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ABSTRACT

Metamaterials, made in form of periodically arranged metal and dielectric cylindrical inclusions, have been investigated
on the basis of the integral equation method, based on periodic Green's function. Metal rods are described in terms of
complex permittivity ε~′ < 0 . Along the rods terahertz and infrared waves propagate substantially with the speed of
light c and small losses weakly depending on the transverse wave number, whereas in the optical range, in particular in
the shortwave part of a spectrum, they turn into the slow -waves of a dielectric waveguide.
Keywords: Photonic crystals, hyperbolic metamaterials, integral equations, spatial dispersion, wire media

1. INTRODUCTION
Waveguide properties and dispersion in a variety of perfectly conducting and impedance two-dimensional periodic pin
(wire) structures (see Fig. 1) have recently been investigated [1-18]. Such structures are referred usually as metallic
photonic crystals (PC) or wire media (WM). Were considered and studied conventional metal PC [1-4, 12, 13, 16],
impedance structures [5, 14-15], periodic metamaterials based on carbon nanotubes and metallic nanowires [5-6] as well
as based on ferromagnetic wire PC [10,11]. For these metamaterials different methods of homogenization were
performed [10, 11, 17-20]. The greatest interest at the moment are the investigations of structures with dissipation, taking
into account the real properties of metals in spectral ranges from the microwave to optical. Metal and metal-pin PC under
certain conditions (at low frequencies and with low losses) exhibit properties of hyperbolic metamaterials (HM) [8, 21,
22]. These HM can be used in a number of applications: as artificial impedance and anisotropic surfaces [14, 21]
(including supporting the propagation of Dyakonov’s surface plasmons), for enhancement of radiative heat transfer
[7,8], as good absorbers of radiation [20-23], for creation a lens imaging [24], and many other applications. Possible
applications of HM are given in review [16].
Description of perfectly conducting or impedance pins (see Fig. 1) leads to a surface integral equation (IE), and in the
case of thin pins to the linear IE [12, 13]. 2D periodic structures arise on the assumption of a long wire length compared
with other dimensions and a wavelength in vacuum. The most versatile and accurate method of describing these
structures is the method of volume integral equations [4, 24, 25] with the use of the periodic Green's functions (GF) [4-6,
14], which takes into account the internal field. This method has not been applied to analysis of HM.
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Figure 1. Schematic view of two-dimensional periodic wire medium with the square lattice.

First guiding properties of a metal wire were explored the Sommerfeld in 1899 [26, 27] in connection with the
diffraction of a plane wave on the wire. Previously, he has assumed the presence of surface waves above the conductive
structures [28]. The corresponding Sommerfeld-Zenneck wave is a slow, flowing into the wire [27] wave if the radius of
wire is small in the range from radiofrequencies to microwave. The surface Zenneck wave (SZW) over the dissipative
(conductive) plane can be both fast or slow [27]. The transition from the slow to fast SZW in the metal cylinder can
occur at some ratio between the radius and the wavelength in the presence of significant losses. In the area of plasma
frequency the SZW corresponds to the surface plasmon. Recently published an erroneous work [29] disproves the
existence of the fast SZW that is a mistake because the wave flowing nature is not taken into account. In [30] we have
proved the fallacy of conclusions [29] and have shown its flowing as in [27]. The term "flowing wave" along with all the
“leaking waves” for classification of improper physical modes was used, for example, in [31] (see also [27]). Multi-wire
structures canalize energy better than a single wire. Considered periodic HM, shown in Fig. 1, channel the energy along
nanowires without cut-off for any transverse components of the wave vector. In the case of perfect conductivity the
TEM-wave propagates along wires with the speed of light and also high-order fast waves. In the papers [6-9, 15]
properties of metamaterials with different impedances rods have been studied. However, if do not take into account the
internal field, the method of impedance IE, can give significant errors (especially for thin witres), as will be shown
below.
It is interesting a rigorous investigation of waves and their homogenization (obtaining effective electrophysical
parameters) in the frequency range from microwave to optical, as well as an establishment of applicability limits of
previously obtained results. That is the objective of our work. To do this, we take into account the field inside the metal
cylinder using a universal method of volume integral equations. Here this method is applied to 2D periodic PC formed of
infinitely long metal nanorods with a square lattice in the transverse plane. Metal properties are described in terms of the
complex permittivity [32].

