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Abstract: We present new results for fourth and fifth order stochastic dominance (FOSD

and FISD, respectively) circumventing shortcomings in Post and Kopa (2013) [Post, T. and

Kopa, M. (2013). General linear formulations of stochastic dominance criteria, European

Journal of Operational Research, 230, 321-332] and in Fang and Post (2017) [Fang, Y. and

Post, T. (2017). Higher-degree stochastic dominance optimality and efficiency. European

Journal of Operational Research, 261, 984-993].
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1 Introduction

N th order stochastic dominance (SD) efficiency test was first attempted in Post and Kopa

(2013). However, due to an error in the proof of their main theorem, the approach fails if

N > 3 as pointed out already in Fang and Post (2017). In fact, attempts have been made

in previous literature to overcome the problem but the formulation still leaves margin of

improvement which is what is done in our work. Fang and Post (2017) aim to overcome the

problems of Post and Kopa (2013). However, as we are to see, the proof of the central result

Lemma 2 is incomplete. Also Post (2016) addresses Post and Kopa (2013) but the issue

remains open. Both Post and Kopa (2013) and Fang and Post (2017) are based on analysis

of Taylor expansions of the utility functions. Our approach is different from theirs whereby

we circumvent the shortcomings of the two papers.
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2 Preliminaries

We consider single period investment prospects with K scenarios i for asset return real-

izations. In column vector p = (pi) ∈ RK , component pi denotes the known probability of

scenario i. There are M assets j which may be a portfolio of other assets such as stocks.

Each asset j is characterized by a vector xj = (xij) whose component xij reveals return real-

izations in scenario i. The feasible set S ⊂ RK of portfolio return vectors r is the convex hull

of vectors xj . For each vector r in S, r̃ denotes the associated random return with probability

pi for realized return ri. A benchmark vector b ∈ S is subject to efficiency evaluation. We

assume without loss of generality that the scenarios are ordered such that the components of

the benchmark vector b are in non-decreasing order; i.e., b1 ≤ b2 · · · ≤ bK .

Preferences over portfolios in S are determined by expected utility of portfolio return.

A utility function is trivial if the expected utility is constant for all prospects in S. Under

such utility functions one is indifferent among all prospects r ∈ S. We consider non-trivial,

non-decreasing and concave utility functions u with domain X = [x̄, x̂] such that x̄ ≤ xij ≤ x̂

for all return realizations xij . In general, we allow non-differentiability of u as follows. If

u is n times continuously differentiable in X with n ≥ 0, then for k = 0, . . . , n, let u(k)(x)

denote the kth derivative of u with u(0)(x) = u(x), and let u(n+1)(x) denote the sub-derivative

of u(n)(x). Because any utility function u is unique up to a positive affine transformation,

without loss of generality we assume that u(0)(x) ≤ 0 for all x ∈ X.

For integer N ≥ 2, consider set U of such utility functions u with domain X as follows.

Let U = UN denote the set of all non-trivial utility functions u which are N − 2 times

continuously differentiable such that, for all x ∈ X, (−1)k+1u(k)(x) ≥ 0 for k = 0, . . . , N − 1,

and (−1)Nu(N−1)(x) is non-increasing. In each case the utility function is concave and non-

decreasing in X. Subsequently, we focus on N = 4 and N = 5. For u ∈ U and n = 0, 1, 2, . . . ,

define row vector un = (uni ) = (u(n)(bi)) ∈ RK .

Given the set U , consider a benchmark b in S to be evaluated for SD efficiency under U .

Stochastic dominance is defined in the usual way as follows.

Definition 1. Stochastic Dominance (SD): Given a set U of utility functions underlying

SD, for return vectors r and b in the feasible set S,

weak SD : r � b ⇔ E[u(r̃)] ≥ E[u(b̃)] ∀ u ∈ U

strict SD : r ≻ b ⇔ r � b and b 6� r

Benchmark b is dominated in S iff there is r in S such that r ≻ b; otherwise b is non-dominated.
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For SD efficiency, the following definition is due to Post (2003):

Definition 2. SD efficiency: Given a set U of utility functions underlying SD and a

benchmark b in S, b is efficient iff b maximizes expected utility in S for some u ∈ U .

