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Recently, it was discovered that the ground-state orbital angular momentum in two-dimensional chiral
superfluids with pairing symmetry (px + ipy)ν depends on the winding number ν in a striking manner. The
ground-state value for the ν = 1 case is Lz = �N/2 as expected by counting the Cooper pairs, while a dramatic
cancellation takes place for ν > 1. The origin of the cancellation is associated with the topological edge states
that appear in a finite geometry and give rise to a spectral asymmetry. Here, we study the reduction of orbital
angular momentum for different potential profiles and pairing strengths, showing that the result Lz = �N/2 is
robust for ν = 1 under all studied circumstances. We study how angular momentum depends on the gap size
�/EF and obtain the result Lz = �ν

2 N (1 − μ

EF
) for ν = 2,3. Thus, the gap dependence of Lz for ν < 4 enters

at most through the chemical potential while ν � 4 is qualitatively different. In addition, we generalize the
spectral asymmetry arguments to total angular momentum in the ground state of triplet superfluids where due to
a spin-orbit coupling Lz is not a good quantum number. We find that the ground-state total angular momentum
also behaves very differently depending on total angular momentum of the Cooper pairs.

DOI: 10.1103/PhysRevB.93.174505

I. INTRODUCTION

In chiral superconductors and superfluids, the constituent
fermions are bound to Cooper pairs with nonzero angular
momentum that form a macroscopic condensate. The ground-
state orbital angular momentum in chiral superfluids, such as
3He -A, has been under debate for over 40 years [1–15]. Over
the years, different arguments and methods have resulted in
dramatically different predictions. In a nutshell, there seem to
be a contradiction between two simple physical pictures. On
one hand, the ground state of N fermions can be thought of
as a collection of N/2 Cooper pairs with angular momentum
ν� where ν is an integer that describes the orbital state of a
Cooper pair. This leads to the estimate Lz = ν�N/2 for the
orbital angular momentum in the ground state. On the other
hand, the superconducting ground state in the BCS theory is
described by a modification of the free-fermion ground state
in an energy shell �, outside which the system is roughly
unchanged. This point of view seems to imply that only
the states in the pairing energy window � contribute to the
angular momentum Lz ∼ N ( �

EF
)γ , where γ > 0 and EF is the

Fermi energy. Since the pairing energy may be much smaller
than the Fermi energy � � EF , the second estimate for the
ground-state angular momentum is dramatically reduced. A
reconciliation between these contradictory conclusions has
remained elusive.

Recent insights based on topology and edge states in a
finite geometry have led to important new understanding in the
angular momentum problem. In the standard BCS description,
the number of particles N and analogous one-body observables
are not conserved quantities due to the U (1) symmetry-
breaking pairing terms. Building on Volovik’s notion that the
operator combination L̂z − νN̂/2 still commutes with a rota-
tionally invariant Hamiltonian with (px + ipy)ν pairing terms,
Tada, Nie, and Oshikawa expressed the ground-state angular

*Corresponding author: teemuo@boojum.hut.fi

momentum in a disk geometry in terms of a spectral asymmetry
index of the Bogoliubov–de Gennes Hamiltonian [14]. A finite
spectral asymmetry index, studied by Volovik [1,16] in the
context of 3He, arises from a spectral flow taking place in
the topological phase transition between a strong-pairing phase
and a weak-pairing phase when the chemical potential crosses
zero [17] (see Fig. 1). The spectral flow is generated by the
edge states present in the weak-pairing phase, thus being
a consequence of nontrivial momentum space topology and
finite geometry.

The new approach by Tada et al. [14] has confirmed that
the ground-state angular momentum of px + ipy superfluid
is indeed Lz = �N/2 as expected by counting the Cooper
pairs. Even though the system supports a chiral edge state, the
spectral flow in the topological phase transition stays zero and
the asymmetry index vanishes. Remarkably, superfluids with
chiral pairing (px + ipy)ν , ν � 2, the situation is drastically
different. In that case, the edge currents lead to dramatic
cancellation of the bulk contribution and Lz = 0 when
�/EF → 0. This result holds even in the thermodynamic
limit, in contrast to conventional thinking which would suggest
that the boundary effects become insignificant.

In this work, we generalize the work of Ref. [14] in
various aspects. We study the spectral asymmetry index
and the ground-state angular momentum on a disk with a
hard-wall confining potential as a function of the pairing
gap � for different (px + ipy)ν pairing states. We conclude
that the universal behavior of the spectral asymmetry index
discovered in Ref. [14] in the limit �/EF → 0+ extends also
to finite �/EF ratio when ν < 4. We obtain that, within the
accuracy of our numerics, the correction to the naive estimate
Lz = ν�N/2, which always holds for ν = 1, is universal, and
leads to relation Lz = ν

2 N (1 − μ

EF
). In the small-gap limit,

it holds that μ → EF and Lz = 0. Our findings imply that
for ν = 2,3 the angular momentum suppression depends on
the gap only through μ and not extra suppression factors
( �
EF

