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We study the transport properties of a voltage-biased contact between two spin-split superconductors separated
by an insulating barrier of arbitrary transparency. At low transparency, the contribution of multiple Andreev
reflections leads to a subharmonic gap structure that crucially depends on the amplitude and relative angle
of the spin-splitting fields of each superconductor. For noncollinear fields, we find an interesting even-odd
effect on the bound states within the gap, where the odd order multiple Andreev reflections split, but the even
order ones remain at their expected positions. By computing the current-voltage characteristics, we determine
the transparency required for the emergence of a subharmonic gap structure and show that the splitting of
the odd bound states is associated with different threshold energies of spin-polarized Andreev processes. Our
findings provide a tool to experimentally determine the amplitude and alignment of Zeeman fields in spin-split
superconductors.

DOI: 10.1103/PhysRevB.101.020502

Introduction. Hybrid structures between superconductors
and magnetic materials reveal many interesting phenomena
originated from the coexistence and interplay between ferro-
magnetism and superconductivity. As a result, the new field
of superconducting spintronics has emerged [1,2], aiming at
incorporating superconducting order into modern spintronic
devices. The creation of spin-triplet Cooper pairs and spin-
polarized quasiparticles with long spin-coherence lengths
[3,4] suggest future applications based on a reliable and
efficient manipulation of spin-polarized currents [5,6]. In this
context, superconductors with spin-split energy bands, com-
monly known as spin-split (or Zeeman-split) superconductors
(SSc), are attracting considerable interest [7]. SSc can be
realized either in a thin ferromagnet–superconductor (FM-S)
junction via proximity effect [8–11] [cf. Fig. 1(a)], or in a thin-
film superconductor subject to a parallel (in-plane) magnetic
field [12–15]. Highly spin-polarized currents can be generated
in SSc hybrid junctions [4,11,16] and large thermoelectric
effects have been predicted [7,17–21].

The transport properties of hybrid junctions involving
SSc has thus become a topic of fundamental interest in
superconducting spintronics. For example, the phase differ-
ence in Josephson junctions between SSc has been used
as a source to manipulate the spin-polarized supercurrents
[9,22–25]. Recently, the tunneling quasiparticle current be-
tween two SSc linked by a spin-polarized barrier has been
analyzed using quasiclassical Green’s function techniques,
showing good agreement between theory and experiments
[26]. Here, we go one step further and analyze voltage-biased
SSc Josephson junctions of arbitrary transparency, where
multiple Andreev reflections (MAR) play an important role,
and find that the subharmonic gap structure (SGS) is very
sensitive to the spin-splitting fields of the superconductors.

When two superconductors are in electric contact, MAR
[27–29] take place at voltages eV < 2�, where � is the
energy gap. In a symmetric junction involving conventional

superconductors, electrons or holes can undergo sequential
Andreev reflections at the interface. Due to the voltage bias,
the quasiparticles will gain or lose an energy eV as they travel
across the interface, until escaping to the reservoirs for ener-
gies above the superconducting gap. This phenomenon results
in the so-called SGS, a series of resonant conductance peaks at
voltages Vn =2�/(en) in the current-voltage characteristics,
where n is an integer [27–32]. The peaks reveal the singular
density of states at the superconducting energy gap edges [see
Figs. 1(b)–1(e)]. The study of the SGS has proven to be useful
for identifying properties of high-Tc superconductors [33,34],
topological superconductors [35,36], and other mesoscopic
hybrid junctions [37–43].

In this Rapid Communication, we study the transport
properties in the MAR regime of a junction between two
SSc, as depicted in Fig. 1(a). For simplicity, we only con-
sider junctions where both superconductors have the same
pair amplitude, �, and strength of the spin-splitting field, h.
However, we allow the junction to be asymmetric by changing
the relative orientation, α, of the in-plane spin-splitting fields.
Without including phonon-induced spin flip [44], we find
that the SGS due to MAR is highly tunable and presents
a spin-dependent shift proportional to the Zeeman field h.
Additionally, depending on the relative orientation of the spin-
splitting fields, we find an even-odd effect on the conductance
peaks forming the SGS. Figure 1 illustrates how MAR are
modified by the spin-splitting fields. For n-order MAR, a
quasiparticle undergoes n − 1 Andreev reflections when trans-
ferring through the junction, and its spin is conserved since we
are dealing with spin-singlet pairing states. Importantly, while
MAR processes with odd order (n an odd integer) involve
quasiparticles transferred between superconductors, for even
order processes (n an even integer), quasiparticles instead
return to the same superconductor. Therefore, only odd order
MAR are sensitive to the relative orientation of the splitting
fields. The threshold energies for quasiparticles traveling from
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FIG. 1. (a) Schematic diagram of the multilayer FM-S-I-S-FM device used to develop a SSc-I-SSc Josephson junction, where I is an
insulating barrier. The moments ML,R of the FMs are confined to the x-z plane, with a relative angle α, while transport takes place along the
y direction. (b)–(d) Schematic representation of the third-order MAR. The superconducting gap is � and the energy bands are split by the
Zeeman fields. Solid (dashed) lines represent electron (hole) trajectories. The relative angle α affects the positions of the threshold voltages for
odd order MAR. (e) Second-order MAR, with threshold voltage at eV =�, is independent of α.

