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Circuit theory of metal-enhanced fluorescence
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Abstract

Metal-enhanced fluorescence (MEF) comprises several linear phenomena which can be successfully described either by a
classical theory or by a quantum one. Usually different phenomena are described by different classical models. Recently,
an analytical model for a metal nanoantenna coupled to a quantum emitter was suggested that grants an approximate
solution covering all basic linear phenomena observed in MEF from the Purcell effect to the fluorescent quenching. In this
paper, the further development of this model is presented in terms of the equivalent circuits. The circuit model allows us
to express the non-radiative Purcell factor of a nanoantenna through the previously evaluated radiative Purcell factor,
to find the threshold of the fluorescence quenching and to determine the conditions when a fluorescent nanostructure
transforms into a surface-plasmon laser (spaser).

Keywords: Metal-enhanced fluorescence; quantum emitter; nanoantenna; Purcell factor; Rabi oscillations; fluorescence
quenching; resonant circuit; mutual impedance; radiative resistance; electromotive force; negative resistance; increment;
spaser

1. Introduction

Fluorescent labels and tags are widely used in opti-
cal nanosensing and nanoimaging, especially in biological
applications [1]. Fluorescence of the dye molecules (rho-
damine, rhodanide, etc.) and semiconductor nanocrystals5

(quantum dots) offers several important possibilities to the
nanosensing and nanoimaging, such as detection of very
small analytes and dynamic tracking of the cell movement
[2, 3, 4, 5]. The enhancement of the fluorescence drasti-
cally improving these applications is achieved by placing10

a quantum emitter (QE) in the vicinity of a plasmonic
nanoatenna (NA) so that these two nanoobjects are cou-
pled by near fields. Basically, the enhancement of the emis-
sion is granted by a localized surface plasmon to which the
fluorescent power is transferred. This plasmon is usually15

radiative and its radiation is more efficient than that of a
single QE. Therefore, the presence of the NA allows the QE
to emit the photon faster. This decay rate enhancement
allows a single molecule in the continuous wave regime to
collect more power from the pumping radiation and the20

fluorescence saturation threshold grows. For an ensemble
of molecules the enhancement of the decay rate implies
higher fluorescence for the same pumping level because
the molecules capture the photons more frequently.

Plasmons can be excited not only in metal nanopar-25

ticles, and not all metals are plasmonic in the optical

IThe article belongs to the special section Metamaterials.
Email address: konstantin.simovski@aalto.fi (Constantin R.

Simovski)

range. The term plasmon-enhanced fluorescence would
be more adequate to describe this general phenomenon
[6, 7, 8, 9, 10]. However, we will use the term metal-
enhanced fluorescence, in compliance with the majority of30

corresponding papers [11, 12, 13, 14] and books, such as
[15].

In conventional MEF techniques fluorescent molecules
attach to a dielectric shell of a core-shell plasmonic nanopar-
ticle in a colloidal suspension [11, 13, 14]. These molecules35

form an effective shell as it is shown in the inset of Fig.
1. The plasmons induced by these molecules are excited
in the metal core if the fluorescence spectral line overlaps
on the frequency axis with the range of the plasmon res-
onance. The maximal enhancement corresponds to the40

case when the frequency of the optical transition ω0 ex-
actly coincides with that of the plasmon resonance. In the
present conceptual paper we will consider the latter case
(the impact of detuning deserves a separate study).

In fact, the enhancement of the fluorescence in this45

technique holds only for radially polarized quantum sources
as it is shown in Fig. 1(a). In this case the dipole moment
d1 of a molecule induces the resonant dipole d2 (and per-
haps, a set of high-order multipoles) in the NA so that d2

is parallel to d1.50

For these molecules the near-field dipole coupling can
be optimized so that |d2(ω)| � |d1(ω)| within the fluo-
rescence band and the total dipole moment of the dimer
at the frequency of the optical transition dtot(ω0) has the
absolute value much higher than |d1(ω0)| ≡ d1(ω0). This55

enhancement demands the proper choice of the dielec-

Preprint submitted to Elsevier May 17, 2019
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Figure 1: Particular cases of MEF: (a) – a core-shell plasmonic nanoantenna where the dipole moment d2 is excited by a radially polarized
quantum source (dipole moment d1, (b) – a bow-tie plasmonic NA centered by a quantum source. On the inset a sketch of a core-shell NA
with a plasmonic core and a dielectric shell is shown, whereas the fluorescent molecules form an outer shell.

tric shell thicknesses and is referred as the Purcell effect
[1, 7, 8, 9, 12, 16, 17]. Usually, the Purcell effect is defined
as the decay rate increase granted to a QE by a resonant
scatterer [16]. Recently, the concept of the Purcell effect60

was generalized as the decay rate increase granted to an
emitter by any environment different from the usual am-
bient [18, 19]). In the steady (or continuous-wave) regime,
the increase of the dipole moment implies the quadratic
increase of the radiated power Prad. Since the unit flu-65

orescence event is emission of a photon with the energy
~ω0, the enhancement of Prad evidently grants the increase
of the decay rate (decrease of the lifetime of the excited
state). The radiative increase of the decay rate is called the
radiative Purcell factor FPrad and the Purcell effect implies70

that the decay rate increases mainly due to the increase of
the radiated power.

Using the commonly known formula for the time-harmonic
dipole radiated power, the radiative decay rate γrad and ra-
diative Purcell factor in the case of the Purcell effect are
estimated in [18, 19] as follows:

γrad =
(ω4

0 |dtot(ω0)|2/3πεac3)

~ω0
, FPrad(ω0) =

∣∣∣∣dtot(ω0)

d1(ω0)

∣∣∣∣2 � 1.

