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Proper Graph Colorings

A graph G is a pair (V, E), where V is the set of nodes and where E is the set of edges. We denote
the path graph on n nodes by Pn. A proper k-coloring of G is a map c : V −→ {1, 2, . . . , k} such that
c(v) 6= c(u) for all u, v with uv ∈ E. For a simple graph G, we define the counting function

χG(k) := # proper k-colorings of G.

Theorem 1 (Birkhoff, Whitney [4]). χG is a polynomial of degree N = #V(G) with leading coeffi-
cient 1. χG is called the chromatic polynomial of G.

We are interested in the chromatic polynomial of the family of graphs given by G× Pn., where
both the number of colors k and the size of the graph n is treated as a variable.

Figure 1: C4× P3 and P3× P6.

There is a geometric interpretation for proper graph colorings in terms of inside-out polytopes,
see [1].
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Figure 2: P3 and the corresponding inside-out polytope (P,H).

If G is a graph with vertex set V = {x1, . . . , xn}, then we get an inside-out polytope by taking

PG := [0, 1]n \
(⋃

Hi,j

)
,

where we get a forbidden hyperplane Hi,j = {xi = xj} if xixj ∈ E.

Ehrhart Theory

If P is a lattice d-polytope, one can define the counting function

ehrP(t) := #
(

tP ∩Zd
)

,

which is called the Ehrhart polynomial of P. Ehrhart famously proved that this is a polynomial of
degree d with leading coefficient vol(P), see [2].

Theorem 2 (Ehrhart–Macdonald reciprocity). Let P be a d-dimensional rational polytope. Then

ehrP(−t) = (−1)d ehrP◦(t),

where ehrP◦(t) counts the number of integer points in the interior of tP.

Beck and Zaslavsky apply reciprocity to every piece of (P,H) and they get [1, Thm 4.1]:

Theorem 3 (Beck–Zaslavsky). Reciprocity works for inside-out polytopes, but you need to account
for multiplicities of the integer points on the hyperplanes.

The reason why the previous results are interesting for us is [1, Thm 5.1]:

Theorem 4 (Beck–Zaslavsky). For a graph G and the inside-out polytope PG, we have

ehrP◦G(t) = χG(t− 1).
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Example. Let G = P3. We want to count the number of proper k-colorings of G× Pn, where n and k are
variables.

There are essentially two cases while coloring P3:
1. v1 and v3 have the same color (orbit 1),
2. v1 and v3 have different colors (orbit 2).

Let A ∈ R2×2, where
1. a1,1 counts the number of proper k-colorings of G × P2, where the first copy of G is colored by a

representative of orbit 1 and the second has to be in orbit 1.
2. a1,2 counts the number of proper k-colorings of G × P2, where the first copy of G is colored by a

representative of orbit 1 and the second has to be in orbit 2.
3. a2,1 counts the number of proper k-colorings of G × P2, where the first copy of G is colored by a

representative of orbit 2 and the second has to be in orbit 1.
4. a2,2 counts the number of proper k-colorings of G × P2, where the first copy of G is colored by a

representative of orbit 2 and the second has to be in orbit 2.
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Figure 3: The matrix entries illustrated.

In all of the previous cases, we partially color a graph G = G × P2. We want to count the
number of k-colorings of G compatible with the given partial coloring.

Theorem 5 (Engström–K.). Let G be a graph on n vertices and let c be a partial k-coloring coloring
on s vertices. The number of proper k-colorings compatible with c is a polynomial in k of degree n− s
with leading coefficient 1.
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Figure 4: Induced inside-out polytopes illustrated.
Example (Example continued). This gives us that

A =

(
k2− 3k + 3 k3− 6k2 + 13k− 10
k2− 4k + 5 k3− 6k2 + 14k− 13

)
.

For a general graph, there are two types of symmetries:
1. relabeling of the colors
2. graph automorphisms of G
Using these symmetries, one can define compactified matrix A for any graph.

Theorem 6 (Engström–K.). The (i, j)-entry of An counts the number of colorings of G× Pn+1, where
the first G is fixed by a representative of orbit oi and the last G is colored by an element of orbit oj.

Example (Example continued). Let G = P3. Recall that

A =

(
k2− 3k + 3 k3− 6k2 + 13k− 10
k2− 4k + 5 k3− 6k2 + 14k− 13

)
.

Then (A2)1,1 = k5− 9k4 + 36k3− 77k2 + 87k− 41 counts the number of colorings of
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Corollary 7 (Engström–K.). Let G× Pn+1 and A be as above. Then

χG×Pn+1
(k) = (w1(k), . . . , wp(k))An1,

where we set wi(k) is the size of orbit i and 1 := (1, . . . , 1)t.

Example (Example continued). The chromatic polynomial of P3× P5 is

χ(k) = (w1, w2)

(
k2− 3k + 3 k3− 6k2 + 13k− 10
k2− 4k + 5 k3− 6k2 + 14k− 13

)5−1(1
1

)
,

where w1 = k(k− 1) and w2 = k(k− 1)(k− 2).

Figure 5: P3× P5

Remark. By the Perron–Frobenius theorem, the largest eigenvalue λmax of A is positive and the number
of proper k-colorings of G× Cn asymptotically behaves like λn

max.

Proposition 8 (Engström–K.). Let λmax be the biggest eigenvalue of A. Then

δ(A) ≤ λmax ≤ ∆(A),

where δ(A) and ∆(A) are the smallest and biggest row sums of A and their two highest coefficients
agree. We also have a combinatorial interpretation for these coefficients.

Example (Example continued). Let G = P3. The biggest eigenvalue λmax of A satisfies the inequalities

k3− 5k2 + 10k− 8 ≤ λmax ≤ k3− 5k2 + 10k− 7.

The asymptotic behavior of the proper k-colorings of P3× Cn is dominated by λn
max.

Theorem 9 (Engström–K.). The row sums of An satisfy a restricted reciprocity theorem for k ≥
#V(G).
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