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Abstract

Recently, Spurek, Tabor, Struksi and Smieja (2018, Knowledge-Based Systems,

doi 10.1016/k.knosys.2018.07.027) suggested an independent component anal-

ysis method that is obtained via a generalized eigenvalue decomposition and

stated that their estimator enjoys several useful properties. The estimator is

however already known since 1989 as FOBI (Fourth order blind identification),

and it indeed has many nice properties, even outside the independent compo-

nent model. As there seems to be interest in the readers of Knowledge-Based

Systems in the estimator, we shortly review it and various of its properties not

mentioned by Spurek et al. (2018), along with some recent extensions of FOBI.

Keywords: Independent component analysis, Invariant coordinate selection,

independence property
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1. Independent Component Analysis

Independent component analysis (ICA) is a well-established multivariate

method introduced in the mid-1980’s (for an account of its early history, see [1]).

The first driving force of ICA was the computer science and signal processing

community but in the recent years also statisticians have gotten more and more5
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interested in ICA, i.e., deriving statistical properties of the existing ICA methods

and suggesting new estimators. For some overviews, see for example [2, 3, 4].

The most basic model for ICA is

x = Ωz + µ, (1)

where x is an observable p-variate vector which is a linear mixture of the latent p-

variate vector z that has independent components. The full rank p×p matrix Ω

represents the mixing process and the p-vector µ is the location of the data and10

usually considered a nuisance parameter. The goal of ICA is to find, based on x

alone, an unmixing matrix Γ such that Γ>(x−µ) has independent components.

The literature knows meanwhile an abundance of ICA methods which almost

always consist of the following steps:

1. Whitening: xst = COV(x)−1/2[x− E(x)]15

2. Rotation: Find a p × p orthogonal matrix U such that U>xst has inde-

pendent components.

3. Unmixing matrix: Γ = COV(x)−1/2U.

The difference between the methods is then in how the rotation U is obtained.

Recently, [5] suggested an ICA method which they denoted weighted ICA20

(WeICA) and which also follows the above principle. WeICA obtains U as the

eigenvectors of the matrix M(xst) = E
(
x>stxstxstx

>
st

)
, the eigenvalues λ1, . . . , λp

of which are functions of the fourth moments of the corresponding independent

components. The authors of [5] stated that the main advantages of WeICA are

that (i) it is fast to compute (ii) it is affine equivariant, (iii) it has a closed-form25

solution and (iv) it can be used to conduct dimension reduction by retaining only

a subset of components which are maximally non-Gaussian, i.e., the components

whose eigenvalues most deviate from the value of a Gaussian component, p+ 2.

In Section 2.3 we review the use of symmetrized scatter matrices in ICA and

it turns out that the above properties are not particular to WeICA and by30

sacrificing property (i), a whole class of ICA-methods with properties (ii)-(iv)

in addition to various others is obtained.
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2. Fourth order blind identification

The problem of finding the eigenvectors U of M(xst) can be written as

U>COV(x)−1/2COV4(x)COV(x)−1/2U = Λ, where Λ is a diagonal matrix of

eigenvalues in decreasing order and

COV4(x) = E
{

[x− E(x)]>COV(x)−1[x− E(x)][x− E(x)][x− E(x)]>
}

is the so-called matrix of fourth moments (note that in some references COV4(x)

is divided by p + 2 to make it consistent for COV at the multivariate normal

model). COV4 can be seen as a member of the class of functionals of the

form E
{
g
[
x̃>COV(x)−1x̃

]
x̃x̃>

}
, where x̃ = x − E(x) and g : R+ → R+

is an arbitrary positive weight function (and these functionals are themselves

members of the even wider class of one-step M-estimators of scatter). As U is

constrained to have orthonormal columns, the problem can still be expressed in

the guise of a generalized eigendecomposition as,

Γ>COV(x)Γ = Ip and Γ>COV4(x)Γ = Λ, (2)

where Γ = COV(x)−1/2U. The solution of the above simultaneous diagonal-

ization problem is actually one of the oldest, and still one of the most popular,35

ICA estimators known as FOBI (fourth order blind identification), introduced

already in [6].

In recent years, the properties of FOBI have been intensively studied and

numerous generalizations of it can be found in the literature. These studies

also suggest that the FOBI-methodology can be highly useful for complex non-40

standard data structures and outside of the independent component model.

