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ABSTRACT
Artificial reverberation algorithms generally imitate the frequency-
dependent decay of sound in a room quite inaccurately. Previous
research suggests that a 5% error in the reverberation time (T60)
can be audible. In this work, we propose to use an accurate graphic
equalizer as the attenuation filter in a Feedback Delay Network re-
verberator. We use a modified octave graphic equalizer with a cas-
cade structure and insert a high-shelf filter to control the gain at the
high end of the audio range. One such equalizer is placed at the
end of each delay line of the Feedback Delay Network. The gains
of the equalizer are optimized using a new weighting function that
acknowledges nonlinear error propagation from filter magnitude
response to reverberation time values. Our experiments show that
in real-world cases, the target T60 curve can be reproduced in a
perceptually accurate manner at standard octave center frequen-
cies. However, for an extreme test case in which the T60 varies
dramatically between neighboring octave bands, the error still ex-
ceeds the limit of the just noticeable difference but is smaller than
that obtained with previous methods. This work leads to more re-
alistic artificial reverberation.

1. INTRODUCTION

Reverberation time is one of the most important parameter used to
determine the acoustic quality of physical spaces. Multiple stud-
ies have been conducted to evaluate the accuracy of perceiving
the changes in the reverberation time for various types of signals.
Seraphim [1] determined the just noticeable difference (JND) of
the reverberation time to be 5%. However, more recent studies
showed that for bandlimited noise the difference is perceivable
only when it exceeds 24% of the target value [2], compared to 5%
to 7% for impulse signals and 3% to 9% for reverberated speech
[3]. The JND of 5% is used in this work to comply with the current
ISO standard [4].

Various algorithms are used to produce artificial reverberation,
with the Feedback Delay Network (FDN) being currently among
the most popular ones [5–7]. The first objective in designing an
FDN is to make it lossless. Attenuation filters are introduced to
achieve target energy decay. Over time, various types of atten-
uation filters have been proposed. Initially, a first-order lowpass
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infinite impulse response (IIR) filter was used because of its low
computational cost and ease of design [5, 8]. Later, biquadratic
filters were introduced allowing to control the decay time in three
independent frequency bands with adjustable crossover frequen-
cies [9]. In [10], a 13th-order filter comprising single bandpass
filters as described in [11] and a second-order Butterworth band-
pass filter was proposed.

The most advanced method of controlling decay time in arti-
ficial reverberation in several frequency bands uses a proportional
graphic equalizer [12]. This method was recently improved by
Schlecht and Habets, who determined the filter parameters by solv-
ing the nonlinear least-squares problem with linear constraints ap-
proximating the target reverberation-time response directly [13].
This approach offered very accurate control of decay time and en-
sured that the FDN remained stable. However, the computation
of filter parameters proved to be inefficient, especially in real-time
applications [13].

The present work proposes an accurate method to control re-
verberation time in octave bands utilizing attenuation filters that
produce small approximation errors. It is an extension to previous
work done by Schlecht and Habets [13]. This paper introduces a
novel graphic equalizer (GEQ) with an additional high-shelf filter
as an attenuation filter inside the FDN and presents a weighted-
gain optimization method that acknowledges nonlinear error prop-
agation from filter magnitude response to reverberation time val-
ues. The paper is organized as follows. Section 2 discusses attenu-
ation filters and proposes a new design as well as a weighted-gain
optimization method. Section 3 presents case studies in which we
test the proposed method and compare the proposed design to other
solutions in terms of the approximation error as well as computa-
tional cost. Section 4 summarizes the work presented in the paper,
gives conclusions about the results, and proposes ideas for future
research.

