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On the Exfoliation and Anisotropic Thermal Expansion
of Black Phosphorus.†

Giuseppe Sansone,a Antti J. Karttunen,∗b Denis Usvyat,c Martin Schütz,c Jan Gerit
Brandenburg,∗d,e and Lorenzo Maschio∗a

Black Phosphorus is a bulk solid allotrope of elemental
phosphorus, that can be seen as an infinite stacking of
phosphorene sheets. It is interesting from a technologi-
cal point of view as well as from an electronic structure
perspective due to the importance of electron correlation ef-
fects. In a recent paper [J. Phys. Chem. Lett. 8, 1290 (2017)]
a highly accurate exfoliation energy has been computed.
Building upon these results we carefully benchmark various
dispersion-corrected density functional approximations.
The choice of the range-separating function that suppress
London dispersion at short interatomic distances appar-
ently has a substantial influence on the results. Having
chosen the suitable functional, we have computed the
thermal expansion coefficients of black phosphorous via a
quasi-harmonic approximation. The computed coefficients
manifest a strong anisotropy between the two in-plane
directions. Our calculations, however, do not support exis-
tence of negative thermal expansion in black Phosphorus,
reported in some theoretical studies.

Black phosphorus (black-P) is, among the many allotropes of
elemental solid phosphorus, the one which has attracted substan-
tial interest in the last decades. This is on the one hand due to
its peculiar features as a bulk solid such as high mobility1 and
its relevance in electronics2 and optoelectronics.3 On the other
hand, its structure is composed of an infinite stacking of phos-
phorene layers and the possibility to exfoliate it to obtain the 2D
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phosphorene sheets is intriguing.4–7

From the computational point of view, black-P demonstrated to
be an extremely challenging system. Its key properties appear to
be regulated by a delicate equilibrium of covalent interactions and
both middle- and long-ranged dispersive forces, which is quite
difficult to describe properly at the quantum mechanical level by
using traditional density functional theory (DFT) techniques.8

Recently, high-level many-body electronic structure methods
have been used to compute the exfoliation energy (Eex f ) of
black-P. In 2015, the work by Shulenburger et al.9 reported the
Quantum Monte Carlo (QMC) value of Eex f ≈ to be around -80
meV/atom. Almost simultaneously, some of us applied the pe-
riodic local MP2 approach using orbital-specific virtuals10 com-
bined with fragment local CCSD(T) corrections. This led to
an estimate of Eex f =-151 meV/atom, which was also supported
by our PBE0-D3 results.11 We later revised12 our estimate of
Eex f , by employing the periodic Local-direct ring CCD method13

rather than LMP2 as the low-level model, corrected then to the
LCCSD(T) level with finite clusters.14 The new value for Eex f : -92
meV/atom, was much closer to the QMC result. The reason of the
failure of MP2 or spin-component-scaled-MP2 even as a low-level
model in the correction scheme for black-P was found to be the
gross overestimation of the long-range part of binding by these
methods due to their inability to capture the Coulomb screening
effects, apparently very strong in this narrow gap system.12,14

The objective of this work is (i) by using these benchmark val-
ues as references, to find a modestly computationally demanding
model that provides an appreciable accuracy for black-P, and (ii)
to apply this model within the quasi-harmonic approximation to
compute the thermal expansion coefficients for this system. In a
material kept together by relatively weak interactions like black-
P, comparison with realistic experimental settings has to include
thermal effects, both in the energetics and in the structure of
the crystal. The above mentioned studies only describe a static
0 K picture of the black-P properties. For modelling the temper-
ature dependent thermodynamic properties, the quasi-harmonic
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Fig. 1 View on black phosphorous from the three crystallographic direc-
tions.

approximation (QHA) has been shown to be quite efficient.15 It is
substantially less costly than molecular dynamics simulations con-
ducted at a comparable level of theory, while it still is able to cap-
ture thermal expansion to reasonable accuracy.15,16Traditionally
the QHA has been applied to bulk solids.17,18In recent years,
QHA has been applied to molecular crystals dominated by van der
Waals interactions using classical force fields,19,20 periodic elec-
tronic structure calculations both by DFT-D methods,21–25 and
post-Hartree-Fock methods.26,27 Black-P is particularly interest-
ing, as one layer (a-c-plane) is build from strong covalent bonds,
while the stacking direction (b-direction) is dominated by weak
van der Waals forces (see Fig. 1).

