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Abstract: In this work, we investigate the resonant characteristics of hexahedral (cubical) inclusions
at the plasmonic domain. After an introduction to the notion of superquadric surfaces, i.e., surfaces
that model various versions of a rounded cube, we present the main resonant spectrum and the
surface distributions for two particular cases of a smooth and a sharp cube in the plasmonic
domain. We present a historical comparative overview of the main contributions available since the
1970s. A new categorization scheme of the resonances of a cube is introduced, based on symmetry
considerations. The obtained results are compared against several recent works, exposing that the
higher-order modes are extremely susceptible to both the choice of sharpness of the cube and the
modeling mesh. This work can be readily used as a reference for both historical and contemporary
studies of the plasmonic aspects of a cube.

Keywords: localized plasmonic resonances; plasmonic particles; plasmonic cube; superquadric
surfaces; electrostatic scattering; history of plasmonic cubes

1. Introduction

Many radiation harnessing applications, in principle, acquire their scattering properties through
their building-block constituents. This can be seen as a demonstration of the emergence principle
in electromagnetics [1]. The scattering properties of a single scatterer are crucial to understanding
and reinventing all the emergent phenomena and in the design of novel composites with exotic and
on-demand functionalities. Subsequently, the material and morphological setup plays an essential role
in this direction.

Apart from the plethora of light control applications that use these emerging collective
effects [2], also individual resonating particles exhibit a great variety of interesting physical properties
and mechanisms, e.g., Fano resonances and enhanced Purcell factors in single particles and
nanoantennas [3,4]. Given a certain plasmonic material, such as gold or silver, at the optical-IR
range, the study of the enabled physical mechanisms reduces to the study of the morphological effects
over the scattering mechanisms within the classical electrodynamic domain. For instance, a sphere and
an infinite circular cylinder are canonical examples of particles for which there exists great amount
of electromagnetic scattering analysis [5,6]. These are two of the very few examples that allow a
closed-form analytical solution through either electrostatic or electrodynamic scattering approach;
an ocean of analytically unsolvable particles remains unexplored.

One characteristic example of a particle with very interesting properties without, for the moment,
a closed-form solution is the cube. Cubes can grow either naturally or through sophisticated artificial
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processes, and cubes have been extensively used as examples of plasmonic particles with enhanced
field features in the vicinity of their edges and vertices [4,7–9]. The first numerical attempts treating the
cube (hexahedron) case, and its plasmonic resonances, were given by Gelder et al. [10] and Fuchs [11]
in the early 1970s. Since that time, the cube and its scattering characteristics have remained a fruitful
research topic, with steadily increasing interest over the recent years [12–27].

This work is an extension of our results presented in the Metamaterials 2018 conference [28]. There,
the main attention of the discussion was towards both electrostatic and eigenmode characteristics
of regular polyhedra, the Platonic solids, including the hexahedron, i.e., the cube. During and after
this conference presentation, we received several comments and suggestions for further studies,
which revealed the interest of the metamaterials community for the scattering properties of a cube.
In particular, questions were raised on how realistic can the study of a cube be, the relation between
the sharpness of a cube and the strength and position of the main plasmonic resonance, and whether
there are any available analytical perspectives regarding the cube.

These valuable inputs revealed clearly that despite a long history and the number of recent works,
a systematic comparative study of the plasmonic features of a cube is still missing. Therefore, the
present report aims at narrowing this gap by introducing a detailed analysis for the plasmonic resonant
characteristics of a cube from an electrostatic perspective, substantiated by a historical comparative
analysis between the most relevant works found to date. The analysis includes five “historical” articles
(between 1972 and 2004) [10–12,29,30], and four more recent studies (after 2011) [13–16], all compared
with the results presented here. Of course, this reference list is not exhaustive, but rather focuses
within certain applied physics, radio science, material, and chemistry communities, where the study of
plasmonic resonances on single subwavelegth particles is frequently considered.

The article is structured as follows: First, in Section 2 a brief theoretical discussion about the
superquadric surfaces is presented. This is a necessary step towards the proper modeling of a
rounded cube. After that, Section 3 contains the main results for two sharpness setups for the
cube, i.e., a “smooth” and a “sharp”. Both are numerically modeled with a regular and a refined
mesh. The computations are based on a standard, surface integral equation scheme for the electrostatic
potential presented in [12]. Section 4 compares the results against the most seminal references in the
literature. The historical articles cover almost four decades of research on the subject. Since these
references lack robust visual surface potential representation, the comparison and assessment is only
based on the relative position of the resonances.