(1)
As to molecules polarized tangentially to the surface

of the shell, their near-field coupling with the NA is de-
structive and results in FPrad < 1 [7, 8, 9, 13]. If the same75

dipole moment d1 as in Fig.1(a) is located in the equa-
torial area of the spherical surface the induced dipole d2

will be antiparallel. Therefore, we may neglect the tan-
gentially polarized molecules, and consider only a radially
polarized QE multiplying the power of its fluorescence in80

presence of the NA by the number N of molecules coupled
with the given spherical NA (green color in the inset of
Fig. 1) and by the statistical percentage 1/3 of the ra-

dially polarized ones. Really, the fluorescence of different
molecules in conventional MEF schemes is not coherent,85

and one can neglect the electromagnetic interaction be-
tween the molecules of the array coupled to a given NA.
Therefore, having in mind the factor N/3, it is enough to
calculate the Purcell factor for a dimer formed by a refer-
ence emitter (1) and NA (2) shown in Fig. 1(a).90

It is worth to note, that FPrad is higher when the shell
of the core-shell NA is plasmonic and the core is dielectric
[7, 10]. Since such plasmon resonances hold in the near in-
frared, the fluorescence to be enhanced also should occur
in the near-infrared range. In this case, the self-assembly95

of the fluorescent molecules around the shell is still possible
– molecules attach to an intermediate monolayer of non-
fluorescent ligand molecules. The ligand molecules natu-
rally cover the metal surfaces [7, 10, 15]. This technique of
the fluorescence enhancement is advantageous because the100

metal shell is tiny and the dissipation in it is lower than in
the case when the plasmon is excited in a more substantial
core. The lower dissipation implies the lower dissipative
Purcell factor FPdis that also grants the decay rate enhance-
ment. However, this enhancement is not due to the power105

radiated by the dimer but due to the power absorbed in
the NA. Power emitted by the QE during a unit event
comprises two additive components – power absorbed in
the NA and power transferred to the ambient, Therefore,
the total Purcell factor FPtot (the increase of the decay rate110

granted to the QE by the NA) is the sum of FPrad and FPdis.
For metal nanoshells FPrad is noticeably higher than FPdis,
and for metal nanocores the situation is opposite.

Further enhancement of FPrad is granted by more elabo-
rated NAs, such as plasmonic bow-tie, plasmonic nanorod,115

plasmonic dual patch and some others (see e.g. in [20, 21,
22]). Fig. 1(b) illustrates the experiment in which a sin-
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gle QE centered in the gap of a bow-tie NA was detected
[20]. It is possible for QEs polarized axially, since for the
transverse polarization the coupling is not constructive.120

Apart from the resonance enhancement (referred to as
the Purcell effect) in MEF, there are several phenomena
owing to linear electrodynamics but resulting from the
strong coupling between the QE and NA. If the coupling
is strong enough for the modification of the fluorescence125

spectrum, the fluorescence gain decreases. Maximal values
of the radiative Purcell factor (exceeding one hundred) can
be achieved namely in the case of the rather weak near-
field coupling. Of course, in order to obtain FPrad � 1 the
coupling should be sufficient. However, its electromagnetic130

weakness means that the action of the NA to the optical
transition in the QE is negligibly low and the dipole mo-
ment d1(ω0) is preserved. Below we will mathematically
formulate the criterion of the electromagnetic weakness of
the coupling in a dimer.135

Imagine that we gradually reduce the dielectric shell
of a plasmonic core shown in Fig. 1(a) or shrink the
gap of a bow-tie antenna depicted in Fig. 1(b). Then
we gradually transit from the regime of the weak cou-
pling (Purcell effect) to the regime of the strong coupling,140

when the fluorescence spectrum modifies. In the weak-
coupling regime the QE is still a a two-level quantum sys-
tem. Being strongly coupled to a NA it becomes an emit-
ter with two excited states. The energy exchange com-
mences between these states called the Rabi oscillations145

starts [17, 22, 23, 24]. These oscillations can be either
radiative or non-radiative. In the latter case, the fluores-
cence is suppressed (quenched) by the NA [25, 26, 27]. If
the emissivity of the QE is high enough in the regime of
non-radiative Rabi oscillations the power of the emitted150

photons transferred to the NA may exceed the power re-
turned by the NA back to the QE. Then the amplitude of
the localized surface plasmon excited in a plasmonic NA
starts to grow. Though this growth is not a subject of
the present paper, let us note that this growth results in155

both non-linearity of the oscillations and in the rise of the
coherent (stimulated) oscillation competing with the non-
coherent emission. Such a nanostructure was suggested in
[28] and called spaser that means surface plasmon laser.
In this analogue of a laser, the role of the induced radia-160

tion is played by the stimulated plasmon and the positive
feedback necessary for generation is granted by the power
exchange in the dimer [29, 30].

Nowadays, in the scientific community there is an in-
sight that the Purcell effect in a quantum dimer is a clas-165

sical phenomenon. It can be precisely described via the
Green function, however, quite often can be adequately
modelled as the effect of the weak dipole coupling [19].
The radiative Purcell factor is an increase of the radia-
tive resistance of a QE granted by the presence of the170

NA, and the dissipative one is the increase of the dissipa-
tive resistance due to the optical loss inherent to the plas-
mon resonance. This is now a commonly adopted opinion.
However, in what concerns the strong near-field coupling

there is no such commonly adopted opinion, and different175

authors promote different points of view. The goal of the
present paper is to explain that all linear effects observed
in MEF, from the Purcell effect in a conventional MEF
scheme to the transient regime of a spaser, can be de-
scribed classically. Moreover, for simple nanosystems, as180

those sketched in Fig. 1, this classical description is pos-
sible in terms of time-harmonic dipole-dipole interaction.
The obtained closed-form solution offers an interpretation
of all these effects via equivalent RLC-circuits.

2. Circuit theory of a fluorescent dimer185

2.1. Fluorescence of a dipole dimer

If the coupling is not weak and not very strong the spec-
tral line of the fluorescence experiences a red shift whereas
the spectral dependence of |dtot|2 keeps nearly Lorentzian.
This effect found for a purely quantum system in [31] is190

called the Lamb shift and in most part of works such as [32]
is claimed to be a quantum effect also in MEF. Though
the authors never dispute the existence of the classical
analogues of this effect, only few authors such as those of
[33] claim it to be a classical effect in MEF. The Lamb195

shift is accompanied by a decrease of FPrad(ω) in the whole
spectrum of the (still enhanced) fluorescence compared to
FPrad(ω0) obtained for the optimal weak coupling. In the
conventional MEF techniques FPrad in this regime does not
exceed ten [32, 33].200

Further increase of the coupling in our dimer results in
the asymmetric splitting of the spectrum. Then a spectral
minimum arises in the function |dtot(ω)|2 below ω0 and a
slightly asymmetric maximum holds above ω0. This maxi-
mum is called the Fano resonance [34, 35] and the radiative205

Purcell factor at the corresponding frequency is nearly the
same as the resonant gain in the regime of the Lamb shift
[23].