To benchmark the ability of density functional approximations
(DFA) in describing the exfoliation energy of black-P, we include
a widely used generalized gradient approximation (GGA) func-
tional PBE28, its hybrid variant PBE029, as well as the strongly
constrained and appropriately normed (SCAN30) meta-GGA func-
tional that has been shown to yield excellent properties for
molecules, bulk solids, as well as layered materials.31,32Cost-
effective methods are in principle ideal for the study of thermal ef-
fects in solids. Therefore we also test a series of recently proposed
simplified DFT methods.33 These ‘3c-methods’ include correction
potentials for London dispersion34 as well as basis set errors35

and are faster than conventional DFT allowing for converging the
phonon spectrum capturing low-energy modes. Semi-local ex-
change correlation functionals alone are not capable of describ-
ing the long-range London dispersion interaction. Thus, we test
several successful strategies of including London dispersion forces
in the DFT framework, developed the past decade.36–38 Most of
our work is based on the D3 correction34, but we also test the
Tkatchenko-Scheffler method (TS)39 and the many-body disper-
sion model (MBD).40

The calculations employing hybrid functionals and ‘3c’ compos-
ite methods were performed with the CRYSTAL code,41 which uses
a local basis set of atom-centered Gaussian-type functions. A well
tested Gaussian-type basis set of triple-zeta quality11 has been
used for PBE0 (TZVPP, see Supporting Information for full com-
putational details). In these calculations, the exfoliation ener-
gies were evaluated with the counterpoise correction of the basis
set superposition error (BSSE). Much more compact basis set ex-
pansions are used for the ‘3c’ composite methods, and the corre-
sponding exfoliation energies are not counterpoise corrected, as
the parameterization of these methods utilize semiclassical cor-
rection potentials as well as error compensations between BSSE

and basis-set-incompleteness errors.33 For calculating the vibra-
tional contributions to the thermal effects, different supercells
have been constructed in order to access q-points of the phonon
spectrum beyond the Γ-point (see inset of Figure 3 for the em-
ployed supercells).

All the employed DFT-D methods consist of a semi-local ex-
change correlation part combined with corrections for missing
long-range London dispersion interactions:

EDFT−D = EDFA
semi−local +Edisp (1)

While the wavefunction methods seamlessly describe electron
correlation at all length scales, DFT-D methods use a range-
separation function (or damping function) to cut off the unphys-
ical dispersion correction for small interatomic distances. These
damping functions are parameterized (one to three fitted param-
eters) to reproduce the reference interaction energy on sets of
small molecular dimers, e.g. S22 set and extensions.42 The main
focus in this work is on the D3-type London dispersion correc-
tion34,43 – both in the Becke-Johnson (bj) damping44,45 or zero-
damping (zd) flavors – but also add other approaches, such as
TS39 and MBD.40 The effect of three-body Axilrod-Teller-Muto
(atm) term is also tested.

For comparison with other DFAs, specifically testing different
strategies to include London dispersion interactions, the VASP5.4
software suite46 with a projector-augmented plane wave orbital
expansion (PAW47,48) has been employed for evaluating exfoli-
ation energies. PAW and Crystal calculations yield Eex f that are
in agreement within 5 meV/atom (using a PBE functional, see SI,
Table S1).

