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A comprehensive discussion of the physical origins of Kelvin probe force microscopy (KPFM)

signals for charged systems is given. We extend the existing descriptions by including the open-

loop operation mode, which is relevant when performing KPFM in electrolyte solutions. We

define the contribution of charges to the KPFM signal by a weight function, which depends on

the electric potential and on the capacitance of the tip-sample system. We analyze the sign as

well as the lateral decay of this weight function for different sample types, namely, conductive

samples as well as dielectric samples with permittivities both larger and smaller than the permit-

tivity of the surrounding medium. Depending on the surrounding medium the sign of the weight

function can be positive or negative, which can lead to a contrast inversion for single charges.

We furthermore demonstrate that the KPFM signal on thick dielectric samples can scale with the

sample size—rendering quantitative statements regarding the charge density challenging. Thus,

knowledge on the weight function for charges is crucial for qualitative as well as quantitative

statements regarding charges beneath the tip. VC 2016 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4939619]

I. INTRODUCTION

Kelvin probe force microscopy (KPFM) is a scanning

force microscopy technique that has been adapted from the

classical Kelvin probe1 and is nowadays extensively used on

a wide variety of samples and in various media.2 The sam-

ples investigated so far can be classified into three types,

namely, conducting, semi-conducting, and dielectric sam-

ples. While in most cases, the probe tip is scanned in vacuum

or in air, KPFM instrumentation has recently been extended

for operation in media like water,3,4 hexane,5 and other

liquids.6,7 KPFM signal generation has been investigated for

a large number of systems,2,7–9 including the contrast on dif-

ferent sample facets10 and on metallic nanostructures11,12 as

well as at the atomic13–17 and even submolecular18,19 scale.

Recently, a very general electrostatic model from

Kantorovich et al.20 has been used in several case stud-

ies21–23 to derive analytical expressions for the closed-loop

amplitude modulation (AM)-KPFM and frequency modula-

tion (FM-)KPFM signals measured for charged systems. In

particular, this model separated the tip geometry from the

sample charges as well as from the contact potential differ-

ence of the metallic contacts. However, closed-loop opera-

tion is incompatible with systems that must not be exposed

to static electric fields3,24–26 (e.g., electrolyte solutions).

Here, we will first extend this description to open-loop

KPFM modes, where no DC bias voltage is applied. Based

on Refs. 21–23, we second introduce a weight function that

defines the contribution of each charge in the tip-sample sys-

tem to the KPFM signals, both in the closed-loop and in the

open-loop mode. Third, we systematically analyze this

weight function for both conductive and thick dielectric sam-

ples as well as in media with different dielectric permittiv-

ities by considering a conductive sphere as a model for the

probe tip. We will clarify under which circumstances a posi-

tive (negative) charge density underneath the probe tip shifts

the KPFM signals to more positive (more negative) values,

respectively. For the case of thick dielectric samples and a

spherical tip, our analysis will reveal a possible dependence

of the AM- and FM-KPFM signals on the size of the sample

surface—consequently rendering quantitative statements of

the charge density underneath the tip challenging.

II. THEORY AND METHOD

A. Electrostatic potential energy, tip-sample force,
and force gradient

Kantorovich et al.20 derived an expression for the elec-

trostatic potential energy of a closed system of conductors

and point charges, including an external battery to maintain

constant potentials at the conductors. According to their

treatment, the electrostatic potential energy Ues for an

arrangement of two conductors with a potential difference V
and N point charges {qi} at {ri} in the space outside the con-

ductors is given by20,21a)soengen@uni-mainz.de

0021-8979/2016/119(2)/025304/8/$30.00 VC 2016 AIP Publishing LLC119, 025304-1
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Ues ¼�
1

2
CvoidV2 þ

XN

i¼1

qiVÛvoid rið Þ

þ 1

2

XN

i¼1

XN

j¼1

qiqjUind ri; rjð Þ þ UC: (1)

In the above equation, Cvoid is the capacitance of the void

tip-sample system (without point charges) and Ûvoid is the

electrostatic potential of the void tip-sample system, normal-

ized with respect to V using Ûvoid ¼ Uvoid=V. The term Uind

(ri, rj) is the potential at the position ri due to the image

charges induced in the conductors by a unit point charge at

rj. The Coulomb energy UC is constant, since we consider

the positions {ri} of the charges with respect to the sample

fixed.27 The last two terms of Eq. (1) do not depend on the

potential difference V between the conductors.