The next level of the coupling corresponds to the regime
when the fluorescence spectrum reshapes so that two nearly210

symmetric spectral maxima ω+ > ω0 and ω− < ω0 arise
over the frequency axis. In this regime, the gain in the flu-
orescence decreases compared to the regimes of the Lamb
shift and Fano resonance – the fluorescence power spectral
density at the maxima is of the order of that corresponding215

to the single QE [30]. This is the aforementioned case of
the Rabi splitting [17, 22, 23, 24, 30]. When the coupling
grows further and exceeds a certain threshold the radiated
power sharply decreases and becomes smaller than that of
a single QE. In this regime, the NA is destructive for the220

fluorescence and constructive for the non-radiative power
exchange in the dimer [36].

The Lamb shift, the Fano resonance, the birefringence
in two strongly coupled circuits, and the wireless power
transfer between two circuits – all these phenomena are225

well known in the classical electrodynamics, acoustics and
mechanics. However, in the literature of nanophotonics a
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point of view dominates that these effects in MEF can-
not be described in a classical way, they have the quan-
tum nature (see e.g. in [37]). Respectively, the majority230

of authors calculate the parameters of the corresponding
structures using the semiclassical models based on quan-
tum analogues of the Langevin equations of motion (see
e.g. in [38]), on the Maxwell-Bloch equations (see e.g.
in [39]), and on the Lindblad master equations (see e.g.235

in [40]). Well, the accuracy of the semi-classical models
is not disputable, however, they are not very simple and
rarely allow one to use the commercial software for cal-
culating the system parameters. There are some authors
who recognize that all these effects including the fluores-240

cence quenching are classical effects and can be properly
calculated without involving quantum mechanics. How-
ever, these authors consider the strong near-field coupling
as the multipolar one (see e.g. in [41, 42]) that makes their
classical model cumbersome and difficult.245

2.2. Dipole model: closed-form solution

In work [43] a very simple classical dipole model was
suggested that covers all these phenomena. If a source
dipole (1) whose frequency spectrum in absence of the

external field is d
(0)
1 (ω) couples to a passive dipole (2)

whose polarizability is in the general case a tensor α2(ω),
the dipole moment with the spectrum d2(ω) is induced
in the passive dipole and additional dipole moment with

the spectrum d
(i)
1 (ω) is induced in the active dipole due

to its nonzero polarizability α1(ω). The resulting dipole

moment of the active dipole is then d1 = d
(0)
1 +d

(i)
1 . Since

d
(i)
1 is proportional to d2, and d2 is induced by d

(0)
1 , we

have for the total dipole moment of a dimer a relation

dtot = d
(0)
1 + d

(i)
1 + d2 = F d · d(0)

1 , where tensor F d is as
follows:

F d = (I + α2 ·A12) · [I − (α1 ·A12) · (α2 ·A12]−1, (2)

where I is a unit tensor and A12 is the tensor of dipole-
dipole interaction relating the field E12 produced by dipole
1 (with the dipole moment d1) at the phase center of dipole

2: E12 ≡ A12 · d1. Due to reciprocity, the same coefficient
expresses the field E21 produced by dipole 2 at the cen-

ter of dipole1: E21 ≡ A12 · d2. In fact, in [43] a scalar
analogue of (2) was derived. The vectorial form (2) is a
straightforward generalization of the scalar formula [43]:

Fd =
1 + α2A12

1− α1α2A2
12

. (3)

In the scalar case (when the dipoles d1,2 are directed along
the same axis) and in vector case (different directions), we
have for the radiative Purcell factor, respectively:

FPrad = |Fd|2, FPrad = Tr
[
F
†
d · F d

]
, (4)

where † denotes the Hermitian conjugation of a complex
matrix.

The possibility to describe the electromagnetic cou-
pling in the quantum dimer as a fully classical process is
seen from the quantum theory of a two-level system [17].
This theory states that the fluorescence spectrum of a two-
level system (a molecule or a quantum dot) in a uniform
ambient is Lorentzian:

d
(0)
1 (ω) =

d10

1− ω2

ω2
0

+ j ωγ1
ω2

0

, (5)

and the polarizability of the QE describing the induced
dipole moment is also Lorentzian with the same resonance250

(ω0) and damping (γ1) frequencies [17]. In (5) d10 is the
matrix element of the optical transition operator. Parame-
ters d10, ω0 and γ1 are, definitely, provided by the quantum
theory. However, for the coupling problem these parame-
ters are only the input data and their quantum origin does255

not contradict to our paradigm: that the electromagnetic
interaction in the dimer is a classical dipole coupling.

For simplicity let us further restrict by the case of
collinear dipoles. Then the polarizabilities α1 and α2 are
scalars even for anisotropic QE and NA, when they are ax-
ial components of the corresponding polarizability tensors.
We have

α1,2 =
α10,20

1− ω2

ω2
0

+ j
ωγ1,2
ω2

0

, (6)

where for the static polarizability α10 of our QE the quan-
tum theory of [17] gives the formula α10 = 2d210/~ω0.

Since, the NA is a classical resonant scatterer and the260

QE in its coupling with the NA behaves as a classical
dipole antenna, formula (3) is applicable in all mentioned
regimes from the regime of the strong Purcell effect to the
fluorescence quenching. This assertion for checked in [43]
by the comparison of the closed-form solution (3) with the265

results of the semi-classical model for a NA of type shown
in Fig. 1(b). This NA was a dimer of Ag nanospheres and
a QE was a spherical semiconductor nanocrystal (quantum
dot) centered in the gap between the spheres. Gradually
increasing the dipole moment d10 of the optical transition270

in the quantum dot, we gradually transit from the regime
of the Purcell effect through the regime of the Lamb shift
(when the fluorescence spectrum is still Lorentzian though
the spectral maximum is shifted from ω0 to ωL) and the
regime of the Fano resonance (a spectral hole in place of275

ωL and a maximum slightly above ω0)to the Rabi oscilla-
tions (when the spectral maxima at ω± are close to one
another). In [43] this evolution of the spectral shapes was
shown in comparison with the known literature data.