2. STATEMENT OF THE PROBLEM
Time-space dependence of fields is taken to be exp( jωt − jkr ) in 2D metal PC, embedded into a host matrix with the

ε and metal rods are characterized by the complex permittivity ε~ . In terms of the effective medium theory
the structure is described by a diagonal permittivity tensor εˆ , where ε xx = ε yy = ε . In a lossless case fixing k z we can

permittivity

consider the transverse band structure in the ( k x k y ) plane. The real part of

ε zz may be negative, in this case wire media

exhibit properties of HM [8, 21]. We are interested in waves propagating along the rods as exp( jωt − jk z z ) at

arbitrary k x and k y . It makes our problem a two-dimensional in a WM cross-section and determines the spatial

(

)

dispersion k z = γ k x , k y . Let us assume the frequency to be fixed and omit the corresponding exponential factor. At
low frequencies and in a lossless case, the wave is supported by surface currents, which can be replaced by linear ones
along the wires, and dispersion equation is obtained using surface or linear IEs [4]. A more rigorous approach is based
on the impedance IE [6 ] . Our full-wave analysis is based on the polarization current density
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J p (r,ω ) = jωε 0 (ε~ (ω ) − ε )E(r,ω ) .
It corresponds to a volume IE, which for a z-uniform waveguide structure is reduced to a two-dimensional crosssectional IE with respect to E(r⊥ ) . The problem is solved in the approximation of thin wires ( r << λ ) and diluted PC
( r << a ) using periodic, i.e. Green's function of periodically spaced and phased sources, which allows us to consider
only one component J pz which is nonzero only in that section, according to (1). Here r is the radius of wires, a - period
of PC lattice, λ is the wavelength. In accordance with (1), the volume IE for the electrical field is reduced to 2D IE with
respect to the electric field component Ez in the cross-section. Neglecting small transverse components of the electric
field, the vector potential has a longitudinal component:

~
Az (x, y ) = jωε 0 (ε~ − ε )∫ G (r⊥ − r⊥′ )E z (r⊥′ )d 2 r ′

(2)

S

and determines Ez as

(k
E (x , y ) =

2

z

where S is the cross-section area, k = k 0

)

− γ 2 Az (x , y )
~
= k 2 − γ 2 (ε~ / ε − 1)∫ G (r⊥ − r⊥′ )E z (r⊥′ )d 2 r ′
jωε 0ε
S

~

)

(3)

ε = 2π ε / λ , and 2D Green’s function reads as [3, 4]

~
G (r⊥ − r⊥′ ) =
Here k xm = k x + 2mπ / a x ,

(

1
axa y

(

)

~
~
exp − jk xm (x − x ′) − jk yn ( y − y ′)
.
~2 ~2
∑∑
k xm
+ k yn + γ 2 − k 2
m = −∞ n = −∞
∞

∞

(4)

~
k ym = k y + 2nπ / a y and we take a x = a x = a in our numerical solution. Reduction of

3D IEs to 2D IEs is described in [3,4,33]. Below IE (3) will be refined taking into account the radial component E ρ .
We solve the integral equation (3) choosing a coordinate system in null zone of PC in the center of the metal rod and
going to cylindrical coordinates. Approximate IE (3) is the more precise the less r/c since the lower transverse
components E ρ and Eϕ the electric field in comparison with the longitudinal one. In the following calculations we take

Then we assume that E z (ρ, ϕ ) does not depend on the angle ϕ . This is a very strong assumption. It
means that the field on the pin surface is constant and varies only along the radius. Since the propagating wave
attenuates, this assumption is possible with a small damping in the transverse direction at distances of the order r and
only if λ > a that is possible with the radius of tens of nanometers and for sparse PC. Namely, the sparseness leads to
relatively small losses. Dispersion equation is obtained multiplying (3) by Ez(x,y) and integrating over the cross-section.
Using the following relation in polar coordinates (see [3, 4])

ε = 1 , i.e. k=k0.