In a typical KPFM setup, the two conductors represent

the conductive probe and the conductive sample. In case of

dielectric samples, the second conductor represents the con-

ductive sample holder that acts as the back contact. In

KPFM, a sinusoidal voltage with frequency �es and ampli-

tude Ves as well as a DC bias voltage Vbias are applied

between the conductive probe and the sample (or the sample

holder). With a contact potential difference of Vcpd between

the probe and the sample (or the sample holder), the potential

difference between the two conductors is

V ¼ Ves cos ð2p�estÞ þ Vbias � Vcpd: (2)

Without loss of generality, the voltage is applied to the tip

with the sample (or the sample holder) held at ground (Fig. 1).

The electrostatic force acting on the tip at a tip-sample

distance zts can be obtained by differentiating the electro-

static potential energy with respect to the tip-sample dis-

tance, Fes¼�@Ues/@zts. Substituting the expression for V
[Eq. (2)] in Eq. (1) shows that the electrostatic force contains

three spectral components,8 namely, a DC component, the

first harmonic at frequency �es, and the second harmonic at

frequency 2�es. In the AM-KPFM mode, the spectral compo-

nents of the probe deflection are detected. Here, the spectral

component at the first and second harmonic of the electro-

static force is relevant.21 Using the electrostatic description

in Eq. (1) together with Eq. (2), the first and second

harmonic of the modulated electrostatic force (denoted as

Fes,1 and Fes,2) at a fixed tip-sample distance zts is given by

Fes;1 ztsð Þ ¼ Ves

@Cvoid

@zts

Vbias � Vcpdð Þ �
XN

i¼1

qi

@Ûvoid rið Þ
@zts

 !
;

(3)

Fes;2 ztsð Þ ¼
1

4

@Cvoid

@zts

V2
es: (4)

In the FM-KPFM mode, the first and second harmonic of the

eigen frequency shift is detected. In contrast to AM-KPFM,

the first and second harmonic of the electrostatic force gradi-

ent kes¼ @Fes/@zts is relevant for the FM mode.28,29 The first

and second harmonic of the electrostatic force gradient

(denoted as kes,1 and kes,2) at a fixed tip-sample distance zts is

kes;1 ztsð Þ ¼ Ves

@2Cvoid

@z2
ts

Vbias � Vcpdð Þ �
XN

i¼1

qi

@2Ûvoid rið Þ
@z2

ts

 !
;

(5)

kes;2 ztsð Þ ¼
1

4

@2Cvoid

@z2
ts

V2
es: (6)

KPFM is typically performed in combination with con-

ventional non-contact scanning force microscopy imaging

where the probe tip is oscillated with an amplitude A along

the tip-sample distance. Consequently, the main measure-

ment signal is a convolution of the electrostatic force in

AM-KPFM (force gradient in FM-KPFM) over different

tip-sample distances during the oscillation15,16,21,29 (see the

Appendix for the full formulae).

In the following discussion, we will focus on qualitative

aspects of the KPFM signals (i.e., the sign and the lateral

decay of the weight function for charges). These qualitative

statements can be made for arbitrary oscillation amplitudes,

if the lateral decay and the sign of the quantity of interest are

constant over the full oscillation cycle. As shown in detail

later, this will be the case in most of the cases considered

here.

B. The AM- and FM-KPFM signals

In closed-loop KPFM, a feedback loop is used to nullify

the first harmonic component (of either the electrostatic force

or the electrostatic force gradient) by adjusting the applied

bias voltage. This adjusted bias voltage is hereafter referred

to as the “KPFM signal” for the respective closed-loop case.

