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Abstract: In the investigation of fatigue properties of metals, the microstructure-based modelling 

has shown its powerful applicability in predicting the microcrack initiation as well as the fatigue 

life. However, proper treatment of the inclusions, which are the major fatigue crack trigger 

especially for the very high cycle fatigue regime, is still missing. It is emphasised that in addition to 

the geometrical representation and the basic mechanical properties assignment of the inclusions, the 

residual stresses developed between the steel matrix and inclusions during the cooling processes 

due to their distinct thermal expansion coefficients play a non-negligible role in determining the 

fatigue properties. Therefore, it is aimed, in this study, to propose a microstructure-based modelling 

approach to account for the effects of residual stresses induced by the rapid cooling process on the 

fatigue crack initiation behaviour of a martensitic steel, for which the majority of the fatigue crack 

is formed around the calcium aluminate inclusions in experiments. The entire approach is 

decomposed into two processes: i) simulation of the cooling process to obtain the residual stress 

profile around the inclusion and ii) conducting the fatigue simulation using a crystal plasticity model 

including the mapped residual stress profile from the previous step. It is shown that the proposed 

approach accurately predicts the fatigue crack initiation sites around the inclusions corresponding 

to the experimental findings, while the modelling approach without the residual stresses fails to 

predict the correct locations of the crack initiation, revealing the necessity to consider the residual 

stresses for the future fatigue modelling and assessment.  
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1. Introduction 

Fatigue behaviour is an important mechanical property for many kinds of materials, especially 

for those used in the safety-relevant parts of engineering structures in various industrial sectors, e.g. 

automotive, aerospace, and railroad, etc. To ensure the reliability and safety of these facilities, the 

demand on the fatigue life of materials has been steadily increased. Subsequently, extensive studies 

have been conducted on the identification of fatigue mechanisms for various steels. Lankford and 

Kusenberger [1] found that crack initiation accounts for a significant portion of fatigue life in steels. 

Lu et al. [2] represented three kinds of failure modes of a bearing steel during fatigue tests: surface 

crack mode, internal crack mode without fine granular area (FGA) and internal crack mode with 

FGA which is usually generated around inclusions, and attributed the scatter of fatigue life to the 

scatter of the inclusion size. For high cycle fatigue (HCF) and very high cycle fatigue (VHCF) 

loading, the FGA structure is usually generated around internal crack initiation sites and the diameter 

of FGA corresponds to the threshold size of crack propagation [3]. Hong et al. [4] claimed that the 

formation of FGA is caused by numerous cyclic pressing between originated crack surfaces, 

resulting in grain refinement around the originated crack. Diving to the governing features of the 

fatigue life, roughness is considered to be the main player for the surface fatigue failure type [5]; 

while for internal fatigue failure, the key parameters are the size of the crack initiating discontinuity 

and the inclusion depth from inclusion centre to the surface to specimen and the crack initiating 

failure type [6]. All these studies on fatigue mechanisms conclude that the dominant factors for the 

fatigue life include the extrinsic features, e.g. surface roughness, and intrinsic microstructural 

features, e.g. texture inhomogeneity and inclusions, etc. Among these competing fatigue 

mechanisms [7, 8], it is concluded by Li et al. [9] that the inclusion induced fatigue failure has a 

dominant fraction for the VHCF regime compared to the HCF one.  

While there exists a wide range of experimental evidence for the influence of microstructure 

on the fatigue life of components, up to the recent decade, only some attempts have been made by 

using the numerical modelling approach. Dunne et al. [10] modelled the micro-crack nucleation and 

early crack growth [11] based on the theory that was derived by Mughrabi et al. [12] in the 

investigation of the role of persistent slip bands and various dislocation structures on the mechanism 

of fatigue at a microscopic scale. MacDowell and Dunne [13] further extended the study and 

formulated a microscopic simulation approach to quantify the influence of microstructure from the 

perspective of a frequency distribution of driving forces within grains of a polycrystalline ensemble, 

which is characterised as the microstructure-sensitive modelling approach.  

