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MANIFOLDS OF QUASICONFORMAL MAPPINGS AND
THE NONLINEAR BELTRAMI EQUATION

KARI ASTALA, ALBERT CLOP, DANIEL FARACO, AND JARMO JÄÄSKELÄINEN

Abstract. In this paper we show that the homeomorphic solutions
to each nonlinear Beltrami equation ∂z̄f = H(z, ∂zf) generate a two-
dimensional manifold of quasiconformal mappings FH ⊂W 1,2

loc (C). More-
over, we show that under regularity assumptions on H, the manifold FH
defines the structure function H uniquely.

1. Introduction

In the context of G-compactness of Beltrami operators (introduced in [12])
it was recently proved that there is a one-to-one correspondence between
the two-dimensional vector spaces of quasiconformal mappings and the R-
linear Beltrami equations [1], [6], [4, Theorem 16.6.6]. More precisely, given a
linear family F = {αf+βg : α, β ∈ R, α2 +β2 6= 0} ⊂W 1,2

loc (C) consisting of
quasiconformal maps, there exists a unique couple of measurable functions µ
and ν with |µ|+ |ν| 6 k < 1 such that F is exactly the set of homeomorphic
solutions to the R-linear Beltrami equation

(1.1) ∂z̄f(z) = µ(z) ∂zf(z) + ν(z) ∂zf(z), for almost every z ∈ C.

If ν ≡ 0, one gets the classical Beltrami equation and, in this case, the family
is not only R-linear, but also C-linear.

The goal of this paper is to study the corresponding questions in the
nonlinear setting and, in particular, to understand the structure of the set
of homeomorphic solutions to the nonlinear Beltrami equations

(1.2) ∂z̄f(z) = H(z, ∂zf(z)), for almost every z ∈ C.

Starting from the pioneering work of Bojarski and Iwaniec [9], [13], [11]
in the last two decades it has been shown that much of the linear theory
for the Beltrami equation extends to the nonlinear situation, under basic
assumptions in the nonlinearity to guarantee the uniform ellipticity. Namely,
we consider structure functions H : C× C→ C which satisfy
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(H1) H is k-Lipschitz in the second variable, that is, for almost every z ∈ C,

|H(z, w1)−H(z, w2)| 6 k(z)|w1 − w2|, 0 6 k(z) =
K(z)− 1

K(z) + 1
6 k < 1,

for all w1, w2 ∈ C, and the normalization H(z, 0) ≡ 0 holds.
(H2) For every w ∈ C, the mapping z 7→ H(z, w) is measurable on C.

Starting with these assumptions we study the corresponding nonlinear Bel-
trami equations (1.2). The existence and the regularity theories of the non-
linear Beltrami equations resemble those of the linear one, see [9], [13], [11],
[5], [4]. However, the uniqueness of a homeomorphic solution is much more
subtle than for linear equations, where such solutions are determined by
their values at two distinct points. For the nonlinear equations this fact does
not need to remain true, as proved in [3]. Therefore we make the following
definition.

Definition 1.1 (Uniqueness property). We say that the Beltrami equation
(1.2) has the uniqueness property if for every z0, z1, ω0, ω1 ∈ C, with z0 6=
z1, w0 6= w1, there is a unique homeomorphic solution f ∈ W 1,2

loc (C) to (1.2)
such that f(z0) = ω0 and f(z1) = ω1.

Thus all the linear equations (1.1) have the uniqueness property, see [4,
Corollary 6.2.4]. In the nonlinear case, the equation (1.2) has the uniqueness
property if

(1.3) lim sup
|z|→∞

k(z) < 3− 2
√

2,

but uniqueness property may fail when (1.3) is not true, see [3, Theorem
1.1]. On the other hand, we have the uniqueness property, e.g. if H is 1-
homogeneous in the second variable, see [4, Theorem 8.6.2] or [3, Theorem
1.3]. In the terms of the quasiconformal distortion, the bound (1.3) reads as
K(z) <

√
2 near the infinity.

In the rest of the paper we only consider structure functions H such
that the associated equation has the uniqueness property. To every such
structure function we can associate a family of quasiconformal mappings
FH = {ϕa}a∈C by setting as ϕa, a 6= 0, the unique W 1,2

loc (C)-homeomorphic
solution to (1.2) such that

ϕa(0) = 0, ϕa(1) = a.

It is convenient to set ϕ0(z) ≡ 0.
It follows from the Lipschitz regularity of H, (H1), that if f and g are

arbitrary W 1,2
loc -solutions to (1.2), then f − g is K-quasiregular; indeed,

(1.4) |∂z̄f(z)−∂z̄g(z)| = |H(z, ∂zf(z))−H(z, ∂zg(z))| 6 k |∂zf(z)−∂zg(z)|.

Furthermore, it can be shown, see Proposition 3.1, that the above unique-
ness property is equivalent to requiring that for homeomorphic solutions the
difference f − g is either a constant or a homeomorphism. Hence in the lat-
ter case the difference is quasiconformal, and this motivates the following
definition.
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Definition 1.2 (Field of quasiconformal mappings). We call a set F =

{ϕa}a∈C ⊂ W 1,2
loc (C) a field of quasiconformal mappings, if the following

holds for some 1 6 K <∞.
(F1) If a 6= 0, then ϕa is a K-quasiconformal mapping of C, with ϕa(0) = 0

and ϕa(1) = a. If a = 0, ϕ0 ≡ 0.
(F2) The difference ϕa − ϕb is K-quasiconformal, for a 6= b.
If the field arises from a structure function H, as above, we denote it by FH.

In Section 2 we prove that if a field of quasiconformal mappings F is C1

in the parameter a, i.e., a 7→ ϕa(z) ∈ C1(C) for every fixed z, then the field
is a C1-embedded submanifold of the space L∞loc(C), a surface whose points
are quasiconformal mappings. Here we use the setting and the definition of
submanifolds of Fréchet spaces from Lang [15].

Even without extra smoothness assumptions, for almost every a the tan-
gent plane, TϕaF , at the point ϕa exists and equals the set of the homeo-
morphic solutions to an R-linear Beltrami equation (see Proposition 2.2 and
Remark 2.6).

Moreover, we prove that if the field is induced by a nonlinear Beltrami
equation determined by the structure functionH, then FH is a (C1-embedded)
submanifold ofW 1,2

loc (C), with the tangent bundle TFH :=
⋃
a6=0 TϕaFH given

by solutions to the R-linear Beltrami equations that are obtained by lineariz-
ing the starting equation (1.2).

Theorem 1.3. Assume that H has the uniqueness property and let FH =
{ϕa(z)}a∈C. If w 7→ H(z, w) ∈ C1(C), then for every fixed a ∈ C the direc-
tional derivatives

∂aeϕa(z) := lim
t→0+

ϕa+te(z)− ϕa(z)
t

, e ∈ C,

are all quasiconformal mappings of z, satisfying the same R-linear Beltrami
equation

(1.5) ∂z̄f(z) = µa(z) ∂zf(z) + νa(z) ∂zf(z) a.e.

It turns out that

(1.6) µa(z) = ∂wH
(
z, ∂zϕa(z)

)
and νa(z) = ∂w̄H

(
z, ∂zϕa(z)

)
,

and, moreover, a 7→ ϕa is a continuously differentiable W 1,2
loc (C)-valued func-

tion.

Next, we investigate to which extent the relation between the structure
function H and the field FH is unique, as it is when H is linear. Given
any field of quasiconformal mappings F as in Definition 1.2 we can formally
associate to it a nonlinear Beltrami equation represented by some structure
function HF . Indeed, simply by starting with the necessary condition

(1.7) HF (z, w) = ∂z̄ϕa(z) if w = ∂zϕa(z),

and then extendingHF (z, ·) to the whole C, for example, by using Kirszbraun’s
extension theorem (an example of this can be found in [3]). Note that by the
condition (F2) in Definition 1.2, the identity (1.7) gives a well-defined struc-
ture function. In general, though, it is not clear if this structure function HF
satisfies (H1) and (H2). See also Remark 5.13.
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However, starting from a smooth enoughH, the field determines the struc-
ture function uniquely.

Definition 1.4 (Regular structure function). We say that the structure
function H is regular if, in addition to (H1) and (H2), H has the uniqueness
property and if for some α ∈ (0, 1),

(1.8) |H(z1, w)−H(z2, w)| 6 Hα(Ω) |z1 − z2|α|w| zi ∈ Ω, w ∈ C,
for all Ω ⊂ C bounded, and

(z, w) 7→ DwH(z, w) is locally α-Hölder continuous in C× C.

Under these regularity assumptions we obtain

Theorem 1.5. Suppose that H is regular. Then FH defines H uniquely, that
is, HFH = H.

Notice that since H = HF satisfies (1.7), the properties of a 7→ ∂zϕa(z)
play a fundamental role in proving the uniqueness of H. Even in the linear
case, the fact that a 7→ ∂zϕa(z) is a bijection of C is nontrivial, as it requires
the recently proved Wronsky-type theorems [1], [6]. Thus an important part
of the proof of Theorem 1.5 is to show the following result.

Theorem 1.6. Suppose that H is regular and FH = {ϕa(z)}a∈C. Then the
map a 7→ ∂zϕa(z) is a homeomorphism on the Riemann sphere, for every
fixed z ∈ C.

The proof of this statement requires a number of results of independent
interest in the study of nonlinear Beltrami equations. The gain of regularity
in the a-variable is reflected in our Theorem 1.3. Concerning the behaviour
in the z-variable, here we first need Schauder-type estimates for nonlinear
Beltrami equations.