2. ATTENUATION FILTER

An FDN is a comb filter structure with multiple delay lines inter-
connected by a feedback matrix [5]. When designing FDNs, the
first step is to make it lossless, ensuring that the energy will not
decay for any possible type of delay [7]. The frequency-dependent
reverberation time can then be implemented by inserting an atten-
uation filter at the beginning or at the end of each delay line. As
the filters do not work in relation to one another and are only de-
pendent on their corresponding delay line, they can be analyzed
separately. Instead of the FDN, we can analyze the simpler single-
delay-line absorptive feedback comb filter, i.e.,

H(z) =
1

1−A(z)z−L
, (1)
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Figure 1: Relationship between (top) gain-per-sample and (bot-
tom) resulting reverberation time for the delay-line length of L =
1000 samples. Red markers indicate the octave bands. The hori-
zontal dashed line in the top figure is the unit-gain limit, reaching
which would lead to an infinite reverberation time.

where L is the delay length in samples and A(z) is the transfer
function of the attenuation filter. For further analysis of the mag-
nitude in dB, the attenuation filter is given by

AdB(ω) = 20 log10 |A(e
jω)|, (2)

where ω = 2πf/fs is the normalized frequency, f is the frequency
in Hz, and fs is the sampling rate in Hz. Such a filter should be
designed to approximate the gain-per-sample necessary to obtain
the desired frequency-dependent reverberation time, T60(ω). This
gain in dB is expressed as

γdB(ω) =
−60

fsT60(ω)
, (3)

where T60(ω) is in seconds. The gain is dependent on the delay-
line length, growing proportionally to the number of delay samples
L. As a result, longer delay lines decay faster than short ones. To
obtain the target gain and, as a consequence, the desired frequency-
dependent reverberation time, the following condition should be
met:

AdB(ω) = LγdB(ω). (4)
Fig. 1 illustrates the relation between the gain-per-sample val-

ues of the single-delay-line absorptive feedback comb filter as pre-
sented in Eq. (1) with the attenuation filter designed according to
Eq. (2-4) and the resulting T60(ω) values. The delay-line length
was set toL = 1000 samples and the target reverberation time was
set to decrease linearly in octave bands from 7 s at 31.5 Hz to 1 s at
16 kHz.

2.1. Graphic equalizer design

The attenuation filter in the present work is realized with the cas-
cade GEQ, composed of second-order IIR peak-notch filters pro-
posed by Orfanidis [14] and designed using a method proposed by

Figure 2: Comparison of magnitude responses of the proposed
GEQ with a high-shelf filter to the proportional graphic equalizer
used in [13]. Top: magnitude responses for individual biquadratic
filters and a prototype gain of 1 dB for ten frequency bands. Bot-
tom: Single-band proportional gain behavior of the magnitude re-
sponse.

Välimäki and Liski [15], where extra frequency points are added
and one iteration step is used to obtain a highly accurate magnitude
response. The GEQ is also composed of only peak-notch filters,
as opposed to the usual approach in which shelf filters are applied
to the highest and lowest frequency bands. Using only peak-notch
filters improves the symmetry of the magnitude responses of in-
dividual filters and the accuracy of the equalizer. This results in
the proposed design producing approximation errors of less than
±1 dB for command gains within a range of −12 to +12 dB [15].
The top plot of Fig. 2 depicts the magnitude responses of the indi-
vidual biquadratic filters of the proposed GEQ, with an additional
high-shelf filter as described in Sec. 2.2., compared to the pro-
portional graphic equalizer from [13]. The approach adopted in
the present paper displays more symmetrical magnitude responses
even for high frequencies. The bottom plot of Fig. 2 presents the
magnitude response of peak-notch filters for command gains be-
tween −30 and +30 dB.

The transfer function of a GEQ with M bands is given by

H(ejω) = G0

M∏
m=1

Hm(e
jω), (5)

where G0 is the overall broadband gain factor and Hm(e
jω) are
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the frequency responses of equalizing filters (m = 1, 2, 3...,M).
The corresponding response in dB can be written as

HdB(e
jω) = g0 +

M∑
m=1

HdB,m(e
jω). (6)

For the accurate approximation of the reverberation time T60

over a broad frequency range, the command gains are defined for
ten octave bands, having center frequencies ranging from 31.5 Hz
to 16 kHz. This results, however, in the magnitude approaching
0 dB quite dramatically outside the considered frequency range.
The reverberation time approximated for the octave bands below
31.5 Hz and above 16 kHz can appear to be very long, which may
affect whole decay, preventing it from ever reaching −60 dB. To
avoid this situation, we propose that the command gains be first
shifted up to decrease their distance from zero and after the gain
optimization, the entire magnitude response be scaled down by
the same amount as for scaling up. This is depicted in the top
and middle panes of Fig. 3. This yields the following changes to
Eq. (6):

H̃dB(e
jω) = g0 +

M∑
m=1

(HdB,m(e
jω)− g0

M
). (7)

In this way, the rise in magnitude at frequencies below 31.5 Hz and
above 16 kHz are less steep. The shifting and scaling value can be
set to the median of all command gains, as suggested in [16]. This
also smooths the frequency response, causing very little ripple, as
seen in the filter response comparison with and without scaling in
Fig. 4.