Now, let us formulate the criteria of coupling. First of
all, notice that in formula (3) there is no singularity. The
value α1α2A

2
12 is nearly positive only at low frequencies

ω � ω0 where this value is negligibly small compared to
unity. In the resonance band of the NA it is complex in ac-
cordance to (6) and at higher frequencies A12 becomes es-
sentially complex. However, α1α2A

2
12 determines the level

of coupling in the dimer. If it is much smaller than unity
the coupling is insufficiently weak. When it is of the order
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of unity, i.e.

|α2(ω0)A12(ω0)| � 1, |α1(ω0)A12(ω0)| � 1.

the strong Purcell effect is observed. Then Fd in (3) re-
duces to Fd ≈ 1 + α2A12 and we have for the resonant
radiative Purcell factor

FPrad(ω0) ≈ |α2(ω0)A12(ω0)|2.

When we either increase the coupling coefficient A12 or280

the polarizability α1 of the QE we increase the level of cou-
pling. If |α1(ω)A12(ω)| ∼ 1 we have |Fd| ≈ |1/α1(ω)A12(ω)| ∼
1 because the term |α2(ω)A12(ω)| � 1 in the fraction can-
cels out. It can be analytically shown that a Lorentzian
frequency dispersion of α1 and a weak dispersion of A12285

in the resonance band together result in the birefringence
of the resonance for |Fd|2. Finally, if |α1(ω)A12(ω)|gg1 we
have |Fd| � 1 that points out to the fluorescence quench-
ing because in the whole fluorescence spectrum we have

|dtot(ω)| � |d(0)1 (ω)|.290

For calculation of Fd performed in [43] we needed the
polarizability α2(ω) of the NA and the coupling coefficient
A12(ω) – the field produced by the NA at its phase cen-
ter. In the numerical example of [43] both parameters
were found from the classical full-wave simulation using295

the CST commercial software. To find α2(ω) the NA was
excited by a Hertzian current source centered in the an-
tenna gap. The dipole moment d2 was found by a simple
integration of the induced polarization in the NA and di-
vided by the field produced by the Hertzian dipole at its300

center (which was also the center of the NA). The result
turned out to be a pretty Lorentzian frequency function.
In order to find A12(ω) the NA in the CST simulator was
impinged by an incident plane wave. The electric field
E21 created by the dipole moment d2 (induced in the NA305

by the incident wave) at its phase center was found as
the total field minus the incident one and divided by d2.
These input parameters offered Fd found from (3) and the
normalized spectra of the radiated power calculated for
different values of d10. These spectra nearly coincided in310

[43] with those previously found for this quantum dimer
rigorously (in the literature). Thus, the applicability of
the dipole model for the fluorescent dimer was confirmed.

2.3. Equivalent scheme of a dipole dimer

Any Lorentzian dipole radiator and scatterer can be
presented as an effective LRC-circuit. In this paper, we
will see how relevant is this presentation for a fluorescent
dimer. The dipole moment d2 of a NA (recall that we
consider the case of the collinear polarization and vector
notations are avoided) is related to the effective polariza-
tion current I2 as d2 = I2l2/jω, where l2 is the effective
length of the NA. Our NA can be described by its effec-
tive impedance Z2 referred to the phase center. Current I2
being multiplied by Z2 results in the electromotive force
(EMF) E2 induced in the NA by the QE. This EMF is

Figure 2: Equivalent scheme of a dimer with arbitrary coupling.
Emissivity is modelled by a voltage generator.

equal to the product of the field E12 (produced by the QE
at the phase center of the NA) by the effective length l2 of
the NA: E2 = E21l2. Then we have for its polarizability:

α2 =
I2l2
jωE21

=
E21l2
Z2

l2
jωE21

=
l22

jωZ2
. (7)

Here Z2 = R2 + jX2, where R2 = R2rad + R2dis is the
effective resistance of the scatterer and X2 is its effective
reactance comprising an inductive and capacitive compo-
nents:

X2 = ωL2 −
1

ωC2
, L2C2 =

1

ω2
0

. (8)

Substituting (8) into (7) allows us to yield α2 to a Loren-
ztian form

α2(ω) =
l22C2

1− ω2

ω2
0

+ j ωγ2
ω2

0

, γ2 = R2C2ω
2
0 , (9)

i.e. α20 = l22C2. A similar consideration was performed
a century ago for a dipole antenna fed by an arbitrary
time-harmonic source [45]. For an antenna whose sizes are
small compared to the radiated wavelength it results in
a series LRC-circuit with which the electromotive force
(EMF) E and the output resistance Rg of the generator
are connected in series. Interpreting our QE as a small
transmitting antenna we come to the scheme depicted in
Fig. 2. Here RQEdis and RQErad are dissipative and radiative
resistances of the QE, RNAdis and RNArad are those of the NA,
XQE and XNA are reactive parts of the of the impedances
Z1 and Z2 (QE and NA, respectively), and Z12 is the mu-
tual impedance of two circuits. If the coupling between
our QE and NA is dipolar, we have for the EMF induced
in the NA by the QE E12 = E12l2. Therefore, Z12 defined
as the ratio of the induced EMF E12 to the source current
I1 is equal to

Z12 =
A12d1l2
I1

=

(
A12I1l1
jω

)
l2
I1

= A12
l1l2
jω

, (10)

where l1 is the effective antenna length of the QE.315

2.4. Equivalent scheme of a weakly coupled dipole dimer

In Fig. 2, the EMF E describing the emission is con-
nected in series to the generator resistance Rg. The the-
orem of an equivalent generator allows us to replace this
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Figure 3: Equivalent scheme of a dimer with weak coupling where
the emission is modelled by an ideal current generator. The pas-
sive circuit is included into the radiating system via the induced
impedance.

effective voltage generator by the parallel connection of
the effective current generator I1 and its admittance Yg.
The scheme with the current generator is more relevant
in the case of the weak coupling (strong Purcell effect).
Really, the absence of the backward action means that the

current I1 is preserved: d1 = I1l1/jω = d
(0)
1 = I

(0)
1 l1/jω.