The exfoliation energies and the cell volumes, computed with
different DFAs, are given in Figure 2 together with the reference
values. Let us first focus on exfoliation energies (abscissa axis);
The references here are taken from Ref.9 [Diffusion Monte Carlo
(DMC)] and Ref.12 [LdrCCD+∆LCCSD(T)]. The long-range dis-
persion contribution clearly has a substantial impact on the ex-
foliation energy (see Figure 2 and Table S1). Both the type of
correction scheme and the form of the damping function seem to
have a significant effect on the computed binding energy. While
there is nearly no interlayer binding with plain PBE, results close
to the reference can be computed by PBE-D3(zd, atm) and PBE-
MBD, which are the methods with most promising statistical eval-
uations on benchmark sets of molecular crystals21,50,51 and small
molecule adsorptions.52 Still, the dependence on the damping
function is unusually strong as demonstrated by the combination
of PBE0 with D3 in both its rational damping (bj) and its zero-
damping variant. The differences in the computed binding en-
ergies may vary by more than 50 meV/atom dependent on the
form of the damping function, which is close to the actual exfoli-
ation energy itself. This indicates that the medium-range correla-
tion regime has a clear impact on the inter-layer interaction. This
regime is exceptionally challenging to be described accurately by
dispersion corrected DFAs. From our experience, a good strat-
egy to detect these cases is to compare results from DFA with
both damping variants. When the difference exceeds, for exam-
ple, 40 meV, which is the commonly used definition of “chemical

2 | 1–4Journal Name, [year], [vol.],



 17

 18

 19

 20

 21

 22

−200−150−100−50 0

Ld
rC

C
D

+∆
C

C
S

D
(T

)

D
M

C

Experiment

V
 [Å

3 /a
to

m
]

E
exf

  [meV/atom]

PBE0−D3(zd    )

PBE0−D3(zd+atm)

PBE0−D3(bj    )

PBE0−D3(bj+atm)

HF−3c  (zd    )

HF−3c  (zd+atm)

HF−3c  (bj    )

HF−3c  (bj+atm)

PBE−h3c(zd+atm)

PBE−h3c(bj+atm)

HSE−3c (zd+atm)

HSE−3c (bj+atm)

B97−3c (zd+atm)

B97−3c (bj+atm)

PBE            

PBE−MBD        

PBE−D3 (zd+atm)

PBE−TS         

SCAN           

SCAN−D3(zd+atm)

SCAN−D3(bj+atm)

Fig. 2 Exfoliation energy and cell volume of black-P computed with dif-
ferent DFAs vs the reference values. The reference exfoliation energies
are taken from the high-level calculations 9,12. The reference value for the
volume is the experimental estimate of 19 Å3 per atom 49 back-corrected
for the zero-point and thermal expansion to 18.8 Å3 per atom.

accuracy”, further investigations, e.g. by many-body electronic
structure methods, are strongly recommended.

In order to enable this test with the low-cost ‘3c’ methods, we
parametrized the zero-damping function of D3 using the stan-
dard least-square optimization on small molecular dimers (S66x8
set). The results confirm the strong dependence on the medium-
range regime. At the same time, this reparameterization makes
‘3c’ methods deliver reasonably accurate exfoliation energies,
just slightly worse compared to PBE0-D3(zd). The three-body
Axilrod-Teller-Muto type term is small, but improves the agree-
ment with the reference by about 10 meV/atom. Comparing PBE-
D3(zd,atm) with its hybrid variant PBE0-D3(zd,atm) shows that
the inclusion of non-local Fock exchange improves both interac-
tion energy and the equilibrium geometry slightly.

In addition to the exfoliation energy, the equilibrium geometry
of black-P is a fundamental property that should be reproduced
accurately in order to allow a faithful prediction of its thermal
properties. X-ray measurements provided a unit cell volume es-
timate of 19.0 Å3 per atom.49 While this value can be measured
quite accurately, a direct comparison with optimizations on the
electronic energy surface requires the back-correction of the zero-
point- and thermal expansion. According to our calculations (vide
infra), the correction for the volume, corresponding to the tem-
perature of experiment (22°C), has to be around 1% ( 0.6% due
to zero-point vibrations and 0.4% due to thermal expansion, see
Fig. 3 below), yielding the reference value of 18.8 Å3 per atom.