As it seems that FOBI is not that well-known in this community, we will in

the following review these recent results grouped by theme. Note that in

the software R [7], FOBI is available, for example, via the R packages ICS

[8] and JADE [9] and the dimension tests discussed below are implemented45

in the package ICtest [10], the extension for time series data in the package

tsBSS [11] and the extensions to tensorial observations and time series in the

package tensorBSS [12].
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2.1. Assumptions of FOBI

First, as the eigenvalues λ1 ≥ . . . ≥ λp in Λ are given as κi + p + 2, where50

κi is the kurtosis of the ith independent component, it is clear that the FOBI-

estimator is well-defined only if all independent components have finite fourth

moments and distinct kurtosis values. These requirements are actually the two

biggest points of criticism for FOBI as they exclude most heavy-tailed distribu-

tions and forbid two or more components having the same non-Gaussian distri-55

bution. Multiple extensions of ICA have been suggested that avoid one or both

of these requirements. Some popular ones include, for example, JADE [13, 14]

and fastICA [15, 16]. With the trade-off of increased computational complexity,

the moment assumption can also be avoided by using the symmetrized scatter

approach discussed in Section 2.3.60

2.2. Statistical inference in FOBI

The large-sample properties of various ICA-estimators have also been dis-

cussed in the literature. [17, 14] established the limiting normality of the FOBI-

estimator and give exact expressions for its limiting variances (simultaneously

increasing the number of needed finite moments to eight). [14] showed that the65

asymptotic variances of FOBI are always equal or larger than the corresponding

asymptotic variances of symmetric fastICA (using kurtosis as a non-linearity).

Thus the performance of FOBI is asymptotically never better than that of sym-

metric fastICA and [14] argue also that FOBI is generally worse than JADE.

Note that even though independent components with identical kurtoses can-70

not be separated from each other by FOBI, it is nevertheless common to include

multiple Gaussian components in z to represent noise. Indeed, one of the ob-

jectives of FOBI pointed out by [5] is its use in identifying and retaining only

the non-Gaussian components in order to achieve dimension reduction.

An inferential treatise of this problem was given in [18, 19] via the use of the

noisy independent component model,

x = Ω1z1 + Ω2z2 + µ,
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where z1 is a d-vector with standardized non-Gaussian independent components

(“the signal”) and the vector z2 is independent of z1 and obeys the p−d-variate

standard normal distribution (“the noise”). The mixing matrices Ω1 and Ω2

are of dimensions p × d and p × (p − d), respectively. The goal in the model

is to estimate the unknown dimensionality d and the signal z1. The idea of [5]

to retain only the components whose FOBI eigenvalues are most distinct from

p+ 2 was already formalized in [18, 19]. To test the null hypothesis

H0,k : exactly p− k components are Gaussian,

they suggested using as a test statistic the variance of the most Gaussian eigen-

values around the value p+ 2,

Tk =
1

p− k

p−k∑
i=1

(
λ̃i − (p+ 2)

)2
,

where λ̃i are the eigenvalues λi ordered in increasing order according to (λi −

(p+2))2. Under the noisy independent component model and assuming that no

signal has zero kurtosis, [18] showed that if the sample size increases, n→∞,

n(p− k)Tk  2σ1χ
2
(p−k−1)(p−k+2)/2 + (2σ1 + 4(p− k))χ2

1,

where χ2
(p−k−1)(p−k+2)/2 and χ2

1 are independent chi-squared random variables75

and σ1 =
∑p
i=1E(z4i )−p+8. The constant σ1 can now be consistently estimated

from the data, allowing one to estimate the signal dimension by successively ap-

plying the hypothesis tests. [18, 19] proposed also bootstrap-based alternatives

to the asymptotic test and [20] deployed a different bootstrapping strategy to

estimate the signal dimension using FOBI. A special case of the above, a test for80

multivariate normality (k = 0), based on FOBI was already suggested in [21].

Moreover, the test can also be generalized to hold in a non-Gaussian component

analysis (NGCA) model as shown in [19].

2.3. Generalizations of FOBI in an ICA context

The most obvious starting point for generalizations of FOBI is through the85

simultaneous diagonalization (2). [22, 23] showed that replacing COV and COV4
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with any two scatter matrices with the independence property produces a new

affine equivariant ICA estimator. A scatter matrix S is any positive semi-

definite matrix-valued functional which is affine equivariant in the sense that

S(Ax + b) = AS(x)A> for all full rank p × p matrices A and all p-vectors b.90

A scatter matrix is said to possess the independence property if it is diagonal

for all random vectors with independent components. Although examples of

scatter matrices that have the independence property, besides COV and COV4,

are difficult to find, [22] showed that symmetrizing a scatter matrix gives it

the independence property. E.g., robust (but computationally costly) ICA-95

estimators are then easily obtained through simultaneous diagonalization of two

symmetrized robust scatter matrices, see [23, 24]. Moreover, also in this case

Gaussian components will have equal eigenvalues, just that their value might

not equal p+ 2 and therefore dimension reduction as in (iv) is again feasible.