This is possible if and only if the current generator is ideal
– Yg = 0. Then the action of the NA is solely the change
of the effective impedance to which this ideal current gen-
erator is connected. It can be taken into account by the
inclusion of the circuit describing the NA into the circuit
of the QE. For it, instead of the mutual impedance Z12 we
load the active circuit by the induced impedance Zi (some-
times, also called the shared impedance). In accordance to
the method of induced EMFs [45] we have Zi = Z12I1/I2.
The equivalent scheme of the radiating system in the case
of the Purcell effect is shown in Fig. 3. In [19] the formula
for Zi in the case of the dipole coupling was derived:

Zi =
l21l

2
2A

2
12

ω2Z2
, (11)

where Z2 = RNAdis +RNArad + jXNA. In the case of the weak
coupling Xi = Im(Zi) vanishes at the frequency practically
equal to ω0 = 1/

√
C1L1 = 1/

√
C2L2 i.e. the resonance of

the radiating system is almost not shifted [19]. The most
important action of the NA in this regime is the increase
of the Purcell factor in the fluorescence band. Since the
NA is a much more efficient radiator than the QE we have
Ri � R1 and we have for the total Purcell factor

FPtot(ω) = 1 +
Ri
R1
� 1. (12)

In this formula, we can express Ri = Re(Zi) through α2

using (7). For the most part of fluorescent molecules the
radiative decay rate strongly exceeds the dissipative one
[46] and RQEdis can be neglected compared to RQErad . The
radiative resistance of a small dipole in free space (see e.g.
in [45]) is as follows:

RQErad =

√
µ0

ε0

k2l21
6π

, k ≡ ω

c
. (13)

and we come to the relation (see also in [19]):

FPtot(ω) ≡ 1 +
Ri
R1

= 1 +
6πε0c

3

ω3
Re[jα2(ω)A2

12]. (14)

Formula (14) was validated in works [19, 44] by the com-
parison with the literature data for some particular NAs.
This formula can be easily generalized to the case when our
dimer is located in a dielectric medium with the refractive
index n:

FPtot = 1− 6πε0n
2

k3
Im(A2

12α2), k ≡ ωn

c
. (15)

2.5. Dissipative Purcell factor in the regime of the Purcell
effect

Let us derive a relation between the radiative and dis-
sipative Purcell for the case of the Purcell effect. This re-
lation is missing in works [42, 43, 44]. The real part of Zi
comprises two components – a radiative one and a dissipa-
tive one, responsible for these two coefficients, respectively.
It is not so easy to separate these two components of the
resistance Ri. Therefore, to find the dissipative Purcell
factor we subtract the radiative Purcell factor from the
right-hand side of (15). The radiative Purcell factor in ac-
cordance to (3) equals to FPrad(ω) ≈ |1 + α2(ω)A12(ω)|2 =
1 + |A2

12α2|2 + 2Re(α2A
∗
12), where ∗ denotes the complex

conjugation. Thus, we have

FPdis =
6πε0n

2

k3
Im(A2

12α2)− |A2
12α2|2 + 2Re(α2A

∗
12). (16)

Let us restrict by the case when A12 is real. It corresponds
to the capacitive coupling in the dimer and it is an ade-
quate approximation for collinear polarization of both our
dipoles [19]. It is instructive to present Im(α2) in (15) as

Im(α2) = −|α2|2
[

Im

(
1

α2

)rad
+ Im

(
1

α2

)dis]
. (17)

The first term in the bracket of (17) is the radiating damp-
ing factor of a dipole scatterer [47]:

Im

(
1

α2

)rad
=

k3

6πε0n2
.

Due to this term the second term in the right-hand side
of (16) takes form |α2|2A2

12 and cancels out with the third
term. For the second term in the bracket of (17) we obtain
from (9) the following relation:

Im

(
1

α2

)dis
= −ωR

NA
dis

l22
.

Therefore Eq. (16) takes form

FPdis =
6πε0n

2

k3
|α2|A2

12

ωRNAdis
l22

+ 2A12Re(α2) (18)
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In the case of the strong Purcell effect we have for the
resonance band |α2A12|2 � 2|α2A12| > 1. Then neglect-
ing the second term in the right-hand side of (18) we obtain

FPdis ≈ |α2|2A2
12

RNAdis

RNArad

, (19)

where we took into account that the radiative resistance
of the NA is given by the generalization of (13) to the case
of the host dielectric medium:

RNArad =

√
µ0

ε0

k2l22
6πn

, k ≡ ωn

c
. (20)

In the adopted approximation there is no need to keep
unity in the expression FPrad ≈ |α2|2A2

12, and the result
(19) can be, finally, presented in the form:

FPdis ≈ FPrad
nRNAdis

RNArad

. (21)

For a given ratio between the radiative and dissipative
losses of a NA its dissipative Purcell factor grows along320

with the radiative one and is proportional to the refrac-
tive index of the medium. In the theory of wire antennas
operating at radio frequencies the radiative and dissipative
resistances of a short dipole are both directly proportional
to n [48]. Formula (20) holds for any Hertzian dipole and325

shows that RNArad is directly proportional to n. As to RNAdis ,
its dependence on n may be different for different design
solutions of a NA. Simple NAs such as plasmonic nanorods
are quite similar to radio-frequency wire antennas, and the
same direct proportionality of RNAdis to n holds for them330

[49]. Probably, the same refers to a bow-tie NA and to
a core-shell plasmonic particle. For such NAs the factor
n in (21) means that the radiation efficiency of a fluores-
cent dimer decreases when the refractive index of the host
medium increases. This result seems to be important for335

MEF.

2.6. Equivalent scheme of a strongly coupled dimer

In the case of the strong coupling, the backward action
of the NA to the QE is significant and the effective cur-

rent I1 = jωd1/l1 modifies compared to jωd
(0)
1 /l1. This340

means that the part of the current describing the emis-
sion flows though the internal admittance Yg that cannot
be neglected anymore. There is no difference to model
the emission by such a non-ideal current generator with
an unknown admittance or by a voltage generator with345

an unknown resistance Rg. In both cases to evaluate the
generator effective resistance/admittance is problematic.
Therefore, it is instructive to describe the emission by a
single circuit element such as the negative resistance.