The main constituents in the microstructure-sensitive simulations are the material constitutive 

model and the representation of the microstructure. For the material constitutive model, the crystal 

plasticity (CP) model is used to calculate dislocation reactions on the slip systems. The initial crystal 

plasticity model was developed simply to accommodate the slip deformation in a single crystal [14]. 

Consideration of polycrystalline features, such as texture, has increased the applicability of crystal 

plasticity models to address questions at a microstructural level [15-18]. Furthermore, strain-

gradient considerations were implemented to introduce size effects [19, 20], and dislocation density 

based laws were incorporated instead of the phenomenological description of slipping [21]. The 

latter developments also included grain boundary mechanisms [22-25] and damage initiation [26].  

For the representation of the microstructure, the most straightforward approach is the 

immediate mapping of a micrograph in a geometric finite element mesh [27]. As a benefit, the 

calculation leads to matching the simulation and experimental results [28]. However, the simulated 



material behaviour is restricted to the instantly mapped area. Alternatively, statistical-based 

synthetic microstructure [29-31] models are also used to represent the microstructure features. This 

approach usually employs the statistical information gathered from micrographs, such as the phase 

fraction and grain size distribution [32]. The information is further processed with mathematic 

models to transfer into a representative volume elements (RVE) model. Although such an artificial 

representative microstructure is very unlikely to be found in real micrographs, the representativeness 

of the mean material properties is given for the continuum and it provides a toolkit for the 

microstructure sensitivity study in the microstructure design processes.  

The modelling approach using these two constituents has been applied to many studies 

correlating the microstructure features and the mechanical properties, such as the anisotropic 

plasticity [33-35], ductile damage initiation behaviour [36, 37] and the grain-level residual stresses 

by mechanical loading [38, 39]. Concerning the recent microstructure-sensitive modelling activities 

of the fatigue properties, Brückner-Foit and Huang [40] simulated the micro-crack initiation of 

martensitic steel under cyclic loading. In this study, a simple RVE of polycrystals was generated 

using a Voronoi tessellation and elastic orthotropic material behaviour was assumed. Furthermore, 

Prasannavenkatesan et al. [41] studied the sensitivity of high cycle fatigue resistance of secondary 

hardening martensitic gear steels to variability in primary inclusions and pores with 3D models 

neglecting phase and grain properties of steel. Recently, Gillner and Münstermann [42] employed 

the numerical approach to link the microstructure features with the S-N curves with the assistant of 

RVE and crystal plasticity (CP) model. 

These aforementioned studies showed the powerful applicability of the microstructure-

sensitive modelling approach. However, they are all missing one important microstructural feature, 

which is the inclusion that accounts for the major fatigue failure for the VHCF regime. In addition, 

it is also noted that only a geometrical implementation of the inclusions into the RVE model with 

certain mechanical properties is not sufficient to represent the necessary influence of the inclusions 

on the fatigue property [43]. As steels, especially the martensitic steels, are often subjected to a long 

production process with a large range of temperature change within short time, a significant amount 

of residual stress could be generated around the inclusions during the cooling processes due to their 

different thermal expansion coefficients compared to the steel matrix. Brooksbank [44] and Ma [45] 

showed by modelling and analytical calculation that the type and the magnitude of the residual stress 

depend on the inclusions size, type, and shape. Therefore, besides the geometrical and mechanical 

inhomogeneity induced by the inclusions, the residual stresses also have a significant impact on the 

fatigue life behaviour of the materials. However, it is not yet considered in any microstructure-

sensitive modelling approach due to its complication involving a multiphasic formulation of the 

constitute model dealing with thermal and mechanical loading. Therefore, it is aimed in this study 

to propose a straightforward microstructure-sensitive approach to account for the effects of residual 

stresses induced by the rapid cooling process on the fatigue behaviour of martensitic steels.  