While efficiency, as defined above, is a frequently used operational concept, it is close to but

not quite equivalent to non-dominance; for SSD, see e.g. Kuosmanen (2004) and Ruszczynski

et al. (2003).

Given a concave utility function u ∈ U , it follows from Karush-Kuhn-Tucker optimality

conditions (see e.g., Mangasarian, 1969) that benchmark b ∈ S is optimal for maxr∈S E[u(r̃)]

iff
∑K

i=1 piu
(1)(bi)(ri − bi) ≤ 0 for all r ∈ S. As in Fang et al. (2017), under this condition, u

rationalizes efficiency of b. Equivalently, recalling that S is the convex hull of return vectors

xj , benchmark b ∈ S is optimal iff
∑

i piu
(1)(bi)(xij − bi) ≤ 0 for all assets j = 1, . . . ,M .

To put this condition in matrix notation, let D = (dij) be a K × M matrix such that

dij = pi(xij − bi). Then b ∈ S is optimal under a concave utility function u ∈ U iff

u1D ≤ 0 (1)

where u1 = (u1i ) = (u(1)(bi)) is the K-vector of marginal utilities.

Notice that in case the inequality (1) holds strictly so that u1D < 0, then b is a unique

optimal solution for maxr∈S E[u(r̃)]. Consequently there is no r in S, r 6= b, such that r � b.

Hence, for our set U , u1D < 0 implies that b is both efficient and non-dominated.

For the benchmark returns, define increments δi = bi+1 − bi for i < K and δK = 1. We

assume that bi+1 > bi, for all i < K. Hence, we have δi > 0 for all i.

For efficiency testing, we define the set C[U ] of marginal utility vectors as follows.

Definition 3. The set C[U ]: Given the set of utility functions U with domain X, C[U ]

satisfies the necessary and sufficient conditions

u1 ∈ C[U ] ⇔ u1 = (u(1)(bi)) for some u ∈ U. (2)

In this definition, C[U ] is the union over u ∈ U of the vectors (u(1)(bi)) ∈ RK . For each set

U , C[U ] will be defined employing a set of equations and inequalities.

For SD efficiency tests, we use scaling u1p = 1 for non-trivial utility functions. Given

the underlying set U of utility functions, using condition (1) the SD efficiency test is an

optimization problem to find a scalar θ, K-vector u1 and auxiliary variables (used to define

the set C[U ]) to

min {θ | θa ≥ u1D, u1 ∈ C[U ], u1p = 1 } (3)
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where a = (1, 1, . . . , 1) ∈ RM . Benchmark b is SD efficient under U iff θ = θ∗ ≤ 0 at

the optimum of (3). For the applications of the test (3) in Section 3, we assume that the

benchmark returns bi are distinct (δi > 0 for all i). 1

For SD optimality tests under UN , we need the utility function values u0i = u(0)(ri) for

a given finite set of returns ri instead of the marginal utilities u1i = u(1)(ri) (see Definition

2’ in Post et al., 2017). Define the set C0[UN ] such that u0 ∈ C0[UN ] ⇔ u0 = (u(0)(ri)) for

some u ∈ UN . Because u ∈ UN+1 implies −u(1) ∈ UN , the conditions for the set C0[UN ] are

obtained by replacing in the definition of C[UN+1] the variables u
n+1
i by−uni , n = 0, . . . , N−2.

3 SD efficiency tests

In this section, based on efficiency test (3) with distinct benchmark returns bi and the set

C[U ] of marginal utility vectors in Definition 3, we derive necessary and sufficient tests for

FOSD and FISD efficiency.

3.1 FOSD efficiency

In this section, we consider the set U4 of utility functions which account for non-satiation,

risk-aversion, prudence (preference for higher skewness) and temperance (preference for lower

kurtosis). The set U4 is the subset of utility functions u ∈ U3 such that u(3) is non-negative and

non-increasing. In this case u(2) is concave, non-positive and non-decreasing. The following

result states the relationships among vectors u1, u2 and u3.