)γ should arise. We also compare the effects of smooth
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and sharp confining potentials on the ground-state angular
momentum. This is particularly interesting since it has been
proposed that the potential profile near the edge could lead
to different estimates for Lz and explain parts of the angular
momentum controversy [12,18–20]. In qualitative agreement
with previous works, we find that the ground-state angular
momentum for ν = 1 case is independent of the shape of
the confining potential and is given by the universal value
Lz = �N/2, whereas for ν > 1 the ground-state value of Lz/N

can be widely tuned by the confining potential.
In the second part of the work, we will consider total angular

momentum in chiral superconductors where the orbital angular
momentum is not a good quantum number. Analogously
to the operator L̂z − νN̂/2 in the absence of a spin-orbit
coupling, we can prove that for certain odd-pairing superfluids,
the quantity Ĵz − jzN̂/2 commutes with the Hamiltonian.
Here, jz denotes the total angular momentum of a Cooper
pair. Therefore, the UJz

× U (1)N rotational symmetry in real
and wave-function space reduces to a combined symmetry
UJz−jzN/2 in the presence of pairing correlations. This notion
allows us to express total angular momentum in terms of the
spectral asymmetry index in the ground state and generalize
the results of Ref. [14] to the case where orbital angular
momentum is not a good quantum number even in the absence
of superconductivity. We will demonstrate that the spectral
asymmetry index behaves very differently depending on the
total angular momentum of a Cooper pair. Following, we will
adopt the units where � = 1, although � is restored in some
statements for clarity.

II. CHIRAL SUPERFLUIDS ON A DISK

In this work, we will study two-dimensional chiral super-
conductors and superfluids described by the second-quantized
Hamiltonian

Ĥ = ĥ + �̂, (1)

where

ĥ =
∫

d2r ψ̂†
α(r)[εkδαβ + bαβ(k)]ψ̂β(r),

(2)
�̂ =

∫
d2r[ψ̂α(r)�αβ(k)ψ̂β(r) + H.c].

The field operators satisfy fermionic anticommutation rela-
tions {ψ̂α(r),ψ̂β(r′)} = 0, {ψ̂α(r),ψ̂†

β(r′)} = δαβδ(r − r′). The

spin-diagonal part εk = [
k2
x+k2

y

2m
− μ + V (r)] includes kinetic

energy, chemical potential, and a confining potential. The spin-
dependent energy b = αR(kxσy − kyσx) + Bzσz is determined
by a Rashba spin-orbit coupling and a perpendicular Zeeman
field and the pairing correlations are encoded in the gap
function �αβ(k). In this work, we will focus on chiral pairings
with orbital structure (kx ± iky)ν and employ substitution
k = −i∇. The Pauli matrices σi and the subscripts α,β are
associated with the spin degrees of freedom and repeated
indices imply summation. In the following, we will assume
that the potential V (r) depends only on the radial coordinate
that confines the particles to a disk with radius R. Further,
we assume that the potential vanishes for r < R, with the
exception of Sec. III C where we will consider smooth

confining potentials. The second-quantized operators for the
orbital angular momentum L̂z, the perpendicular spin Ŝz, and
the particle number N̂ are given by

L̂z =
∫

d2r ψ̂†
α(r)[xky − ykx]ψ̂α(r),

Ŝz =
∫

d2r ψ̂†
α(r)

1

2
[σz]αβψ̂β(r), (3)

N̂ =
∫

d2r ψ̂†
α(r)ψ̂α(r).

In addition, the total angular momentum operator is given by
Ĵz = L̂z + Ŝz.

We will study the ground-state properties of the Hamilto-
nian in Eq. (1). To this end, we will define the associated 4 × 4
Bogoliubov–de Gennes (BdG) Hamiltonian

H (k) =
(

h(k) �(k)

−�∗(−k) −hT (−k)

)
, (4)

where h(k) = εk + bαβ (k) and the off-diagonal block is given
by the pairing matrix �αβ(k). The wave functions are four-
component spinors ψ(r) = [u↑(r),u↓(r),v↑(r),v↓(r)]T . We
will solve the eigenvalue problem in the position representation
and work in the polar coordinates (r,ϕ) where ∇2 = ∂2

r +
1
r
∂r + 1

r2 ∂
2
ϕ and kx ± iky = −ie±iϕ(∂r ± i

r
∂ϕ). Since the BdG

Hamiltonian (4) does not contain potential terms that would
explicitly depend on the polar angle, we seek to factor out the
angular dependence in the eigenfunctions. To carry out the
separation of variables, we will pass to a new basis ψ ′(r) =
U (ϕ)ψ(r,ϕ) where the spinors only depend on the radial coor-
dinate. The unitary transformation is a diagonal 4 × 4 matrix
of the form U †(ϕ) = eilϕdiag[eiN1ϕ,eiN2ϕ,eiN3ϕ,eiN4ϕ], where
the integers Ni can be determined when the specific pairing
symmetry is chosen. We will give the explicit form of U (ϕ) for
the different cases below. Since the transformation depends on
the angular quantum number l, the BdG Hamiltonian becomes
H ′ = UHU † ≡ H (r,l) and the eigenvalue problem takes the
form

