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We show that charge transfer through a small superconducting (S) island of a single-electron transistor is
strongly affected by vorticity. This interplay of charge and rotational degrees of freedom in a mesoscopic
superconductor occurs through the effect of vorticity on the quantum mechanical spectrum of electron-hole
excitations. The subgap quasiparticle levels in vortices can host an extra electron, thus suppressing the so-called
parity effect in the S island. We propose to measure the collective dynamics of vorticity and electric charge via
the charge pumping effect caused by alternating vortex entry and exit controlled by a periodic magnetic field.
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There are two fundamental quantization phenomena
which are manifested in different aspects of the physics of
superconducting (S) metals: (i) quantization of the charge
of superconducting carriers or Cooper pairs in units of
double electron charge 2e and (ii) quantization of the trapped
magnetic flux in units of the flux quantum �0 = hc/2e, which
originates from vorticity quantization [1]. The duality of these
quantization effects reveals itself in Coulomb and Weber (or
vortex) blockade phenomena, as has been discussed recently
in Ref. [2]. In addition to this remarkable duality, it would
be certainly exciting to observe the charge-vortex interplay
which could cause magnetoelectric phenomena inherent,
e.g., to a superconducting state containing topological
defects with quantized vorticity, namely, Abrikosov vortices.
Unfortunately, for the bulk samples it is extremely difficult
to observe these effects experimentally. The reason is that for
typical metals the large value of the Fermi energy EF almost
completely suppresses all the electrostatic charge phenomena
caused by vortices: The vortex core charge is small due to
the very small ratio �/EF ∼ 10−5–10−2 [3,4]. Here, � is the
superconducting order parameter.

In the present Rapid Communication we make a suggestion
on how to overcome the above difficulties based on the pow-
erful methods provided by superconducting single-electron
devices (see Refs. [5,6] and references therein). The key point
of this idea is that by creating or removing a single vortex in
a small S island, either the odd or even electron number will
be favored. Thus the vorticity and the charge of the island will
be coupled. To address electrons one by one, we propose to
use a single-electron transistor (SET), i.e., a small, metallic
Coulomb-blockaded island with a total electric capacitance
C = CL + CR + Cg (see Fig. 1) coupled to the normal (N)
leads by tunnel contacts with capacitances CL and CR . A large
Coulomb energy EC = e2/(2C) compared to the temperature
T prevents an extra electron from tunneling in and allows one
to manipulate the charge state n of the island in a controllable
way by varying the gate voltage Vg = eng/Cg across the ca-
pacitor Cg . For an S island this physical picture becomes more
complicated due to the electron number parity effect [7–10].

*Corresponding author: ivan.khaymovich@aalto.fi

This effect consists in the 2e-periodic dependence of the
observables on Vg and thus provides a direct confirmation of
the Cooper pair charge quantization. At finite temperatures the
parity phenomena are controlled by the free energy difference
δF = � − T ln Neff between the states with an odd and even
number of electrons in the island. Here, Neff is the effective
number of available states for an extra particle. It is clear that
the parity effect is observable only for a positive value of
this free energy barrier, i.e., at low enough temperatures, T <

T ∗ = �/ ln Neff. By applying an external magnetic field H one
can partially suppress the S gap and thus affect the parity phe-
nomenon. Appropriate changes of periodicity of the SET char-
acteristics versus the gate voltage in the H field have been ob-
served, e.g., in Ref. [11]. It is important to note, however, that a
partial decrease of the gap preceding the vortex entry might not
be enough to suppress the parity effect at rather low tempera-
tures (see the gap estimates below). The only guaranteed way to
cause a change in the charge state of the S island is to introduce
a vortex, therefore providing a natural trap for an extra electron.

Applying an oscillating magnetic field, i.e., changing
periodically the island vorticity, we can induce the even-odd
transitions in the number n of electrons in the island. Choosing
the gate voltage, as shown in Fig. 2 by a black dot, one
can switch between the states n = 0 and n = 1. Without the
vortex, the state with an even n = 0, shown by the large white
diamond, is favored. With the vortex, the odd electron number
becomes preferable, as shown by the dashed red diamonds.
Applying a constant bias voltage V to the SET, one can
convert this modulation of the charge state into unidirectional
charge pumping. Note that another version of magnetic field
induced pumping can be realized in the Cooper pair sluices
suggested for Josephson structures with S electrodes [12].
The above picture of the vortex controlled parity effect can
change at temperatures less than the minigap ω0 � � in the
spectrum of quasiparticles trapped in the vortex core [13]. The
free energy barrier for even-odd transitions in the vortex state
can be estimated as δFv = ω0 − T ln Nv , where Nv ∼ kF L,
L is the length of the vortex line, and kF is the Fermi
momentum. The temperature T ∗

v = ω0/ ln Nv at which
δFv = 0 separates the regimes with e and 2e charge periods
and thus at T < T ∗

v the parity effect can be restored. It is useful
to note an analogy with the parity effect in the Josephson
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FIG. 1. (Color online) Normal metal–insulator–superconductor–
insulator–normal metal (NISIN) SET setup with a bias voltage ±V/2.
The magnetic field is perpendicular to the S disk plane.

junction [14], where ω0 should be replaced by the minigap
depending on the phase difference between the S leads.