Theorem 1.7. Let the structure functionH satisfy (1.8). Then every quasireg-
ular solution f to

∂z̄f(z) = H(z, ∂zf(z)) for a.e. z ∈ Ω

belongs to C1,γ
loc (Ω) where γ = α, if α < 1

K , and otherwise one can take any
γ < 1

K . Here K = 1+k
1−k . Moreover, we have a norm bound when D(z1, 2r) b

Ω,

(1.9) ‖Dzf‖Cγ(D(z1,r))
6 c(K,α, γ, z1, r,Hα(Ω)) ‖Dzf‖L2(D(z1,2r)).

The result is of independent interest, but for smoothness of presentation
we have decided to publish the result and its companion, Theorem 1.9, in a
separate work [2]. Let us emphasise that in Theorem 1.7 we do not assume
the uniqueness property.

For regular structure functions, a combination of Theorem 1.3 and Theo-
rem 1.7 shows that the tangent space TϕaFH consists of solutions to R-linear
Beltrami equations whose coefficients (1.6) are Hölder continuous. Thus we
can use classical Schauder estimates for linear equations and are entitled to
freely change the order of differentiation. This enables us to transfer infor-
mation from the z-variable to the a-variable and vice versa.

The next key issue is the non-degeneracy of the field FH.
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Proposition 1.8. Let H be a regular structure function and FH = {ϕa(z)}a∈C.
Then, for every a and z ∈ C,

(1.10) det[Da∂zϕa(z)] 6= 0,

and the determinant does not change sign.

It turns out that the Jacobian (1.10) is precisely a null Lagrangian ex-
pression Im(∂zf ∂zg) formed by suitable solutions f and g to an R-linear
Beltrami equation. These expressions are known to be non-vanishing almost
everywhere by the recent works [12], [10], [1], [6].

In the above setting the map a 7→ ∂zϕa(z) is locally injective from C→ C,
but these considerations still do not imply non-degeneracy at a = ∞. For
this we need to use the topology of the Riemann sphere. It turns out that,
under the Hölder regularity of H on the z-variable, this fact is a corollary of
the following result, also independent of the uniqueness property.

Theorem 1.9. Let the structure function H satisfy (1.8). Then a homeo-
morphic solution f ∈W 1,2

loc (C) to the nonlinear Beltrami equation

∂z̄f(z) = H(z, ∂zf(z)) for a.e. z ∈ C

has a positive Jacobian, J(z, f) > 0.
Further, if f : C→ C is a normalized solution, i.e., f(0) = 0 and f(1) = 1,

we have the lower bounds for the Jacobian,

inf
z∈D(0,R)

J(z, f) > c(H, R) > 0, 0 < R <∞.

In the case when H is C- or R-linear this theorem is well-known, but
the proofs do not extend to the nonlinear case, hence a genuine nonlinear
argument is needed. We refer to [2] for further details.

Thus under regularity of H, the field FH is non-degenerate in the sense of
Definition 5.1 below. A topological argument (Lemma 5.2) then completes
the proof, showing that that for such fields a 7→ ∂zϕa(z) is a homeomorphism
of C and, furthermore, that the field defines a unique H = HF . Moreover,
regularities of HF depend on the regularity properties of F .

Concerning the structure of the paper, in Section 2, we prove the basic
properties of quasiconformal fields F . In Section 3 we study fields FH and, in
particular, show Theorem 1.3 and the manifold structure of FH modelled on
W 1,2

loc (C). In Section 4, we study the smooth structure functionsH and obtain
the smoothness of FH. In Section 5, we show that FH is non-degenerate
(e.g., Proposition 1.8) and give the topological argument which completes
the proofs of Theorems 1.5 and 1.6. We finish the paper by showing how HF
inherits the regularity of F .

At the end of the paper we point out some clear obstructions to naive gen-
eralizations of our results. However, the line of research seems very promising
in several directions. For instance, it would be interesting to investigate what
is the minimal regularity needed for structure functions so that the above
results remain valid. For another example, it would be interesting to see how
the geometric properties of the manifold FH will depend on the structure of
H.
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2. Manifolds

In this section, F = {ϕa(z)}a∈C will always be a field of K-quasiconformal
mappings, satisfying (F1) and (F2) in Definition 1.2. Let ηK : R+ → R+ de-
note the modulus quasisymmetry of quasiconformal maps [4, Corollary 3.10.4];
we can choose ηK(t) = C(K) max{tK , t1/K}. Then (F2), the uniform qua-
sisymmetry of the differences, implies that the field is bi-Lipschitz respect to
the parameter a.

Proposition 2.1. Given a field F = {ϕa(z)}a∈C, 2 6 p < 2K
K−1 and R > 0,

it holds that
(a) a 7→ ϕa(z) is bi-Lipschitz, for every z ∈ C. In fact,

1

ηK(1/|z|)
6
|ϕa(z)− ϕb(z)|
|a− b|

6 ηK(|z|), a 6= b.

(b) a 7→ ϕa : C→ L∞(D(0, R)) is bi-Lipschitz

1

ηK(1/R)
6
‖ϕa − ϕb‖L∞(D(0,R))

|a− b|
6 ηK(R), a 6= b.

(c) a 7→ Dzϕa : C→ Lp(D(0, R)) is bi-Lipschitz and

c(p,K)

ηK(1/R)R
1− 2

p

6
‖Dzϕa −Dzϕb‖Lp(D(0,R))

|a− b|
6
c(p,K) ηK(R)

R
1− 2

p

, a 6= b.

Proof. For a 6= b, the map g = ϕa − ϕb : C → C is K-quasiconformal, by
assumption (F2). Thus by ηK-quasisymmetry,

1

ηK(1/|z|)
|a− b| = 1

ηK(1/|z|)
|g(1)− g(0)| 6 |g(z)− g(0)| = |ϕa(z)− ϕb(z)|

6 ηK(|z|)|g(1)− g(0)| = ηK(|z|)|a− b|.

Hence we have shown (a). The statement (b) is immediate.

It remains to prove that the bi-Lipschitz property is inherited to the deriva-
tives. By the ηK-quasisymmetry or directly from claim (a),

π

ηK(1/R)2
|a− b|2 6 π inf

|z|=R
|(ϕa − ϕb)(z)|2 6 |(ϕa − ϕb)(D(0, R))|

6 π sup
|z|=R

|(ϕa − ϕb)(z)|2 6 π ηK(R)2|a− b|2.

In addition the K-quasiconformal map ϕa − ϕb satisfies

|(ϕa − ϕb)(D(0, R))| =
ˆ
D(0,R)

J(z, ϕa − ϕb) dA(z),

1

K

ˆ
D(0,R)

|Dz(ϕa(z)− ϕb(z))|2 dA(z) 6
ˆ
D(0,R)

J(z, ϕa − ϕb) dA(z)

6
ˆ
D(0,R)

|Dz(ϕa(z)− ϕb(z))|2 dA(z),
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and, see e.g. [4, Corollary 13.2.4], for any 2 < p < 2K
K−1(

1

|D(0, R)|

ˆ
D(0,R)

|Dz(ϕa − ϕb)|2
) 1

2

'

(
1

|D(0, R)|

ˆ
D(0,R)

|Dz(ϕa − ϕb)|p
) 1

p

with constants that depend only on K and p. Combining these estimates one
gets (c). �

Next we prove that for almost every a ∈ C, at the point ϕa the field F has
a tangent space TϕaF ⊂ L∞loc(C). It turns out that TϕaF is a two-dimensional
linear field of quasiconformal mappings. In particular, TϕaF \ {0} is the set
of homeomorphic solutions to a linear Beltrami equation

∂z̄f(z) = µa(z) ∂zf(z) + νa(z) ∂zf(z) a.e.

The explicit form of µa, νa is given in (2.4) below.
Moreover, if the quasiconformal field F is C1-continuous with respect to

the field parameter a (i.e., for each fixed z ∈ C, the map a 7→ ϕa(z) is C1),
then we show that F is a C1-embedded submanifold of L∞loc(C).

We start with

Proposition 2.2. Assume that F = {ϕa(z)}a∈C is a field of K-quasiconfor-
mal mappings.

Then for a.e. a ∈ C there exist µa, νa ∈ L∞(C) with ‖|µa|+|νa|‖∞ 6 K−1
K+1 ,

such that for every e ∈ C \ {0} the directional derivative

(2.1) ∂aeϕa := lim
t→0

ϕa+te − ϕa
t

exists and is the unique K-quasiconformal solution to the problem{
∂z̄f(z) = µa(z) ∂zf(z) + νa(z) ∂zf(z) a.e.
f(0) = 0, f(1) = e.

The convergence in (2.1) is taken in L∞loc(C).

Proof. We begin by recalling a Banach space version of the Rademacher
theorem, see e.g. [7, Propositions 4.3 and 6.41]: If Φ : C → F is locally
Lipschitz where F is a Banach space with the Radon-Nikodym property,
then Φ is Fréchet differentiable at almost every point a ∈ C, i.e. there exists
a bounded linear map Ta : C→ F such that

‖Φ(a+ e)− Φ(a)− Ta(e)‖ = ‖e‖ o(‖e‖) for e ∈ C.
Furthermore, every reflexive Banach space has the Radon-Nikodym property
[7, Corollary 5.12].

We apply these facts to the map Φ : a 7→ ϕa(·), but to make use of the
Radon-Nikodym property let us consider it as having values in L2(D(0, R)).
Then from Proposition 2.1 (b) we see that there is a set E ⊂ C with com-
plement of zero measure such that for every a ∈ E,

(2.2) lim
t→0+

∥∥∥∥1

t
[ϕa+te − ϕa]− Ta(e)

∥∥∥∥
L2(D(0,R))

= 0, e ∈ C.