H (r,l)ψnl(r) = En,lψnl(r), (5)

where the eigenfunctions ψnl(r) = [unl↑(r),unl↓(r),vnl↑(r),
vnl↓(r)]T are labeled by the radial and angular quantum num-
bers n and l. To study the properties of a many-body ground
state, we need to solve the r-dependent one-dimensional
eigenvalue problem for all different l. The eigenvalue problem
is fully determined with the boundary condition ψnl(R) = 0
together with the smoothness condition for derivatives at
r = 0. We impose the standard normalization condition

2π
∑

σ

∫ R

0
dr r[|unlσ (r)|2 + |vlnσ (r)|2] = 1.

The ground-state expectation value of the particle number,
orbital angular momentum, and spin operators in the ground
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state can be expressed as

Lz = −2π

×
∑

Enl>0

∫ R

0
dr r[(l + N3)|vnl↑(r)|2 + (l + N4)|vln↓(r)|2],

Sz = 2π
∑

Enl>0

∫ R

0
dr r

1

2
[|vnl↑(r)|2 − |vln↓(r)|2],

N = 2π
∑

Enl>0

∫ R

0
dr r[|vnl↑(r)|2 + |vln↓(r)|2]. (6)

The summation is performed over all positive energy states
labeled by the quantum numbers n and l. For high-order pairing
�(k) ∝ (kx + iky)ν with ν � 2, one needs to introduce an
explicit high-energy cutoff above which �(k) = 0 to render
N , Lz, and Sz finite. Physically, this means that the Cooper
pairing is taking place within a finite-energy window.

III. ORBITAL ANGULAR MOMENTUM AND SPECTRAL
ASYMMETRY IN CHIRAL SUPERFLUIDS

A. Angular momentum and spectral asymmetry index

In this section, we will consider simple chiral superfluids
where the spin serves mostly as an inert spectator. We assume
that the Zeeman and the Rashba coupling vanish, set bαβ = 0
in Eqs. (1) and (4), and concentrate on pairing symmetries of
the form

�αβ(k) = �0(kx + iky)νδα↑δβ↓, (7)

where ν is an integer [14]. The even ν case corresponds to
spin singlet pairing and the odd ν case corresponds to a triplet
pairing. The usual triplet parametrization �(k) = iσμdμ(k)σy

implies that the d vector is of the form dμ = (0,0,dz). The ν =
1 case could represent a thin film of 3He -A or Sr2RuO4 [1,21].
These systems do not exhaust the list of chiral superfluids; in
addition to the intrinsic chiral superconductors and superfluids,
there exist various schemes to engineer chiral superconductors
by combining simple systems into heterostructures [22]. For
example, recently it was discovered that superconductors with
high Chern numbers could be realized in planar systems with
magnetic adatoms [23,24]. Also, a recent proposal suggests
that Sr2RuO4 would actually be described by a Chern number
7 state [25].

A continuous symmetry generally implies a conserved
quantity which serves as a generator of the symmetry trans-
formation. Angular momentum is the generator of rotations,
and rotational symmetry about the z axis typically implies
that the system Hamiltonian commutes with the angular
momentum operator L̂z (it is sufficient to consider the orbital
part of Ĵz when the spin does not play a role). However, the
Hamiltonian (1) with the gap function (7) does not commute
with L̂z due to the pairing terms. This failure of commuting
has a similar origin to the BCS-type U (1) symmetry breaking
resulting in the well-known particle nonconservation. As
observed by Volovik [1,16], it is possible to find a conserved
quantity by defining the operator

Q̂ ≡ L̂z − ν

2
N̂, (8)

FIG. 1. Chiral fermionic superfluids with (px + ipy)ν pairing
symmetry undergo a topological phase transition when the chemical
potential crosses zero. On the negative side, the system is in a trivial
strong-pairing phase, while a positive chemical potential corresponds
to a topological weak-pairing superfluid. The phase transition is
accompanied by a closing of the energy gap and an appearance of
chiral edge modes. The edge modes have opposite chirality compared
to the Cooper pairs and strongly modify the ground-state angular
momentum for ν � 2.

which indeed satisfies [Q̂,Ĥ ] = 0. The original symmetry
U (1)Lz

× U (1)N of a rotationally invariant and particle-
conserving normal system reduces to a single combined
symmetry U (1)Lz−νN/2 when the system becomes superfluid
and the anomalous terms in Eq. (1) become finite.