After the historical section, a new categorization scheme is introduced in Section 5 for an
efficient classification of the observed resonances. This categorization scheme is based on symmetry
considerations. Finally, Section 6 discusses the extreme sensitivity of the higher-order modes to
the choice of both the rounding and meshing setups. Moreover, this section includes a thorough
comparison between more recent results (2011–today, [13–16]) that contain calculations of both
the resonant spectra and the surface potential distributions for the most pronounced resonances.
Surprisingly, the comparison reveals a disagreement of the surface potential distribution for certain
higher-order modes. We conclude this section by carefully considering the effects of the mesh density
and roundness to the near field features, hence resolving these reported disagreements.

2. Superquadric Surfaces and the Cube

The systematic analysis of arbitrarily shaped scatterers with a potential-based (electrostatic)
integral-equation methodology requires the proper discretization of the scatterer’s surface [12].
In modern computer graphics, computer vision, and pattern recognition sciences there is an important
family of parametric surfaces, so-called superquadric surfaces.

Originally, two-dimensional superelliptical curves (Lamé curves) where first described by
Lamé [31,32]. In the 1960s, Hein introduced the surface equivalent of the Lamé curves for 3D design
purposes. He named these surfaces superellipsoids or superspheres [32,33]. In 1981, Barr generalized
the notion of superellipses in a more systematic way to the general family of superquadrics [32,34–36].
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An even more general family that includes the superquadric surfaces are the hyperquadrics, introduced
by Hanson in 1988 for computer graphic applications [37].

A superquadric shape can be straightforwardly generated by the following expression

f (x, y, z) =
��� x

a

���2p
+

��� y
b

���2p
+

��� z
c

���2p
= 1, (1)

where x, y, and z are the Cartesian coordinates, p is the rounding factor, and a, b, c are the axis
scaling factors.

Let us focus on the case a = b = c = d/2, where d is the diameter of a sphere. For p = 1 we obtain
a sphere, p ! ¥ defines a cube, and the range between p 2 (1, +¥) gives a form that resembles a
“rounded cube”, as illustrated in Figure 1. Important geometric properties of these surfaces are the
cross sectional area (along the Cartesian axes ux, uy, uz) and volume. The expression for the area of a
superquadric of diameter d is
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where B is the beta function. For p = 1 we have Cg = pd2/4, since B(0.5, 1.5) = p/2. Similarly, the
volume reads
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Again, p = 1 gives the volume of a sphere, V = pd3/6, since B(1, 1.5) = 2/3 and B(0.5, 0.5) = p.

uy

uz
ux

E=E0uz

p=1 p=2.5

p=15 p=50

Figure 1. The transformations of a superquadric sphere for increasing values of the rounding factor p.
The bottom left and bottom right cases depict the studies cases used in this work: a “smooth” p = 15
and a “sharp” p = 50 cube. The figure indicates a constant z-directed electrostatic excitation E = E0uz.

A more intuitive picture of the p-dependence for both the area and the volume of the
superquadrics for the limiting cases can be derived by inspecting the approximative expressions
of (2) and (3). Table 1 summarizes the first Taylor expansion terms for the two characteristic cases, i.e.,
a sphere (p = 1) and a cube (p! ¥).
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Table 1. Asymptotic behavior of the volume and area of a superquadric close to a sphere (p = 1) and a
cube (p! ¥).

Superquadric Cases V � Cg �

p � 1 1
6 pd3 p pd2

4
�
1 + ln(4/e)p�1�

p! ¥ d3
�

1� p2

8p2

�
d2

�
1� p2

24p2

�
3. Plasmonic Spectra of Smooth (p = 15) and Sharp (p = 50) Sube

The aforementioned superquadric surface parametrization enables the study of a whole family of
shapes that can be defined continuously for different values of the power factor. In the following we
compute the electrostatic (plasmonic) polarizability spectra of two particular cases, i.e., a smooth and a
sharp version of a rounded cube with p = 15 and p = 50, respectively (Figure 1).