On the other hand, as a function of z the maps 1
t [ϕa+te(z) − ϕa(z)] are,

by our assumptions, all K-quasiconformal in C, sending 0 to 0 and 1 to e.
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Therefore by the Montel-type theorem [4, Theorem 3.9.4], we can take a
subsequence tj → 0 such that 1

tj
[ϕa+te(z)− ϕa(z)]→ η(z) locally uniformly

in C, where η : C → C is K-quasiconformal. Comparing with (2.2) we see
that

η(z) = Ta(e)(z) almost everywhere.

But then the limit map η does not depend on the subsequence {tj} chosen,
and furthermore, exhausting the plane with countably many disks D(0, R)
we obtain that the (locally uniform in z) limits

(2.3) ∂aeϕa := lim
t→0

ϕa+te − ϕa
t

= Ta(e)

are all K-quasiconformal maps of C, fixing 0 and sending 1 to e, and de-
pending linearly on the parameter e ∈ C \ {0}. Moreover, if e1, e2 ∈ C are
R-linearly independent then also ∂ae1ϕa, ∂

a
e2ϕa are R-linearly independent.

We can now invoke [4, Theorem 16.6.6] to see that for almost every a, i.e.
for a ∈ E, there exists a unique pair of Beltrami coefficients µa and νa such
that ‖|µa|+ |νa|‖∞ 6 K−1

K+1 and the equation

∂z̄f(z) = µa(z) ∂zf(z) + νa(z) ∂zf(z) a.e.

is satisfied by every member of the family {∂aeϕa}e∈C. After choosing as
generators e1 = 1, e2 = i, the coefficients µa, νa may be precisely described,
see [4, (16.190)], as

(2.4)
µa(z) =

∂z̄(∂
a
1ϕa) ∂z(∂

a
i ϕa)− ∂z̄(∂ai ϕa) ∂z(∂a1ϕa)

2i Im(∂z(∂a1ϕa) ∂z(∂
a
i ϕa))

,

νa(z) =
∂z(∂

a
1ϕa) ∂z̄(∂

a
i ϕa)− ∂z(∂ai ϕa) ∂z̄(∂a1ϕa)

2i Im(∂z(∂a1ϕa) ∂z(∂
a
i ϕa))

.

This finishes the proof. �

Remark 2.3. We will later in Theorem 3.3 see that if F = {ϕa(z)}a∈C
arises as the set of homeomorphic solutions to a nonlinear Beltrami equation
with structure function H, then

µa(z) = ∂wH
(
z, ∂zϕa(z)

)
and νa(z) = ∂w̄H

(
z, ∂zϕa(z)

)
.

Thus for a general field F , (2.4) seems to determine a structure function
at least infinitesimally. One may then ask if this can be made global, e.g.
whether there is a counterpart for the Frobenius theorem in the setting of
quasiconformal fields.

In addition, pointwise smoothness of a 7→ ϕa(z) forces a uniform (over z)
continuity of its derivatives.

Corollary 2.4. Let F = {ϕa(z)}a∈C be a field of K-quasiconformal map-
pings. Then a 7→ ϕa is Fréchet differentiable at almost every a ∈ C, as a map
C→ L∞loc(C).

Moreover, if for each fixed z ∈ C, a 7→ ϕa(z) is C1, then a 7→ ϕa is
continuously Fréchet differentiable C→ L∞loc(C) at every a ∈ C.

Proof. Since (2.3) implies that ∂aeϕa(z) depends linearly on e, the conver-
gence in (2.3) shows (by definition) that

a 7→ ϕa : C→ L∞loc(C)
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is Gateaux differentiable almost everywhere in the a-variable. Further, since
a 7→ ϕa is also bi-Lipschitz by Proposition 2.1 (b), the Fréchet differentiability
follows from [7, p. 84].

Assume finally that for each fixed z ∈ C, a 7→ ϕa(z) is C1. Then the limit

∂aeϕa(z) := lim
t→0

ϕa+te(z)− ϕa(z)
t

exists for every a, z ∈ C and for every e ∈ C \ {0}. Thus the pointwise
differentials Daϕa(z)h := ∂a1ϕa(z)h1 + ∂ai ϕa(z) ih2 for h = h1 + ih2 ∈ C
now exist for every a, and it remains to show the continuity of a 7→ Daϕa :
C→ L(C, L∞loc(C)). Let, for e = 1, i,

ga(z) = ∂aeϕa(z).

Then each ga is a K-quasiconformal map of C with ga(0) = 0 and ga(1) = e.
That a 7→ ϕa(z) is C1 means precisely that

lim
b→a

gb(z) = ga(z) pointwise in C.

But if a sequence of K-quasiconformal maps converges pointwise, then [4,
Corollary 3.9.3] it converges locally uniformly. In other words,

lim
b→a
‖∂aeϕa − ∂aeϕb‖L∞(D(0,R)) = 0, 0 < R <∞. �

Proposition 2.5. Assume that F = {ϕa(z)}a∈C is a field of K-quasiconfor-
mal mappings that is C1-continuous with respect to a, i.e., a 7→ ϕa(z) ∈
C1(C) for every fixed z ∈ C. Then F is a C1-embedded submanifold of
L∞loc(C).

Proof. We follow the setup and definitions of submanifolds of Fréchet spaces
from [15, Chapter II]. According to this, we need to show that a 7→ ϕa is a
topological embedding and an C1-immersion. In fact, the first claim that the
map is a homeomorphism onto its image follows from Proposition 2.1 (b),
while Corollary 2.4 shows that a 7→ ϕa ∈ C1(C, L∞loc(C)).

As for the immersion one needs to show [15, Proposition 2.3, p. 29] that
the differential Daϕa is injective and it splits (see [15, p. 18] for a definition
of splitting in this setting). But by (2.3), for e 6= 0, the image Daϕa e = ∂aeϕa
is a quasiconformal mapping sending 0 7→ 0 and 1 7→ e. Hence the kernel of
Daϕa is {0}, which shows the injectivity of the differential Daϕa : TaC →
TϕaL

∞
loc(C). Since Daϕa : C → L∞loc(C) is isomorphism onto its image, its

(two dimensional) range is complemented and Daϕa splits. �

Remark 2.6. Combining Proposition 2.2 with Proposition 2.5, we see that
the tangent space TϕaF at a given point ϕa is a two-dimensional field of
quasiconformal mappings and they span the two-dimensional field of home-
omorphic solutions to a linear Beltrami equation

∂z̄f(z) = µa(z) ∂zf(z) + νa(z) ∂zf(z) a.e.

3. H-equations

Proposition 3.1. The Beltrami equation (1.2) has the uniqueness property
if and only if for every pair of quasiconformal solutions f and g to (1.2) the
difference f − g is either quasiconformal or constant.
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Proof. Given two homeomorphic solutions f and g to (1.2) the difference
f − g is quasiregular, see (1.4).

Suppose that (1.2) has the uniqueness property and f − g is not injective.
Then there exist z0, z1 ∈ C with (f − g)(z0) = (f − g)(z1) =: γ, so that f
and g+ γ are homeomorphic solutions which take the same values at z0 and
z1. Thus by the uniqueness property, f − g is constant.

Conversely, assume that the quasiconformal solutions f , g to (1.2) attain
the same values at z0 and z1. Then (f − g)(z0) = (f − g)(z1) = 0 so that
f − g is not homeomorphic. Under the condition of our Proposition f − g is
thus constant, and so f ≡ g. �

Remark 3.2. The uniqueness property asks that no two points are in a spe-
cial role, unlike in the uniqueness of the normalized homeomorphic solution
(mapping 0 to 0 and 1 to 1). The uniqueness property is equivalent with the
fact that the uniqueness of the normalized solution to the Beltrami equation
(1.2) is preserved under the pre- and the post-composition with similarities.
Actually, it follows from the counterexample in [3] that the uniqueness of the
normalized solution is a truly weaker feature than the uniqueness property.

If a field FH = {ϕa}a∈C of K-quasiconformal maps arises as solutions to
an equation (1.2), with the corresponding structure function H, it is natural
to describe the tangent planes TϕaF in terms of H. For this we need to
require some extra smoothness of H, namely the continuous differentiability
in the gradient variable.

Theorem 3.3 (Theorem 1.3). Assume that H has the uniqueness property.
Let w 7→ H(z, w) ∈ C1(C) for every fixed z ∈ C and FH = {ϕa(z)}a∈C.
Then for every a ∈ C the directional derivatives

∂aeϕa(z) := lim
t→0+

ϕa+te(z)− ϕa(z)
t

, e ∈ C \ {0},

exist and define quasiconformal mappings of z, all satisfying the same R-
linear Beltrami equation

(3.1) ∂z̄f(z) = µa(z) ∂zf(z) + νa(z) ∂zf(z) a.e.

where

µa(z) = ∂wH
(
z, ∂zϕa(z)

)
and νa(z) = ∂w̄H

(
z, ∂zϕa(z)

)
.

Furthermore, ∂aeϕa is the unique quasiconformal solution to (3.1) that fixes
0 and maps 1 to e.

Proof. Let us fix a ∈ C, and a direction e ∈ C \ {0}, and denote

ηet =
ϕa+te − ϕa

t
, t ∈ (0,∞).

Since H has the uniqueness property, the mappings ηet are K-quasiconformal
in C, and they map 0 to 0 and 1 to e. Thus, the limit

ηe = lim
tj→0+

ηetj

exists, at least for a subsequence tj , and it is a K-quasiconformal homeo-
morphism mapping 0 to itself and 1 to e, see the Montel-type theorem [4,
Theorem 3.9.4]. Moreover, the limit is taken locally uniformly in z, so that
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also the derivatives converge weakly in Lploc(C) for p ∈
[
2, 2K

K−1

)
. We will

show that ηe solves an R-linear Beltrami equation with coefficients given by
µa and νa, and deduce that for any subsequence tj the limit mapping ηe
must be the same.