The ground state of the superfluid can be constructed by
filling the negative energy Bogoliubov quasiparticle states
obtained as solutions to the BdG eigenvalue problem (5). Due
to particle-hole symmetry, this is equivalent to saying that
all the positive energy quasiparticle states are empty. In this
case, the unitary transformation U (ϕ) leading to the separable
eigenvalue problem (5) is fixed by the integers N1 = N2 = ν

and N3 = N4 = 0. Each negative energy state ψnl(r) gives a
contribution (l + ν/2)/2 to the ground-state eigenvalue of Q̂.
Summing up all the occupied states, the ground-state value is
given by

Q = −1

2

∑
l

(
l + ν

2

)
ηl, (9)

where ηl = 1
2

∑
n sign En,l , which is called the spectral asym-

metry index, measures the difference between the number of
negative and positive energy solutions of the BdG eigenvalue
problem (5) for a fixed l [14]. The appearance of the
spectral asymmetry in Eq. (9) follows from the particle-hole
symmetry of the spectrum En,l = −En,−l−ν which implies
that the number of negative energy states at l is equal to the
positive energy states at −l − ν. The particle-hole symmetry
of the eigenvalues follows from the particle-hole symmetry of
the BdG Hamiltonian PH (r,l)P −1 = −H ∗(r,−l − ν), where
P = τx (P = iτy) for even (odd) ν.

In Fig. 1, we have schematically illustrated how chiral
superfluids with the pairing term (7) exhibit a topological
phase transition at μ = 0 from a strong-pairing phase of
Bose-condensed molecules μ < 0 to a weak-pairing BCS
state μ > 0 of loosely bound pairs. As was pointed out
in Refs. [14,15], the spectral asymmetry is generated by
the spectral flow in the topological phase transition. The
spectral asymmetry is intimately related to the chiral edge
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FIG. 2. Spectra of chiral superfluids with different pairing sym-
metries ν as a function of the angular quantum number l. Figures
(a)–(d) represent cases ν = 1–4. The other parameters are kν

F �0 =
0.2EF , μ = 0.9EF , and R = 80k−1

F . The states traversing the bulk
gap are localized to the edge of the disk.

states appearing in the BCS regime in the presence of a
boundary. The ground-state expectation values satisfy equation
Lz = ν

2 N + Q, therefore, Q can be interpreted as the reduction
of the orbital angular momentum from the value ν�

2 per
Cooper pair in the μ < 0 regime due to the edge effects.
The existence of the edge states is guaranteed by topology
since for μ > 0 and the pairing term (7), the Chern number
is given by 2ν, which is in agreement with the existence of
ν doubly degenerate chiral edge mode branches in the BCS
regime. In Fig. 2, we have plotted the spectrum as a function
of the angular quantum number l, that clearly illustrates the
existence of the edge modes. As discussed in Refs. [14,15], the
angular momentum reduction Q is determined by the values
lν for which the edge dispersion crosses the zero energy. This
is seen in Fig. 3, illustrating that the changes in the spectral
asymmetry may take place only at the crossings of the zero
energy and l = −ν/2 due to particle-hole symmetry.

B. Ground-state angular momentum and the pairing gap

In Ref. [14] it was concluded that the ground-state orbital
angular momentum reduction in the μ > 0 regime for ν = 1
is always absent and Lz = 1

2N , while for ν � 2 and kν
F �0 �

EF it is Q = −νQ0, where Q0 = 1
4R2k2

F . Here, the Fermi
momentum is given by the expression kF = √

2mEF and the
Fermi energy is determined by the total number of particles at
vanishing gap. This result indicates that the angular momentum
suppression for ν � 2 is essential and the boundary effects
modify the bulk result dramatically even in the thermodynamic
limit. Since the particle number is given by the expression

N = R2k2
F

2 , Ref. [14] arrived at the remarkable conclusion that
Lz = 0 for ν � 2 and small gap kν

F �0 � EF .
Now, we will explore how the reduction factor Q behaves

outside the small-gap regime. To this end, we diagonalize Ĥ

on a disk and evaluate expression (9). We study weak-pairing
phase μ > 0 and keep N fixed while increasing kν

F �0/EF .
Chemical potential is then determined by N and kν

F �0/EF . In

FIG. 3. (a) Spectrum of ν = 3 superfluid as a function of the
angular quantum number l with k3

F �0 = 0.2EF , μ = 0.9EF , and
R = 80k−1

F . (b) The same as (a) but for larger gap k3
F �0 = 0.9EF .

(c) The same as (a) but for pairing ν = 2 and k2
F �0 = 0.2EF , μ =

0.9EF . (d) The same as (c) but for a larger gap k2
F �0 = 0.9EF ,

μ = 0.8EF . The red line denotes the spectral asymmetry ηl . The
numerical value of ηl coincides with the E/μ axis value.