In previous works rounded cubes have been simulated: Zhang et al. [13] and Cortie et al. [14]
calculated the spectrum of a smooth cube. For example, Cortie analyzed a superquadric cube with
p = 10. On the other hand, Hung et al. [15] and Klimov et al. [16] simulated sharp versions of the cube.
Therefore, the choice of both p = 15 and p = 50 covers fairly well the aforementioned cases.

For both cases considered in this work we implement two meshing schemes in the discretization
of the integral equation, i.e., a regularly distributed mesh and an edge-vertex refined one. These can be
seen in the insets in Figures 2 and 3. These meshes contain the same amount of elements distributed in
two different ways: (a) the elements of the regular mesh are distributed uniformly while (b) the refined
mesh incorporates more elements closer to the edges and vertices of the cube. This choice can help us
to uncover any mesh-related features, such as any differences of the surface potential distribution or
resonant shifting effects.

C4 C5 C6 

-5 -4 -3 -2 -1 0
-1000

-500

0

500

1000

regular
refined

C1 

C2 

C3 C4 

C5 

C6 

C1 

mesh: regular (p=15) 

C2 

C1 C2 C3 C4 C5 C6 

mesh: refined (p=15) 

C3 

Figure 2. The absolute value of the polarizability at the # 2 [�5, 0] domain of a smooth cube with
p = 15. The color figures at the top color depict the surface potential of the six most pronounced
resonances C1–C6, for the regular mesh, while at the bottom the same surface potential are shown for
the refined mesh. Blue and red colors indicate negative and positive values of the potential. The inset
figure illustrates the used meshes, i.e., regular and refined ones.
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Figure 3. As in Figure 2, the absolute value of the polarizability at the # 2 [�5, 0] domain for the sharp
cube (p = 50). The color figures at the top depict the surface potential of the six most pronounced
resonances C1–C6, extracted with a regular mesh, while the bottom figures are extracted with a refined
mesh. The C4 resonance is actually different between the two mesh setups (inset sketches top and
bottom). Note also the disagreement of the C3 resonance between the smooth case (Figure 2) and the
sharp case (here) [15]. The observed inconsistencies provide evidence that the higher-order modes
residing at # 2 (�3,�1) are sensitive to both the mesh and the sharpness of the cube.

Likewise, Figures 2 and 3 also depict the polarizability of the cube as a function of the permittivity,
and the surface potential distribution of each of the four cases. The polarizability spectra contain rich
resonant structure. The position of the resonances for all cases are summarized in Table A1 available in
the Appendix A.

All results are extracted for an ideal lossless case. Hence the sweep parameter is the relative
permittivity of the cube #, which is a real number. Admittedly, this is a simplification, since in many
realistic cases the plasmonic resonances occur in lossy and dispersive materials. Here we denote this
fact by representing the permittivity either as # or as <f#(w)g. However, the lossless electrostatic
analysis presented here embraces the plasmonic resonances adequately, exposing the main resonant
features. This is supported by the fact that the plasmonic resonances occur in deeply subwavelength
scatterers. Hence the electrostatic approximation effectively captures these resonant effects.

3.1. Case p = 15

The results for a smooth cube are shown in Figure 2. There, we observe the existence of at least
six resonances, namely C1–C6, within the # 2 [�5, 0] interval. In addition, one can observe extra
resonances between C3 and C5 peaks. For both meshes the number of used elements was 17 per edge,
while the # sweep parameter included 600 values, i.e., a step with width of 0.0083. For this case the
regular and refined meshes lead to similar spectra and similar surface potential distributions.

The first observed resonance (C1) clearly corresponds to a potential distribution of a dipole
which is the most dominant mode, verified multiple times in the literature. Since resonances C2 and
C3 reveal a distribution along the edges of the cube, all C1–C3 can be categorized within the same
edge-type of resonances. The C4 resonance exhibits both edge and face variations, i.e., an edge-face
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(or edge-hedra) type, while the resonances C5 and C6 exhibit no edge variations but rather only
face-type variations. These observations lead to a simple categorization based on the exhibited type
of variations. The reported resonances are excited by a constant field. Different types of excitations
can reveal different types of resonances, see for example the dark mode analysis in [13]. An excitation
independent eigenmode analysis can expose the possible solutions for any possible excitation [38,39].

