on the structure below the waterline (Section 4.2).

• In shallow water, for a given D/h ratio, thin ice has a higher probability to ground than thick

ice. The probability of grounding decreases as D/h decreases. The decreasing trend is stronger

for thicker than thinner ice (Section 3.3).

• In shallow water, the rubble piles formed of thin ice are more elongated than the ones formed

of thick ice (Section 4.1). This result relates to the previous finding, where the seabed has a

higher probability to influence the rubble pile geometry in cases of thin ice.

• The probability and severity of ice encroachment is strongly affected by the ice thickness. The

water depth does not have a clear influence on the probability of the ice encroachment, but the

severity of the encroachment increases with decreasing water depth (Section 4.3).

• Scaling the rubble pile dimensions by a factor
√

h appears to correctly account for the effect of

ice thickness on them (Section 4.1). The volume of encroached ice and length of encroachment

scale by h2 and h, respectively (Section 4.3).

The measure D/h is often used in problems related to ice actions in shallow water. We find this

measure dubious when discussing the mechanics of ice-structure interaction process. In the future

work, we plan to examine proper scaling further.
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Metrikin, I., Gürtner, A., Bonnemaire, B., Tan, X., Fredriksen, A., Sapelnikov, D., 2015. SIBIS:

a numerical environment for simulating offshore operations in discontinuous ice, in: Proceedings

of the 23rd International Conference on Port and Ocean Engineering under Arctic Conditions,

Trondheim, Norway.

28



Metrikin, I., Løset, S., 2013. Nonsmooth 3D discrete element simulation of a drillship in discon-

tinuous ice, in: Proceedings of the 22nd International Conference on Port and Ocean Engineering

under Arctic Conditions, Espoo, Finland.

Munjiza, A., 2004. The combined finite-discrete element method. John Wiley & Sons Ltd., Chich-

ester, England.
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