Fig. 4, we have plotted Q as a function of the pairing strength.
As discussed above, in the small-gap limit Q is determined by a
single parameter Q0. Remarkably, our calculations imply that
for ν = 2,3 and kν

F �0 ∼ EF similar results hold for a scaled
quantity Q

μ

EF
. Therefore, for ν = 2,3 we obtain that Lz =

ν
2 N (1 − μ

EF
) valid even for kν

F �0/EF ∼ 1. For small-pairing
amplitude, μ ≈ EF and the Lz = 0 as discussed in Ref. [14].
The reason for the universal behavior of Lz is illustrated
in Fig. 3, the zero-energy crossing of the edge branches
for ν = 2,3 remain fixed even when kν

F �0/μ is increased
to large values. Even though the gap changes substantially,
the spectral asymmetry remains practically unchanged in the
process. Therefore, the only dependence of Q on the gap
amplitude must arise because μ changes when kν

F �0/EF is

FIG. 4. Angular momentum reduction factor for different pairing
symmetries as a function of the paring gap for R = 80k−1

F and fixed N .
We see that Q μ

EF
is independent of the pairing strength for ν = 1,2,3,

while ν = 4 is qualitatively different.
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increased with N kept fixed. Generally, μ as a function of N

and kν
F �0 will depend on ν and how the pairing term is cut off at

large energies, but relation Lz = ν
2 N (1 − μ

EF
) is independent

of these details.
The ν = 4 case behaves qualitatively differently from

ν = 2,3. As illustrated in Fig. 4, the result Q ≈ −νQ0 and
thus Lz = 0 holds in the small-gap limit. When the pairing
amplitude is increased, the angular momentum reduction
becomes stronger |Q μ

EF
| > νQ0. This can be understood by

inspecting the spectra in Fig. 5, which shows that the spectral
asymmetry changes because the zero-energy crossing of the
inner edge branches move when the gap is increasing. The
outer edge branches, similar to those seen in the ν = 2 and 3
cases, are essentially fixed. However, the zero-energy crossings
of the inner branches move symmetrically away from l = 0
so that the spectral asymmetry and |Q μ

EF
| increase. Since

the higher pairing states ν > 4 exhibit qualitatively similar
inner edge branches compared to those that are responsible
for the increase of the spectral asymmetry, we assume that
|Q μ

EF
| is an increasing function of the pairing amplitude for all

ν > 4. If |Q| > νQ0 it is possible that the ground-state angular
momentum changes sign as a function of kν

F �0

EF
. Whether this

happens or not depends also on the behavior of μ

EF
which is

not universal in the sense that aside from ν, N , and kν
F �0/EF ,

it also depends on the high-energy cutoff of the pairing term.
Since the number of the inner edge branches that gives rise to
increasing spectral asymmetry, illustrated for ν = 4 in Fig. 5,
increases by two when ν increases by three, the sign reversal
should be more probable for increasing ν. The sign reversal
of the ground-state angular momentum has been previously
discovered in different contexts [26,27].

We have also checked the relation Lz − ν
2 N = Q by

evaluating the left-hand side directly by employing Eq. (6)
without resorting to Eq. (9). In this approach one needs to
impose an energy cutoff for the pairing term when ν � 2
to render Lz and N finite. Therefore, Lz and N are cutoff-
dependent quantities. Nevertheless, the cutoff dependence
disappears from the combination Lz − ν

2 N which matches
Q calculated from Eq. (9) that depends only on the spectral
asymmetry, changes of which are determined by the spectrum
in the vicinity of zero energy.

Finally, the results of this section should be contrasted
with the predictions stating that orbital angular momentum

FIG. 5. (a) Spectrum of the ν = 4 state as a function of the angular
quantum number l for k4

F �0 = 0.3EF and R = 80k−1
F . (b) Same as (a)

but for larger gap k4
F �0 = 0.9EF . The red line denotes the spectral

asymmetry ηl . The spectral asymmetry changes because the zero-
energy intersection of the inner wings of edge dispersion (represented
by the green dots) move away from l = 0.

in chiral superfluids is suppressed as Lz ∼ N (�/EF )γ , with
γ = 1 [3,4] or γ = 2 [6,7]. Our results imply that the
combination Lz − ν

2 N is independent of (�/EF ) for ν = 1. In
addition, for ν = 2,3 it follows that Lz − ν

2 N may depend on
(�/EF ) only through the parameter μ/EF without additional
suppression factors. This should hold for the disk geometry
with a hard-wall boundary. Although our result is based on
numerical calculations in a finite system, our approach requires
very few additional assumptions.

C. Different confining potentials

So far, we have considered a hard-wall confining potential
which vanishes on the disk and goes to infinity outside. In this
section, we will consider the effects of smooth rotationally
symmetric confining potentials. The relation between Lz, N ,
and Q, embodied by Eqs. (8) and (9), is applicable as long as
Q̂ commutes with the Hamiltonian. Particularly, Q̂ remains
a constant of motion for arbitrary rotationally symmetric
confining potentials. Therefore, one can study the ground-state
orbital angular momentum through the spectral asymmetry
index as done above for an abrupt potential. This is interesting
because effects of the shape of the confining potential on the
ground-state angular momentum or edge currents has been
debated in the literature [12,18–20].