3.2. Case p = 50

The polarizability spectrum, the surface potential distribution, and the two different meshes
for the sharper cube (p = 50) are depicted in Figure 3. As before, we observe at least six prominent
polarization enhancement peaks. Comparison between the smooth and sharp cube exposes two
different shifts of the resonances. The observed resonances below # = �1, namely the clustering
point, shift towards lower # values (redshift) while resonances above # = �1 shift to larger # values
(blueshift). The # = �1 point is here denoted as the clustering point, the point where an infinite number
of higher-order multipoles (theoretically) accumulate for the case of a sphere [6,16,40]. This shift is
related to the sharpness of the cube, since smoother superquadrics deliver a spectrum closer to a
sphere, while sharper superquadrics approach the spectrum of a perfect cube.

A perfect cube (p ! ¥), however, is a rather unrealistic case. First, even for finely
constructed (grown) cubes, there is always a finite edge-vertex curvature due to molecular and atomic
considerations. From a numerical point of view, an extremely sharp corner introduces certain modeling
difficulties, and hence special remedies should be considered (see for example the discussions in [24,41]
and the references therein).

The polarizability spectra of the p = 50 cube are different for the two considered meshes (Figure 3),
since the refined mesh gives a shifted version of the spectrum versus the regular one. As a reminder
both meshes contain the same number of elements (17) per edge. One possible interpretation of this
result is that the edge-vertex refined mesh contains more elements at the vicinity of the edges and
vertices, thus enhancing the numerical accuracy over regions where strong variations on the surface
potential distributions occur. On the other hand, extremely sharp corners consisting of negative
permittivity pose severe numerical difficulties regarding their numerical modeling [42].

A comparison between the surface potential distribution on the regular and refined meshes
reveals another, mesh-related, discrepancy. The fields of the C4 resonance are somewhat smoother
for the refined mesh compared with the regular mesh. This is a clear indication that the mesh not
only affects the position of the resonances but also the resulting distribution of the surface potential.
Actually, the resonances between C2 and C5, i.e., higher-order resonances, are more sensitive to the
mesh setup. This is a direct evidence that higher-order modes pose computational difficulties, even for
well-established numerical methodologies.

4. Historical Remarks: Plasmonic Resonances of a Cube (Years 1970–2004)

The first theoretical study of the resonant spectrum of a plasmonic cube was perhaps given in
1971 by van Gelder et al. in [10], where the authors recognized the absence of a rigorous theoretical
analysis on the subject. The main contribution of their article is the formulation of an eigenproblem
in a variational analysis manner, corresponding to a normal-mode analysis for the spectrum of the
cube. The estimated resonances are organized in Table 2. A similar, but more complete analysis of the
normal modes of a cube was carried out a few years later (1976 and 1977) by Langbein in [29,40]; the
results of this study appear also in Table 2. Both works have received little attention up to date.

Undoubtedly, a seminal contribution for the theoretical evaluation of a cube was given in 1975 by
Fuchs [11]. This work is the second to appear (after van Gelder), but the first to introduce interesting
observations and sketches of the surface distribution of the most pronounced normal modes. Indeed,
Fuchs observed and argued that the main six resonances are responsible for 96% of the observed
plasmonic spectrum, deriving a corresponding sum rule to support his argument. Fuchs also draws
the connection between even and odd modes. Since then, this work is a reference text that is cited
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by the majority of the contributions related to the resonant spectrum of a cube. The main resonances
predicted by Fuchs are also given in Table 2. Finally, the 1970s included a few interesting contributions
for the wedge problem [43–46], and the polarization of a dielectric cube by Herrick and Senior [47],
which, however, did not touch the plasmonic resonant perspectives.

Table 2. Comparative table of the position of the plasmonic resonances of a cube of permittivity #.