Nullifying the first harmonic [Eqs. (3) and (5)] and solving

for Vbias yield the same expressions that were deduced

before21–23 for the AM and FM-KPFM mode in the small

amplitude approximation

VAM ¼ Vcpd þ
XN

i¼1

qi

@Ûvoid rið Þ
@zts

. @Cvoid

@zts

; (7)

VFM ¼ Vcpd þ
XN

i¼1

qi

@2Ûvoid rið Þ
@z2

ts

. @2Cvoid

@z2
ts

: (8)

FIG. 1. Schematic view (not to scale) of the considered model for the probe

tip and the flat sample. The spherical tip (which is not shown completely) is

laterally centered at r¼ 0 and at a distance of zts above the sample surface,

which is located at z¼ 0. A set of point charges {qi} at position {ri} can be

placed in the tip-sample system.
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In open-loop KPFM both, the first and the second har-

monic of either the electrostatic force or the electrostatic

force gradient is recorded without applying a DC bias volt-

age (Vbias¼ 0). Dividing the respective first harmonic by the

second harmonic leads to the expressions

VAM ¼
Ves

4

Fes;1

Fes;2
; (9)

VFM ¼
Ves

4

kes;1

kes;2
: (10)

Evaluating Eqs. (9) and (10) by using Eqs. (3)–(6) shows

that open-loop KPFM allows for obtaining the same quantity

as in the respective closed-loop KPFM mode. In the special

case of no point charges present, this result has previously

been obtained.24,25,30 Here, we are able to show that this

statement is also valid in the presence of arbitrary arrange-

ments of charges in the tip-sample system.

The AM- and FM-KPFM signals are not only defined by

the contact potential difference (between the tip and the sam-

ple or the sample holder in case of dielectric samples), but

they also include a sum that contains the charges in the tip-

sample system. Especially in case of thick dielectric samples,

the contact potential difference depends on the material of

the tip and the sample holder—providing no insights into

properties of the sample itself. For these reasons, we focus

on the contribution of the charges in the following

discussion.

C. The weight function for charges

It is evident from Eqs. (7) and (8) that the first and

second derivatives of Ûvoid and Cvoid with respect to the tip-

sample distance zts are factors in the sum over the charges

{qi}. Thus, the ratio

wAM rð Þ � @Ûvoid rð Þ
@zts

. @Cvoid

@zts

(11)

can be considered as a weight function for charges in AM-

KPFM, while the expression

wFM rð Þ � @
2Ûvoid rð Þ
@z2

ts

. @2Cvoid

@z2
ts

(12)

defines the weight function for charges in FM-KPFM,

both in the limit of small oscillation amplitudes (i.e., for a

fixed tip-sample distance).31 The weight functions (with the

dimension of a voltage per charge) are evaluated at the indi-

vidual positions of the charges {ri} and, therefore, define the

contribution of each charge in the tip-sample system to the

KPFM signal. In the following, we will evaluate the sign and

the lateral decay of the weight functions, which is mandatory

to interpret KPFM signals with respect to the charge density

underneath the tip.

D. General formulae

At this point, we are able to introduce a general formula

for the KPFM signal VKPFM of charged systems, in

accordance with Ref. 21, including explicit formulae for ar-

bitrary oscillation amplitudes:

VKPFM ¼ Vcpd þ
XN

i¼1

qiwðriÞ: (13)

The weight function w is generally given as

w rð Þ ¼ hÛvoid rð Þi
hCvoidi

: (14)

With the angle brackets we denote a functional given from

the KPFM detection method and which is especially depend-

ent on the oscillation amplitude. We state the functionals for

the different KPFM modes in the Appendix. Here, we use

the small amplitude approximation, where hf i ¼ @f=@zts for

AM-KPFM and hf i ¼ @2f=@z2
ts for FM-KPFM, respectively.