The entire approach is decomposed into two processes: i) simulation of the cooling process to 

obtain the residual stress profile around the inclusion and ii) conducting the fatigue simulation using 

a crystal plasticity model with the mapped residual stress profile from the previous step. In the 

following sections, these relevant procedures will be given in detail. In section 2, the experimental 

methods are described for the microstructure characterisation as well as for the mechanical testing. 

The description of the modelling scheme will be followed in section 3, covering the RVE model 

generation algorithm, the cooling, and fatigue simulation. In section 4, both the experimental and 



numerical results are presented. For the fatigue simulation, both simulations with and without the 

residual stress profile are compared and discussed. The concluding remarks are drawn in section 5.  

 

2. Material and experiments 

2.1 Material 

The material in this investigation is a high-carbon chromium-bearing steel, GB GCr15 

(equivalent to SAE 52100). The main composition is shown in Table 1. Heat treatment procedures 

consist of annealing, vacuum oil quenching after holding for 20 min at 835°C, and tempering. The 

tempering condition was maintained for 120 min at 180°C.  

 

Table 1 Chemical composition (unit: weight %). 

C Cr Si Mn P S Cu Al 

1.03 1.37 0.21 0.33 0.0110 0.0008 0.0744 0.0110 

 

2.2 Experiments 

Electron backscatter diffraction (EBSD) was conducted for the analysis of the microstructure 

of CCr15. To obtain the representative information of the statistical microstructure features, a 

relatively large area was measured (100100 μm2). The step size was set as 50 nm to be able to 

capture the details of the microstructure.  

The HCF and VHCF tests were used to analyse the fatigue property of the materials with a 

frequency of 20 kHz, while the LCF was conducted to calibrate the material parameters for the 

crystal plasticity model with a frequency of 0.01 Hz. The loading condition of all the tests was a 

fully reversed tension-compression (R = −1). The specimen shapes are shown in Fig. 2. The arc part 

in the middle of the specimen was polished. The polished scratches were all in the longitudinal 

direction so that the probability of crack initiation caused by surface defects was minimized. 

 

 
Fig. 2. Specimen geometry and dimensions for: (a) HCF and VHCF test; (b) LCF test. 

 

The strain of LCF test was kept constant at 1.1% and 1.2%. The frequency of the LCF test is 

0.01 Hz. The VHCF test was performed under a resonance frequency of 20 kHz. During the test, 

the temperature of the specimen was kept under 50°C by air cooling. After the VHCF test, the 

fracture surfaces were qualitatively assessed with scanning electron microscopy (SEM). The 

composition around crack initiation sites was analysed by energy dispersive spectrometer (EDS) to 



identify the fatigue initiation mechanism.  

 

3. Modelling scheme 

3.1 RVE generation 

3.1.1 Steel matrix 

Based on the result of EBSD analysis, the grain-level information can be quantified and it was 

prepared as an input for the RVE generation of the steel matrix. These two-dimensional 

microstructure models were generated by a well-developed MATLAB code and Python scripts for 

the finite element (FE) software Abaqus. The generation obeyed the random sequential addition 

(RSA) algorithm [46] and Voronoi tessellation technique. The centre of each grain was firstly 

predefined as Voronoi seed. The grain size was assigned to the tessellation algorithm as the weight 

of its seed. The number of grain generated in the model area was determined by the relation of the 

area distribution of a list of virtual circles to the desired grain size distribution. Thereafter, the RSA 

algorithm was applied to arrange all the circles in the model area and none of each was allowed to 

overlap. Then the grains were created accordingly. The periodicity of the microstructure was also 

ensured. The readers are referred to previous studies [32, 42], where the generation method was 

reported in detail.  

3.1.2 Inclusions 

For inclusions, the real geometry was used. The input was obtained by the SEM micrograph of 

the fracture surface, where inclusions were triggering the fatigue failure. The graph was further 

processed by MATLAB to obtain the digitalised coordinates of the inclusion geometries, which 

were then implemented into the RVE generated in the previous step for the matrix representation. 

For simplicity, the inclusions were placed at the centre of the RVE.  