Modes Van Gelder
et al. (1972) [10]

Fuchs
(1975) [11]

Langbein
(1976) [29]

Ruppin
(1996) [30]

Sihvola
et al. (2004) [12]

C1 – �3.68 �3.831 �4.1813 �4.369
C2 �2.443 �2.37 �2.35 �2.982 �2.432
C3 �1.323 �1.9 �1.941 �2.401 –
C4 �1.105 �1.27 �1.793 �1.525 –
C5 �1.077 – �1.481 – –
C6 �1.03 – �1.304 – –
C7 �1.017 – �1.114 – –
C8 �1.001 – – – –

cluster point

C9 �0.963 – �0.912 – –
C10 �0.793 �0.78 �0.792 �0.653 �0.808
C11 – �0.42 �0.57 �0.391 �0.424

While the 1980s were a rather silent period, in 1996 Ruppin repeated the calculations for a cube
with improved accuracy, verifying qualitatively the results of Fuchs [30]. This work made obvious
that the old techniques should be revisited and implemented in new computational platforms. At the
same time, the book by Kreibig and Vollmer [48] was published, which is a seminal book for the
developments in the optical properties of metal clusters, including the cube.

The 2000s and 2010s witnessed an increased interest on the plasmonic and dielectric properties of
the cube, and generally the theoretical modeling of the plasmonic resonances. For example, works by
Mayergoyz et al. [49] and Hohenester [50] opened the way for the systematic study of the numerical
modeling of arbitrary plasmonic particles. The work done by Sihvola et al. [12] delivered several
expressions of the polarizability of the Platonic solids, including the cube, for the dielectric domain [12].
Surprisingly, these expressions contained the approximative position for the main four plasmonic
resonances [20] (see Table 2).

In parallel, many other interesting contributions appeared: Helsing and Perfekt refined the
accuracy of the polarizability for the cube [17] and other interesting features of the cubes have been
recently investigated [25–27,51–53]. Finally, the works by Zhang [13], Cortie [14], Hung [15], and
Klimov [16] contain the visualization of the six resonances, evaluated with increased accuracy. In our
article we use these four works as a reference for the analysis of the main resonant features of the cube.

5. Categorization of the Resonances

Before going into any details, we need to establish a comparative scheme that will facilitate
the categorization of the surface potential exerted at the plasmonic range of a rounded cube. Fuchs,
Hung et al. and Klimov et al. argued that there is a similarity between the modes on a plasmonic cube
and the modes of a plasmonic wedge: both exhibit “even” and “odd” resonances. For a wedge, the
even modes appear at the interval between �3 < # < �1, while the odd modes at �1 < # < �1/3.
The cube is a solid with solid vertex angle of p/2, and hence it is intuitive to approach the cube as a
3D wedge problem.

Departing from the sphere, whose resonances reside at the �2 � # � �1 range, one observes that
the superquadric perturbation causes either the redshift or the blueshift of a given resonance, with the
actual physical mechanism being unknown. Since the amount of multipole resonances of a sphere
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is theoretically infinite, a cube also exerts infinite amount of resonances. These effects lead to the
conclusion that the resonances can be associated with an even (redshift) and an odd (blueshift) parity.

Both smooth and sharp cases revealed resonances with surface distribution along their edge
and face. At this point a reasonable question emerges: can we categorize all the resonances using
any symmetry or other considerations? Hung et al. [15] proposed a simple characterization scheme
that follows the number of the nodes, i.e., points between negative and positive surface potential
distribution, at the three edges of cube, {Nx, Ny, Nz}. For example, the first resonance of the p = 50 case
C1 reads f0, 0, 1g, second C2 f2, 2, 3g and third C3 f4, 4, 5g. However, this categorization suffers from
two drawbacks. The first is that due to symmetry considerations of the excitation field, all resonances
have azimuthal rotational symmetry. Hence Nx = Ny for all resonances and therefore the use of three
nodal numbers is redundant. Second, this categorization cannot include resonances with edge-face
(C4) or face (C6) distributions, since it only covers the nodes at the edges. Apart from [15], there is no
other work available in the literature that categorizes the resonances of a cube.

Here, we propose a new categorization scheme based on both mathematical and empirical
considerations. First, a cube is a solid that belongs to the octahedral Oh symmetry group: there are
in total 48 symmetries, 24 due to rotations and 24 due to reflection/translation over certain axes.
The available symmetries are further reduced due to the symmetries of the excitation. In our case, the
excitation consists of a constant electrostatic field in the uz direction, exhibiting azimuthal symmetry.
Hence we expect that the azimuthal surface potential variations should be azimuthally-symmetric.
Moreover, we expect that the reflection symmetries of all planes perpendicular to the x-y plane should
be preserved. In addition, we need to account for the variations on both edges and faces.

