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On blind source separation under martingales:
A probability theoretic perspective

Niko Lietzén∗1

1Aalto University School of Science, Department of Mathematics and Systems
Analysis

In this short paper, we consider linear blind source separation for stochastic
processes that have conditional dependency structures. We present a con-
ditional version of a linear blind source separation model. The conditional
dependency structure is imposed to the model via discrete time martingales.
We present some theoretical foundations for solving the corresponding condi-
tional blind source separation problem and provide discussion regarding our
future work on the topic.
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1 Introduction

The blind source separation (BSS) problem is a recurring and a widely studied
topic in several fields of science. Usually, the goal in BSS is to reverse the
effects of an unknown mixing system and to recover some signals of interest.
There exists several applications where blind source separation is utilized,
e.g., finance, biomedical applications and telecommunications, see [2] for a
collection.

Linear BSS has been widely studied under assumptions of weakly stationary
processes. However, there exists an increasing demand for models that allow
time varying correlations, especially in applications of finance such as modeling
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financial returns. In this paper, we present a version of the linear BSS model
called the conditional blind source separation (cBSS) model, in which we
assume that the latent processes of interest are discrete time martingales. The
presented cBSS model is able to model conditional dependency structures,
which are not captured by traditional BSS models, and which are relevant in
several financial applications.

In this short paper, we present the cBSS model and provide some theoretical
groundwork for solving the corresponding cBSS problem. In particular, we
consider the identification of the solutions for the cBSS problem. Furthermore,
the finite sample estimation procedure and the derivation of the corresponding
asymptotical properties are discussed.

2 Conditional blind source separation

Let (Ω,F ,F,P) be a filtered probability space where F := (Ft)t∈{0}∪N such
that F0 = {∅,Ω}. We use x ∈ mF to denote that x is F -measurable. We next
present a conditional blind source separation (cBSS) model. The presented
version of the cBSS model does not include a location parameter. A constant
location parameter could be straightforwardly implemented into the model,
which would result in some minor modifications on the following assumptions.

Definition 1. A Rp-valued stochastic process x• := (xt(ω))t∈{0}∪N follows a
conditional blind source separation (cBSS) model if

xt = Azt, for all t ∈ {0} ∪ N,

where A ∈ mF0 is a Rp×p-matrix of rank p and the Rp-process z• := (zt(ω))t∈N
is F-adapted and square-integrable such that,

(Z1) P [{ω ∈ Ω : z0(ω) = 0p}] = 1,
(Z2) E [zt | Ft−1] = zt−1, P-a.s.,
(Z3) ∃s, t ∈ N : E

[
zsz>s

]
= Λs, E

[
ztz>t

]
= Λt and Λ̃st = ΛsΛ−1

t ,

where Λs ∈ mFs, Λt ∈ mFt are Rp×p-valued diagonal matrices with positive
diagonal entries and Λ̃st is a diagonal matrix with distinct diagonal elements.

The latent process z•, given in Definition 1, satisfies the properties of
a Rp-variate discrete martingale. The martingale property of z• together
with condition (Z1) imply that the process is centered, i.e., E[zt] = 0p for
every t ∈ N. Furthermore, since the process z• is square-integrable, the
martingale property gives E[ztz>t−τ ] = E[zt−τz>t−τ ], τ ∈ N. Since every
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autocovariance matrix is equal to the covariance matrix at some point of
time, many widely used blind source separation procedures are unapplicable
here. For example, classic versions of the algorithm for multiple unknown
signals extraction (AMUSE) [7] and second order blind identification (SOBI)
[1] procedures rely on assumptions of weak stationarity. Since there exists
no nontrivial martingales that are weakly stationary, no nontrivial weakly
stationary processes zt can satisfy conditions (Z1)-(Z3). Thus, it is not
surprising that AMUSE and SOBI cannot be applied here. The assumption
that Λs and Λt have positive diagonal elements is natural, since they are
variances. Consequently, the diagonal entries of Λ̃ are also positive. We will
further discuss the identification condition (Z3) after the following definition
that quantifies the solutions for the cBSS problem.

Definition 2. Let x• be a process that follows the cBSS model, such that
condition (Z3) holds for some fixed s, t ∈ N. A Rp×p-valued matrix Γ is a
solution to the cBSS problem, if the process y• := (Γxt(ω))t∈{0}∪N satisfies
conditions (Z1), (Z2) and condition (Z3) holds for the fixed t and s.

Under the cBSS model, we have that the process x• is also a F-adapted
and square-integrable process that satisfies conditions (Z1) and (Z2). Thus,
the identification of the solution Γ relies solely on condition (Z3). However,
the condition (Z3) is not enough to produce unique solutions for the cBSS
problem. Let P be a permutation matrix, D a diagonal matrix with positive
diagonal entries and J a sign-change matrix, that is, Jkk ∈ {−1, 1} for every
k ∈ {1, . . . , p}. Then, let ỹ• := (PJDΓxt(ω))t∈{0}∪N, where Γ is a solution
to the cBSS problem. The process ỹ• is square-integrable and F-adapted and
it satisfies conditions (Z1) and (Z2). Additionally, condition (Z3) is satisfied
since,

E[ỹhỹ>h ] = PJDΛh(PJD)> = PDΛhDP> = Lh,

where Lh is a diagonal matrix with positive diagonal entries at the fixed points
of time h ∈ {s, t}. Furthermore, we have that,

LsL−1
t = PDΛsDP>PD−1Λ−1

t D−1P> = PΛ̃stP> = L̃st,

where L̃st is a diagonal matrix that has the same distinct diagonal entries,
possibly in some permuted order, as the matrix Λ̃st. Hereby, with the current
cBSS model assumptions, we can at best hope to recover the latent process
up to the matrices P,J and D.