We fix the converging subsequence tj . As quasiconformal mappings, ϕa
and ηetj are differentiable almost everywhere. Since tj is countable, we have
a set of full measure E such that the derivatives of ϕa and ηetj exist at any
point z ∈ E and are nonzero (let us remind that quasiconformal mappings
have a non-vanishing ∂z-derivative almost everywhere).

Now, fix one such point z ∈ E. By assumption, w 7→ H(z, w) is C1, so
the complex partial derivatives ∂wH(z, ·), ∂w̄H(z, ·) are defined at the point
w0 = ∂zϕa(z). Hence we can write

(3.2)

∂z̄η
e
tj (z) =

H
(
z, ∂zϕa+tje(z)

)
−H

(
z, ∂zϕa(z)

)
tj

=
H
(
z, w0 + tj ∂zη

e
tj (z)

)
−H

(
z, w0

)
tj

= µa(z) ∂zη
e
tj (z) + νa(z) ∂zηetj (z) + htj (z),

where

(3.3)
µa(z) = ∂wH

(
z, w0

)
= ∂wH

(
z, ∂zϕa(z)

)
,

νa(z) = ∂w̄H
(
z, w0

)
= ∂w̄H

(
z, ∂zϕa(z)

)
,

and

(3.4)
htj (z) =

H
(
z, w0 + tj ∂zη

e
tj (z)

)
−H

(
z, w0

)
tj

−
∂wH

(
z, w0

)
tj ∂zη

e
tj (z) + ∂w̄H

(
z, w0

)
tj ∂zηetj (z)

tj
.

The coefficients µa and νa define a genuine Beltrami equation, since they
have an ellipticity bound and they are measurable. Indeed, since w 7→ H(z, w)
is k(z)-Lipschitz by (H1), we get

|µa(z)|+ |νa(z)| 6 |∂wH(z, w0)|+ |∂w̄H(z, w0)| = |DwH(z, w0)| 6 k(z).

Measurability follows as z 7→ DwH(z, w) is measurable as a limit of mea-
surable functions, and w 7→ DwH(z, w) is continuous by assumption. Thus
(z, w) 7→ DwH(z, w) is jointly measurable as a Carathéodory function. Since
w0 = ∂zϕa(z) is a measurable function of z, the measurability of µa and νa
follows.

Now, ηe solves the R-linear Beltrami equation (3.1) defined by µa and νa,
if for every compactly supported test function ξ ∈ C∞0 (C)

(3.5)
ˆ
C
ξ(z)

(
∂z̄η

e(z)− µa(z) ∂zηe(z)− νa(z) ∂zηe(z)
)
dA(z) = 0.
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We have, by equation (3.2),

(3.6)

∣∣∣∣ˆ
C
ξ(z)

(
∂z̄η

e(z)− µa(z) ∂zηe(z)− νa(z) ∂zηe(z)
)
dA(z)

∣∣∣∣
6

∣∣∣∣ˆ
C
ξ(z)

(
∂z̄ − µa(z)∂z − νa(z) ∂z

)
(ηe(z)− ηetj (z)) dA(z)

∣∣∣∣
+

∣∣∣∣ˆ
C
ξ(z)htj (z) dA(z)

∣∣∣∣ .
Since ηetj → ηe locally uniformly, Dzη

e
tj → Dzη

e weakly. Moreover, by Propo-
sition 2.1 (c), it follows that

(3.7) ‖Dzη
e
tj‖Lp(D(0,R)) 6 c(p,K,R)

and hence the convergence of Dzη
e
tj is weak in Lp(D(0, R)). Let R > 0 be

such that supp(ξ) ⊂ D(0, R). Since both ξ µa and ξ νa belong to L∞(C), they
are suitable test functions for the weak Lp(D(0, R))-convergence. Thus the
first term in the right hand side of (3.6) converges to 0 and we are left to
show that htj → 0 weakly.

We proceed as follows. Set

B(R) =
∞⋃
l=1

 ∞⋂
k=1

∞⋃
j=k

{
z ∈ D(0, R) : tj |∂zηetj (z)| > 2−l

}.
We choose a sparse enough subsequence of tj (let us denote it tj , too) such
that limk→∞

∑
j>k t

p
j = 0. Now, for any fixed l = 1, 2, 3..., one has∣∣∣{z ∈ D(0, R) : tj |∂zηetj (z)| > 2−l

}∣∣∣ 6 2lp tpj

ˆ
D(0,R)

|∂zηetj (z)|
p dA(z)

6 2lp c(p,K,R) tpj ,

where (3.7) was used at the last step. Then |B(R)| = 0 easily follows.
If we now fix a point z ∈ (D(0, R) ∩ E) \B(R), then by construction one

sees that
lim
j→∞

tj |∂zηetj (z)| = 0.

Thus, using the C1-smoothness of w 7→ H(z, w) one gets at these points z
that

(3.8) lim
j→∞

|H(z, wj)−H(z, w0)−DwH(z, w0) (wj − w0)|
|wj − w0|

= 0,

where we write w0 = ∂zϕa(z) as before, and wj = w0 + tj ∂zη
e
tj (z). Summa-

rizing, if p′ = p
p−1 , then∣∣∣∣ˆ

C
ξ(z)htj (z) dA(z)

∣∣∣∣ =

∣∣∣∣∣
ˆ
D(0,R)

ξ(z)
htj (z)

∂zηetj (z)
∂zη

e
tj (z) dA(z)

∣∣∣∣∣
6

ˆ
D(0,R)

∣∣∣∣∣ξ(z) htj (z)

∂zηetj (z)

∣∣∣∣∣
p′

dA(z)

 1
p′ (ˆ

D(0,R)
|∂zηetj (z)|

p dA(z)

) 1
p

.
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The second integral above is bounded independently of j, by (3.7). Concern-
ing the first integral, we note that

|htj (z)|
|∂zηetj (z)|

=
|H(z, wj)−H(z, w0)−DwH(z, w0) (wj − w0)|

|wj − w0|
6 2k.

Moreover, we know by (3.4) and (3.8) that

|htj (z)|
|∂zηetj (z)|

→ 0, j →∞, a.e. on D(0, R).

Since ξ is compactly supported and bounded, the dominated convergence
theorem then gives

lim
j→∞

ˆ
C
ξ(z)htj (z) dA(z) = 0

as desired.
The above argument gives, in fact, little more, and we record this for later

purposes. Namely, since
|htj (z)|
|∂zηetj (z)| < 2 is uniformly bounded, the dominated

convergence applies to any Lq norm so that, as long as s < p < 2K
K−1 ,

(3.9)

ˆ
D(0,R)

|htj |s =

ˆ
D(0,R)

∣∣∣∣∣ htj∂zηetj

∣∣∣∣∣
s

|∂zηetj |
s

6

ˆ
D(0,R)

∣∣∣∣∣ htj∂zηetj

∣∣∣∣∣
sp
p−s


p−s
p (ˆ

D(0,R)
|∂zηetj |

p

) s
p

→ 0

as j →∞.
In any case, we have shown that (3.5) holds, and thus the limit ηe of

any converging sequence ηetj solves the R-linear Beltrami equation (3.1) with
coefficients µa and νa.

If we are now given another converging subsequence ηe
t̃j
, then by the above

argumentation the limit η̃e solves the same R-linear Beltrami equation (3.1)
as η. But R-linear equations have only one K-quasiconformal solution that
fixes 0 and maps 1 to a given nonzero point, [4, Theorem 6.2.3]. Hence
ηe ≡ η̃e. In particular, the full sequence ηet converges, showing that for every
a ∈ C the directional derivatives ∂aeϕa = limt→0 η

e
t exist (convergence is

locally uniform) and satisfy (3.1). �

Remark 3.4. The uniqueness of the homeomorphic solutions to (3.1) implies
that the partial derivatives of the mapping a 7→ ϕa(z) depend R-linearly on
e so that

∂aeϕa(z) = (Re e) ∂a1ϕa(z) + (Im e) ∂ai ϕa(z).

Thus these form a linear field of K-quasiconformal mappings indexed by the
direction e of the differentiation.

In addition, the directional derivatives ∂aeϕa are not only pointwise deriva-
tives, but metric derivatives with the W 1,2

loc -topology.
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Corollary 3.5. Assume that H has the uniqueness property and suppose
w 7→ H(z, w) ∈ C1(C) for every fixed z ∈ C. Then ∂aeϕa is the e-directional
derivative of

a 7→ ϕa : C→ L∞loc(C),

a 7→ ϕa : C→W 1,2
loc (C).

Proof. The first claim was shown within the proof of Theorem 3.3. That the
limit defining the directional derivative ∂aeϕa = limt→0 η

e
t can be taken in

W 1,2
loc (C)-metrics, too, requires a further short argument.
Let us denote La = ∂z̄ − µa(z) ∂z − νa(z) ∂z. We saw in the proof of

Theorem 3.3 that
La(η

e
tj (z)) = htj (z)

La(η
e) = 0,

almost everywhere. We know also from (3.9) that for every R > 0,

(3.10) lim
j→∞

‖htj‖Ls(D(0,R)) = 0, ∀s < 2K

K − 1
.

Now, choose a real valued cutoff function ξ ∈ C∞0 (D(0, 2R)), ξ = 1 on
D(0, R). Then

La(ξ (ηetj − η
e)) = (ηetj − η

e)La(ξ) + ξ htj .

We can write La = B∂z̄ = ∂z̄−µa(z)S∂z̄−νa(z)S∂z̄ where |µa(z)|+|νa(z)| 6
k < 1 and the Beurling transform S is an isometry in L2. Hence B is invertible
in L2(C), so that for every ξ (ηetj − η

e) ∈ W 1,2(C), we have an a priori L2-
estimate

‖∂z̄(ξ(ηetj − η
e))‖L2(C) 6 c(K)

(
‖(ηetj − η

e)La(ξ)‖L2(C) + ‖ξ htj‖L2(C)

)
.