Lemma 1. For U4, the set C[U4] of marginal utility vectors is the set of vectors u1 ∈ RK

such that there are K-vectors u2, u3 and λ, and scalar slack variables si, s
′

i, ti and t′i, for

i = 1, . . . ,K − 1, satisfying conditions (4)–(7):

u1 ≥ 0, u2 ≤ 0, u3 ≥ 0 (4)

u3 = λT, λ ≥ 0 (5)

u3i+1 + s′i =
u2i+1 − u2i

δi
= u3i − si, si, s

′

i ≥ 0, ∀ i < K (6)

1

2
(u2i + u2i+1) + ti =

u1i+1 − u1i
δi

=
1

2
(u2i + u2i+1) + δi

sis
′

i

2λi
− t′i, ti, t

′

i ≥ 0, ∀ i < K. (7)

1If in fact bi+1 = bi for some indices i, we define the vector u1 of marginal utilities u1
i for distinct values of

bi only. Thereafter optimality condition (1) is stated as u1ED ≤ 0 where u1 only accounts for distinct values

of benchmark returns bi and E is an incidence matrix matching scenarios with such distinct values.
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Figure 1: A non-positive, non-decreasing and concave second derivative u(2) (solid black
curve) of a utility function u ∈ U4. For all i, u2i = u(2)(bi) and u

3
i = u(3)(bi). Lower bounds

on u(2)(x) for bi ≤ x ≤ bi+1 based on linear interpolation and upper bounds based on first
order approximation at points bi, bi+1 and bi+2 are shown by straight dashed lines.

The proof of Lemma 1 is in the Appendix. The key ideas are as follows. Because u(3)

is non-negative and non-increasing, (5) holds for u3. Because the slope (u2i+1 − u2i )/δi is

the average of u(3) in the interval [bi, bi+1], the slope has to be in the interval [u3i+1, u
3
i ].

Taking into account that u3i − u3i+1 = λi, using non-negative slacks si and s
′

i = λi − si the

bounds yield (6). Because u3i+1 ≥ 0, (6) implies u2i+1 ≥ u2i ; i.e., the components u2i are non-

decreasing. Furthermore, because the components u3i are non-negative and non-increasing,

(6) implies that the slopes (u2i+1−u
2
i )/δi are non-negative and non-increasing in i. The second

derivative u(2) is non-positive, non-decreasing and concave; see Figure 1. The average of u(2)

in the interval [bi, bi+1] for i < K is (u1i+1 − u1i )/δi and it has lower and upper bounds which

depend on u2 and u3. Because u(2) is concave, the lower bound for the average is (u2i+u
2
i+1)/2.

On the other hand, u(2)(x) for x ∈ [bi, bi+1] is bounded above both by u2i + u3i (x − bi) and

u2i+1+u
3
i+1(x−bi+1). Then it is straightforward to show that we need to have the upper bound

in (7) where the increment (δisis
′

i)/2λi on the right is the area of triangle ABC in Figure 1

divided by δi. When λi approaches zero, this increment approaches zero as 0 ≤ si ≤ λi.

When the slack si or s
′

i (or both) approaches zero, then also both slack ti and t
′

i approaches

zero. The upper bound is bounded above by u2i+1 ≤ (u2i+1 + u2i+2)/2 ≤ 0. Hence, (7) implies

that the components u1i are non-increasing in i and the slopes (u1i+1−u
1
i )/δi are non-positive

and non-decreasing in i. Finally, (4) ensures that u1 ≥ 0 and u2 ≤ 0.

It is simple to show that the non-linear upper bounds in (7) pose convex constraints.

Hence, the FOSD efficiency test in (3) under U4 is a convex optimization problem.
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Fang and Post (2017, p. 992) in the proof of Lemma 2 (sufficient conditions) for N=3 end

up using the conditions (4)–(7) in our Lemma 1 (applied to TSD optimality test); however

their proof does not show that these conditions (4)–(7) follow from the assumptions (11)–(13)

of Lemma 2 in Post and Fang (2017, p. 986).2

An FOSD efficiency test was first attempted in Post and Kopa (2013); however, due to

an error3, they end up with an LP formulation in contrast to our convex NLP test problem

(3). Hence, the feasible sets for vectors u1 are generally different in the two tests. As noted

in Footnote 3 the FOSD test of Post and Kopa (2013) is a restriction of our test: to obtain

their test one needs to append additional constraints si = 0 for all i and λK = 0 to (3).