Here, we consider a smooth confinement potential V (r) =
V0(r/R)nr for nr � 2 and V0 � 0 that is imposed on top of
the hard-wall potential. In the large-nr limit, this potential
approaches to an abrupt step. By diagonalizing the system
for different parameters, we find that the spectral asymmetry
vanishes for ν = 1, thus, the ground-state value is universal
Lz = N/2. In Fig. 6, we have plotted the accumulation of
orbital angular momentum Lz(r) as a function of the radial
coordinate. This is calculated by finding the eigenfunctions and
evaluating Lz(r) from Eq. (6) by replacing the upper limit R in
the integrals with the radial coordinate r . In the hard-wall case,
the angular momentum is concentrated within the distance

FIG. 6. Accumulation of orbital angular momentum in the case
ν = 1 as a function of the radial coordinate. The different curves
correspond to different confining potentials labeled by V0 and nr .
Even though N and the spatial distribution of Lz vary strongly as
the potential is varied, in all the cases we recover the universal
result Lz(R)/N = 1/2. The solid line represents the bare hard-wall
boundary condition. All curves are calculated for parameters R =
80k−1

F and kF �0/μ = 0.2.
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FIG. 7. Effects of confining potential V (r) = V0(r/R)2 on the
spectra of ν = 1 [(a), (c)] and ν = 2 [(b), (d)] superfluids. (a), (b)
Depict the spectrum with only the hard-wall potential V0 = 0. (c), (d)
Otherwise the same but with additional quadratic confinement with
V0 = 0.8. For the ν = 2 case, the spectral asymmetry changes due
to confining potential because the edge modes cross the zero energy
at different angular quantum numbers. All curves are calculated for
parameters R = 80k−1

F and kF �ν
0/μ = 0.2.

of one coherence length ξ = vF /�0kF from the edge. The
steep potentials nr = 5,10 mimic this behavior, although the
effective edge is moved to the point where V (r) crosses the
chemical potential. In the quadratic case nr = 2, the angular
momentum is distributed to a wider annulus.

In Fig. 7, we have compared the spectra of the ν = 1 and 2
pairing states when a smooth confinement potential is added to
the hard-wall potential. The spectral asymmetry in the ν = 1
case vanishes and the edge branches always cross zero energy
at the same point. However, the smooth potential can change
the spectral asymmetry in the ν = 2 substantially by moving
the crossing points of the edge branches. This mechanism is
operational in all the ν > 1 pairing states and shows that the
external potential modifies the ground-state orbital angular
momentum through the deformation of the edge branches
and thus changes the spectral asymmetry of the system. The
spectral flow as a function of the shape of the edge potential,
leading to the change in the spectral asymmetry for ν > 1, was
recently reported in a lattice model with Chern number 2 in a
cylindrical geometry [19].

In Fig. 8, we have plotted the angular momentum per
particle in the presence of a quartic potential V (r) = V0(r/R)4

for different pairings ν � 2. In contrast to the ν = 1 case
where Lz = N/2 remains universal for any V0, nr , the ratio
Lz/N varies strongly as a function of V0. As concluded in
the previous section, in the case of mere hard-wall potentials
(V0 = 0), angular momentum is strongly suppressed Lz ≈ 0.
As V0 is increased, the zero-energy crossings of the edge
branches for ν � 2 are susceptible to change, therefore also
the spectral asymmetry index and Lz/N vary significantly.
This trend is not special for the quartic potential and similar
behavior is recovered for different nr . It is remarkable how

FIG. 8. Orbital angular momentum per particle in the presence of
additional confining potential V (r) = V0(r/R)4. The different curves
correspond to different chiral pairing symmetries. At V0 = 0 only the
hard-wall potential is present and Lz is suppressed. All curves are
calculated for parameters R = 80k−1

F and �/EF = 0.1.

large variations in the ratio Lz/N can be achieved by varying
the external potential.

Our results are here are qualitatively in agreement with
the ones discussed in Refs. [12,18] where it was found that
the strong suppression of the angular momentum for ν > 1
in sharp confining potential is substantially changed when the
edge potential is smooth. However, in Ref. [18] it was proposed
that for potentials that are smooth compared to the coherence
length one would obtain the full value L̂z = νN̂/2 even for
ν > 1. Also, similar methods in a strip geometry predicted
that edge currents would be universal and determined by the
Chern number [19]. As Fig. 7 shows, the spectral asymmetry
for ν = 2 is diminishing when a smooth potential is added.
However, achieving the full value L̂z = νN̂/2 would require
that the spectral asymmetry vanishes for which, at least in our
calculations, does not take place for smooth potentials and
ν > 1 studied here.