Figure 4 depicts the proposed categorization scheme. We introduce four different vectors,
fV1, V2, F1, F2g. The amount of nodes for each vector direction gives a specific number. For example
the first six resonances for the p = 15 case are: C1: f1, 0, 1, 0g, C2: f3, 2, 1, 0g, C3: f3, 4, 1, 0g, C4:
f1, 0, 3, 2g, C5: f0, 0, 3, 2g, and C6 : f0, 0, 1, 0g. Similarly, the p = 50 case gives: C1: f1, 0, 1, 0g, C2:
f3, 2, 1, 0g, C3: f5, 4, 1, 0g, C4: f3, 2, 3, 2g, C5: f0, 0, 3, 2g and C6 : f0, 0, 1, 0g.

V1

V2

F1

F2

uy

uz

ux

(V1,V2,F1,F2)

1 node

+ _

Figure 4. A sketch describing the proposed categorization scheme: vertex-edge vectors V1 and V2

are denoted with red, and face (hedral) vectors F1 and F2 with green. The blue vector indicates the
axis of rotational symmetry due to the used excitation (uz-polarized electrostatic field). A mode is
characterized by four numbers, denoting the number of nodes (sign changes of the surface potential
distribution) along the four vectors (V1, V2, F1, F2). The combination of the four numbers and the
particular symmetries of cube, allow the recreation of every mode. Please note that in the case of a
sphere all V1, F1, and F2 are parallel (or antiparallel) representing the elevation vector uq , while V2

becomes the azimuthal vector uf.

Due to symmetry considerations, V1 and F1 contain always an odd number, while V2 and F2

contain an even number of nodes. Additionally, categorization number of the resonances below the
clustering point # = �1 sum up to an even number since V1 + V2 + F1 + F2 is an even number. In a
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similar manner the categorization number of the resonances above the clustering point sum up to
an odd number. This resembles the even and odd parity of the modes found in the 2D plasmonic
wedge problem, where the sharpening of the angle of the wedge results in a redshift of the even
resonances while odd resonances blueshift. In our considered case, even resonances redshift while odd
resonances blueshift [16,42,44,45]. We argue that for both cases, the resonances below the clustering
point (# < �1) give an even categorization number, while resonances above the cluster point (# > �1)
are characterized as odd.

One interesting feature of this observation is the following: departing from a sphere p = 1, where
all resonances occur below the clustering point (# < �1), a rounded cube exhibits resonances that
redshift and blueshift, i.e., spread above and below the clustering point [6,54]. A similar phenomenon
occurs for the spherical core-shell structures where the main symmetric dipole resonance redshifts and
the secondary antisymmetric resonance blueshifts as the shell thickness decreases. We speculate that
the even and odd resonances on a rounded cube share the same symmetric–antisymmetric property,
i.e., even resonances redshift while odd resonances blueshift as the sharpness of the cube is increased.

6. Discussion and Conclusions

Equipped with the introduced categorization tool, we present an in-depth investigation of the
nature of the surface potential distribution for both smooth and sharp cases. First, we define three main
resonant regions, denoted as Cluster 1, 2, and 3, as shown in Figures 5 and 6. Each cluster contains
resonances that exhibit a certain character.
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Cluster 3: (no V1 and V2 variation) 
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Figure 5. The six main resonances and the three particular clusters for the case of a smooth cube with
p = 15 and a regular mesh. A total of 22 resonances and their surface potential distribution is presented.
Above each resonance the categorization number is given, described in Figure 4. Please note that
all resonances in clusters are more sensitive to modeling mesh density, than the main six resonances
C1–C6.

In particular, Cluster 1 contains resonances with nodes across the edges. These resonances are of
the form fV1, V2, 1, 0g, since due to symmetry reasons there is one node at the F1 direction and F2 is
always zero. An interesting point is that all C1, C2, and C3 belong to this category. We observe that
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the third resonance C3 can be different with respect to the sharpness of the cube. For the smooth case
we have C3 = f3, 4, 1, 0g and the next resonance is C31 = f5, 4, 1, 0g (see Figure 5), while for the sharp
case we have C3 = f5, 4, 1, 0g with the resonance {3,4,1,0} being absent. This finding suggests that
the development of the nodes at the edges of a cube is very much affected by its sharpness. It is also
evident that higher-order modes belonging to Cluster 1 are extremely sensitive to the mesh density
and sweeping parameter finesse. In the case of realistic materials most of these higher-order modes
practically disappear from the spectrum, since the losses dampen significantly their amplitude.