To demonstrate the difference, consider a case with M=2 assets and K=4 scenarios. The

two assets return vectors (% per annum) are x′1 = (−3.5,−2.4, 8.9, 10.2) and the benchmark

return x′2 = b′ = (−4.2,−0.7, 5.5, 10.75). Then our optimal θ in (3) is -0.0290, but with Post

and Kopa (2013) the optimal value becomes 0.0039; i.e. our test finds the benchmark efficient

while the test by Post and Kopa (2013) declares inefficiency.

3.2 FISD efficiency

A purpose of this section is to show how the results for FOSD can be extended in a straight-

forward manner to FISD efficiency (or FOSD optimality) test. The set U5 of utility functions

is the subset of utility functions u ∈ U4 such that u(4) is non-positive and non-decreasing.

In order to take advantage of the notation of Section 3.1, we show first how the results of

Lemma 1 are extended to obtain conditions for u ∈ U4 on utility function values u0i = u(bi).

The following result states under U4 the relationships among vectors uk, for k = 0, 1, 2, 3.

Lemma 2. For the set U4 with domain X, let C0[U4] be the set of vectors u0 ≤ 0 ∈ RK

such that there are K-vectors u1, u2, u3, λ, and scalars si, s
′

i, ti, t
′

i, for i < K, satisfying

2Note that the proof of Lemma 2 of Fang and Post (2017) requires the assumption that the utility function

is N − 2 times continuously differentiable.
3There is an error in the proof of the Theorem 1 of Post and Kopa (2013) which incorrectly draws conclusions

from the second mean value theorem for integration; see also Fang et al. (2017). However, if the set {bi} of

benchmark returns is dense the error may be insignificant. It can be shown that their test results by appending

our NLP based test in Section 3.1 with additional constraints. Therefore, the FOSD test of Post and Kopa

(2013) only is a sufficient test for efficiency.
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Figure 2: A non-positive, non-decreasing and concave second derivative u(2)(x) of a utility
function u ∈ U4. For all i, u2i = u(2)(bi) and u

3
i = u(3)(bi). Integrals of functions υ̂2 in solid

red (line passing through points A, D and C) and ῡ2(x) in solid green (line passing through
points A, E and C) determine upper and lower bounds for u(1)(x) in [bi, bi+1].

conditions (4)–(7), and the following bounds, for all i < K, are satisfied

u0i+1 − u0i
δi

≥
2t2i
3s′i

+ (1/3)(2u1i + u1i+1) + (1/6)u2i δi (8)

u0i+1 − u0i
δi

≤ −
2t2i
3si

+ (1/3)(u1i + 2u1i+1)− (1/6)u2i+1δi. (9)

Then

u0 ∈ C0[U4] ⇔ u0 = (u(0)(bi)) for some u ∈ U4. (10)

The formal proof is in the Appendix. The simple logic is explained using Figure 2 which

involves a minor modification of Figure 1. Notice first that among all concave functions

υ2(x) with graphs within the triangle ABC such that υ2(bi) = u2i , υ
2(bi+1) = u2i+1 and

∫ bi+1

bi
υ2(x)dx = u1i+1 − u1i , for the piece-wise linear function υ2 = υ̂2 (solid red line in

Figure 2), the integral u1i +
∫ x

bi
υ̂2(z)dz yields the maximum for u(1)(x) = u1i +

∫ x

bi
υ2(z)dz for

all x ∈ [bi, bi+1]. This is because υ̂2(x) among the functions υ2(x) increases at a maximum

rate u3i in the neighborhood of bi. Similarly, integration of the piece-wise linear function

υ2 = ῡ2 (solid green line in Figure 2) yields the minimum of u(1)(x). Hence, the bounds

for (u0i+1 − u0i )/δi (the average of u(1)(x) for x ∈ [bi, bi+1]) are obtained via integration from

υ̂2(x) and ῡ2(x).

Fang and Post (2017) in the proof of their Lemma 2 (sufficient conditions) for N=4

end up using the conditions (4)–(9) in our Lemma 2, although these conditions are not

6



explicitly revealed. Our analysis reveals that equations (43) and (46) arise as sub-derivatives

of our functions υ̂2 and ῡ2 with extreme value properties discussed above. Most importantly,

similarly as in case N = 3 also for N = 4, their proof does not show that the underlying

conditions employed in their proof follow from the assumptions (11)–(13) of their Lemma 2.