3.2 Residual stress simulation during the cooling process  

The residual stress simulation was based on the RVE generated from the previous step. The 

simulation was conducted in Abaqus/Standard and the mechanical properties of both the inclusion 

and the matrix are assumed to be isotropic and elastic only. During fast cooling of steels, residual 

stresses will be generated between the inclusion and the steel matrix due to the different expansion 

coefficients. In this model, the cooling process during quenching (temperature variation from 835°C 

to 20°C) was taken into consideration while the tempering process was overlooked due to its 

relatively minor effect on the residual stress reduction. The mechanical properties and the thermal 

expansion coefficient of calcium aluminate inclusion, which is identified as the main fatigue trigger 

for the investigated steel in section 4, and matrix are shown in Table 2 [44, 47]. For more details of 

the residual stress simulation and its application to other major inclusion types, readers are referred 

to Gu et al. [48]. The obtained residual stress profile in terms of full stress tensor is further element-

to-element mapped to the fatigue simulation model.  

 

Table 2 Mechanical and thermal properties of the inclusion and steel matrix.  

Material 
Coefficient of thermal expansion,   

(10−6/°C) 

Young’s modulus, E  

(GPa) 
Poisson's ratio, v 

Inclusion 5.0 113 0.234 

Matrix 23.0 210 0.300 

 

3.3 Crystal plasticity model for the steel matrix 



The mechanical behaviour of the steel matrix under cyclic loading was rendered by the crystal 

plasticity model. The formulation of the model is based on the well-established phenomenological 

description of slip, which can be found in detail in the review paper by Roters et al. [49]. The model 

was extended to include the kinematic hardening in our previous study [42]. For the completeness 

of the modelling scheme, the main equations of the model are briefly introduced below.  

The deformation gradient F consists of an elastic part and a plastic part: 

𝐅 = 𝐅e𝐅p,        (1) 

where 𝐅e represents the elastic deformation gradient and 𝐅p represents the plastic deformation 

gradient. The elastic deformation includes small lattice deformation and large rigid body rotation 

and the plastic deformation is the irreversible deformation after the forces and displacements are 

removed.  

The rate of the plastic deformation gradient �̇�p can be calculated by Eq. (2): 

�̇�p = 𝐋p𝐅p,        (2) 

where 𝐋p is the plastic velocity gradient, which can be expressed by Eq. (3) [50]:  

𝐋p = �̇�p𝐅p
−1.,         (3) 

Based on the assumption that the dislocation slip is responsible for plastic deformation, the 

plastic velocity gradient 𝐋p can be expressed as the sum of all shear rates on the slip systems:  

𝐋p = ∑ �̇�𝛼𝑁
𝛼=1 𝐒𝛼,       (4) 

where N is the total number of active slip systems; �̇�𝛼  is the shear rate on the slip system  and S 

is the Schmid tensor of the slip system , which can be expressed by Eq. (5): 

𝐒𝛼 = 𝐦𝛼⨂𝐧𝛼,       (5) 

where m and n are the slip direction and plane normal vectors of the slip system .  

The shear rate �̇�𝛼 is a function of the resolved shear stress 𝜏𝛼 and the critical resolved shear 

stress 𝜏c
𝛼: 

�̇�𝛼 = 𝑓(𝜏𝛼, 𝜏𝑐
𝛼),       (6) 

The resolved shear stress 𝜏𝛼 is expressed as:  

𝜏𝛼 = 𝐒 ∙ 𝐒𝛼,         (7) 

where 𝐒 is the second Piola-Kirchhoff stress. The shear rate can be then expressed:   

�̇�𝛼 = �̇�0 |
𝜏𝛼−𝜒𝛼

𝜏c
𝛼 |

1

𝑚
sgn(𝜏α − 𝜒𝛼),      (8) 

where �̇�0 is the initial slip rate; m is the strain rate sensitivity factor and 𝜒𝛼 is the kinematic back 

stress on slip system α. A nonlinear kinematic hardening rule initially proposed by Armstrong and 

Frederick [51] was implemented for fatigue analysis [51]:  

�̇�𝛼 = 𝐺1�̇�𝛼 − 𝐺2|�̇�𝛼|𝜒𝛼,      (9) 

where  is the back stress of slip system ; G1 and G2 are material parameters, which need to be 

calibrated.  