Returning to Fig. 2, for most of the tested methods there is
a clear correlation between the error in the exfoliation energy

Fig. 3 Thermal expansion of the unit cell volume V and individual lattice
parameters x computed with the PBE0-D3(zd,atm) method with increas-
ing phonon sampling, the crystallographic directions are defined in Fig. 1.
The inset shows the used supercells compared to the crystallographic
cell drawn in red. 2x2x2 (32 atoms) and 3x3x3 (108 atoms) are super-
cells of the 4-atom primitive cell. 3x1x2-conv (48 atoms) is a supercell of
the centered crystallographic cell.

and in the volume. However, for some of the minimal-basis 3c-
methods (in particular HF-3c)) the volume is very much off de-
spite an accurate prediction of the exfoliation energy. Interest-
ingly, a proper choice of the damping function is sufficient to cor-
rect this pathological behavior in a sense that the errors in both
quantities become consistent.

One of the DFAs, that perform very well also for both the vol-
ume and exfoliation energy, is PBE0-D3(zd, atm) and we will
therefore employ this method for the study of the thermal ex-
pansion.

In the top panel of Fig. 3 we report the dependence of the
unit cell volume expansion as a function of temperature. The ef-
fect of the QHA approximation is already quite significant at 0 K.
The zero-point expansion of 0.6% is similar in size to the thermal
expansion up to 400 K. The results obtained with the three su-
percells do not differ significantly in the range up to 300 K, while
differences up to 20% are seen at higher temperatures (>600 K).
Here, the shape of the supercell seems to have a more substan-
tial impact on results than its size. At the room temperature, the
computed thermal expansion coefficient α is 20×10−6 K−1, which
compares very well with the value of 22× 10−6 K−1 reported by
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Riedner and coworkers.53

Finally we concider the thermal expansion of black-P along the
individual crystallographic directions a, b and c, which is pre-
sented in the bottom panel of Fig. 3. The calculations reveal
a very high anisotropy for this quantity. Results of the different
supercell models deviate slightly, but the ratio between the corre-
sponding expansion coefficients and thus the anisotropy remains
nearly independent from the size of the supercell. Furthermore,
it is quite remarkable that the expansion along the in-plane a di-
rection is very weak, much weaker than along the other in-plane
direction c, which in turn is comparable to that of the out-of-
plane direction b. At the same time, although the thermal ex-
pansion a is small, it was found positive for all of the considered
temperatures. Hence our calculations do not support existence of
a negative thermal expansion regime in black-P, reported in the
theoretical study of Ref.54.

From the linear parts of the curves in Fig. 3, corresponding
to the largest supercell, we obtain the following thermal expan-
sion coefficients: αa = 1 K−1, αb = 11 K−1, αc = 8 K−1. They
agree appreciably well with the experimental values reported in
Ref.53 αa = 8 K−1, αb = 11 K−1, αc = 5 K−1. We note that the
the anisotropy revealed in our calculations is noticeably higher
than that in the reported experimental data. At the same time, we
highlight the large variation in the experimental datasets reported
in that work – e.g. values of αa = 22 K−1, αb = 38 K−1, αc = 39
K−1 are reported from Keyes55 – and the preliminary character
of some of them.56 Therefore, in the light of the present find-
ings, new experimental efforts to refine the thermal coefficients
for black-P would be desirable.

To conclude, we have complemented our earlier works on the
high-level quantum-mechanical treatment of black phosphorus by
taking into account thermal effects at the DFT level. The ap-
propriate DFT functional (PBE0-D3 with zero-damping and three
body corrections) was chosen as it accurately reproduces both the
semi-experimental cell volume and the computed high-level exfo-
liation energy. Our quasi-harmonic calculations reveal a strong
anisotropy in the thermal expansion, but give no indication of a
previously claimed negative thermal expansion. Our results agree
appreciably well with measured thermal expansion coefficients.
However, since the experimental data, which is yet very scarce,
does not demostrate a strong anisotropy of the thermal expan-
sion coefficients, the presented results call for new experimental
efforts. This work also sets methodological guidelines for tack-
ling other quantities related to the thermal properties of black
phosphorus, such as, for example, its highly anisotropic thermal
conductivity.57
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