1
2π

2π

∫ exp(± jr (α cos(ϕ ) + β sin (ϕ )))dϕ = J

0

(r

α2 + β2

),

(5)

0

we obtain the functional
r

(

)

r r

Φ(k0 , k ⊥ , γ , E z ) = ∫ E z2 (ρ )dρ − k02 − γ 2 (ε~ − 1)∫ ∫ E z (ρ )K (ρ , ρ ′)E z (ρ ′)ρ ′dρ ′dρ ,
0 0

0
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(6)

with the kernel:

K (ρ , ρ ′ ) =
where κ~mn =

2π
a2

J 0 (ρκ~mn )J 0 (ρ ′κ~mn )
∑ ∑ κ~ 2 + γ 2 − k 2
m= −∞ n= −∞
0
mn
∞

∞

(7)

~2 ~2
k xm
+ k yn and the dispersion equation reads as
Φ (k0 , k ⊥ , γ , E z ) = 0 .

(8)

Here E z is an unknown z-component of the electric field which is found using the method of moments expanding

E z (ρ ) of the basic functions. Then the following approximation is used. We assume that Ez is azimuthally symmetric
2
2
inside the rod, i.e. E (ρ)=C J (ρκ) where C is unknown coefficient and κ = k ε~ − γ In this approximation
z

1 0

1

0

dispersion equation reads as
r

(

)

r r

~
Φ (k0 , k ⊥ , γ , E z ) = ∫ J 02 (ρκ )ρdρ − k02 − γ 2 (ε~ − 1)∫ ∫ ρJ 0 (ρκ )K (ρ , ρ ′)J 0 (ρ ′κ )ρ ′dρ ′dρ = 0 .
0

(9)

0 0

Solving (9) numerically one can find unknown γ as the function of transverse components of the wave vector in WM.

3. NUMERICAL RESULTS
The results presented below were obtained from the formula (9) using the iteration method. Figures 2 and 3 show the real
and imaginary parts of the normalized propagation constant γ versus the transverse components of the wave vector where
the real and imaginary parts of the permittivity vary in a very wide range. These values correspond to different metals,
semi-metals and semiconductors. In this case we took k0a=1.
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Figure 2. Normalized real (left) and imaginary (right) parts of the propagation constant, calculated for rods, characterized with
~ ~
~
~
~
different complex ε : ε =3-j10 (curves 1); ε =-10-j100 (curves 2); ε =-100-j1000 (curves 3); ε =-900-j1000 (curves 4);

ε~ =-3-j50 (curves 5); ε~ =-3-j10 (curves 6). Solid and dashed curves correspond to real and complex kx ,ky , respectively.
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Figures 3 show that gold wire media can transfer electromagnetic energy with small losses in the near-infrared and
optical range and exhibit hyperbolic dispersion in these ranges.

4. CONCLUSIONS
Using the method of volumetric integral equations, formulated on the basis of periodic Green’s function, we calculated
electrophysical parameters of the simplest metal-dielectric PC with inclusions in the form of thin circular cylindrical
rods, forming the two-dimensional periodic lattice. Rods are described by a complex macroscopic permittivity. The
method can be easily generalized for rods, inhomogeneous along the radius, as well as for thin rods of finite length in
three-dimensional periodic lattice. It was shown that wire media are able to effectively and practically without losses to
transfer electromagnetic energy from the microwave until the infrared range with almost the speed of light. Noticeable
losses and slowing occur only in the optical range.
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Figure 3. Normalized real (left) and imaginary (right) parts of the propagation constant for the quasi-TEM wave, propagating
along gold wires. Curves 1-5 correspond to the following sizes: r=20 nm, a=500 nm; curves 7,8 - r=40 nm, a=300 nm; 6- r=20
nm, a=300 nm. Calculations were implemented at the following wavelengths: λ=0.7 μm (curves 1,7); λ=1.0 μm (curves 2,6,8);
λ=1.3 μm (curve 3); λ=1.5 μm (curve 4); λ=1.8 μm (curve 5).
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