Our analysis substitutes the results of Lemmas 1 and 2 in Fang and Post (2017) revealing

explicitly the underlying assumptions and conclusions. Both our Lemma 1 for N = 3 and

Lemma 2 for N = 4 state necessary and sufficient conditions.4

Finally, for FISD efficiency test in (3), the conditions for the set C[U5] of marginal utility

vectors u1 ≥ 0 are obtained by replacing in (4)–(9) uni by −un+1
i , for n = 0, 1, 2, 3. After this

substitution, inequalities (8)–(9) yield the extra convex constraints needed for FISD efficiency

test in addition to the conditions (4)–(7). Thus, the FISD efficiency test in (3) under U5 is

a convex optimization problem.

Acknowledgment: The authors wish to thank the Editor and Reviewers for constructive

comments. The second author was supported by Jenny and Antti Wihuri foundation.
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Appendix 1: Proof of Lemma 1.

(⇐) Let u ∈ U4 and define uk ∈ RK with components uki = u(k)(bi) for all i and k = 1, 2, 3.

First, (4) follows from the definition of U4. Second, because the components of u3 are in non-

increasing order, (5) holds with λ = u3T−1 ≥ 0. Third, for 1 ≤ i < K, consider the interval

[bi, bi+1]. Because
∫ bi+1

bi
u(3)(x)dx = u2i+1−u

2
i , and u

(3)(x) is non-increasing with u(3)(bi) = u3i

and u(3)(bi+1) = u3i+1, (6) holds. Fourth, because u(2)(x) is concave the following holds for

all x ∈ [bi, bi+1] (see Figure 1)

u(2)(x) ≥ ψ̄i(x) = u2i + (x− bi)(u
2
i+1 − u2i )/δi (11)

u(2)(x) ≤ ψ̂i(x) = min[u2i + u3i (x− bi), u
2
i+1 + u3i+1(x− bi+1)] (12)

If si = 0 or s′i = 0 in (6), then ψ̂i(x) = ψ̄i(x) and (7) holds with ti = t′i = 0. Otherwise,

si > 0 and s′i > 0 and ψ̂i is given by

ψ̂i(x) =



















u2i + u3i (x− bi) ∀ x ≤ σi

u2i+1 + u3i+1(x− bi+1) ∀ x ≥ σi.

(13)

where σi is determined by continuity of ψ̂i(x) at x = σi. Straightforward integration in (11)

and (12) over x ∈ [bi, bi+1] yields (u
2
i +u

2
i+1)δi/2 ≤ u1i+1−u

1
i ≤ (u2i +u

2
i+1)δi/2+δ

2
i (sis

′

i)/(2λi)

implying (7). 5

(⇒) Suppose u1, u2 and u3 satisfy (4)–(7) for some vector λ ≥ 0 and slack variables

si, s
′

i, ti, t
′

i ≥ 0, for i = 1, . . . ,K−1. For i < K, consider the interval [bi, bi+1] and define ψ̄i(x)

and ψ̂i(x) as above. Then (4)–(6) imply that ψ̄i(x) and ψ̂i(x) are non-positive, non-decreasing

and concave such that ψ̄i(bi) = ψ̂i(bi) = u2i , ψ̄i(bi+1) = ψ̂i(bi+1) = u2i+1. Furthermore, the

sub-derivatives of ψ̄i(x) and ψ̂i(x) are in [u3i+1, u
3
i ] for all x ∈ [bi, bi+1]. Given (7), (11) and

(12), for some convex combination υi of ψ̄i and ψ̂i we have
∫ bi+1

bi
υi(x)dx = u1i+1−u1i . Hence,

υi(x) is non-positive, non-decreasing and concave such that υi(bi) = u2i , υi(bi+1) = u2i+1

and the sub-derivative of υi(x) is in [u3i+1, u
3
i ] for all x ∈ [bi, bi+1]. Define a continuous,

non-positive and non-decreasing function u(2)(x) for x in X such that, for i = 1, . . . ,K − 1,

u(2)(x) = υi(x) for x in [bi, bi+1]. Because u3i is non-increasing in i, u(2)(x) is concave in X.