We now proceed with the study of an exemplary SET setup
(see Fig. 1) which allows us to illustrate the above charge-
vortex interplay. The size of the S island is assumed to be of
the order of several coherence lengths ξ so that by applying
the H field we can introduce at least one vortex in this island.
The charge transport through this device can be described by
a standard rate equation accounting for parity effects [15].
We restrict ourselves to a two-level approximation assuming
T � EC and taking the gate voltage interval 0 < ng < 1. The
equation for the n = 1 charge state probability p1 reads

dp1

dt
= �0→1p0 − �1→0p1, p0 = 1 − p1, (1)

where �0→1 and �1→0 are the rates for the electron tunneling
into and out of the island, respectively. �0→1 and �1→0

consist of the contributions of the tunneling through the left
and right contacts, �0→1 = �e

L[UL] + �e
R[UR] and �1→0 =

�o
L[−UL] + �o

R[−UR], where

�k
j [U ] = 1

e2RTj

∫ ∞

−∞
νj (ε)fN (ε − U )

[
1 − f k

S (ε)
]
dε. (2)

Here, RTj is the resistance of the j th junction, νj (ε) is the local
density of states (LDOS) of the island near the j th junction
normalized to its normal state value νN (0), j = L,R stands

FIG. 2. (Color online) (a) Stability diagram of the S island. Red
dashed lines correspond to the normal state stability diagram. The
zero current plateaus in the regime of the parity effect are shown
by the white diamonds. (b) Ground-state energy of the S island vs
gate voltage with (blue solid lines) and without (red dashed lines) the
parity effect.

for the left and the right junctions, fN (ε) = (eε/T + 1)−1 is the
Fermi distribution function in the normal leads, and f

e(o)
S (ε) is

the distribution function in the S island describing the states
with an even (odd) total number of electrons. The Coulomb-
blockade effect and the bias voltage VL,R = ±V/2 determine
the energy cost UL,R = EC(2ng − 1) − eVL,R for tunneling.

The increasing magnetic field and vortex entry affect both
the LDOS νL,R(ε) and f

e,o
S (ε). To find the distribution function

f
e(o)
S (ε) we assume that n = 0 (n = 1) corresponds to an even

(odd) total number of electrons and use the so-called parity
projection technique [8,16,17],

f
e(o)
S (ε) = fF (ε) ∓ exp(−2Nqp)fB(ε)

1 ± exp(−2Nqp)
, (3)

where fF (B) = (eε/T ± 1)−1 is the Fermi (Bose) distribution
function. The number of quasiparticles is

Nqp = 2νN (0)
∫

dV

∫ ∞

0
ν(ε,r)fF (ε)dε. (4)

In the limit fF,B � 1 one can neglect the difference between
these distribution functions and reduce (3) to the form [18]
f

e,o
S (ε) = Ae,ofF (ε) with the factor Ae = A−1

o = tanh(Nqp).
In the limit T � εmin, with εmin being the minigap in the quasi-
particle spectrum of the island, we obtain Nqp ≈ Neffe

−εmin/T ,
where Neff is a slow function of temperature T (see the
Supplemental Material [19]).

Within the region of the essential parity effect (when |Ak −
1| ∼ 1) we can rewrite the tunneling rate as follows:

�k
j [U > 0] = Ij (U )/e

[
1 + Ak

eU/T − 1

]
, (5a)

�k
j [U < 0] = Ij (U )/e

1 − e−U/T
Ak, (5b)

where the “seed” I-V characteristic of the tunnel junction in
the absence of the Coulomb effects is

Ij (U ) =
∫ ∞

−∞

νj (ε)

eRTj

[fN (ε − U ) − fN (ε)]dε. (6)

Note that Ij (−U ) = −Ij (U ). Further calculations should
assume a certain model describing the dependence of the
I-V curves Ij (U ) and the number of quasiparticles Nqp on
the applied magnetic field. For the sake of simplicity we
consider the system to be symmetric: νL = νR = ν(ε) and
RT L = RT R = RT . In this case key parameters governing
the behavior of the I-V curve, i.e., the minigaps εj in the
quasiparticle spectrum at the j th junction, are also equal,
εj = εedge. The most important part of Ij (U ) controlling the
charge transfer corresponds to small voltages (U � εedge)
when the I-V curve reveals the temperature activated behavior,

Ij (U ) 	 T

eRT

e−(εedge−U )/T

∫ ∞

0
ν(εedge + T x)e−xdx. (7)

In the limit U 
 εedge we assume a linear dependence Ij (U ) =
U/eRT . Note that here we neglect a low voltage contribution
to the current arising from the exponential tail of the residual
DOS localized inside the vortex core.