2.2. High-shelf filter

In physical room acoustics, the decay time at high frequencies
is usually shorter than at low frequencies, thus making the cor-
responding command gains considerably lower at high frequen-
cies. Therefore, the operation of scaling and shifting the gains by
the median may not be sufficient to prevent the magnitude from
quickly approaching large values for frequencies above 16 kHz.
For this reason, we use a first-order high-shelf filter implemented
as suggested in [17] to equalize the problematic high frequencies.
The gain of the shelf filter is set to the gain of the highest consid-
ered octave band, and the crossover frequency is set to 20.2 kHz.
The latter value was experimentally found to introduce the small-
est error in the reverberation time at 16 kHz.

The shelf filter introduces considerable ripple in the equalizer
response above the frequency range of interest, but since it oc-
curs at very high frequencies and the resulting reverberation time
is much shorter than at lower frequencies, it is assumed to be in-
audible. The response of the GEQ with the shelf filter is shown in
the bottom pane of Fig. 3.

2.3. Filter-gain optimization

A common flaw in graphic equalizers is the interaction occurring
between neighboring peak-notch filters, causing the response of
each filter leak to other center frequencies [15–17]. AK-by-N in-
teraction matrix B that shows this effect and stores the normalized
amplitude response in dB of all M filters at K control frequency
points is given by:

Bk,m = HdB,m(ejωk )/gp,m, (8)

Figure 3: Stages of obtaining the final frequency response of the
GEQ for a delay length of 100 ms. (Top) Gains shifted up by their
median value. (Middle) Gains scaled by a constant value. (Bot-
tom) A high-shelf filter inserted to attenuate frequencies above
16 kHz.

Figure 4: Frequency response of the GEQ for a delay length of
100 ms, shifted and scaled by the median of gains compared to the
response without scaling.

where k = 1, 2, ...K are control frequency points, m = 1, 2, ...M

are filter indices, and gp =
[
gp,1, gp,2, ..., gp,m,

]T , where
(
.
)T de-

notes the transpose, is the vector of prototype dB gains common to
all equalizing filters. The interaction matrix of the proposed GEQ
forK = 100 andN = 11 is shown in Fig. 5. As a consequence of
leakage, the magnitude response of the equalizer depends on the
values stored in the interaction matrix. Considering that the GEQ
is used as the attenuation filter in the FDN, Eq. (4) can now be
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Figure 5: A 100-by-11 interaction matrix of the proposed GEQ
that stores the normalized amplitude of each filter that leaks to
neighboring frequency points.

expressed as
AdB(ω) = Bgp, (9)

where ω is a K × 1 vector of control frequencies.

2.4. Weighted-gain optimization

The GEQ used in the present work approximates the command
gains strictly within 1 dB. However, in some instances of the rever-
beration time changing dramatically for neighboring octave bands,
the differences in the command gains may be too high for the
resulting filter magnitude response to follow without producing
much error. Therefore, a method for gain optimization is intro-
duced.

The approximation of the target magnitude response can be
done on the dB scale by minimizing the error norm based on Eq. (4):

‖AdB(ω)− LγdB(ω)‖22. (10)

This approach assumes that the error propagates to the resulting
reverberation time linearly. In reality, the reverberation time is
affected in a nonlinear fashion: a small error in the filter magnitude
response, when the attenuation is weak and the gain close to 0 dB,
causes much greater changes in the resulting reverberation time
than the same error, when the attenuation is strong and the gain
much smaller than 0 dB [13].