To conclude this section, we note that the spectral asym-
metry index yields a compact answer to the ground-state
angular momentum in a hard-wall annulus geometry with
inner and outer edges at R1 and R2. Provided that the inner
radius R1 and the width of the annulus R2 − R1 are larger
than the coherence length, both the inner (at R1) and outer
(at R2) edges support independent edge states that propagate
in opposite directions. The ground-state angular momentum
is given by Lz = νN/2 + Q where the spectral asymmetry
reduction factor is given by Q = Q(R2) − Q(R1), where
Q(R) = −ν(kF R)2/4. This result holds for all ν > 1 for small
gaps �0k

ν
F /EF ∼ 0.1, and for ν = 2,3 with the modification

Q → Q
μ

EF
even for large gaps �0k

ν
F /EF ∼ 1.

IV. TOTAL ANGULAR MOMENTUM IN THE PRESENCE
OF SPIN-ORBIT COUPLING AND ZEEMAN FIELD

A. General considerations

In this section, our aim is to generalize the ideas of spectral
asymmetry and the ground-state angular momentum of chiral
superconductors to the case where the spin and orbital degrees
of freedom are coupled. In such systems, orbital angular
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momentum is not a good quantum number even in the absence
of pairing, so the spectral asymmetry arguments based on
commutation of the operator Q̂ and Ĥ as discussed in the last
section are not applicable. Following, we will consider a finite
Rashba spin-orbit coupling and Zeeman field, as specified
by bαβ in Eq. (2). We have chosen to include the Rashba
coupling since it has intrinsically two-dimensional nature and
is rotationally invariant.

We will consider triplet pairing �(k) = iσμdμ(k)σy speci-
fied by

σμdμ(k) = �↑
2

(σx + iσy)(kx + iky sign ν↑)|ν↑|

+ �↓
2

(σx − iσy)(kx + iky sign ν↓)|ν↓|, (10)

which describes a state where up and down spins have different
chiral pairing symmetries characterized by odd integers ν↑
and ν↓. We have allowed for the possibility of positive and
negative chirality determined by the sign of ν↑,↓. The total
angular momentum of a Cooper pair consists of the orbital
and spin contributions. The spin-up Cooper pairs carry ν↑� +
2 × �

2 = (ν↑ + 1)� units and the spin-down pairs ν↓� − 2 ×
�

2 = (ν↓ − 1)� units of angular momentum. For the two spin
sectors to transform identically under rotations, we demand
that they belong to the same angular momentum channel jz =
(ν↓ − 1) = (ν↑ + 1). This implies that the winding numbers
must satisfy ν↑ − ν↓ = −2.

In Sec. III A, we employed the fact that Q̂ was a constant of
motion so that different eigenstates of Ĥ could be character-
ized by its eigenvalues Q. This immediately yielded a relation
between the ground-state expectation value of the orbital
angular momentum and the number of particles. In addition,
the eigenvalue of Q̂ in the ground state could be expressed in
terms of the spectral asymmetry of the BdG Hamiltonian. To
proceed along those lines, we seek to generalize the quantity
Q̂ that would play the same role for the Hamiltonian (1) with
a spin-orbit coupling, Zeeman field, and pairing term (10).
Therefore, we define

Q̂J = Ĵz − jz

2
N̂, (11)

where Ĵz = L̂z + Ŝz is the total angular momentum operator
and jz is the total angular momentum of Cooper pairs counting
spin and orbital contributions. This operator satisfies

[Q̂J ,Ĥ ] = 0, (12)

where Ĥ is given by Eq. (1) with a finite spin-orbit cou-
pling and the pairing symmetry (10). This can be seen in
the following way. Since Ĵz and N̂ commute with ĥ in
Eq. (2), it follows that [Q̂J ,Ĥ ] = [Q̂J ,�̂]. The structure (10)
implies that the pairing operator has two spin contribu-
tions �̂ = �̂↑↑ + �̂↓↓, which in momentum representation
take the form �̂↑↑ = �̂↑ + �̂

†
↑, �̂↓↓ = �̂↓ + �̂

†
↓ with �̂σ =∑

k fσ (k)âkσ âkσ . Here, fσ (k) = �σ (kx + iky sign νσ )|νσ | con-
tains the orbital structure of the pairing of different spin
projections. Now, one can prove that the individual com-
mutators satisfy [L̂z,�̂σ ] = νσ �̂σ , [Ŝz,�̂σ ] = (δσ↑ − δσ↓)�̂σ ,
and [N̂,�̂σ ] = 2�̂σ . Collecting these results and recalling

that jz = (ν↓ − 1) = (ν↑ + 1), we arrive at the conclusion
[Q̂J ,Ĥ ] = 0.