The idea to describe the fluorescence by a negative re-350

sistance was suggested in work [50]. If we admit this point,
the LRC-circuit describing the QE comprises the resistor
RQEneg < 0. In Fig. 4 we show the corresponding equivalent
scheme of our dimer. This scheme evidently makes sense

Figure 4: The circuit scheme of our dimer where the emissivity is

modelled by the negative resistance RQE
neg .

only at the frequencies where the total impedance of the355

system vanishes. It does not allow us to find the fluores-
cence spectra and the emission spectra beyond the eigen-
modes in this model are automatically neglected. How-
ever, the eigenmodes can be found properly.

Notice, that our circuit drastically differs from the cir-360

cuit suggested in [50] which was evidently wrong and re-
sulted in several non-physical conclusions mistakenly for-
mulated by the authors. Probably, these incorrect con-
clusions blocked the further development of the idea to
describe the emission by the negative resistor (that is ap-365

plicable not only to the fluorescence). Below we develop
this idea for two coupled circuits shown in Fig. 4. We
do not include the circuit of the NA into the radiating
system (though mathematically equivalent it would imply
more algebra).370

Eigenfrequencies of two coupled circuits described by
their Kirchhoff equations

I1Z1 + I2Z12 = 0,

I1Z12 + I2Z2 = 0.

are found equating the determinant of this system to zero:

Z1Z2 − Z2
12 = 0. (22)

After the substitution of (10) this equation takes form

−ω2Z1Z2 = (l1l2A12)
2
. (23)

Substituting Z1,2 = R1,2+jωL1,2+1/jωC1,2 into Eq. (23)
we easily obtain:(

1− ω2

ω2
0

+ jωC1R1

)(
1− ω2

ω2
0

+ jωC2R2

)
= κ2. (24)

Here it is denoted

κ =
√
C1C2l1l2A12. (25)

This parameter is the coupling coefficient of our dimer.
Equation (24) has spurious and physical solutions. Spuri-
ous ones are essentially complex, real ones are physically

7
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sound. Obviously for real solutions R1 should be negative
so that to compensate the impact of the positive R2 and375

positive RQErad +RQEdis .
Within the resonance band we may neglect the fre-

quency dispersion of the effective resistances and putR1,2(ω) =
R1,2(ω0). Then in Eq. (23) all parameters are frequency
independent, and this equation coincides with the disper-380

sion equation of two inductively coupled circuits known
in electronics or that of two elastically coupled oscillators
known in mechanics. In fact, the coupling of two our cir-
cuits is not inductive, because the mutual impedance ex-
pressed by (10) for complex A12 has all possible compo-385

nents – inductive, capacitive and resistive. However, as
it is explained in [43] in the case when ω0 is the same
for both QE and NA, their coupling coefficient κ can be
expressed via the consolidated dipole-coupling coefficient
A12. However, if the resistive coupling is present, A12 and390

κ are complex values.
For simplicity assume again that A12 is a real and pos-

itive value that corresponds to the capacitive coupling.
In this case the weak and intermediate coupling regimes
(strong Purcell effect, Lamb shift and Fano resonance) can395

be observed for κ < 0.01 − 0.02 [43]. In the case when
κ > 0.01 the coupling is strong and the solutions of Eq.
(23) depend on the value a ≡ ω0(C1R1 + C2R2). If a 6= 0
this equation explicitly comprises the imaginary term. An-
other important parameter is κ20 = C1C2|R1|R2ω

2
0 .400

2.7. Radiative Rabi oscillations and the resonant increase
of dissipation

If κ� 0.01 it practically means that the coupling coef-
ficient is much larger than b ≡ C1C2|R1|R2ω

2
0 � κ2. If κ is

still smaller than κ0 the physically sound solutions of Eq.
(24) are possible only if a = 0 i.e. when R1 = −R2C2/C1.
In this case (24) is biquadratic and its real solutions are
as follows:

ω±
ω0
≈ 1± κ. (26)

Two frequencies ω± describe the aforementioned Rabi os-
cillation and are called Rabi frequencies. The difference
ω+ − ω0 = ω0 − ω− = ω0κ is called the Rabi frequency405

shift and usually is denoted as ΩR. The Rabi oscillation
comprises two Rabi frequencies with the nearly equal am-
plitudes and physically represents the beating. This beat-
ing oscillation corresponds to the power exchange between
two our circuits. One half-period of the beating the en-410

ergy transfers from the QE to the NA and in the other
half-period returns back. In the present case, when the
coupling is not overcritical, the Rabi oscillations are ra-
diative.

If we calculate Ri = Re(Zi) given by formula (11) for415

this case we will see that the absolute value of Ri(ω±) is
not as large as it was in the case of the Purcell effect. More-
over, in this case the approximation we adopted deriving
(21) are not valid anymore, and the dissipative Purcell
factor may prevail on the radiative one even in free space420

(n = 1). Though in the present case the dipole moment d1

changes due to the presence of the NA, our definition of the
radiative Purcell factor (4) keeps relevant for description
of the fluorescence spectrum. Really, the radiated power
of our dimer in this definition is normalized to the power425

radiated by a single QE. Therefore, in the regime of Rabi
oscillation FPrad = |Fd|2 still properly describes the impact
of the NA for the fluorescence.