This problem can be overcome by directly minimizing the
squared error in the resulting reverberation time, as suggested ear-
lier in [13]:

E =

∥∥∥∥ 1

AdB(ω)
− 1

LγdB(ω)

∥∥∥∥2
2

. (11)

Alternatively, we can minimize the relative error between the filter
and the target reverberation time:

Ẽ =

∥∥∥∥1− AdB(ω)

LγdB(ω)

∥∥∥∥2
2

. (12)

When the weighting matrix W is defined as

W = diag
(

1

LγdB(ω)

)
, (13)

the relative error from Eq. (12) becomes

Ẽ =

∥∥∥∥1−WAdB(ω)

∥∥∥∥2
2

, (14)

where the role of the weighting matrix W is to mimic the nonlin-
ear behavior with a linear approximation in the sense of emphasiz-
ing the approximation error occurring close to 0 dB.

Error minimization was also performed by solving the linear
problem using the Taylor-series approximation presented in [18].
However, since the method operates on a linear scale, as opposed
to the suggested design which operates on the dB scale, no relevant
improvement was observed. Therefore the method utilizing the
Taylor-series approximation was not implemented further in the
present work.

3. EVALUATION

The present work proposes to perform reverberation time approx-
imation using a GEQ with weighted-gain optimization that min-
imizes the relative error between filter response and target rever-
beration time values. In order to evaluate that algorithm, two case
studies were conducted. The first was aimed to reproduce the re-
verberation time of Promenadi Hall, a multipurpose hall located
in Promenadikeskus in Pori. The second was conducted using
a predefined reverberation time that differs considerably between
neighboring octave bands to reveal potential weak spots of the al-
gorithm and provide a valid comparison to the previous work. For
both cases, the algorithm was tested with three lengths of delay
lines: 10 ms, 50 ms, and 100 ms. The performance of the proposed
algorithm was compared to the previous method of reverberation-
time control in FDN presented in [13]. The computational cost
measured in the number of operations per output sample with re-
lation to other graphic equalizers was also examined.

3.1. Promenadi Hall

In the first case, the aim was to approximate the reverberation time
of an existing architectural object. The target values were defined
for octave bands and are presented in Table 1. The command gains
for the GEQ were calculated based on these values. Fig. 6 com-
pares the target magnitude response needed to obtain the desired
reverberation time and the response of the GEQ for the delay-line
lengths of 10, 50, and 100 ms.

The target magnitude response is followed by the response of
the filter very accurately in every octave band it was specified in.
The magnitude response below 31.5 Hz approaches the median
value for the command gains, which was set as the equalizer’s
broadband gain. The only visible ripple of 0.02 dB, 0.11 dB and
0.23 dB for delay-line lengths of 10 ms, 50 ms and 100 ms, respec-
tively, occur at very high frequencies, above 16 kHz, and is caused
by the high-shelf filter.

The resulting reverberation time was calculated based on the
magnitude response of the GEQ by converting it to dB using Eq. (2),
and then using the condition from Eq. (4) to obtain the gain-per-
sample in dB. The values of T60(ω) were acquired based on Eq. (3)
and are depicted in the top plot of Fig. 7 together with target values
from Promenadi Hall. The obtained reverberation follows the be-
havior of the filter response, approximating the desired values very
closely not only in the octave frequencies, but also in the entire fre-
quency range. Although the values were calculated for three dif-
ferent delay-line lengths, the results do not vary visibly from each
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Table 1: Reverberation time values and error percentage for octave frequencies for Promenadi Hall. DL stands for delay length.

Center frequency 31.5 Hz 63 Hz 125 Hz 250 Hz 500 Hz 1 kHz 2 kHz 4 kHz 8 kHz 16 kHz
Reverberation time 3.00 s 2.80 s 2.68 s 2.55 s 2.47 s 2.50 s 2.30 s 1.89 s 1.40 s 1.20 s
Error for DL of 10 ms 0.12% 0.03% 0.09% 0.05% 0.02% 0.35% 0.79% 1.00% 1.51% 4.43%
Error for DL of 50 ms 0.12% 0.03% 0.09% 0.05% 0.02% 0.35% 0.79% 1.00% 1.53% 4.44%
Error for DL of 100 ms 0.12% 0.03% 0.09% 0.05% 0.02% 0.35% 0.79% 0.99% 1.56% 4.50%

Figure 6: Target magnitude response and response of the GEQ
with first-order high-shelf filter for the case of Promenadi Hall in
Pori.

other, with the biggest difference between them reaching 0.07%.
This proves that the proposed method works well regardless of the
delay chosen when designing the FDN. This is also confirmed by
the error values shown in Table 1, none of which exceed 5%, mak-
ing the difference unnoticeable. Further evidence for the method’s
efficiency to accurately approximate reverberation time is in the
bottom plot of Fig. 7, which shows the difference between the tar-
get and the obtained reverberation time for the whole frequency
range.