E. Model for tip and sample

To gain an understanding of the above terms Ûvoid and

Cvoid, a specific model—applicable to scanning probe experi-

ments—is considered here. To allow for a general discus-

sion, we do not limit ourselves to a specific macroscopic tip

model including the tip cone and the cantilever, but instead

model the probe tip as a conductive sphere with radius R.

This sphere model serves as a best-case scenario in terms of

spatial resolution, which can be adjusted by varying its ra-

dius. For the discussion of the sign and the lateral decay of

the weight function for charges, this model is expected to

agree with a model including the tip cone and the cantilever.

We confirmed that the conclusions regarding the lateral

decay of the weight functions presented here are qualita-

tively reproduced by considering a more realistic probe ge-

ometry, namely, a spherical tip terminated by a cone on a

disk-shaped cantilever32 using the CapSol code by Sadeghi

et al.16 With this model, we also reproduced the sign of the

weight function for charges directly beneath the tip in the

relevant cases [(A), (B), and (C) for AM-KPFM as well as

case (A) and (B) for FM-KPFM, the cases are introduced

later in this section]. It is important to note, however, that we

do not expect a quantitative agreement between calculations

using the sphere model and more complex probe models.

Two sample types are considered: The sphere is placed

either above a flat conductive or a thick (semi-infinite) flat

dielectric sample. Expressions for the electrostatic potential

and the capacitance of both systems have been derived in

Refs. 16 and 33 using the method of image charges. The

resulting equations were implemented in a Python script.34

The normalized electrostatic potential of the void

tip-sample system Ûvoid and the capacitance Cvoid was calcu-

lated for different tip-sample distances in a range from

zts¼R/40 to zts¼ 10R. A typical tip curvature radius of

R¼ 20 nm corresponds to a tip-sample distance range of

0.5 nm to 200 nm, which is a range that covers typical experi-

ments for both small and large oscillation amplitudes.

Second, we numerically calculated the first and second deriv-

ative of Ûvoid at each point in space with respect to the

tip-sample distance zts using a second order central

025304-3 S€ongen et al. J. Appl. Phys. 119, 025304 (2016)
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difference approximation. Due to the axis-symmetry of the

problem, cylindrical coordinates (r, z) are used. The deriva-

tives of Cvoid were calculated accordingly.

The permittivity of the medium surrounding the tip is

denoted as em. When considering thick dielectric samples,

the sample is described by its permittivity es. In the follow-

ing, we consider three different medium-sample systems:

• Case (A): a conductive sample.

In this case, the normalized electrostatic potential is inde-

pendent of the permittivity of the medium. Additionally,

the capacitance of the tip-sample system scales linearly

with the permittivity of the medium.33 Thus, statements

derived for this case hold true for a conductive sample

with any kind of surrounding medium.
• Case (B): a thick dielectric sample in a medium with a 10

fold smaller permittivity than the sample (es/em¼ 10, e.g.,

a dielectric sample in vacuum).
• Case (C): a thick dielectric sample in a medium with a 10

fold larger permittivity than the sample (es/em¼ 0.1 repre-

senting a situation typically encountered in liquid media).

We exemplary plot the weight function for case (B) in

Fig. 2. A dependence of both the magnitude and the sign of the

weight function on the spatial variables (r, z) is clearly visible

and will be analyzed in detail in the following discussion.

III. DISCUSSION

A. The capacitance

In this section, we discuss the capacitance Cvoid and its

first and second derivative with respect to the tip-sample

distance as shown in Fig. 3. This discussion will be

necessary to evaluate the sign of the weight function in

Section III C.

In the case of conductive samples [case (A)], and in the

case of thick dielectric samples in media with smaller

permittivity than the sample [case (B)], the capacitance

decreases upon increasing the tip-sample distance [Fig.