The aforementioned finding can explain an observed discrepancy between the works of
Zhang et al. and Cortie et al. [13,14], and Hung et al. and Klimov et al. [15,16]. In the first case
both works report a C3 resonance with {3, 4, 1, 0} distribution, while the second case the C3 resonance
is {5, 4, 1, 0}. This apparent disagreement can be simply explained by the used sharpness, since [13,14]
used smoother cubes than the ones used in [15,16].

C1 = (1,0,1,0) 

Cluster 3: (no V1 and V2 variation) 
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C3 C4 C5
C6

C2 = (3,2,1,0) C4 = (3,2,3,2) C5 = (0,0,3,2) C6 = (0,0,1,0) 

C31

C32

C33

C34

C35

C6

C5

C51

C52

C31 = (5,2,1,0) C32 = (5,6,1,0) 

C33 = (7,4,1,0) C34 = (9,4,1,0) 

Cluster 2: all possible variations (+spurious) 

C35 = (9,2,1,0) 

C52 = (0,0,7,6) C51 = (0,0,5,4) 

C3 = (5,4,1,0) 

Figure 6. The six main resonances and the three particular clusters for the case of a sharp cube with
p = 50 and a refined mesh. A total of 17 resonances and their surface potential distributions are
presented. Above each resonance the categorization number is given, described in Figure 4. Please note
that all resonances in clusters are more sensitive to modeling mesh density, than the main six resonances
C1–C6.

Cluster 2 consists of resonances with essentially all possible variation in all four node vectors,
as can be seen in Figures 5 and 6. This region is also extremely sensitive to the meshing, revealing
a few “pathological” surface distributions, which we characterize as spurious. The main resonance
that belongs to this region with a somewhat significant contribution is the C4 resonance. Its surface
distribution, and therefore its characterization, depends on the mesh density as can be seen in Figures 5
and 6. For instance, a smoother cube with regular mesh gives C4 = f1, 0, 3, 2g, while the sharper case
with a refined mesh exhibits a f3, 2, 3, 2g distribution.

Cluster 3 spans above the clustering point # = �1. The resonances here exhibit distributions with
variations only in the F1 and F2 directions, hence exhibiting an odd parity. Both smooth and sharp
cases agree on the surface potential distributions of the most pronounced ones. These resonances
can be seen as the equivalent of the antisymmetric resonances of a core-shell structure. This feature
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can be associated with a “self-hybridization” model for a solid particle, analogous to the core-shell
hybridization concept [6,55].

Finally, we present a comparison between the four reference works, i.e., Zhang et al., Cortie et al.,
Hung et al., and Klimov et al. [13–16], and our current analysis for both smooth and sharp cases.
The results are classified with the categorization scheme introduced earlier and are summarized in
Table 3.

Table 3. Electrostatic resonances of a cube: Recent contributions

Modes
Zhang et al.

(2011) [13]
p = unknown

Cortie et al.
(2012) [14]

p = 10

Hung et al.
(2013) [15]

p = unknown

Klimov et al.
(2014) [16]

p ! ¥
(BEM), (DDA)

This Work
Refined Mesh
p = 15, p = 50

C1 (1, 0, 1, 0) �3.697 �3.693 �4.554 �4.52, �4.76 �3.865, �4.35
C2 (3, 2, 1, 0) �2.362 �2.355 �3.311 �3.23, �3.57 �2.547, �3.08
C3 (3, 4, 1, 0) �1.921 �1.923 – – �2.085, –
C32 (5, 4, 1, 0) – – �2.666 �2.62, �2.63 �1.97, �2.504
C33 (5, 6, 1, 0) – – �2.47 – �1.855, �2.28
C34 (7, 6, 1, 0) – – �2.424 – �1.797, �2.195
C4 (1, 0, 3, 2) �1.22 �1.252 �1.751 �1.8, �1.78 �1.354, �1.63