Moreover, the total Purcell factor given by formula (14)
also keeps relevant for the strong-coupling regime. In this430

formula, the total power loss (dissipative and radiative) of
the quantum dimer is normalized to the loss of the single
QE. Therefore, the comparison of FPtot and FPrad allows us
to share out the radiative and the dissipative components
in the induced resistance Ri.435

Let us show how it works for the nanostructure nu-
merically analyzed in work [43] and partially described
above. That NA was a plasmonic dimer consisting of two
Ag nanospheres of diameter 14 nm separated by the gap 8
nm in free space. This NA resonated at λ0 = 2πc/ω0 =450440

nm. Aforementioned CST simulations were done so that
to find both α2 and the coupling coefficient A12 referred to
the phase center of the dimer. An emitter was a quantum
dot centered in the gap of the plasmonic dimer i.e. the
centers of the NA and QE coincided. The coupling was445

gradually increased by the increase of the quantum dot
polarizability from zero to d10 = 1.12 · 10−28 C·m (or 35
D in debyes). For this case, the effective cross section of
radiative emission calculated in [43] manifested the sym-
metric Rabi oscillations without a gain compared to the450

single QE.
Let us compare FPtot and FPrad for this case. The CST

simulations have shown that the approximation of real A12

and κ is not valid for the whole spectrum. In Fig. 5 (left
panel) we see both real and imaginary parts of A12 which455

resulted together with other retreived parameters in the
emission spectra presented in [43]. The imaginary part of
A12 is not negligible at λ0, but at the Rabi wavelengths
λ+ = 2πc/ω+ ≈435 nm and λ− = 2πc/ω− ≈465 nm the
approximation of the real coupling coefficient is adequate460

that makes the example discussed in [43] compatible with
the present simplistic analysis.

In Fig. 5 (right panel) we see FPrad calculated using for-
mulas (3) and (4) in comparison with FPtot calculated using
formula (14). The total Purcell factor strongly dominates465

over the radiative one over the whole resonance range. In
other words, the NA effectively inserts a resonant dissipa-
tion into the QE and this resonance is split onto two Rabi
frequencies. Here, Ri can be identified with Rdis

i , the ra-
diative component of the induced impedance is very small.470

In Fig. 5 we also see that FPrad nearly attains unity at the
Rabi wavelengths. This means that the Rabi oscillations
in spite of a very high dissipation keep radiative and the
emission level is not altered by the NA. In this regime,
the impact of the NA is twofold: it splits the fluorescence475

frequency and drastically increases the absorption of the
pumping radiation.

Let us stress that if κ < κ0 the assumption that a 6= 0
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Figure 5: Left: dipole coupling coefficient for a QE and a NA from work [43] retrieved from the classical simulations. Solid curve – Re(A12),
dashed curve – Im(A12). Right: total (solid) and radiative (dashed) Purcell factors calculated in the fluorescence spectrum for the case
d10 = 35 D.

does not grant us physically sound solutions. Only the con-
dition a = 0 corresponds to physically sound Rabi oscilla-480

tions. The radiative and dissipative losses in this regime
are exactly compensated by the negative resistance.

2.8. Non-radiative Rabi oscillations

Now, let us consider the regime of the overcritical cou-
pling when

κ2 > κ20 = C1C2|R1|R2ω
2
0 . (27)

This case was not considered in work [43] because the only
goal of that numerical study was validation of the theory.485

The emission spectra obtained using the quantum model
for a so high coupling as given by (27) were absent in the
literature. Moreover, in [43] the concept of the negative
resistor was not concerned.

However, all we need to find the threshold value κ0 is
A12 and α2 which do not depend on d10 and were found
preparing the article [43] and α1 that can be easily calcu-
lated for given d10 using (6). Here we use the knowledge of
ω0 and identify γ1 with the radiative damping (see above):

γ1 =

√
µ0

ε0

α10ω
2
0k

2

6π
, α10 =

2d210
~ω0

.

The increase of d10 is the same as the increase of κ. Re-490

ally, the expression in the right-hand side of (25) comprises
the factor

√
C1l21 which is equal to

√
α10 = d10

√
2/~ω0.

If we continue to gradually increase d10 above the value
of 35 D we come to the regime when the radiative Purcell
factor |Fd|2 given by (3) vanishes in the whole spectrum.495

It occurs when d10 = (2.5 − 3) · 10−28 C·m. Meanwhile,
the curve FPtot(λ) keeps practically the same as in Fig. 5.

This regime is nothing but the fluorescence quench-
ing. Our dipole model allows us to find its threshold for

the dipole moment d10 of the optical transition in a single500

quantum dot. After this threshold (nearly 80 D) the Rabi
oscillations are non-radiative. Solutions (26) imply the
necessary condition a = 0 of this regime that determines
R1 = −R2C2/C1 and the value of the negative resistor
RQEneg describing the emission at the Rabi frequencies can505

be expressed through the known parameters of the single
QE (RQErad , RQEdis , C1) and the single NA (RNArad , RNAdis , C2).

2.9. Spaser

Now, let us assume that the coupling is overcritical and
simultaneously a < 0. At a first glance, this assumption
makes the physically sound solutions impossible since in
our Eq. (24) an imaginary term appears. However, in the
theory of instability the almost real complex frequencies
make sense. The case when κ2 = κ20(1 + ξ), with small
positive ξ (ξ � |a|) grants to our dispersion equation an
almost real root with a very small positive imaginary part:(

ωs
ω0

)2

≈ 1− j κ
2 − κ20
2a

. (28)

Solution (28) has a physical meaning – it is an insta-
ble eigenmode whose positive imaginary part is an incre-510

ment. The increment describes the broken equilibrium at
the initial stage of the accumulation of the electromag-
netic energy in the dimer. The energy accumulates in the
form of growing localized surface plasmon in the NA at
the frequency of its individual resonance.515

In fact, in the case when a < 0 Eq. (24) has three
physically sound complex solutions. One of them is ωs and
two other solutions are decaying Rabi oscillations Re(ω) ≈
ω+ and Re(ω) ≈ ω− with small negative imaginary parts.

The regime is hardly realizable with a single quan-520

tum source coupled to a nanoantenna. Most probably,
any quantum dot (moreover, any molecule) converting the
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pumping radiation into non-radiative emission cannot per-
form both functionalities: compensation of the drastically
increasing dissipative losses (see above) and growth of the525

plasmon in the NA. To achieve the generation our NA
should be coupled to N � 1 simultaneously fluorescent
emitters. Then the negative resistance of a single QE mul-
tiplies by N . This multiplication implies that the emitters
are not mutually coherent. If our N emitters oscillated530

coherently, their negative resistors should have been mul-
tiplied by N2. However, such the coherent emission also
called superemission may occur only on the next stage of
the oscillation, that we do not concern here. Our lin-
ear model is applicable only to the initial stage when a535

non-coherent oscillation in the quenched fluorescent dimer
starts to grow. When the coherent emission arises and the
effective current in the NA becomes stimulated our circuit
model as that referring to Lorentzian radiators/scatterers
loses the validity. Basically, below we discuss only a pre-540

requisite of a spaser assuming that the pumping is non-
coherent. Coherent pumping cannot invert the population
of the localized plasmon states – in the terms of the present
paper it cannot grant the negative resistance to the QE.