Thus, depending on whether one counts (2) as a closed-form solution, the100

estimators produced by symmetrized scatter matrices have the properties (ii)-

(iv) discussed in the introduction and can be seen to trade the property (i) for

improved performance in other fields, such as robustness or efficiency.

FOBI has also been generalized in an alternative direction by adapting it

to work with non-conventional types of data. Although ICA is a special case

of blind source separation (BSS) and designed for independent and identically

distributed (i.i.d.) data, many BSS applications use data that are actually

time series. A generalization of FOBI (gFOBI) to multivariate time series was

introduced in [25], where the fourth moment matrix M(x) was modified to

incorporate serial information as Mτ (xt) = E[x>t xtxt+τx
>
t+τ ]. The rotation

U = (u1, . . . ,up) is then found as the orthogonal matrix which maximizes the

joint diagonality condition,∑
τ∈T

p∑
i=1

(u>i Mτ (xstt )ui)
2,

for a chosen set of lags T = {τ1, . . . , τK}. The lag choice T = {0} reduces the

method to the regular FOBI.105

Besides multivariate time series, FOBI-based extensions have recently been
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suggested also for tensor-valued data, both in context of ICA and BSS. FOBI for

tensor-valued i.i.d. data (TFOBI) was introduced in [26]. The tensorial FOBI

applies to tensor data of all dimensions but due to the complexity of tensor

notation, we consider in the following only the matrix version of the algorithm

(the general tensor case can actually be reduced to the matrix case through the

so-called tensor matricization of “flattening” [26]). We assume that the observed

p× q random matrices are independent realization of the model

X = Ω1ZΩ>2 + µ, (3)

where Ω1 ∈ Rp×p, Ω2 ∈ Rq×q are full rank mixing matrices, µ ∈ Rp×q is the lo-

cation of the data and the latent matrix Z ∈ Rp×q has independent components.

The TFOBI-solution for estimating Z given only X is based on treating both

sides of the model separately and, for example, the solution of the left-hand side

relies upon the following extensions of the covariance matrix and the matrix of

fourth moments,

TCOV(X) = E
(
XX>

)
TM(X) = E

(
XX>XX>

)
where X is assumed to be centered. Interestingly, while seemingly näıve exten-

sions, TCOV and TM, and consequently the TFOBI-estimator, share many of

the properties of the FOBI-estimator.

The time series method gFOBI was in turn generalized for tensor-valued

time series (TgFOBI) in [27] and it is in the special case of matrices based on

a model similar to (3), but where both X and Z depend on a time index t (i.e.,

they are matrix-valued time series). Analogously to the relationship between

FOBI and gFOBI, the TgFOBI-algorithm is based on the joint diagonalization

of the following lagged versions of TM,

TMτ (Xt) = E
(
Xt+τX

>
t XtX

>
t+τ

)
for a given set of lags T = {τ1, . . . , τK}. The lag choice T = {0} reverts the

method then back to TFOBI.110
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Finally, FOBI for functional data was suggested in [28]. In functional FOBI

we assume that the observed multivariate random function is a linear transfor-

mation of a latent multivariate random function with independent component

functions, with the objective of estimating the latent function given only the

observed one. We refrain from giving additional details here due to the large115

amounts of required extra notation, and the interested reader is referred to [28].

2.4. Usage of FOBI outside of ICA

If one replaces COV and COV4 in the FOBI-equation (2) with arbitrary

scatter matrices S1 and S2, not necessary having the independence property, and

steps outside of the IC-model (1), general results can still be obtained. Actually,120

the use of such procedures already has a quite long tradition in multivariate

statistics. Early works are for example [29, 30, 31]. A unified framework was

introduced as invariant coordinate selection (ICS) in [32] who considered (2) in

a model-free context for any possible scatter combination.

Regardless of the chosen scatters, ICS creates an affine invariant coordinate125

system and can be used for model selection, dimension reduction, multivariate

outlier detection or as a pre-processing step for clustering. For example, [32]

proved that ICS finds Fisher’s linear subspace without knowing the cluster labels

in an elliptical mixture model. Also in ICS, the FOBI combination S1 = COV

and S2 = COV4 is very popular, see for example [33, 31, 8, 34, 35, 36, 37] for130

further details of FOBI in this context.

3. Conclusion

Recently [5] rediscovered FOBI, a well-known ICA estimator with many nice

properties established mainly in the statistics literature in the previous years.

Despite being quite inefficient when compared to other ICA methods, the sim-135

plicity, ease of computation and numerous useful properties (both outside and

inside the IC model) of FOBI help explain its persisting popularity. These

aspects also make FOBI the perfect method for generalizing ICA to complex
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non-standard data structures, as the many extensions and generalizations pro-

posed in recent years show. In this paper we gave a brief overview of FOBI and140

the recent findings related to it, which we think are also of interest outside the

field of statistics.
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