3(a)], resulting in a negative first derivative, @Cvoid/@zts� 0

[Fig. 3(b)]. This behavior is fundamentally different for

dielectric samples in media with larger permittivity than the

sample [case (C)]. Here, the capacitance increases with

increasing tip-sample distance. Thus, the capacitance

gradient, @Cvoid/@zts, is positive. This can intuitively be

understood by considering the averaged permittivity of the

volume surrounding the sphere. In case (B), the averaged

permittivity increases upon decreasing the tip-sample dis-

tance (as es> em). In case (C), the average permittivity is

decreased by decreasing the tip-sample distance (as es< em).

As shown in Fig. 3(a), the capacitance of the sphere

above the sample approaches the capacitance of an isolated

sphere in the respective medium (limzts!1 Cvoid ¼ 4pemR).

Consequently, the first capacitance gradient approaches zero

for large tip-sample distances in all considered cases [(A),

(B), and (C)]. As a further consequence, the second capaci-

tance gradient is positive in case of conductive samples [case

(A)] and in case of thick dielectric samples in media with

FIG. 2. Weight functions for case (B) with a tip-sample distance of zts¼ 2R.

The AM-KPFM weight function is shown in (a) and the FM-KPFM weight

function in (b). The sample surface is located at z¼ 0. The color bar shown

below applies for both plots.

FIG. 3. (a) Capacitance Cvoid of the void tip-sample system as a function of

the tip-sample distance zts for the three cases, namely, (A) conductive sam-

ple, (B) thick dielectric sample with es/em¼ 10, and (C) thick dielectric sam-

ple with es/em¼ 0.1. For large tip-sample distances, the capacitance of an

isolated sphere in the respective medium is approached. The first and second

derivatives of Cvoid with respect to the tip-sample distance zts (relevant for

AM- and FM-KPFM, respectively) are shown in (b) and (c), respectively.
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smaller permittivity than the sample [case (B)]. In contrast,

the second capacitance gradient is negative for dielectric

samples with a smaller permittivity than the medium [case

(C)].

B. The normalized electrostatic potential

We now analyze the normalized electrostatic potential

and its derivatives at the position of a single point charge in

the tip-sample system. As a model system, we consider a point

charge at a height of z¼ 0.2 nm above the sample. When

choosing R¼ 20 nm, this height corresponds to z¼R/100.

Furthermore, we place the charge directly underneath the tip,

i.e., at a lateral position of r¼ 0. It is not necessary to specify

magnitude and sign of the point charge as the normalized

electric potential is calculated for the void tip-sample system.

With a constant position of the charge (r, z), we present

the normalized electrostatic potential and its derivatives for

different tip-sample distances zts as shown in Fig. 4. As can

be seen in Fig. 4(a), the electrostatic potential at the position

of the considered charge decreases with increasing tip-

sample distance. Consequently, the first derivative of the

normalized electrostatic potential with respect to the tip-

sample distance zts (relevant for AM-KPFM), as shown in

Fig. 4(b), is negative in all considered cases.

The graphs of the second derivative @2Ûvoid=@z2
ts as rele-

vant for FM-KPFM are presented in Fig. 4(c). In the consid-

ered tip-sample distance range, the second derivative of the

normalized electrostatic potential is positive for conductive

samples [case (A)] as well as for thick dielectric samples in a

medium with a smaller permittivity than the sample [case

(B)]. In contrast, the sign of the second derivative changes at

a tip-sample distance of zts�R/2 from negative to positive

when increasing zts in case (C). Consequently, for a correct

qualitative interpretation of FM-KPFM signals in case (C),

the tip-sample distance needs to be considered, since the

FM-KPFM weight function can change the sign at different

tip-sample distances when measuring on thick dielectric

samples in media with larger permittivity than the sample.

C. The sign of the weight function for charges

Having analyzed the signs of the first and second deriva-

tives of both the normalized electrostatic potential and the

capacitance, we can now address the question whether a pos-

itive or negative charge density underneath the tip shifts the

KPFM signal to more positive or more negative values. The

sign of the relevant terms is summarized in Table I for a

charge located directly underneath the tip (i.e., r¼ 0 and

0< z< zts).