Thus, the basic characteristics of our rate equation are
determined by the magnetic field dependence of two energy
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scales: (i) the spectral gap εedge at the junctions and (ii) the
minimal gap εmin over the island. Considering the setup in
Fig. 1, one can see that the energy scale εmin is determined by
the maximum of the local superfluid velocity vS reached either
at the edge of the S disk or in the vortex core. The gap εedge

at the junctions is determined by the geometry of the S leads
attached to the disk. By adding these S leads one can control
the magnetic field effect on the tunneling DOS and parity
phenomenon independently and avoid complications caused
by the vortex effect on the LDOS at the junctions. Taking,
first, the diffusion limit with ξ 
 � well exceeding the mean
free path �, we find (see Refs. [20–22])

εedge = �(H )
(
1 − γ

2/3
H

)3/2
, (8)

where �(H ) = �(0)e− πγH
4 , γH = �〈v2

S 〉
2D�(H ) , D is the diffusion

coefficient, 〈v2
S〉 = (πDHw)2/3�2

0, and w � ξ is the width
of the S lead. To estimate the energy scale εmin we use
the same expression (8), substituting γH = �v2

S/[2D�(H )]
with the maximum local superfluid velocity vS . Assuming
the screening effects to be small, i.e., the disk radius R to
be smaller than the effective London penetration depth, we get
max vS = πDHR/�0. In the clean limit ξ � � we should put
εmin = �(H ) − �kF vS , where �(H ) 	 �(0)[1 − αH 2/H 2

c ].
Here, Hc ∼ �0/Rξ is the field of complete suppression of the
surface barrier for the first vortex entry [23,24] and α � 1 is
a numerical factor. As shown in Ref. [25], just before the first
vortex entry εmin tends to zero in the clean (or moderately
disordered ξ � �) limit and remains finite εmin ∼ 0.3�(0) in
the dirty limit [24–26]. Thus, in the most common dirty regime,
the free energy difference δF between the states with an odd
and even number of excess electrons in the island remains
positive at low temperatures up to the first vortex entry and the
parity effect in this case can survive the destructive influence of
the magnetic field. This is why vortices are indeed required to
arrange the charge transfer governed by the external magnetic
field. After the vortex enters, εmin equals the minigap ω0 in the
clean limit and turns to zero in the dirty regime.

In order to model the vortex induced pumping, we assume
the following time dependence of the spectral gaps with the
period τ = t0 + tv (see Fig. 3) dictated by the piecewise
constant applied magnetic field: εedge = εmin = �(0) for 0 <

t < t0 and εedge(Hm) = �v , εmin(Hm) = ε0 for t0 < t < τ . In
most experimental situations, the characteristic times of the
vortex entry and exit and of quasiparticle relaxation processes
are vanishing compared to tv and t0 (see the upper bound for the
frequency f = 1/τ below), which means that, for simplicity,
we can neglect the details of vortex dynamics and its effect
on the electronic distribution function. Changing the value ε0

from 0 to ω0, we have the crossover from the dirty to the clean
limit (at Hm > Hc). Using the solution of Eq. (1),

p1(t) = p1(0)e− ∫ t

0 ��dt ′ +
∫ t

0
�0→1e

− ∫ t

t ′ ��dt ′′dt ′, (9)

we obtain the current (averaged over the charge states) flowing
through the j th junction at time instant t ,

Jj (t) = e
(
�e

j [Uj (t)]p0(t) − �o
j [−Uj (t)]p1(t)

)
, (10)

where �� = �0→1 + �1→0. In the case of the pe-
riodic magnetic field protocol εedge(t + τ ) = εedge(t),

0
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FIG. 3. (Color online) Time dependence of the energy scales εedge

and εmin (a), the tunneling rates normalized to �0 (b), the probability
distributions (c), and the instantaneous currents through j th junction
(d).