The first term on the right hand side converges to 0, due to the local uniform
convergence of ηetj → ηe. The second term also converges to 0 by (3.10). Using
now that the Beurling transform S is bounded in L2(C), we get for the full
differentials that

lim
j→∞

∥∥∥Dzη
e
tj −Dzη

e
∥∥∥
L2(D(0,R))

= 0. �

Remark 3.6. The argument above actually shows that Sobolev spaceW 1,2
loc (C)

can be replaced by W 1,p
loc (C) for any 2 < p < 2K

K−1 , if one uses deeper invert-
ibility properties of the operator B, see [4, Section 14].

It turns out that the derivative is continuous as a function of a respect to
various topologies.

Theorem 3.7. Assume thatH has the uniqueness property. Let w 7→ H(z, w)
be C1 for every fixed z ∈ C. Then

(a) a 7→ ϕa is continuously (Fréchet) differentiable as a map C→ L∞loc(C);
(b) a 7→ ϕa(z) is continuously differentiable on C, for every z ∈ C;
(c) a 7→ ϕa is continuously (Fréchet) differentiable as a map C→W 1,2

loc (C).

Proof. (b) follows from (a). For (a) and (c) we know by Corollary 3.5 and
Remark 3.4 that a 7→ ϕa is Gateaux differentiable. Arguing as in the proof
of Corollary 2.4, the bi-Lipschitz properties of a 7→ ϕa with [7, Proposition
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4.3] show that the map a 7→ ϕa is Fréchet differentiable from C to both of
the spaces L∞loc(C) and W 1,2

loc (C).
It remains to show the continuity of the derivatives, that

(3.11) lim
b→a
‖∂aeϕa − ∂aeϕb‖X = 0

whether X is L∞(D(0, R)) or W 1,2(D(0, R)). Note that (3.11) yields the
continuity of a 7→ Daϕa : C→ L(C, X).

Here the case of X = L∞(D(0, R)) follows directly from Remark 3.4 and
Proposition 2.1 (b). For X = W 1,2(D(0, R)) we need to use the Beltrami
equations (3.1). We first claim that if bj → a, then for every 1 < p <∞,

(3.12)

‖µbj − µa‖Lp(D(0,R))

= ‖∂wH(·, ∂zϕbj )− ∂wH(·, ∂zϕa)‖Lp(D(0,R)) → 0,

‖νbj − νa‖Lp(D(0,R))

= ‖∂w̄H(·, ∂zϕbj )− ∂w̄H(·, ∂zϕa)‖Lp(D(0,R)) → 0,

as j → ∞. In fact, by Proposition 2.1 (c), we know that ∂zϕbj (z) →
∂zϕa(z) for almost every z ∈ D(0, R), at least for a subsequence. Since
w 7→ DwH(z, w) is continuous and bounded by assumption, the dominated
convergence theorem gives (3.12) for this subsquence. But since the limit of
µbj’s is the same for every converging subsequence, (3.12) holds for the entire
sequence (bj).

On the other hand, let us consider the operator La = ∂z̄ − µa(z) ∂z −
νa(z) ∂z as in the proof of Corollary 3.5. If ξ ∈ C∞0 (D(0, 2R)) is a real valued
cutoff function with ξ = 1 on D(0, R), this time we obtain

La(ξ (∂aeϕbj − ∂
a
eϕa)) = (∂aeϕbj − ∂

a
eϕa)La(ξ) + ξ La(∂

a
eϕbj ).

Here we already saw that the first term on the right converges to zero uni-
formly. For the second term on the right,

La(∂
a
eϕbj ) = (µbj (z)− µa(z))∂z∂

a
eϕbj (z) + (νbj (z)− νa(z))∂z∂aeϕbj (z).

The ∂aeϕbj’s are K-quasiconformal maps of C fixing 0 and taking 1 to e, thus
[4, Corollary 13.2.4] gives for every b ∈ C

‖Dz∂
a
eϕb‖Lp(D(0,R)) 6 cp(e,K,R), p <

2K

K − 1
.

Combining this with (3.12) shows that La(∂aeϕbj ) → 0 in L2(D(0, R)), and
in fact in Lp(D(0, R)) for every p < 2K

K−1 . Now the same argument as in
Corollary 3.5 gives us a priori L2-estimates ‖∂z̄(ξ (∂aeϕbj − ∂aeϕa))‖L2(C) → 0
as bj → a, and similarly as there we obtain

�(3.13) lim
j→∞

∥∥Dz∂
a
eϕbj −Dz∂

a
eϕa

∥∥
L2(D(0,R))

= 0.

It is interesting to compare Theorem 3.7 with Corollary 2.4. The fact that
we are starting with the (nonlinear) equation allows us to get the continuity
of the derivative in W 1,2

loc (C). In the manifolds language this enables us to
embed FH in W 1,2

loc (C).
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Corollary 3.8. Assume that H has the uniqueness property and that w 7→
H(z, w) ∈ C1(C) for every fixed z ∈ C. Then FH is a C1-embedded subman-
ifold of W 1,2

loc (C).

Proof. By Theorem 3.7, a 7→ ϕa ∈ C1(C,W 1,2
loc (C)). Proving that that this

yields an embedded manifold is similar to Proposition 2.5. Indeed, the proof
that a 7→ ϕa is an immersion is the same and the fact that a 7→ ϕa : C →
W 1,2

loc (C) is a topological embedding follows by Proposition 2.1 (c). �

4. Smooth H-equations

We study the smoothness of the field FH = {ϕa(z)}a∈C associated to the non-
linear Beltrami equation (1.2), when we are given a Hölder smooth structure
function H. The main results are Corollary 4.3 and Theorem 4.5, in which
we derive the smoothness of ϕa(z) with respect to both variables a and z.

We will repeatedly use the following interpolation estimates.

Theorem 4.1 (Interpolation). Let Dr ⊂ C be a disk, and f ∈ Lp(D2r) ∩
Cγ(D2r) for some 1 < p <∞, 0 < γ < 1. Given any θ ∈

(
2

2+γp , 1
]
, set

s = θ

(
γ +

2

p

)
− 2

p
.

Then

‖f‖L∞(Dr) 6 ‖f‖Cs(Dr) 6 c(θ,D2r) ‖f‖1−θLp(D2r)
‖f‖θCγ(D2r)

.

Proof. Notice that Cγ = Bγ
∞∞, Lp ⊂ B0

p,∞, and, by the embedding theorem
[8, Theorem 6.5.1], there is a continuous inclusion Bθγ

p
1−θ ,∞

⊂ Bs
∞,∞, where

B··,· denotes the Besov space. In particular, if 2
2+γp < θ < 1, then Bs

∞,∞ = Cs

with 0 < s < 1. By [8, Theorem 6.4.5],

(B0
p,∞, B

γ
∞,∞)[θ] = Bθγ

p
1−θ ,∞

, 0 6 θ 6 1.

Thus, for f ∈ Lp(C) ∩ Cγ(C),

‖f‖L∞(C) 6 ‖f‖Cs(C) 6 c(θ) ‖f‖1−θLp(C) ‖f‖
θ
Cγ(C).

The statement follows when we apply the previous estimate to ξf with a
suitable cutoff function ξ. �

We first combine the interpolation (Theorem 4.1) with the Schauder esti-
mates (Theorem 1.7) to obtain continuity of a 7→ Dzϕa : C → L∞loc(C); let
the constant γ(α,K) be as in Theorem 1.7.

Lemma 4.2. Assume that the structure function H has the uniqueness prop-
erty. Let H satisfy (1.8) and FH = {ϕa}a∈C. Then, for every 0 < s <
γ(α,K) 6 α,

‖Dzϕa −Dzϕb‖Cs(D(z1,R)) 6 c(θ,H, z1, R) |a− b|1−θ(|a|+ |b|)θ,

where θ = θ(s, γ).
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Proof. By Proposition 2.1 (c),

‖Dzϕa −Dzϕb‖Lp(D(z1,R)) 6 c(K,D(z1, R)) |a− b|.

Further, we have a C1,γ(D(z1, R))-bound for ϕa and ϕb that is uniform in
|a|, |b|, by combining the Schauder norm estimate (1.9) and Proposition 2.1
(c),

‖Dzϕa‖Cγ(D(z1,R)) 6 c(H,D(z1, 2R)) ‖Dzϕa‖L2(D(z1,2R)) 6 c(H,D(z1, 2R)) |a|.
Hence we can use interpolation (Theorem 4.1) to get the claim. �

Corollary 4.3. Assume that the structure function H has the uniqueness
property. Let H satisfy (1.8) and FH = {ϕa(z)}a∈C. Then

(z, a) 7→ ϕa(z) ∈ C1(C× C).

Proof. That (z, a) 7→ Dzϕa(z) exists and is continuous on C×C follows from
Lemma 4.2. Concerning (z, a) 7→ Daϕa(z), the existence and continuity in a
is given by Theorem 3.7 while continuity in z follows from the fact that all
partial derivatives ∂aeϕa(z) are quasiconformal as maps in the z-variable, see
Theorem 1.3. �

Let us then see how the smoothness of FH is improved when H is a regular
structure function (see Definition 1.4). The regularity of H is required to
guarantee that the Beltrami coefficients (3.3) are Hölder continuous, which
enables us to use the classical Schauder estimates.

Lemma 4.4. Let H be regular and FH = {ϕa(z)}a∈C. Then
z 7→ DzDaϕa(z) is locally Hölder continuous

and, moreover,

(4.1) ‖DzDaϕa‖Cγα(Dr) 6 c(H, |a|,Dr),
where γ 6 α.