On conductive samples [case (A)] and on thick dielectric

samples in media with smaller permittivity than the sample

[case (B)], indeed a positive (negative) charge density under-

neath the tip shifts the AM- and FM-KPFM signals to more

positive (more negative) values, respectively. However, we

find an exception to this generally assumed understanding

for case (C) in the AM-KPFM mode. Here, in sharp contrast

to what is observed for the other two cases, a positive charge

density can result in a shift of the KPFM signal to more neg-
ative values and vice versa. This finding appears rather coun-

terintuitive and clearly shows the challenges faced when

interpreting KPFM signals.

In case (C), it is furthermore not possible to find a

general statement for the FM-KPFM mode as the sign of

wFM changes with zts [Fig. 4(c)]. In case of finite oscillation

amplitudes, this fact can cause an additional dependence on

the oscillation amplitude due to the averaging, as described

in the Appendix.

D. Lateral decay of the weight function for charges

So far, we considered the weight function for a single

point charge at a height of z¼R/100 situated underneath the

tip at r¼ 0. On relevant samples, however, there are typi-

cally charges distributed across the whole sample surface. In

FIG. 4. (a) Normalized electrostatic potential at r¼ 0 and z¼R/100 as a

function of the tip-sample distance zts for the void tip-sample system. The

first and second derivative with respect to the tip-sample distance zts (rele-

vant for AM- and FM-KPFM) is shown in (b) and (c), respectively.

TABLE I. Sign of the relevant quantities when determining the charge

density with KPFM for different types of medium-sample systems. The sign

of the derivatives of the electrostatic potential was determined underneath

the tip. The star symbol indicates that the sign of the respective quantity is

dependent on the tip-sample distance; thus no general statement can be

made here.

Medium-sample system AM-KPFM FM-KPFM

es/em

@Cvoid

@zts

@Ûvoid

@zts
wAM

@2Cvoid

@z2
ts

@2Ûvoid

@z2
ts

wFM

(A) Conductor � � þ þ þ þ
(B) Thick dielectric 10 � � þ þ þ þ
(C) Thick dielectric 0.1 þ � � � ? ?
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principle, each of these charges contributes to the KPFM sig-

nal according to the weight function for charges (wAM and

wFM). Here, we address the significance of the contribution

by charges far away from the probe tip.

We calculate the weight functions wAM and wFM accord-

ing to Eqs. (11) and (12) at the same fixed height as before

(z¼R/100), but now as a function of the lateral distance r.

We present the weight functions for the smallest considered

tip-sample distance zts¼R/40 in the left column of Fig. 5,

while the right column shows the weight functions for the

largest considered tip-sample distance of 10R.

The AM-KPFM weight function wAM is shown in

Figs. 5(a) and 5(b), while the FM-KPFM weight function

wFM is shown in Figs. 5(c) and 5(d). The absolute values of

the AM- and the FM-KPFM weight functions on conductive

samples [case (A)] and on dielectrics samples with es> em

[case (B)] are at their maximum at r¼ 0; i.e., the charge den-

sity underneath the tip contributes most to the KPFM signals.

For case (B), this can also readily be observed in Fig. 2. In

contrast, on thick dielectric samples with es< em [case (C)

with zts¼R/40], the maxima are not located directly under-

neath the tip, but at some distance r�R, both in AM- and in

FM-KPFM [indicated by red arrows in Figs. 5(a) and 5(c)].

In case (B), the sign of the weight functions is independ-

ent of the lateral position r, while in cases (A) and (C), the

AM-KPFM weight function wAM approaches zero at some

lateral distance r�R and changes its sign for larger r [Figs.

5(a) and 5(b)]. For cases (A) and (C), a similar behavior can

be observed for the FM-KPFM weight function, as is shown

in Figs. 5(c) and 5(d). Consequently, depending on the lateral

position r of a charge from the probe tip, the charge can con-

tribute to the KPFM signal with an inverted sign.