one side to the other are 2� for parallel magnetization (α=0)
and 2(�±h) for antiparallel magnetization (α=π ). Arbitrary
values of α lead to spin mixing and result in three possi-
ble channels 2� and 2(�±h). Thus, the odd subharmonics
become 2�/n for α=0 [see Fig. 1(b)], 2(�±h)/n for α=
π [see Fig. 1(d)], and 2�/n, 2(�±h)/n for α �=0, π [see
Fig. 1(c)]. However, for even order processes, quasiparticles
travel back to the same side, with spin conserved, and thus the
threshold energy gains or losses between the two gap edges
are independent of the splitting field, as shown in Fig. 1(e).
Therefore, the position of the conductance peaks for even
subharmonics, 2�/n, is not altered by the spin-splitting fields.
The SGS thus provides useful information about the strength
and relative orientation of the spin-splitting fields at Josephson
junctions between SSc.

Model. The system we study consists of two semi-infinite
superconductors in a point contact geometry. Spin-splitting
fields are induced on both sides via proximity effect to a FM
region. The phenomenological Hamiltonian of the system is
written as Ĥ = ĤL + ĤR + ĤT (t ). ĤL and ĤR describe the bulk
SSc on the left and right side:

Ĥj=L,R = 1

2

∑
k

�̂
†
jk

[
Hjk �̂

�̂† −HT
jk

]
�̂ jk, (1)

where �̂ jk = [ψ jk,↑, ψ jk,↓, ψ
†
j(−k),↑, ψ

†
j(−k),↓]T is the spinor in

Nambu-spin space. The noninteracting Hamiltonian is

Hjk = [k2/(2m) − μ]σ̂0 − gμBσ̂ · M j . (2)

We assume that the orientation of the Zeeman fields lies in
the x-z plane and parametrize the moments as ML =Mez and
MR =M[sin αex + cos αez], with g, μB, and ML,R the effective
Landé g factor, Bohr magneton, and induced magnetic fields,
respectively. Other spin orientations can be accounted for by
an appropriate rotation without affecting our results. The gap

matrix in Eq. (1) is �̂= iσ̂y� for spin-singlet s-wave pairing,
where the Pauli matrices σ̂0,x,y,z operate in spin space. The
tunneling term ĤT (t ) is given by

ĤT (t ) = 1

2

∑
k,k′

[�̂†
Lk T̂kk′ (t ) �̂Rk′ + H.c.], (3)

with T̂kk′ (t )= tkk′ τ̂z eiχ (t )τ̂z/2 and τ̂x,y,z the Pauli matrices in
particle-hole space. In the presence of a voltage bias V , the
superconducting phase difference χ (t )=2ωJt is time depen-
dent, with ωJ = 2eV the Josephson frequency. The result-
ing time-dependent current follows the Josephson relation
� → �ei2eV t [45], with I (t ) = ∑

n IneinωJ t . For simplicity,
we set tkk′ to be tkk′ = t0δk,k′ and denote T̂ (t )= t0τ̂z eiχ (t )τ̂z/2.
Following the quasiclassical approximation [46,47], we av-
erage the summation over channels k without affecting the
characteristics of the SGS, but simplifying calculations. By
the so-called ξ integration, the retarded/advanced Green’s
function Ĝr/a

j (ω) in the bulk state adopts the form [48]