Proof. First note that since w 7→ H(z, w) ∈ C1(C), we use [2, Theorem 1.3]
to apply the Schauder estimates of Theorem 1.7 with γ(α,K) = α.

We know by Theorem 1.3 that for e = 1 and e = i the directional derivative
f = ∂aeϕa is a K-quasiconformal solution to the R-linear Beltrami equation

∂z̄f(z) = µa(z) ∂zf(z) + νa(z) ∂zf(z) a.e.,

where µa and νa are given in (3.3).
By the Schauder estimates of Theorem 1.7 and Proposition 2.1 (c), there

exists a constant c = c(H,D(z0, r)) such that

‖Dzϕa‖Cγ(D(z0,r)) 6 c |a|ηK(r).

Further, using the assumption that H is regular, so that (z, w) 7→ DwH(z, w)
is locally α-Hölder continuous, one gets for z1, z2 ∈ D(z0, r) = Dr

(4.2)

|µa(z1)− µa(z2)| = |∂wH(z1, ∂zϕa(z1))− ∂wH(z2, ∂zϕa(z2))|
6 c(Dr,D‖Dzϕa‖L∞(Dr)

) (|z1 − z2|α + |∂zϕa(z1)− ∂zϕa(z2)|α)

6 c(H, |a|,Dr)
(
|z1 − z2|α + [Dzϕa]

α
Cγ(Dr)|z1 − z2|γα

)
6 c(H, |a|,Dr) |z1 − z2|γα.
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Hence µa ∈ Cγαloc(C) with uniform norm bounds Therefore, by the classical
Schauder estimates for linear Beltrami equations [4, Theorem 15.0.6], Dzf ∈
Cγαloc(C) with estimate ‖Dzf‖Cγα(Dr) 6 c(H, |a|,Dr)‖f‖L2(D2r). Bounding the
L2-norm with Proposition 2.1 (c) proves then our statement. �

Theorem 4.5. Let H be regular and FH = {ϕa(z)}a∈C. Then

(z, a) 7→ DaDzϕa(z) = DzDaϕa(z) is continuous on C× C.

Proof. By Corollary 4.3 the partial derivatives Daϕa(z) and Dzϕa(z) exist
and are continuous in C× C.

To show the continuity of (z, a) 7→ DzDaϕa(z) we need to pass from
boundedness shown in Lemma 4.4 to continuity. We combine interpolation
(Theorem 4.1), continuity in W 1,2

loc (C)-topology (Theorem 3.7 (c)) and (4.1).
Indeed, let us fix a direction e ∈ C, |e| = 1, and a, b ∈ DR, and denote
fb = ∂aeϕb and fa = ∂aeϕa. We get

‖Dzfb −Dzfa‖Cs(Dr)
6 c(θ,Dr) ‖Dzfb −Dzfa‖1−θL2(D2r)

‖Dzfb −Dzfa‖θCγα(D2r)

6 c(θ,H,Dr,DR) ‖Dzfb −Dzfa‖1−θL2(D2r)

and the continuity in Dr × DR follows from (3.13).
Finally, since (z, a) 7→ DzDaϕa(z) is continuous on C×C, we can change

the order of differentiation, i.e., DaDzϕa(z) = DzDaϕa(z), see, for example,
[16, pp. 235–236]. �

5. From F to H

The main goal of this section is to prove Theorems 1.5 and 1.6 for fields FH
associated to the structure function H. It turns out that to obtain a unique
and well-defined structure function HF from a field F , one first needs some
smoothness properties, and it is natural to assume

(5.1) (z, a) 7→ DaDzϕa(z) is continuous on C× C, ϕa ∈ F ,

since this condition is satisfied by fields arising from a regular H. But more
importantly, we need F to satisfy conditions of non-degeneracy.

Definition 5.1. Suppose that F = {ϕa(z)}a∈C is a field ofK-quasiconformal
maps satisfying (F1), (F2) from Definition 1.2. We say that F is smooth if
in addition (5.1) holds. On the other hand, we call F non-degenerate, if the
following two additional conditions are satisfied.

(1) For every disk D(0, R) there exists a constant c = c(K,R) such that

1

c
6
|∂zϕa(z)|
|a|

6 c, z ∈ D(0, R), a 6= 0.

(2) For every z, a ∈ C, one has

detDa(∂zϕa)(z) 6= 0.

For non-degenerate and smooth fields we can use topology to understand
the range of a 7→ ∂zϕa(z).
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Lemma 5.2. Let F = {ϕa(z)}a∈C be a smooth and non-degenerate field of
K-quasiconformal maps. Then for every z ∈ C, the mapping

a 7→ ∂zϕa(z) =: Fz(a)

is a homeomorphism of C.

Proof. By our assumptions Fz : a 7→ ∂zϕa(z) is well-defined and continu-
ously differentiable, for every fixed z ∈ C, so that the above non-degeneracy
assumptions make it a locally homeomorphic proper map of C. Thus by the
monodromy theorem Fz is a global homeomorpism. �

In particular, we want to apply the above argument to a field of solutions
to a Beltrami equation. This is done by the following result, whose proof is
postponed to the next Subsection 5.1.

Proposition 5.3. Let H be a regular structure function. Then the field FH
associated to H is non-degenerate.

Proof of Theorem 1.6. It simply suffices to notice that for a regular struc-
ture function H, the field FH = {ϕa(z)} satisfies all the requirements in
Lemma 5.2, due to Theorem 4.5 and Proposition 5.3. �

We know that the structure functions H with the uniqueness property
generate a unique field FH. For the other direction, fields F that are smooth
enough and non-degenerate determine HF uniquely.

Theorem 5.4. Assume that F = {ϕa}a∈C is a field of K-quasiconformal
mappings which is both smooth and non-degenerate in the sense of Definition
5.1.

Then there is a unique H = HF satisfying (H1), (H2) such that every
member of F is a K-quasiconformal solution to

∂z̄ϕa(z) = H(z, ∂zϕa(z)).

We will prove the above theorem in Section 5.2. With it we have then
completed the argument that starting from a regular structure function H,
the associated field FH defines H uniquely.

Proof of Theorem 1.5. Assuming H to be a regular structure function, we
obtain from Proposition 5.3 that the field FH = {ϕa(z)}a∈C associated to H
is non-degenerate. Further, the required smoothness properties are provided
by Theorem 4.5, so that FH defines H uniquely by Theorem 5.4. �

Remark 5.5. Suppose F is a field of K-quasiconformal mappings, with
distortions small enough, e.g. K <

√
2, or more generally, such that (1.3)

holds for HF . Then the structure function HF has the uniqueness property
by [3, Theorem 1.2]. If in addition F is smooth and non-degenerate in the
sense of Definition 5.1, then the corresponding field FHF must be equal to
F .

5.1. Field FH is non-degenerate. We will prove Proposition 5.3 in two
steps (Corollary 5.6 and Proposition 5.7). The first is a consequence of The-
orems 1.7 and 1.9.
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Corollary 5.6. Let H satisfy (1.8) and FH = {ϕa(z)}. There exists a con-
stant c = c(K,R) > 0 such that

(5.2)
1

c
6
|∂zϕa(z)|
|a|

6 c, z ∈ D(0, R).

In particular, a 7→ ∂zϕa(z) admits a continuous extension at the point a =
∞.

Proof. The mappings f = 1
a ϕa are normalized quasiconformal solutions

(0 7→ 0 and 1 7→ 1) to the following nonlinear Beltrami equations

∂z̄f(z) = H̃(z, ∂zf(z)) a.e.,

where H̃(z, w) = 1
a H(z, aw). Clearly H̃ satisfies (H1) and (H2). Moreover,

if z1, z2 ∈ Ω, the Hölder bounds for H give us that∣∣∣H̃(z1, w)− H̃(z2, w)
∣∣∣ 6 Hα(Ω)

|a|
|z1 − z2|α |aw| = Hα(Ω) |z1 − z2|α|w|.

In particular the Hölder constant of H̃ does not depend on a. Thus, first by
Theorem 1.7 and Proposition 2.1 (c) (with b = 0) we get an upper bound

‖Dzf‖Cγ(D(0,R)) 6 c ‖Dzf‖L2(D(0,2R)) 6 c,

where c = c(H, R). Since α, γ and the structure function are fixed and
K = 1+k

1−k , the upper bound at (5.2) follows. For the lower bound, we use
Theorem 1.9 and get

(1− k)

∣∣∣∣∂zϕaa
∣∣∣∣ > J (z, ϕaa ) > c(H, R) > 0,

for every z ∈ D(0, R), which proves (5.2).
Finally, by Lemma 4.2, a 7→ ∂zϕa(z) is continuous in C, uniformly on

compact subsets of z. The estimate (5.2) yields that lim|a|→∞ |∂zϕa(z)| =∞
for every z ∈ C. �

We are left to show the non-vanishing of the Jacobian. Note that the map-
ping a 7→ ∂zϕa(z), even being continuously differentiable, might still have a
vanishing Jacobian for some a and z as, for instance, ϕa(z) = a z|z|2. How-
ever, the fact that the partial derivatives are solutions to a linear Beltrami
equation with Hölder continuous coefficients prevents this kind of behaviour.
We find the following surprising application of the non-vanishing of new null
Lagrangians very interesting. These null Lagrangians have been a recent
theme of research (see, e.g., [10], [4], [1], [6], [14]).

Proposition 5.7 (Proposition 1.8). Let H be a regular structure function
and FH = {ϕa(z)}. Then, for a, z ∈ C,∣∣det[Da∂zϕa(z)]

∣∣ > c(H, |a|,Dr) > 0,

and the determinant does not change sign.