The micromechanical interaction among different slip systems is empirically captured by the 

hardening evolution law of the slip system : 

𝜏𝑐
𝛼 = 𝜏0 + ∑ ℎ𝛼𝛽|Δ𝛾𝛽|𝑁

𝛽=1 ,      (10) 

where 𝜏0 is the initial resolved shear stress;  is the plastic slip increment of each slip system β 

and ℎ𝛼𝛽 is referred to as the hardening matrix: 

ℎ𝛼𝛽 = 𝑞𝛼𝛽 [ℎ0 (1 −
𝜏c

𝛽

𝜏c
s )

𝑎

],       (11) 

where 𝑞𝛼𝛽  is a measure for self-hardening and latent hardening. Its value is taken as 1.0 for 



coplanar slip systems and 1.4 otherwise. The rest parameters ℎ0 , 𝜏c
s

, and 𝑎  are hardening 

parameters.  

The calibration of parameters in the crystal plasticity model is conducted with an iterative 

fitting of the RVE simulation to the hysteresis loops obtained from LCF tests with strain amplitudes 

of 1.1% and 1.2%. For both strain amplitudes, the stable stress–strain cycles were taken. The 

parameters to be calibrated are 𝜏0, 𝜏c
s, ℎ0, 𝑎, �̇�0, 𝑚, 𝐺1, 𝐺2 and elastic parameters 𝐶11, 𝐶12 

and 𝐶44. The calibration of these parameters is described in chapter 4.2.2.  

The aforementioned model was implemented in Abaqus/Standard as a user subroutine (UMAT). 

The purpose of this model is to calculate the stress required to reach the final deformation gradient 

and to determine the material Jacobian 𝐉 = ∂Δ𝛔/ ∂Δ𝛆 for the iterative procedure by perturbation 

methods. The stress calculation was implemented using the typical predictor-corrector method based 

on the Newton–Raphson scheme.  

 

4. Results and discussion 

4.1 Microstructure analysis  

The EBSD of the inverse pole figure on the cross-section of the steel bar is presented in Fig. 3. 

The results show that the investigated steel has a rather fine microstructure due to its heat treatment 

history. The coloured grains are the tempered martensitic packets/blocks while the black ones are 

mainly the fresh martensite and/or carbides. The tempered martensite is taking up most of the 

volume fraction of the steel (about 90%) and leaves about 10% for the rest. Due to the limited 

volume fraction and the very fine size of the secondary phase, which leads to minor effects on the 

fatigue failure mechanisms as identified in the following section, only the tempered martensite was 

considered in the following RVE construction for the steel matrix.  

 

 

Fig. 3. The EBSD graph of the inverse pole figure on the cross section of steel bar. 

 

4.2 Fatigue crack initiation analysis  

The fatigue failure in HCF and VHCF regimes in the present study all initiated due to inner 



cracks, among which, 65% of the cracks were initiated around inclusions. The morphologies and 

compositions of the inclusions at the crack initiation sites were analysed. There are three main types 

of inclusions causing the crack: spherical calcium aluminate, titanium nitride, and spinel, which are 

common inclusions in steels [52, 53]. The ratio of fatigue failure sorted by crack initiation 

mechanisms is shown in Fig. 4. Spherical calcium aluminates contribute the most to the fatigue 

crack initiation. The typical morphology and EDS results of a typical crack initiation site with a 

spherical calcium aluminate inclusion are shown in Fig. 5 (a) and (b). Therefore, in the following 

numerical study concerning the residual stress analysis and the fatigue simulation, only the calcium 

aluminates are considered.  