For a spaser formed by a NA strongly coupled to N
polarized QEs the first generation condition a < 0 can be
rewritten as follows:

R1 ≡ RQEneg +RQErad +RQEdis < −C2R2

NC1
, (29)

where RQEneg,rad,dis correspond to a single QE. In fact, in or-
der to overcompensate all losses in the dimer the negative
resistor of a QE should be much larger than RQErad + RQEdis

and in Eq. (29) we may neglect RQErad,dis. Then this equa-
tion takes form

R1 ≈ RQEneg < −
C2R2

NC1
. (30)

Condition (30) is necessary but not enough for gen-545

eration. The second condition is that of the overcritical
coupling – inequality (27). In fact, there is also the third
condition – that the amplitude of the egenmode (28) is
nonzero whereas the amplitudes of the decaying Rabi os-
cillations are zeros. However, our phenomenological model550

does not reveal when it is so and this condition is not ex-
pressed by a formula. The quantum theory of the spaser
shows that the generation may arise if the pumping is not
coherent. In the case of the coherent pumping at frequency
ω0 there is no inverse population of the plasmon quantum555

states (in the quantized NA). In our model, the inverse
population corresponds to a < 0. The regime with a = 0
correspond to the equilibrium in the non-radiative Rabi
exchange of power between the QE and the NA. If the
ground state is more populated (a > 0), the concept of560

the negative resistor is not relevant and we have to model
the steady emission by a generator. This is the case of the
weak coupling.

2.10. Negative resistor of a spaser

Formulas (27) and (30) are circuit analogues of two
conditions known in the quantum theory of a spaser (see
e.g. in [36]):

Ω2
R > γ1γ2, τ1τ2Ω2

RNDp > 1. (31)

Here ΩR ≡ (ω+ − ω−)/2 is the Rabi frequency shift, τ1 =565

1/γrad1 is the radiative lifetime of the QE, τ2 = 1/γ2 is
the lifetime of the localized plasmon in the NA, and Dp is
the eigenvalue of the pumping efficiency operator. In our
model τ1 = 1/ω2

0R
QE
radC1.

Since ΩR = ω0κ inequalities (31) are equivalent in our
notations to following conditions:

ω2
0κ

2

γ1γ2
> 1, Dp >

γrad1 γ2
Nω2

0κ
2

=
ω2
0C1C2R

QE
radR2

N(l1l2A12)2
. (32)

First inequality in (32) is nothing else but our condition570

of the overcritical coupling (27). It does not give us any-
thing new and can be considered only as a check. Second
inequality in (32) means that the power sufficient for gener-
ation is transferred to the dimer from the pumping source.
This condition is what we need to determine our negative575

resistor.
So, we assume that our condition (30) is equivalent to

the second inequality in (32). Substituting formula (13)

for RQErad we deduce the last inequality to the form

Dp
A2

12l
2
26π

ω4
0µ

2
0

>
R2

N
. (33)

Our circuit model requires the same in the form

|RQEneg |
C2

C1
>
R2

N
. (34)

There is no physical contradictions between formulas (33)
and (34) and they are equivalent if we impose for our neg-
ative resistor

|RQEneg | = Dp
6πl22A

2
12C1

µ2
0ω

4
0C2

. (35)

So, the negative resistor of the spaser presented in the
form of an equivalent circuit is found from the output
data of the quantum model. Formula (35) is physically
sound. Really, the higher is the pumping efficiency Dp,580

the higher is the emission (radiative or non-radiative, does
not matter). Therefore, the negative resistor describing
it should grow along with Dp. Next, the higher is the
product A12l2 the higher is the power transfer from the
QE into the NA. Higher power transfer obviously means585

higher emission. Therefore, the negative resistor should
grow also along with A12l2. When our negative resistor is
large enough and the coupling is overcritical, the pumping
efficiency is sufficient for the generation. It is not so easy
to explain the effective capacitance in the denominator of590

(35). However, in any case the two models of the spaser –
the classical and the quantum ones – are not contradictory.
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3. Conclusions

In the present paper, a classical dipole model of the
general phenomenon called metal-enhanced fluorescence595

was developed. The initial basics of this approach were
outlined in [43] and implemented for a particular case in
[44]. However, several basic questions remained unan-
swered in these papers. First, for the case of the weak
coupling the issue of the dissipative (non-radiative) Pur-600

cell factor was not clarified. Second, for the case of the
strong coupling the generator describing the emission was
not sufficiently explained. In this case the effective internal
resistance of the generator mimicking the emission cannot
be neglected, but the dipole model does not allow us to605

find both effective current (or electromotive force) and ef-
fective resistance of the generator. Therefore, it turned
out to be instructive to describe the emission by a single
element such as the negative resistor.

With this update, the previously developed concept al-610

lows us to analyze the regime of Rabi oscillations and to
specify the cases of radiative and non-radiative ones. An
increment of the emission is obtained for the case when the
nanoantenna and N quantum sources are properly coupled
and sufficiently pumped by a non-coherent radiation. In615

this scenario, we transit from the case of MEF to the case
of the so-called spaser. In what concerns spasers, our clas-
sical model does not compete with the quantum model.
It is only a simple illustration to the linear stage of the
generation when the interplay between the coherent and620

non-coherent types of emission has not yet started. Being
very simple and illustrative, our model can be instructive
as an introduction for those researchers who do not wish to
engage substantially with quantum physics but are eager
to get an insight into this topic.625

Finally, it is worth to notice that the present model of
the dipole coupling, perhaps also accompanied by circuit
schemes, can be applicable not only to the fluorescence. In
surface-enhanced Raman scattering the Purcell effect has
the key importance (see e.g. in [51]) and it is also observed630

in chemical luminescence when the plasmonic nanoparti-
cles are added to the luminol [52]. Perhaps, a number of
phenomena mentioned with respect to MEF still await to
be unveiled and analyzed with respect to chemilumines-
cence.635
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