Proof. Let

f(z) := ∂a1ϕa(z) = ∂aϕa(z) + ∂āϕa(z)

g(z) := −∂ai ϕa(z) = i
(
∂āϕa(z)− ∂aϕa(z)

)
.
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Then

Im
(
∂zf ∂zg

)
= |∂a∂zϕa|2 − |∂ā∂zϕa|2 = det[Da∂zϕa(z)],

since we can exchange the order of differentiation by Theorem 4.5.
Now, f and g solve the R-linear Beltrami equation (1.5) by Theorem 1.3,

and from (4.2) we know that ‖µa‖Cγα(Dr) + ‖νa‖Cγα(Dr) 6 c(H, |a|,Dr). As a
consequence, by [10, Proposition 5.1], we obtain

Im(∂zf(z) ∂zg(z)) 6= 0 everywhere

and it does not change sign, see [10, Lemma 7.1.] or [4, Theorem 6.3.2].
Actually, the argument from [10, Lemma 7.1.] can easily be made quanti-

tative. Let (t, s) ∈ S1, then | Im(∂zf(z) ∂zg(z))|2 is the discriminant of the
quadratic form |t ∂zf(z)+s ∂zg(z)|2. We have for the first eigenvalue λ1 that

ι := inf
(t,s)∈S1

|t ∂zf(z) + s ∂zg(z)|2

t2 + s2
= λ1

and thus

| Im(∂zf(z) ∂zg(z))|2 = 4
(
(|∂zf(z)|2 + |∂zg(z)|2)ι− ι2

)
.

As in [10, Proposition 5.1], map (t f+s g)−1 solves also an R-linear Beltrami
equation with Hölder continuous coefficients for every t, s. Moreover, it is easy
to check that, in our case, the Hölder norm of the coefficients is bounded by
c(H, |a|,Dr).

Now, from our lower bound for the Jacobian (Theorem 1.9) or the classical
Schauder estimates, one bounds ι from below by the Hölder norm of the
coefficients and the L2-norm of the solution and hence

| Im(∂zf(z) ∂zg(z))| > c(H, |a|,Dr). �

Remark 5.8. If we strengthen our assumptions by a condition of the dif-
ferential quotients like∣∣∣∣H(z1, w1 + h1)−H(z1, w1)

h1
− H(z2, w2 + h2)−H(z2, w2)

h2

∣∣∣∣
6 c(Dr)

(
|z1 − z2|α + |w1 − w2|β

)
for every z1, z2 ∈ Dr ⊂ C and w1, w2 ∈ C, h1, h2 ∈ C \ {0}, then it actually
holds that

1

ca(K,Dr)
6

∣∣∣∣∂zϕa(z)− ∂zϕb(z)a− b

∣∣∣∣ 6 ca(K,Dr), z ∈ Dr, a 6= b.

and thus a 7→ ∂zϕa(z) is directly a local homeomorphism in Ĉ and thus a
global homeomorphism.

5.2. Construction of HF . Since it will be repeatedly used in this section,
we need a label for the inverse of the homeomorphism a 7→ Fz(a) := ∂zϕa(z),
see Lemma 5.2.

Definition 5.9. Let F = {ϕa(z)}a∈C be a smooth and non-degenerate field
of K-quasiconformal maps. Then for each (z, w) ∈ C× C we denote

a(z, w) = F−1
z (w).
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Under the assumptions of Theorem 5.4, the existence, uniqueness, and
regularity properties of HF depend on those of the function a. Indeed, we
need to have

H(z, ∂zϕa(z)) = ∂z̄ϕa(z),

and since a 7→ Fz(a) = ∂zϕa(z) is a homeomorphism of C, necessarily H =
HF is determined by

(5.3) H(z, w) = ∂z̄ϕa(z)|a=a(z,w).

Equivalently, (z, w) 7→ H(z, w) is defined as the composition of

(5.4) (z, w) 7→ a(z, w) with a 7→ ∂z̄ϕa(z).

Thus H(z, w) is uniquely defined by F in C × C, and it only remains to
show that H has all the properties required by Theorem 5.4. For this we first
prove the continuity of a(z, w) in both variables.

Lemma 5.10. Let F = {ϕa(z)}a∈C be a non-degenerate field of quasicon-
formal maps that satisfies the smoothness condition (5.1). Then

(a) w 7→ a(z, w) is continuous and
(b) z 7→ a(z, w) is continuous.

Proof. The first claim, (a), is just a restatement of Lemma 5.2. For (b) fix
z0, w ∈ C. Take a sequence zn → z0, zn ∈ D(z0, r). By Lemma 5.2, we have
for a0 := a(z0, w) and an := a(zn, w) that Fz0(a0) = ∂zϕa0(z0) = w and
Fzn(an) = ∂zϕan(zn) = w. Now,

(5.5) |a0 − an| = |F−1
zn ◦ Fzn ◦ F

−1
z0 (w)− F−1

zn (w)| =: |F−1
zn (wn)− F−1

zn (w)|.

Here

|wn − w| = |Fzn(a0)− Fz0(a0)| = |∂zϕa0(zn)− ∂zϕa0(z0)| → 0,(5.6)

when n → ∞, because for fixed a0 ∈ C, z 7→ ϕa0(z) ∈ C1(C). Furthermore,
the smoothness condition (5.1) implies Fzn is locally uniformly Lipschitz in
a neighbourhood of (z0, w). Thus, if we can show that the Jacobian of Fzn
with respect to a has a positive lower bound, then F−1

zn is locally uniformly
Lipschitz, and the continuity follows from (5.5) and (5.6).

But the estimates for the Jacobian of Fzn quickly follow. First, by Condi-
tion (1) in the non-degeneracy Definition 5.1,

(5.7) |an| 6 c(K, |z0|, r) |Fzn(an)| = c(K, |z0|, r) |w|.

Hence we can study the situation locally for an ∈ D (0, c(K, |z0|, r) |w|).
The Jacobian J(a, Fz0) 6= 0 due to Condition (2) in the definition of

non-degeneracy, and the smoothness (5.1) shows that (z, a) 7→ J(a, Fz) is
continuous. We may assume without loss of generality J(a, Fz0) > 0, and
then by compactness and continuity,

J(a, Fz0) > c2 = c2(|w|, c(K, |z0|, r)), a ∈ D (0, c(K, |z0|, r) |w|).

Hence, when r is small enough and |zn − z0| < r, we obtain J(a, Fzn) >
c2/2 > 0. We have shown our claim. �
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Proof of Theorem 5.4. By assumption z 7→ ϕa(z) is C1, so that ∂z̄ϕa(z)
exists at every point z and a, and hence the function w 7→ H(z, w) given by
(5.3), i.e., H(z, w) = ∂z̄ϕa(z,w)(z), is well-defined for every (z, w) ∈ C × C.
Furthermore, by (F2) in Definition 1.2,

|∂z̄ϕa(z)− ∂z̄ϕb(z)| 6
K − 1

K + 1
|∂zϕa(z)− ∂zϕb(z)|

and, since z 7→ Dzϕa(z) is continuous, the inequality holds at every point z.
Thus, for fixed z, we get directly from (5.3) that

|H(z, w1)−H(z, w2)| = |∂z̄ϕa(z,w1)(z)− ∂z̄ϕa(z,w2)(z)|

6
K − 1

K + 1
|∂zϕa(z,w1)(z)− ∂zϕa(z,w2)(z)|

=
K − 1

K + 1
|w1 − w2|

and w 7→ H(z, w) is k(z)-Lipschitz for every z, with ‖k‖∞ 6 K−1
K+1 . Also,

H(z, 0) ≡ 0 by (5.3), since ϕ0 ≡ 0. Hence (H1) holds.
To see (H2), we recall that H has been defined in (5.4) as the composition

of two continuous functions, since z 7→ a(z, w) is continuous, by Lemma 5.10,
and a 7→ ∂z̄ϕa(z) is continuous, by assumption. As a continuous function
z 7→ H(z, w) is, in particular, measurable. �

5.3. Regularity of HF . In this final section we conclude the paper by
showing how HF inherits the regularity of F . Looking at how we defined
HF at (5.4), it is clear that we first need to understand the smoothness of
(z, w) 7→ a(z, w).

Lemma 5.11. Let F = {ϕa(z)}a∈C be a non-degenerate field of K-quasi-
conformal mappings such that for some s ∈ (0, 1)

(5.8) ‖Dzϕa‖Cs(Dr) 6 c(s, r) |a|, R <∞,
and the field satisfies the smoothness condition (5.1). Then

(a) z 7→ a(z, w) ∈ Csloc(C) with the upper bound for Csloc-norm that is
uniform for w in a compact set and

(b) (z, w) 7→ Dwa(z, w) is continuous.

Proof. We start by proving (a). Let us denote

G(z, a, w) := ∂zϕa(z)− w.
Fix a disk Dr ⊂ C and two points z0, z1 ∈ Dr.

Notice that by (5.8)

(5.9)
|G(z1, a(z1, w), w)−G(z0, a(z1, w), w)|

|z1 − z0|s
6 ‖Dzϕa‖Cs(Dr)

6 c(Dr) |a(z1, w)|.
Since Da((∂zϕa)(z)) 6= 0 and it is by assumption continuous with respect to
(z, a), and z 7→ a(z, w) is continuous (Lemma 5.10), we get

inf
z∈Dr,|ξ|=1

|Da((∂zϕa)(z))|a(z,w) ξ| > c(w,Dr) > 0.