 

 

Fig. 4. The ratio of fatigue failure sorted by crack initiation mechanisms. 

 

 
Fig. 5. A typical fatigue initiation site with a spherical calcium aluminate inclusion: (a) SEM micrograph; (b) the 

composition of the inclusion [54].  

 

4.3 Modelling of steel matrix 

4.3.1 Statistical virtual microstructure  

For the quantitative analysis of the grain size distribution of the tempered martensite, the 

following log-normal distribution density function is used: 

𝑦 = 𝑓(𝑥|𝜇, 𝜎) =
1

𝑥𝜎√2𝜋
exp (

−(ln𝑥−𝜇)2

2𝜎2 )      (12) 

where μ is the mean value;  is the standard deviation, while x and y are the grain size and the 

frequency, respectively.  

The fitted distribution density function and the parameters are shown in Fig. 6(a), which were 

used as an input for RVE generation. These two-dimensional microstructure models were generated 



according to the aforementioned algorithm and imported into the finite element software Abaqus. 

The position of each grain was random in the model area. In this study, 60 RVEs were generated. 

These RVEs have periodic microstructures with a size of 70  70 μm2. Each RVE contains 

approximately 200 grains, see Fig. 6(b), which are enough to ensure a reliable result according to 

the study by Fritzen et al. [55] and Cailletaud et al. [56]. 

 

 

Fig. 6. (a) Grain size distribution of the investigated steel GCr15 and the log-normal fitting parameters; (b) virtual 
microstructure of the investigated steel based on the fitting parameters in Fig. 6(a). 

 

4.3.2 Parameters calibration of the crystal plasticity model 

To simulate the response behaviour of the steel matrix on stress, CP parameters described in 

Section 3.3 were fitted. The fitting was conducted with the LCF results. The hysteresis loops are not 

stable during the first 10 cycles according to the LCF results. As a result, the following stable 

hysteresis loops were chosen for the iterative fitting with the trial and error method. The fitting 

simulation was conducted under the same frequency with LCF tests. The fitting results and 

parameters are shown in Fig. 7 and Table 3. 

 

 

Fig. 7. Parameter calibration of the CP model based on the experimental and numerical results on the hysteresis 

loops: (a) strain 1.1%; (b) strain 1.2%. 

 

Table 3 CP model fitting parameter. 

C11: 193.9 GPa C12: 94.6 GPa C44: 92.2 GPa �̇�0: 0.01 

1/m: 100 0: 645 MPa G1: 100000 MPa G2: 2000 

h0: 1000 MPa a: 1.1 𝜏c
s: 2500 MPa  



 

4.4 Modelling of inclusions 

The geometrical shape of the inclusion shown in Fig. 5 was digitalized and inserted into all 60 

RVEs. Fig. 8 shows nine examples of the RVEs with the inclusion of dark grey colour in the centre. 

The virtual microstructures differ from each other in the nine RVEs, while the geometry and position 

of the inclusion remain consistent. It is noted that the inclusions are perfectly bonded with the steel 

matrix and the geometrical/mechanical properties of the bonding layers are omitted in this study. 

The 60 RVEs with inclusions are firstly subjected to the cooling simulation to qualify the residual 

stresses. As shown in Fig. 8, with different matrix around the inclusion in the nine RVEs, the residual 

stress distribution appears only minor changes. The residual stresses around the inclusion increase 

with the decrease of the distance to the boundary between inclusion and steel matrix and peak on 

the boundary, which is consistent with the calculation results with models of Brooksbank and 

Andrews [44]. The high residual stresses on the boundary around a single inclusion also vary in 

terms of different local shapes of the inclusion. The larger the local curvature of inclusion edge is, 

the larger the residual stress is. When inclusions are considered in the simulation process, residual 

stress distribution will contribute to the fatigue life.  

 

Fig. 8. Nine different RVEs of virtue martensitic microstructure with the same geometry of the inclusion shown in 

Fig. 5(a) in the centre and the corresponding residual stress distributions after the cooling simulation. 