Recovering the latent processes up to order and heterogeneous scaling is suf-
ficient for many applications, in particular, for the case when the most relevant
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information of z̃• is contained in its waveform, i.e., its shape. These identifi-
ability issues are not considered to be problematic in the signal processing
literature, see e.g. [6] for further discussion.

It is hereby justified to not distinguish between solutions that solve the
same cBSS problem. We say that solutions Γ1 and Γ2 are equivalent, if there
exists a permutation matrix P, a sign-change matrix J and a diagonal matrix
(with positive diagonal elements) D, such that Γ1 = PJDΓ2 and we denote
the corresponding equivalence relation as Γ1 ≡ Γ2. Note that under the
cBSS model assumptions, we have for every solution Γ that Γ ≡ A−1, that is,
ΓA = PJD. With this equivalence property between the solutions and the
unknown mixing matrix A, we can present a solution procedure for the cBSS
problem.

Theorem 1. Let x• be a process that satisfies Definition 1 and let Σt =
E[xtx>t ]. Then, every cBSS solution Γ satisfies the eigenvector-eigenvalue
equation,

Σ−1
t ΣsΓ> = Γ>L,

where L is a diagonal matrix with distinct diagonal elements.

Proof of Theorem 1. Since xt follows the cBSS model, we have for some fixed
t that Σt = AΛtA> and,

ΣtΓ> = AΛtA>Γ> = AΛt (PJD)> = AΛ̃tP>, (1)

where Λ̃t = ΛtDJ is a diagonal matrix with nonzero diagonal entries and
consequently invertible. By right-multiplying both sides of Eq. (1) with
(Λ̃tP>)−1, gives that,

ΣtΓ>PΛ̃−1
t = A. (2)

Then, since Eq. (1) also holds for some fixed s 6= t, and by using Eq. (2), we
get that,

ΣsΓ> = ΣtΓ>PJD−1Λ−1
t ΛsDJP> = ΣtΓ>PΛ̃stP> = ΣtΓ>L, (3)

where L = PΛ̃stP> is a diagonal matrix that has the same distinct diagonal
entries, possibly in some permuted order, as the matrix Λ̃st. The claim then
follows by left-multiplying both sides of Eq. (3) with Σ−1

t .
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Thus, by Theorem 1, we get solutions for the cBSS problem by finding the
eigenvectors of Σ−1

t Σs. As with eigenvalue-eigenvector problems usually, the
eigenvectors are only unique up to order and heterogeneous scaling, which
is perfectly in line with our identifiability conditions. Similar versions of
Theorem 1 are often utilized in the BSS estimation procedure, see e.g. [4, 5].
Note that, we can form a finite sample version of Theorem 1 by replacing Σs

and Σt with some appropriate estimators. In practice, the fixed s, t can be
chosen, e.g., such that the diagonal elements of Λ̃st are as distinct as possible.

In the BSS literature, the model is often defined such that either Λs or Λt

is e.g. the identity matrix and the other is a diagonal matrix with distinct
diagonal elements. In this case, we can also identify the scaling matrix D,
and we can think of the estimation procedure as a two step process that
includes finding a suitable scaling and rotation for the latent x•. Note that
the corresponding case is included in our model, although in the estimations
procedure one would have to fix the scales of the eigenvectors accordingly.

3 Discussion and future work

In this short paper, we presented the conditional blind source separation
(cBSS) model and provided some theoretical foundations in order to solve
the corresponding cBSS problem. In future work, we will provide finite
sample estimators for the cBSS problem and derive some relevant asymptotic
properties for them. Note that the model assumptions we have made, in this
paper, are minimal and in order to make the estimation procedure meaningful,
and make the derivation of the asymptotic properties possible, we will have to
require more structure from either the latent process z• or from the matrix A.

The estimation procedure benefits significantly, if we considered the fully
conditional version of the cBSS model. The stronger version of condition
(Z3) of Definition 1 is formed by requiring that the conditional covariance
matrices E[zsz>s | Fs−1] and E[ztz>t | Ft−1] are diagonal and that the product
of the diagonal matrices has distinct diagonal entries. Clearly, these stronger
conditions imply the current condition (Z3) since E[zsz>s ] = E[E[zsz>s | Fs−1]]
and similarly for t. The assumption of conditional uncorrelated components
seems to be a good middle ground between the overly weak assumption of
unconditional uncorrelated components and the overly strong assumption of
independent components.

If we, in addition to the conditional version of condition (Z3), replaced
condition (Z2) with E[zt | Ft−1] = 0, for every t ∈ N, we would get a
latent martingale difference sequence z• that follows the so-called conditional
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uncorrelated components (CUC) model presented in [3]. Note that the CUC
model is a special case of the cBSS model and thus the theory presented in
this paper can be directly applied to the CUC case also. The CUC model is
motivated by financial applications where conditional dependency structures
are present, such as generalized auto-regressive conditional heteroscedasticity
(GARCH) processes, see [3] for additional details. Thus, considering GARCH
processes in the context of the cBSS model could provide fruitful results from
both the theoretical and the applied perspective.
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