Ĝr/a
L =

⎡
⎢⎢⎢⎢⎣

gr/a
↑ 0 0 f r/a

↑
0 gr/a

↓ f r/a
↓ 0

0 f r/a
↓ gr/a

↓ 0

f r/a
↑ 0 0 gr/a

↑

⎤
⎥⎥⎥⎥⎦ �

[
ϒ̊

r/a
11 ϒ̊

r/a
12

ϒ̊
r/a
21 ϒ̊

r/a
22

]
,

(4)
where

Ĝr/a
R = Û Ĝr/a

L Û † �
[
�̊

r/a
11 �̊

r/a
12

�̊
r/a
21 �̊

r/a
22

]
, (5)

gr/a
σ (ω) = −(ω + ζσ h ± i0+)

W
√

�2 − (ω + ζσ h ± i0+)2
, (6)

f r/a
σ (ω) = �

W
√

�2 − (ω + ζσ h ± i0+)2
, (7)
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FIG. 2. Electric current and differential conductance as a function of the voltage, for relative angles α = 0, π/2, π , and transmissions
T =0.95, 0.5, 0.3. In all cases, h/�=0.15. The dashed vertical lines show the nth-order SGS at 2�/n for n = 1, 2, 3 (black), 2(� − h)/n for
n = 1, 3 (green), and 2(� + h)/n for n = 1, 3 (purple).

with ζσ=↑,↓ =±1 and Û =e−iσ̂yα/2τ̂0. The magnitude of the
proximity-induced spin-splitting fields is h=gμBM and W is
a band parameter [37]. We choose the magnetic field below
the so-called Chandrasekhar-Clogston limit [49,50], hmax =
�0/

√
2. The Keldysh Green’s function ĜK

j=L,R(ω) is given by

ĜK
j (ω)= [Ĝr

j (ω) − Ĝa
j (ω)] tanh[ω/(2kBT )][51].

Following the transfer-matrix approach and double Fourier
transformation [32,37,52], we express the charge current in
the following form:

I (t ) = eν(0)vF

∑
m

∫
dω

8π
Tr[τ̂zIm]eimωJ t/2, (8)

with ν(0) the density of states at the Fermi level in the normal
state. The components Im are defined as

Im =
∑

n

Ĝr
R,0

[
T a

n0

]†ĜK
L,nT a

nm + T r
0nĜK

R,n

[
T r

mn

]†Ĝa
L,m

− [
T a

n0

]†ĜK
L,nT a

nmĜa
R,m − Ĝr

L,0T r
0nĜK

R,n

[
T r

mn

]†
, (9)

with Ĝr,a,K
j,n = Ĝr,a,K

j (ω + nωJ/2). The dc component of the
current corresponds to the m = 0 harmonic in Eq. (8). Ex-
perimentally, it relates to the average electric current in
the long-time limit. The transfer matrix satisfies T r/a

nm (ω)=
T r/a

n−m,0(ω + mωJ/2) and can be determined by the recursive
relation

T̂ r/a
nm = t0

[
σ̂0 0

0 0

]
δn,−1 + t0

[
0 0

0 −σ̂0

]
δn,1

+ ε̂r/a
n T̂ r/a

nm + V̂ r/a
n,n+2T̂

r/a
n+2,m + �̂

r/a
n,n−2T̂

r/a
n−2,m, (10)

with

ε̂r/a
n = t2

0

[
�̊

r/a
11,n+1ϒ̊

r/a
11,n �̊

r/a
11,n+1ϒ̊

r/a
12,n

�̊
r/a
22,n−1ϒ̊

r/a
21,n �̊

r/a
22,n−1ϒ̊

r/a
22,n

]
,

V̂ r/a
n,n+2 = − t2

0

[
�̊

r/a
12,n+1ϒ̊

r/a
21,n+2 �̊

r/a
12,n+1ϒ̊

r/a
22,n+2

0 0

]
,

�̂
r/a
n,n−2 = − t2

0

[
0 0

�̊
r/a
21,n−1ϒ̊

r/a
11,n−2 �̊

r/a
21,n−1ϒ̊

r/a
12,n−2

]
.

Equation (10) is numerically solved by introducing ladder
operators T r/a

n,m =zr/a
n,±T

r/a
n∓2,m and using cut-off values zr/a

n,± =0

for a sufficient large |n|=nN , where T r/a
±nN ,0 are assumed to

vanish. We normalize the current in units of σN�/e, where σN

is the conductance when both electrodes are in nonsupercon-
ducting states without magnetic elements.