 

4.5 Fatigue simulation and fatigue indicator parameter implementation  

The accumulated plastic slip or the plastic strain on the macroscopic level is generally 

considered to be the indicator of the crack initiation for various failure types. For ductile fracture, 

many experimental and numerical studies indicated that the crack initiation position is not only 

dependent on the plastic strain accumulation but also the local stress state, i.e. stress triaxiality and 

Lode angle, which formulates a stress-state-dependent plastic strain indicator [57-60]. For the 

microscopic fatigue mechanism, according to the studies of Mughrabi et al. [11, 61], Dunne et al. 

[10], Manonukul and Dunne [62] and Cheong and Busso [63], the accumulated plastic slip is 

considered to be the major crack initiation indicator on the microscopic level. It can lead to different 

incompatible shape changes of neighbouring grains, which impels intergranular crack initiation. 

Larger accumulated dislocation slip suggests a higher possibility of fatigue crack initiation. In 

addition, the accumulated dislocation slip is also proven by Mughrabi and Wüthrich [64] and 



Sommer et al. [65] to be quantitatively related to fatigue life. 

In this study, the local accumulated dislocation slip is qualitatively recognized as the fatigue 

crack indicator. The position of the maximum value of local accumulated dislocation slip is 

identified as the crack initiation site on the investigated area. In terms of the plastic velocity gradient, 

the local accumulated dislocation slip pacc can be calculated with Eq. (13). 

𝑝acc = ∫ √
2

3
𝑳p: 𝑳p𝑑𝑡

𝑡

0
       (13) 

During the fatigue simulation process, a pre-defined stress magnitude of 1250 MPa was applied. 

The simulation also applied a fully reversed tension-compression (R = 1) under a frequency of 20 

kHz. According to previous studies [42, 66], the increase of pacc at the critical location shows a 

proportional relation with respect to the cycle number. Therefore, the number of cycles can be any 

number larger than two for capturing the statistical distribution of the development of pacc in 

different RVEs. In the present study, six cycles were simulated during the fatigue process. After six 

cycles of simulation, the values of pacc in 60 RVEs were calculated with the models neglecting 

residual stress and considering residual stress. The pacc distributions on the nine RVEs shown in Fig. 

8 are presented in Fig. 9 (neglecting residual stresses) and Fig. 10 (considering residual stresses). 

The values of pacc in Fig. 10 show different distributions and obviously larger values compared to 

the values in Fig. 9, which is caused by the residual stress.  

However, due to the meshing effects in FE modelling, it is not convenient to discuss the fatigue 

behaviour with the local pacc. In the present study, the maximum grain-level averaged value Pmax is 

introduced to identify the precursor of fatigue crack nucleation, which is the maximum value of the 

total sum of pacc in all finite elements of a single grain divided by the grain volume, see Eq. (14). 

𝑃max = max (
1

∑ 𝑉𝑖
Gr𝑁E

Gr

𝑖=1

∑ 𝑝𝑖
𝑁E

Gr

𝑖=1 𝑉𝑖
Gr),       (14) 

where the parameter i is the identifier of the finite element of the involved grain, 𝑁E
Gr is the number 

of elements within the grain, and 𝑉𝑖
Gr is the volume of the element i of the grain.  

In Fig. 9 and Fig. 10, the positions of Pmax are pointed out by the white arrows, which 

demonstrate the fatigue crack initiation sites. When the residual stresses are considered, the 

locations of Pmax in nine RVEs are around the inclusion, indicating the crack initiation sites are 

correctly predicted. In contrast, when the residual stresses are neglected, only a few crack initiation 

sites, e.g. Fig. 9(c), (d), (f) and (i), are located around the inclusion.  



 

Fig. 9. The pacc contour distribution of steel matrix in nine typical RVEs after six-cycle simulation of tension-

compression fatigue stress neglecting the residual stress generated during the cooling process. 



 
Fig. 10. The pacc contour distribution of steel matrix in nine typical RVEs after six-cycle simulation of tension-

compression fatigue stress considering the residual stress generated during the cooling process. 