The results obtained with the GEQ introduce deviations no
bigger than 5% from the target value and therefore we refrained
from trying to minimize the error.

Figure 7: (Top) Target reverberation time from Promenadi Hall
and the values approximated by the GEQ. (Bottom) The difference
expressed as percent of obtained reverberation time deviation from
target values. RT is reverberation time.

3.2. Artificial extreme case

The second case was tested with predefined reverberation time val-
ues, which were aimed at being similar to those in [13]. Although
in [13] the reverberation time values for octave bands were gen-
erated randomly, we decided to specify them manually in order to
ensure the same tendency, which provides a good reference point
for comparison of the two methods and is able to reveal shortcom-
ings of the proposed design. The values of the reverberation time
for octave frequencies are shown in Table 2.

The filters’ magnitude responses obtained based on the desired
decay are presented in Fig. 8. The target response is generally fol-
lowed accurately. However, large differences in the reverberation
between 2 kHz and 4 kHz cause a slight overshoot in magnitude for
frequencies between 1 kHz and 2 kHz, which at its highest point
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Table 2: Reverberation time and error on octave frequencies for the artificial extreme case. Errors exceeding JND of 5.0% are highlighted.

Center frequency 31.5 Hz 63 Hz 125 Hz 250 Hz 500 Hz 1 kHz 2 kHz 4 kHz 8 kHz 16 kHz
Reverberation time 1.00 s 1.00 s 1.00 s 1.00 s 1.00 s 3.00 s 3.00 s 0.25 s 1.00 s 1.00 s
Error for DL of 10 ms 0.12% 0.09% 0.17% 0.07% 3.66% 12.59% 11.47% 0.38% 2.96% 5.80%
Error for DL of 50 ms 0.13% 0.07% 0.22% 0.12% 3.11% 8.79% 15.59% 2.62% 5.42% 4.42%
Errorfor DL of 100 ms 0.15% 0.02% 0.39% 0.50% 1.52% 0.35% 24.41% 6.03% 11.12% 0.77%

Figure 8: Target magnitude response and response of the GEQ for
three different delay-line lengths for the artificial extreme case.

lies very close to zero. This causes a huge increase in the rever-
beration time for those frequencies, which is seen in the top plot
in Fig. 9. When the difference between the target and the approxi-
mated reverberation time is expressed as a percentage into percent-
age, as shown in the bottom plot in Fig. 9, the 5% JND threshold
is exceeded everywhere except for the low frequencies, where the
target decay is the same in neighboring octave bands.

The results in Fig. 9 show the effect of the delay-line length on
the approximation error. The attenuation for the shortest delay line
is the weakest, making all deviations from the target magnitude to
cause much error in the resulting reverberation time values. For
the longest delay-line length, the overshoots between 1 kHz and
2 kHz, as well as around 8 kHz, are the smallest.

In order to improve the resulting reverberation time, we ap-
plied the gain-optimization method proposed in Sec. 2.3 by mini-
mizing the error norm in Eq. (14) and using the weighting matrix
in Eq. (13). The magnitude response of the GEQ is presented in

Figure 9: (Top) Target reverberation time and reverberation time
obtained with the GEQ for three different delay-line lengths for
the artificial extreme case. (Bottom) The difference expressed as
a percent of the obtained reverberation time deviation from target
values.

Fig. 10. Overshoots between 1 kHz and 2 kHz were decreased at
the cost of lower accuracy in approximating the target at 4 kHz.
Additionally, some ripple was introduced in the frequency range
between 250 Hz and 500 Hz.