Josephson dc current. We now compute the current-voltage
characteristics of a dc-biased contact between two SSc. As
explained before, we set the gap of both superconductors to
be the same, �, and the spin-splitting field is also equal, h. We
show in Fig. 2 the current and differential conductance, σS, for
different values of the transmission, T , and relative orientation
angle, α. In the case of a high-transmission barrier, i.e., T �1,
the current looks almost featureless, but its derivative displays
small peaks due to MAR, which are more prominent at low
voltages (blue lines in Fig. 2). This is a result of the enhanced
probability for Andreev reflections at high transmissions. For
lower transmissions, T �0.5, the subgap Andreev reflections
are suppressed and thus the SGS becomes more visible as
kinks in the current and peaks in the differential conductance
(red and black lines in Fig. 2). These features are now more
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FIG. 3. Normalized differential conductance as a function of the voltage. (a) Plot of the conductance for several relative angles, with fixed
h/�=0.15. (b), (c) Plot of the conductance for various spin-splitting fields, with fixed α=π/2 for (b) and α=π for (c). In all cases, the
transmission is fixed at T = 0.6 and the curves have been vertically displaced for clarity. The dashed vertical lines show the nth-order SGS at
2�/n for n = 1, 2, 3 (black), 2(� − h)/n for n = 1, 3 (green), and 2(� + h)/n for n = 1, 3 (purple).

visible at higher voltages, due to the quasiparticle transfer at
the gap edges in the tunneling regime. These are common
features of MAR in superconducting junctions; the novel
effect comes from the angle α determining the relative ori-
entations of the spin-splitting fields. Figure 2 shows the three
representative cases with α=0, π (parallel and antiparallel)
and α �=0, π (noncollinear). As observed in Figs. 2(a) and
2(d), where the fields are parallel, the SGS shows the usual
distribution with peaks at eV =2�/n. This result is similar to
previous works [32] without induced spin-split field in super-
conductors. By contrast, when the fields are antiparallel, the
odd order MAR at eV =2�/n disappear while new peaks at
eV =2(� ± h)/n emerge (n is an odd integer) [see Figs. 2(c)
and 2(f)]. Finally, when the magnetic field is noncollinear, the
odd order MAR feature both types of peaks, at eV =2�/n
and at eV =2(� ± h)/n, as shown in Figs. 2(b) and 2(e).
Importantly, the splitting of the odd order peaks for α �=0 is
directly proportional to the amplitude of the Zeeman field h.

From this result, we conclude that the odd SGS are very
sensitive to the configuration of the two spin-split fields. Thus,
the I-V characteristics could provide a way to measure the
amplitude and alignment of the spin-splitting fields. To clearly
show these dependences on the spin-split fields, we plot the
normalized differential conductance for a junction with aver-
age transmission T =0.6 in Fig. 3. First, we fix the magnitude
of h and change the relative angle α in Fig. 3(a). The odd
order MAR split into three peaks when α �=0. The peaks at
eV =2(� ± h)/n reach their maximum as α approaches π . By
contrast, the peaks at eV =2�/n are significantly reduced un-
til they disappear for α=π . Importantly, the even order MAR
remain unchanged as α varies. Next, we show in Figs. 3(b) and
3(c) the SGS for several values of h in the representative cases
of noncollinear (α=π/2) and antiparallel (α=π ) fields. This
result indicates the great tunability of the SGS by both the

relative angle and the magnitude of spin-split field. Moreover,
the tunability is attributed to the spin polarization of odd order
MAR. The splitting of the odd order MAR becomes wider as h
increases. It is noted that we find no asymmetry in the dI/dV
curve with respect to the sign of V since we have no middle
spin-filter barrier [26]. The additional spin mixing induced by
a spin-filter barrier could result in the splitting of the even
order MAR.

Conclusions. We have theoretically analyzed the SGS in
a Josephson junction between two spin-split superconductors
with arbitrary amplitude and orientation of their Zeeman
fields. Our results show an interesting even-odd effect of the
bound states within the gap. The SGS induced by odd MAR
are split by the Zeeman fields and they are strongly influenced
by their relative angle. The SGS from even MAR, instead, are
independent of the spin-splitting fields. The analysis of the
SGS is thus a useful tool to determine with great precision
the magnitude and relative orientation of the Zeeman fields
in experiments. We remark that, although we consider a
simplified single-channel superconducting weak link model,
the splitting of odd-order MAR resonances is also present in
common setups between spin-split superconductors, such as
in a two-dimensional planar junction.
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