Integrating u(2) yields, for all i < K and x in [bi, bi+1], u
(1)(x) = u1i +

∫ x

bi
υi(z)dz. Integrating

of u(1) yields u ∈ U4 such that u(1)(bi) = u1i for all i. �

5Referring to Figure 1, the increment δisis
′

i/2λi = δisi(λi − si)/2λi in (7) is the area of triangle ABC

divided by δi. When λi approaches zero, this increment approaches zero as 0 ≤ si ≤ λi.
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Appendix 2: Proof of Lemma 2.

(⇐) For u ∈ U4, define u
k
i = u(k)(bi) for all i and k = 0, 1, 2, 3. For i < K, consider an

interval [bi, bi+1]. By Lemma 1, (4)–(7) hold for some λ ≥ 0 and slack variables si, s
′

i, ti, t
′

i ≥ 0,

for i = 1, . . . ,K − 1. In addition, we have
∫ bi+1

bi
u(2)(x)dx = u1i+1 − u1i . Consider all such

concave functions υi(x), satisfying

∫ bi+1

bi

υi(x)dx = u1i+1 − u1i , υi(bi) = u2i , υi(bi+1) = u2i+1, u
3
i ≥ υ′i(x) ≥ u3i+1, (14)

where υ′i(x) denotes the non-increasing sub-derivative of υi(x).

If si = 0 or s′i = 0 in (6), then ti = t′i = 0 in (7) and define ῡi(x) = υ̂i(x) = υi(x) =

u2i +(x− bi)(u
2
i+1−u2i )/δi satisfying (14). Then

∫ bi+1

bi
υi(x)dx = (u2i +u2i+1)δi/2 = u1i+1−u1i ,

and integrating υi twice yields equal lower and upper bounds in (8)–(9).

Otherwise, si > 0 and s′i > 0, and define υ̂i(x) and ῡi(x) as follows (see Figure 2)

υ̂i(x) =



















u2i + u3i (x− bi) ∀ bi ≤ x ≤ σ̂i

u2i + u3i (σ̂i − bi) + φ̂i(x− σ̂i) ∀ σ̂i ≤ x ≤ bi+1

(15)

ῡi(x) =



















u2i + φ̄i(x− bi) ∀ bi ≤ x ≤ σ̄i

u2i + φ̄i(σ̄i − bi) + u3i+1(x− σ̄i) ∀ σ̄i ≤ x ≤ bi+1.

(16)

where parameters σ̂i, φ̂i, σ̄i, φ̄i are determined to meet conditions (14). For x in [bi, bi+1],

denote ψ̄1
i (x) = u1i +

∫ x

bi
ῡi(z)dz, ψ̂

1
i (x) = u1i +

∫ x

bi
υ̂i(z)dz and ψ

1
i (x) = u1i +

∫ x

bi
υi(z)dz, for any

concave υi(x) in (14). Note that υ̂i(x) increases at the maximum rate u3i at the beginning

of [bibi+1] while ῡi(x) is the opposite case. Then, it is simple to see that, ∀ x ∈ [bi, bi+1],

ψ̄1
i (x) ≤ ψ1

i (x) ≤ ψ̂1
i (x). Thereafter, straightforward but lengthy algebra for evaluating the

integrals
∫ bi+1

bi
ψ̄1
i (x)dx and

∫ bi+1

bi
ψ̂1
i (x)dx yields the bounds (8) and (9).

(⇒) Assume that u0, u1, u2 and u3 satisfy (4)–(9) for some vector λ ≥ 0 and slack variables

si, s
′

i, ti, t
′

i ≥ 0, for i = 1, . . . ,K − 1. For all i < K, define ῡi, υ̂i, ψ̄
1
i (x) and ψ̂

1
i (x) as above.

Then (4)–(6) imply that ῡi and υ̂i are concave functions satisfying (14). Then given (8) and

(9), there is a convex combination υi(x) of ῡi(x) and υ̂i(x), and ψ1
i (x) = u1i +

∫ x

bi
υi(z)dz

such that
∫ bi+1

bi
ψ1
i (x)dx = u0i+1 − u0i . Define a continuous, non-positive and non-decreasing

function u(2)(x) such that, for all i < K, u(2)(x) = υi(x) for x in [b1, bi+1]. Because u3i is

non-increasing in i, it follows that u(2)(x) is concave for all x ∈ X. Integrating u(2) twice

yields u ∈ U4 such that u(0)(bi) = u0i for all i. �
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