The corresponding reverberation time values are shown in
Fig. 11. The values that exceed the target the most were success-
fully reduced. The improvement was made without an unreason-
able increase in error in the reverberation time for less problematic
frequencies. Fig. 11 shows that the deviation in percent from the
target values was the same or less for frequencies over 500 Hz. The
error for low frequencies increased slightly, in most octave bands
not exceeding the 5% JND.

The error-minimization method worked well for every delay-
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Figure 10: Target magnitude response and response of the GEQ
for three different delay-line lengths for the artificial extreme case.
The command gains were weighted according to Eq. (9).

line length. In the end, all delay lines displayed similar differences
from target values, which is a huge improvement from before the
optimization.

3.3. Comparison with previous method

The proposed method was compared with the design presented in
[13], which solves the nonlinear least-squares problem based on
the T60 least-squares problem, as given in Eq. (11), with additional
constraints on the command gains. The abbreviation TLSCon in
Tables 3 and 4 refers to the results obtained with this method. To
allow direct comparison, the same reverberation time and delay-
line length were chosen. The error percentage in T60 for each
method are presented in Table 3.

The proposed method produces a smaller approximation error
than the solution suggested in [13]. The largest deviation from the
target value occurs at 4 kHz, where an attenuation of −60 dB is
needed. However, the obtained 62.69% error is a huge improve-
ment compared to the TLSCon solution error of 280% for the same
frequency.

3.4. Computational complexity of the proposed design

The GEQ with the first-order high-shelf filter used in the present
work was compared in terms of computational cost with three
other graphic equalizers: the proportional graphic equalizer

Figure 11: (Top) Target reverberation time and reverberation time
obtained with the GEQ for three different delay-line lengths for
the artificial extreme case after gain weighting. (Bottom) Differ-
ence expressed as a percentage of the obtained reverberation time
deviation from target values. Cf. Fig. 9.

(TLSCon) [13,16], the cascaded fourth-order equalizer (EQ4) [19],
and the high-precision parallel equalizer (PGE) [17, 20]. The val-
ues are given for filter configurations as stated in [15] and are pre-
sented together with the number of operations for the proposed
design in Table 4.

The design proposed in the present work requires less compu-
tation than the cascaded fourth-order equalizer and the high pre-
cision parallel equalizer. It needs a few more operations than the
proportional graphic equalizer because the first-order high-shelf
filter has been inserted to process frequencies above 16 kHz.

4. CONCLUSIONS

The present work investigated the effect of using a cascaded GEQ
with a first-order high-shelf filter as the attenuation filter in the
FDN. In order to evaluate the performance of the proposed de-
sign, two cases, a real-life case of an existing concert hall’s rever-
beration time T60 and an artificially created extreme case, were
tested. Additionally, weighted-gain optimization was performed
to improve the results. The new weighting matrix emphasizes the
approximation error occurring close to 0 dB. The gains are then de-
termined by minimizing relative error between the filter response
and the target reverberation time.
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Table 3: Error percentage for T60 approximated using the previous method (TLSCon) and the proposed method.

Center frequency 63 Hz 125 Hz 250 Hz 500 Hz 1 kHz 2 kHz 4 kHz 8 kHz 16 kHz
TLSCon [13] 1.00% 0.00% 3.00% 2.00% 9.00% 32.00% 280.00% 31.00% 5.00%
Proposed method 3.39% 1.44% 8.15% 2.54% 16.98% 49.24% 62.59% 20.69% 4.98%

Table 4: Number of operations per output sample for octave band
equalizers.

Design ADD MUL TOTAL
TLSCon 40 50 90

EQ4 140 150 290
PGE 80 81 161

Proposed 42 52 94

The proposed method was shown to perform an excellent ap-
proximation of the real-life reverberation time values, resulting in
an error between the target and obtained values that is lower than
the JND. When the desired values change dramatically between
neighboring frequency bands, the presented algorithm causes greater
errors in the reverberation time, which can be then considerably re-
duced by the weighted-gain optimization. The study showed that
the proposed method produces a smaller approximation error in
the reverberation time than previous methods, and its computa-
tional cost is low or about the same compared to other designs.

The plans for further development of this work include pro-
viding subjective evaluation of the results as well as incorporating
the proposed attenuation filter and the weighted-gain optimization
method in other tools for creating artificial reverberation.
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