As already discussed in Sec. III B, in case (C) the sign of

wFM underneath the tip changes when increasing the tip-

sample distance from R/40 to 10R. While this sign is positive

for a tip-sample distance of R/40 for the entire range of lateral

distances r considered here [Fig. 5(c)], it is negative under-

neath the tip and changes to a positive sign at a lateral distance

of r�R for a tip-sample distance of zts¼ 10R [Fig. 5(d)].

Next, we investigate the lateral decay of the weight

function for charges by determining the slope of the weight

functions for large r (by fitting the data shown in Fig. 5 with

a power law). In the cases considered here, both the AM-

and FM-KPFM weight functions (for z¼R/100) decay with

a fixed decay exponent a, according to the equations

lim
r!1

wAMðrÞ / r�a; (15)

lim
r!1

wFMðrÞ / r�a: (16)

This asymptotic behavior is the same in the considered tip-

sample distance range, as indicated in Fig. 5. On conductive

samples [case (A)], the decay exponent is a� 3, both in AM-

and in FM-KPFM. This is fundamentally different for thick

dielectric samples [cases (B) and (C)], where we find for this

setup a� 1 again in both AM- and FM-KPFM.

Since the samples are typically significantly larger than

R, the sample area containing charges that contribute to the

KPFM signals is of relevance. Especially, we determine in

the following whether this area is finite or whether it scales

with the size of the sample surface. We discuss the two

different cases (a� 1 and a� 3) in the limit of large r by

considering a homogeneously charged layer with charge area

density r and radius rr on top of the (infinitely large) sample.

The homogeneously charged layer is placed again at a height

of z¼R/100, with its center directly underneath the tip. We

virtually increase the radius of the charged layer (while keep-

ing the charge area density r constant) to evaluate whether

the KPFM signal converges. In case of conductive samples

(a� 3), the AM- and FM-KPFM signals converge with

FIG. 5. Profile of the weight functions as a function of the lateral distance r for charges at a fixed height of z¼R/100 above the sample. The AM-KPFM weight

function is shown in (a) and (b), while the FM-KPFM weight function is shown in (c) and (d). In the left column [(a) and (c)], the tip-sample distance is

zts¼R/40 and in the right column [(b) and (d)] the tip-sample distance is zts¼ 10R.
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respect to the considered radius of the layer, since the

integral35

lim
rr!1

ðrr

r0

ð2prÞr�ardr / r for a > 2 (17)

is finite and does not depend on rr (the factor (2pr) arises

from the integration in polar coordinates, r0 is chosen suffi-

ciently large so that the limit in Eqs. (15) and (16) remains

valid). Thus, for conductive samples, the AM- and FM-

KPFM signals at a given spot on the sample contain infor-

mation on local charges underneath the tip, independent of

the size of the sample surface—allowing a quantitative

interpretation of the KPFM signal with respect to the charge

density.

In case of thick dielectric samples [cases (B) and (C)],

the weight function decays with a� 1. We find that the AM-

and FM-KPFM signals scale with rr, as can be seen from the

integral ðrr

r0

ð2prÞr�ardr / rrr for a � 2: (18)

Thus, if charges are equally distributed across the whole

sample surface, the AM- and FM-KPFM signals can depend

on the size of the sample surface since the integration over

the weight function is diverging for the herein analysed

setup. Furthermore, the difference between the KPFM sig-

nals above different spots of the sample is related to a differ-
ence in charge density underneath the tip—but a quantitative

statement regarding the absolute value of the charge density

beneath the tip requires not only knowledge of the weight

function but furthermore an determination of the average

charge density on the sample.

IV. CONCLUSION

In conclusion, we have extended the description of

closed-loop KPFM signals to the open-loop KPFM mode for

systems containing localized charges. Our analysis shows

that open-loop KPFM allows for obtaining the same signal

as in closed-loop KPFM, despite not applying a DC bias

voltage in the open-loop mode, which is necessary for meas-

urements in, e.g., electrolyte solutions. In both open- and

closed-loop, as well as for AM and FM detection, the KPFM

signals are a sum of the contact potential difference and a

weighted addition over all charges in the tip-sample system.