Further, as a(z, w) is continuous on w (Lemma 5.10), the infimum stays
bounded for z0, z1 ∈ Dr and w in a compact set.
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Thus, by the mean-value theorem,

(5.10)

|G(z0, a(z0, w), w)−G(z0, a(z1, w), w)|
|a(z0, w)− a(z1, w)|

> inf
z∈Dr,|ξ|=1

|Da((∂zϕa)(z))|a(z,w) ξ| > c(w,Dr)

and the lower bound is uniform for w in a compact set.
Then, for each w ∈ C

G(z1, a(z1, w), w) = G(z0, a(z0, w), w) = 0.

Hence
|G(z1, a(z1, w), w)−G(z0, a(z1, w), w)|

|z1 − z0|s

=
|G(z0, a(z0, w), w)−G(z0, a(z1, w), w)|

|a(z0, w)− a(z1, w)|
|a(z0, w)− a(z1, w)|

|z0 − z1|s
.

The expression has an upper bound by (5.9), and combining this with non-
degeneracy (as in (5.7) we get |a(z, w)| ≤ C(r)|w|) and (5.10) gives

|a(z0, w)− a(z1, w)|
|z0 − z1|s

6
c(Dr) |a(z1, w)|

c(w,Dr)
6 C(w,Dr)

and C(w,Dr) is uniform for w in a compact set.

For (b), by assumption a 7→ ∂zϕa(z) ∈ C1(C) while from non-degeneracy
we know that detDa(∂zϕa)(z) 6= 0 at every a, z ∈ C. Then according to the
Inverse Function Theorem w 7→ a = a(z, w), the inverse of a 7→ w = ∂zϕa(z),
is C1 in the w variable. In fact

Dwa(z, w) =

(
Da(∂zϕa)(z)|a=a(z,w)

)−1

.

Then the smoothness (5.1) and Lemma 5.10 imply the claim. �

Finally, HF inherits the regularity of F in the following way.

Theorem 5.12. Let F = {ϕa(z)}a∈C be a non-degenerate and smooth field
of K-quasiconformal mappings in the sense of Definition 5.1, and assume
that (5.8) holds for some s ∈ (0, 1).

Then there is a unique nonlinear Beltrami equation (1.2) such that every
mapping of the field ϕa is a solution to (1.2). The structure function H = HF
satisfies (H1), (H2), and the following regularity conditions:

|H(z1, w)−H(z2, w)| 6 c(Dr,DR)|z1 − z2|s, zi ∈ Dr, w ∈ DR
and (z, w) 7→ DwH(z, w) is continuous.

Proof. In view of Theorem 5.4 we only need to show the extra smoothness
of H. Let z, z1, z2 ∈ Dr and w,w1, w2 ∈ DR. From the definition of H, (5.3),
|H(z1, w)−H(z2, w)| = |∂z̄ϕa(z1,w)(z1)− ∂z̄ϕa(z2,w)(z2)|
6 |∂z̄ϕa(z1,w)(z1)− ∂z̄ϕa(z2,w)(z1)|+ |∂z̄ϕa(z2,w)(z1)− ∂z̄ϕa(z2,w)(z2)|
6 c(Dr,DR)|a(z1, w)− a(z2, w)|+ c(s,Dr)|z1 − z2|s|a(z2, w)|
6 c(Dr,DR)|z1 − z2|s,
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where the second to the last inequality follows as a 7→ Dzϕa ∈ C1(C) (and
thus in particularly locally Lipschitz) and by (5.8). In the last inequality we
use Lemma 5.11 (a) and the non-degeneracy as in (5.7).

Concerning the continuity of DwH(z, w), the chain rule shows that

DwH(z, w) = (Da∂z̄ϕa)|a=a(z,w)Dwa(z, w)

is continuous by smoothness (5.1) and Lemma 5.11 (b). �

Remark 5.13. As we have discussed several times in the paper, one can
start with a general field of quasiconformal mappings and define an equation
HF . Unfortunately, in absence of regularity assumptions on F , it is not clear
if HF satisfies (H1) and (H2). As for the ellipticity, by quasiconformality it
holds that, for fixed a, b, there is a set of measure zero Na,b such that

|∂z̄ϕa(z)− ∂z̄ϕb(z)| 6 k|∂zϕa(z)− ∂zϕb(z)| for every z ∈ C \Na,b.

Thus, for fixed w1, w2, the corresponding HF would be only elliptic up to
measure zero depending on w1, w2. The measurability is also not clear unless
one assumes extra conditions. It would suffice, for example, to prove that
a(z, w) is measurable and satisfies the Lusin condition N−1 in order that
the composition H(z, w) = ∂z̄ϕa(z)|a=a(z,w) is measurable [4, page 73] or to
assume joint measurability properties of the mapping (z, a) 7→ Dzϕa(z) but
we will not pursue this issue here.

All in all, it remains an interesting issue what is the minimal regularity to
establish the one-to-one correspondence between structure functions H and
quasiconformal fields F in the nonlinear setting.

References

[1] G. Alessandrini and V. Nesi. Beltrami operators, non-symmetric elliptic equations and
quantitative Jacobian bounds. Ann. Acad. Sci. Fenn. Math., 34(1) (2009), 47–67.

[2] K. Astala, A. Clop, D. Faraco, J. Jääskeläinen, and A. Koski. Nonlinear Beltrami
operators, Schauder estimates and bounds for the Jacobian. Ann. Inst. H. Poincaré
Anal. Non Linéaire, (2016), doi: 10.1016/j.anihpc.2016.10.008.

[3] K. Astala, A. Clop, D. Faraco, J. Jääskeläinen, and L. Székelyhidi, Jr. Uniqueness of
normalized homeomorphic solutions to nonlinear Beltrami equations. Int. Math. Res.
Not. IMRN, 2012(18) (2012), 4101–4119.

[4] K. Astala, T. Iwaniec, and G. Martin. Elliptic Partial Differential Equations and
Quasiconformal Mappings in the Plane, volume 48 of Princeton Mathematical Series.
Princeton University Press, Princeton, NJ, 2009.

[5] K. Astala, T. Iwaniec, and E. Saksman. Beltrami operators in the plane. Duke Math.
J., 107(1) (2001), 27–56.

[6] K. Astala and J. Jääskeläinen. Homeomorphic solutions to reduced Beltrami equations.
Ann. Acad. Sci. Fenn. Math., 34(2) (2009), 607–613.

[7] Y. Benyamini and J. Lindenstrauss. Geometric Nonlinear Functional Analysis. Vol.
1, volume 48 of American Mathematical Society Colloquium Publications. American
Mathematical Society, Providence, RI, 2000.

[8] J. Bergh and J. Löfström. Interpolation Spaces, An Introduction, Grundlehren Math.
Wiss. 223. Springer-Verlag, Berlin, 1976.

[9] B. Bojarski. Quasiconformal mappings and general structural properties of systems of
non linear equations elliptic in the sense of Lavrent′ev. Symposia Mathematica (Con-
vegno sulle Transformazioni Quasiconformi e Questioni Connesse, INDAM, Rome,
1974), Vol. XVIII, pp. 485–499, Academic Press, London, 1976.

[10] B. Bojarski, L. D’Onofrio, T. Iwaniec, and C. Sbordone. G-closed classes of elliptic
operators in the complex plane. Ricerche Mat., 54(2) (2005), 403–432.



26 KARI ASTALA, ALBERT CLOP, DANIEL FARACO, AND JARMO JÄÄSKELÄINEN

[11] B. Bojarski and T. Iwaniec. Quasiconformal mappings and non-linear elliptic equa-
tions in two variables. I, II. Bull. Acad. Polon. Sci. Sér. Sci. Math. Astronom. Phys.,
22 (1974), 473–478.

[12] F. Giannetti, T. Iwaniec, L. Kovalev, G. Moscariello, and C. Sbordone. On G-
compactness of the Beltrami operators. In Nonlinear homogenization and its appli-
cations to composites, polycrystals and smart materials, volume 170 of NATO Sci.
Ser. II Math. Phys. Chem., pp. 107–138. Kluwer Acad. Publ., Dordrecht, 2004.

[13] T. Iwaniec. Quasiconformal mapping problem for general nonlinear systems of par-
tial differential equations, Symposia Mathematica, Vol. XVIII, pp. 501–517, Academic
Press, London, 1976.

[14] J. Jääskeläinen. On reduced Beltrami equations and linear families of quasiregular
mappings, J. Reine Angew. Math., 682 (2013), 49–64.

[15] S. Lang. Fundamentals of Differential Geometry, Graduate Texts in Mathematics.
Springer-Verlag, New York, 1999.

[16] W. Rudin. Principles of Mathematical Analysis, 3rd edition. International Series
in Pure and Applied Mathematics. McGraw-Hill Book Co., New York-Auckland-
Düsseldorf, 1976.

Department of Mathematics and Systems Analysis, Aalto University, P.O.
Box 11100, FI-00076 Aalto, Finland;, LE STUDIUM, Loire Valley Institute
for Advanced Studies, Orléans & Tours, France, MAPMO, Orléans, France;,
Department of Mathematics and Statistics, University of Helsinki, Helsinki,
Finland

E-mail address: kari.astala@aalto.fi

Departament de Matemátiques i Informática, Universitat de Barcelona,
Gran Via de les Corts Catalanes, 585, 08007 Barcelona, Catalonia

E-mail address: albert.clop@ub.edu

Department of Mathematics, Universidad Autónoma de Madrid, 28049 Ma-
drid, Spain; ICMAT CSIC-UAM-UCM-UC3M, 28049 Madrid, Spain

E-mail address: daniel.faraco@uam.es

Department of Mathematics and Statistics, University of Jyväskylä, P.O.
Box 35, FI-40014 University of Jyväskylä, Finland; Department of Mathe-
matics and Statistics, University of Helsinki; Department of Mathematics,
Universidad Autónoma de Madrid

E-mail address: jarmo.t.jaaskelainen@jyu.fi