# = �1

C (0, 0, 5, 4) – – – – �0.952, �0.902
C5 (0, 0, 3, 2) �0.919 �0.732 – �0.75, �0.75 �0.864, �0.751
C6 (0, 0, 1, 0) �0.627 �0.435 �0.601 �0.37, �0.42 �0.575, �0.492

C (?) – – �0.387 – –

As can be seen from Table 3, both Zhang et al. and Cortie et al. simulated a rather smooth cube,
very close to our p = 15 results. On the other hand, Hung et al. and Klimov et al. simulated a sharp
version, and hence their results are close to the p = 50 case. For the sharp case, the convergence of the
leading resonant dipole peak C1 (and the higher-order modes) is still an open problem, since the sharp
negative-permittivity corner contains a singularity. For the moment it seems that the main dipole
resonance converges at around # � �4.5. It is also clear that different rounding factor values affect the
appearance of the higher-order modes, especially for the {3, 4, 1, 0} and {5, 4, 1, 0} cases. In every case,
the resonances appearing inside Clusters 1, 2, and 3 pose numerical challenges, since these resonances
are sensitive to both rounding factor and meshing. The analysis presented by Hung et al. suggests the
appearance of an extra resonance with a surface distribution similar to the C6 = f0, 0, 1, 0g resonance.
However, this resonance, denoted with C(?) in Table 3, has been identified as a separate resonance
neither in our analysis nor reported in previous works.

Author Contributions: The idea for studying the plasmonic properties of superquadric particles initiated jointly
by D.T. and A.S. D.T. performed the numerical calculations on a superquadric cube based on a code written by
Seppo Järvenpää in [12]. D.T. post-processed the results and wrote the first version of the manuscript. All authors
contributed to the analysis of the results and edited the final version of the manuscript. D.T. would like to
thank prof. Oded Rabin for bringing in our attention the article [15] and the discrepancy appeared between the
third resonance of a cube in the works [13–15] and for the interesting discussions during the Metamaterials 2018
conference. All numerical data are available upon request.

Conflicts of Interest: The authors declare no conflict of interest.

Appendix A

Table A1 presents the resonant positions for all four studied cases, i.e., case p = 15 and p = 50,
for regular and refined mesh, respectively.
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Table A1. Summary table of the position of the electrostatic resonances of a cube for two different
p values and two different meshes.

Modes p = 15
Regular Mesh

p = 15
Refined Mesh Modes p = 50

Regular Mesh
p = 50

Refined Mesh

C1 (1, 0, 1, 0) # = �3.806 �3.865 C1 (1, 0, 1, 0) �4.265 �4.35
C2 (3, 2, 1, 0) �2.505 �2.547 C2 (3, 2, 1, 0) �3.005 �3.08

Cluster 1 Cluster 1

C3 (3, 4, 1, 0) �2.055 �2.085 C3 (5, 4, 1, 0) �2.437 �2.501
C31 (5, 4, 1, 0) �1.941 �1.97 C31 (5, 2, 1, 0) �2.279 �2.33
C32 (5, 6, 1, 0) �1.834 �1.855 C32 (5, 6, 1, 0) �2.212 �2.28
C33 (7, 6, 1, 0) �1.777 �1.797 C33 (7, 4, 1, 0) ... �2.195
C34 (7, 8, 1, 0) �1.703 �1.71 C34 (9, 4, 1, 0) �2.137 �2.13
C35 (9, 8, 1, 0) �1.662 ... C35 (9, 2, 1, 0) �2.078 �2.078
C36 (9, 10, 1, 0) �1.605 ... – –
C37 (11, 2, 1, 0) �1.572 ... – –

C38 (11, 12, 1, 0) �1.523 ... – –

Cluster 2 Cluster 2

C4 (1, 0, 3, 2) �1.36 �1.354 C4 (3, 2, 3, 2) �1.619 �1.628
... ... ... ...

# = �1 (Cluster3)

C52 (0, 0, 7, 6) ... ... C52 (0, 0, 7, 4) ... �0.9766
C51 (0, 0, 5, 4) �0.885 �0.952 C51 (0, 0, 5, 4) �0.943 �0.901
C5 (0, 0, 3, 2) �0.787 �0.864 C5 (0, 0, 3, 2) �0.801 �0.751
C6 (0, 0, 1, 0) �0.591 �0.575 C6 (0, 0, 1, 0) �0.518 �0.4925
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