εmin(t + τ ) = εmin(t), the probability distribution arrives at
the periodic steady solution after transient processes, when
we can impose the condition p1(0) = p1(τ ). Assuming UR =
UL − |eV | > 0, UL < �v , we simplify the expressions for the
tunneling rates (5),

�e
L,R ≈ �0e

−[εedge(t)−UL,R ]/T , (11a)

�o
L,R ≈ �0e

−εedge(t)/T

tanh(Neffe−εmin(t)/T )
, (11b)

where we omit a slow time dependence of the parameter
�0 = ∫ ∞

0 ν(εedge + ε)e−βεdε/eRT [see Eq. (7)]. With these
expressions we find the current averaged over the period τ ,

〈J 〉 = 1

τ

∫ τ

0
Jj (t)dt 	 ef

2

[
1 − 2e−|eV |/T + γ0t0

+ γvtv − e−�0
�t0 − e−�v

�tv
]
, (12)

shown in Figs. 4(a) and 4(b) versus bias voltage V and the
magnetic field amplitude Hm. Here, the total tunneling rates �v

�

and �0
� in the vortex and Meissner states are determined mostly

0 1 2 3
0

0.5

1

(H
m

/H
c
)2

〈 J
 〉 

/ (
ef

)

(b)

0 0.3 0.6
0

0.5

1

〈 J
 〉 

/ (
ef

)

V/E
C

(a)

FIG. 4. (Color online) (a) Averaged current 〈J 〉 vs V for Hm =
Hc (green solid line) and I-V curves at H = 0 (red dashed) and
H = Hm (blue dashed dotted). (b) The current 〈J 〉 vs the amplitude
Hm at V = 0 . . . 0.5EC from left to right. In all plots we put ng = 0.64.
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by the maximal rates �0
� ≈ 2�0/Neff, �v

� ≈ �0e
−(�v−UL)/T ,

while γ0 = �0e
−(�−UL)/T , γv = 2�0e

−�v/T

tanh (Neffe
−ε0/T )

are the small
leakage rates. The first two terms in the above expression
can be obtained from the following reasoning. When the
vortex enters the S island, the total charge transmitted through
both junctions should be equal to the electron charge. Due to
the large ratio �e

L/�e
R = e|eV |/T 
 1 of the tunneling rates,

most of this charge transfer e(1 − exp(−|eV |/T )) occurs
through the left junction, while only the exponentially small
part of it ∼e exp(−|eV |/T ) is transmitted through the right
junction. The vortex exit should be accompanied by the
discharge of the island which occurs with equal rates through
both junctions (11b). As a result, half of the electron charge
exits the island through each junction. Summing up the total
charge transmitted through the system per cycle, we find Q =
e(1/2 − e−|eV |/T ). The above symmetry of the discharging
processes results in a rather strong shot noise in the system:
The fluctuating transmitted charge equals e/2 and the resulting
current noise is given by the expression

√
〈δJ 2〉 = ef/2. The

last two terms in (12) appear if the time intervals of two stages
tv and t0 (with and without a vortex, respectively) become
comparable or shorter than the characteristic charging times
1/�v

� and 1/�0
� . Therefore, the maximum operation fre-

quency f = 1/τ is limited by a single quasiparticle tunneling
rate �0/Neff. Besides the effect of the frequency, the average
current 〈J 〉 also deviates from ef/2 at small bias voltages
and/or small magnetic field amplitudes, due to the dependence
of total rates �k

� on these parameters (see Fig. 4). The terms
proportional to γ0 and γv originate from the leakages and lead
to currents exceeding ef/2, shown at Fig. 4 for larger V and/or
Hm values. Nevertheless, by satisfying the conditions

Neff/�0 � t0 � γ −1
0 , (13a)

e(�v−UL)/T /�0 � tv � γ −1
v , (13b)

one can obtain the plateau of the average current at ef/2.
These conditions can be met provided we set eV 
 T ,

min(T ,ε0 − T ln Neff) � UL � � − T ln Neff. For typical ex-
perimental parameters for Al (see, e.g., Ref. [15]) it gives
us a reasonable range of times 0.06 � t0,v � 5 ms in a
rather wide range of bias voltages 0.1 < |eV |/� < 0.6 to
reach a few percent accuracy of the current quantization
ef/2 of a few fA (see the Supplemental Material [19]). In
our estimates we used the typical operating temperatures
T ∼ 50 mK and sample sizes R ∼ 1 μm corresponding
to simply accessible field values Hm ∼ Hc ∼ 10 mT. The
breakdown of the conditions (13) at the lower bound of
UL can signal the presence of a minigap in the vortex core
in the clean limit ε0 = ω0. Note that for a nonsymmetric
setup, the resulting average current will deviate from ef/2
and the current plateau position should range between 0
and ef .

To sum up, we have studied the interplay between vorticity
and electric charge which can manifest in conditions of a
Coulomb blockade through a vortex induced suppression of
the parity effect in mesoscopic samples. Vortex entry and exit
from the sample is shown to be accompanied by synchronized
entry and exit of a single-electron charge. By applying the bias
voltage and oscillating magnetic field one can observe a vortex
governed turnstile phenomenon: The switching between the
Meissner and vortex states periodically opens the device
for single charge transfer. Thus, we have demonstrated that
the SET devices provide a unique tool for manipulating the
collective dynamics of charge and vorticity. Note that similar
devices can be used for detecting heat pulses or photons which
suppress the parity effect. The threshold photon frequency in
such devices can be tuned by an applied magnetic field.
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