 

To clarify the effect of residual stresses on the accumulated dislocation slip, the history of local 

stress and pacc on the crack initiation point in a RVE by models considering and neglecting residual 

stress are extracted. The local point for data extraction is chosen as the crack initiation sites shown 

in Fig. 10(d). To compare with the simulation results without considering residual stresses, the same 

position in Fig. 9(d) is also extracted. The results are presented in Fig. 11. The blue line represents 

pacc. The solid red lines represent tension, while the dashed red lines represent compression. For the 

simulation without residual stresses, the local stress starts from zero. When tension and compression 

are applied during the first and third quarter of a single cycle, the local stress increases. During the 

process of unloading in the second and fourth quarter of the cycle, the local stress goes back to zero. 

When the local stress increases to a value that triggers the plastic deformation, pacc gets accumulated. 

When residual stress is considered, the local residual stress value is the initial status of the 

investigated spot. The value is high and consistent with the residual stress shown in Fig. 8. Since 

the residual stress is compressive, when tension is applied during the first quarter of the cycle, an 

obvious stress relaxation could be observed in Fig. 11(b). After relaxing to a stress value close to 

1250 MPa, the stress starts to increase again and then reaches a peak. The reason for this is simply 

related to the increase of pacc of the local point. Although the stress decreases during the relaxation 

phase, the value of pacc keeps increasing. After it reaches a value that induces the stress due to 

hardening, equal to the relaxed residual stress, the stress minimum appears. Further tensile loading 

gives rise to the significant increase of the pacc due to hardening till the stress maximum at the end 



of the first quarter cycle. It should be noticed that during unloading, the local stress decreased to a 

finite value instead of zero, and this stress remains constant after the cyclic loading. It can be referred 

to as the relaxed residual stress and remains compressive. The value of this stress will influence the 

stress and pacc behaviour of the local point during the compression cycle of the loading. For the 

selected local point in this analysis, its value is still lower than the maximum possible compressive 

stress, as shown in Fig. 11(a). Therefore, a minor increase of the stress appears to this point. It is 

noted that this stress level is the same as the case neglecting the residual stress. However, the 

accumulation of the pacc is not observed, because compared to the large extent of the tensile 

deformation, the resulting compressive one is negligible. It is further noticed that the accumulation 

of pacc becomes less and less with the increase of cycle members, which is quite different from the 

case without residual stress. The explanation for this also lies in the kinematic hardening behaviour 

of the local point. For the case without the residual stress, the hardening is so small and it stays at a 

rather liner pattern, while for the case with residual stress, the hardening is high enough to reach the 

non-linear part, where the hardening rate becomes slower. 

 

 

Fig. 11. Stress and pacc variation with fatigue cycles: (a) without residual stress; (b) with residual stress.  

 

5. Conclusions 

In this study, the fatigue properties of a high-carbon chromium martensitic steel were 

investigated, and a microstructure-based model considering residual stresses induced by the rapid 

cooling process was built to describe the fatigue process, based on which the crack initiation sites 

were predicted. The following conclusions are drawn:  

 For the high-carbon chromium bearing steels in the present study, most internal cracks 

initiate around spherical calcium aluminate inclusions for both HCF and VHCF tests.  

 A microstructure-based modelling approach to account for the effects of the residual stress 

induced by rapid cooling processes on the fatigue behaviour is proposed.  

 For the selected inclusions type, a strong compressive residual stress is induced during the 

rapid cooling process of the steel and local maximum is reached at the interface of the 

inclusion with large curvatures.  

 With this approach, the predicted fatigue crack initiation sites are in a good agreement with 

the experimental observation, which was not the case for the modelling approach 

neglecting the residual stresses between the inclusions and matrix.  

 The reason for the fatigue crack at the interface of inclusion and matrix is attributed to a 

large amount of accumulation of the plastic slip during the residual stress relaxation at the 

local point when the tensile loading is applied.  
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