We introduced a weight function that describes the contribu-

tion of each charge to the KPFM signal. This weight function

is defined by the detection mode and, especially, depends on

the oscillation amplitude.

By using a conductive sphere as a model for the probe tip

in KPFM, we investigated the sign of the weight function for

charges. For conductive samples and for thick dielectric sam-

ples in media with smaller permittivity than the sample, a pos-

itive (negative) charge density underneath the tip shifts the

AM- and FM-KPFM signals to more positive (more negative)

values. However, when scanning on thick dielectric samples

in a medium with larger permittivity than the sample, we find

within our setup that the sign of the weight-function for

charges underneath the tip is negative in case of AM-KPFM

and that it changes sign for different tip-sample distances in

the FM-KPFM mode. Consequently, a general statement

regarding the sign of the weight function for FM-KPFM on a

thick dielectric sample in a medium with a larger permittivity

than the sample can only be made when the tip-sample dis-

tance and weight function are known. This illustrates that

even the qualitative evaluation of the charge density beneath

the tip with KPFM critically depends on the surrounding

medium.

In an additional step, we compared the lateral decay of

the weight function. On conductive samples, the weight

function decays approximately with r�3, both in AM- and

FM-KPFM and in any surrounding medium. By considering

a homogeneous surface charge on top of the sample, we con-

cluded that in this case, the KPFM signal only contains con-

tributions from charges in a finite area underneath the probe

tip. Although the resolution will be limited by the tip size, a

quantitative evaluation of the charge density in a finite area

would be possible. However, we found for dielectric samples

a lateral decay of the weight function with r�1 for all KPFM

modes and independent of the permittivity of the surround-

ing medium. In this case, the absolute value of the KPFM

signal can depend on the size of the sample surface and ren-

ders a quantitative evaluation of the absolute charge density

values underneath the tip challenging.

We expect the above findings to be qualitatively repro-

duced by realistic probe geometries. Furthermore, our find-

ings hold true regardless of the oscillation amplitude of the

probe in the relevant cases [(A) and (B) for AM- and FM-

KPFM as well as case (C) for AM-KPFM]. Therefore, our

discussion of the weight function for charges is of general

relevance for an improved understanding of KPFM. Our

study demonstrates that a precise knowledge on the weight

function for charges allows to discuss both quantitative and

qualitative aspects of KPFM signals in all modes and in vari-

ous medium-sample systems. Moreover, the knowledge of

the weight function is of utmost importance for the interpre-

tation of KPFM data with respect to the charge density

beneath the tip, as even the sign for the KPFM signal of sin-

gle charges can be inverted under certain conditions.
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APPENDIX: THE AVERAGING FUNCTIONS DUE
TO THE OSCILLATING PROBE TIP

As discussed in Sec. II A, the averaged electrostatic

force (relevant for AM-KPFM) and the averaged electro-

static force gradient (relevant for FM-KPFM) are of
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importance to account for the oscillation of the probe tip

with an oscillation amplitude A and a minimum tip-sample

distance zts,min while performing the KPFM experiment.

Both averaged quantities can be directly deduced from the

electrostatic potential energy using the following functionals

for arbitrary oscillation amplitudes, which are given accord-

ing to the following Eqs. (A1) and (A2):29,33

hf iAM ¼
ðA

�A

df uAM fð Þ @
@zts

f zts;min þ Aþ fð Þ;

with uAM fð Þ ¼ 1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � f2

p ; (A1)

hf iFM ¼
ðA

�A

df uFM fð Þ @
2

@z2
ts

f zts;min þ Aþ fð Þ;

with uFM fð Þ ¼ 2

pA2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 � f2

q
: (A2)

Thus, the averaged electrostatic force can be written as

hUesiAM and the averaged electrostatic force gradient as

hUesiFM. Since the functions uAM and uFM are positive and

independent of the tip-sample distance, the discussion con-

cerning the lateral decay and the sign of the quantities

described in Sec. II A is valid.
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