The above result establishes that the separate symmetry
U (1)Jz

× U (1)N of a rotationally invariant and particle-
conserving system reduces to a single combined symmetry
U (1)Jz−jzN/2 due to the pairing term. All the eigenstates
of (1) are labeled by eigenvalues of QJ of the operator
Q̂J and the ground-state expectation value of total angular
momentum satisfies Jz = jzN

2 + QJ . Analogously to the case
in the previous section, QJ can be regarded as the reduction
of the total angular momentum from the value gained by
summing up angular momenta of the Cooper pairs. This
reduction is, again, associated with the edge states circulating
around the disk. The edge states are guaranteed to exist at
least when the Chern number is nonzero. In the absence
of the spin-orbit coupling, the Chern number of the studied
model is given by C = ν↑θ (μ − Bz) + ν↓θ (μ + Bz), where
θ (x) is the Heaviside step function. This result also holds in
the presence of the Rashba coupling as long as the energy
gap is not closed. Edge states may also exist for vanishing
Chern number, for example, the case ν↑ = −1, ν↓ = 1 with
Bz = 0 and �↑ = �↓ corresponds to a time-reversal-invariant
topological superconductor with a Z2 invariant [28].

As discussed in Sec. III A, the ground state of the superfluid
(the positive energy vacuum) can be constructed by filling the
negative energy Bogoliubov quasiparticle states obtained as
a solution of Eq. (5). The unitary transformation U (ϕ) that
makes Eq. (5) separable is now fixed by N1 = jz − 1, N2 = jz,
N3 = 0, N4 = −1. One can show that each negative energy
state ψnl gives a contribution of (l + jz

2 − 1
2 )/2 to the ground-

state eigenvalue Q̂J , so we can write QJ = ∑
En,l<0(l + jz

2 −
1
2 )/2. Because the BdG Hamiltonian (5) in this case satisfies
particle-hole symmetry PH (r,l)P −1 = −H ∗(r,−l − jz + 1),
where P = iτy , the negative and positive eigenvalues are
related by En,l = −En,−l−jz+1. With the help of this relation
we can write the ground-state eigenvalue Q̂J as

QJ = −1

2

∑
l

(
l + jz

2

)
ηl, (13)

where ηl = 1
2

∑
n sign En,l is the spectral asymmetry index

expressed in terms of eigenvalues of the BdG Hamiltonian (5).
The relations (11), (12), and (13) are the main results of
this section and together provide a framework for studying
the total angular momentum in the presence of spin-orbit
coupling in triplet superfluids with the pairing symmetry (10).
In the following, we will study two examples that highlight
the distinct behavior of the cases jz = 0 and �= 0.

B. Ground-state angular momentum with the ν↑ = −1,
ν↓ = 1 pairing

We now turn to study the model (1) with pairing
symmetry (10) specified by winding numbers ν↑ = −1 and
ν↓ = 1. In a finite magnetic field Bz but with vanishing Rashba
coupling α = 0 the system consists of two noninteracting
chiral px ± ipy superconductors with counterpropagating
edge states and spin-dependent chemical potentials μ ± Bz.
In the presence of spin-orbit coupling, the counterpropagating
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FIG. 9. Spectrum of the ν↑ = −1, ν↓ = 1 superfluid as a function
of the angular quantum number l without Rashba coupling (a) and
with a finite Rashba coupling αkF /μ = 0.1 (b). Both figures are
calculated for parameters R = 80k−1

F and kF �0/μ = 0.2 and Bz = 0.
The spectral asymmetry (red line) vanishes in both cases.

edge states persist as long as Bz = 0, even though the Chern
number is zero. The spectrum of the system is illustrated in
Fig. 9. Only the combined effect of the Zeeman field and
Rashba coupling will lift the crossing of the edge modes, as
illustrated in the inset of Fig. 10.

Since the total angular momentum of the Cooper pairs
vanishes jz = 0, Eq. (11) states that the total angular momen-
tum is given by the spectral asymmetry Jz = QJ . Because
the system exhibits edge states, it is possible that these may
give rise to a finite spectral asymmetry. However, in analogy
to the case kx + iky studied in the previous section, the
numerical evaluation of the spectral asymmetry (13) reveals
that QJ = 0 even for a finite spin-orbit coupling and Zeeman
field. Therefore, we conclude that Jz = 0. It should be noted
that the ground state is also an eigenstate of Ĵz. The vanishing
Jz in turn implies that the ground-state expectation values
of orbital and spin angular momentum cancel Lz = −Sz. By
applying a Zeeman field, the orbital angular momentum also
changes to cancel the spin polarization.

By calculating the orbital angular momentum and spin from
Eq. (6), we have directly verified the prediction Lz = −Sz of
the spectral asymmetry argument. In Fig. 10, we have plotted

FIG. 10. Angular momentum of the ν↑ = −1, ν↓ = 1 case as a
function of magnetic field. Different curves correspond to different
values for the Rashba constant αkF = 0 (blue), αkF = 0.3μ (red).
For both curves �0kF = 0.3μ. In the figure, μ is held fixed. Inset:
same as Fig. 9(b) but with a finite Zeeman field Bz = 0.1μ.

the expectation value of the ground-state orbital angular
momentum as a function of the Zeeman field Bz. When Bz = 0
and �↑ = �↓ = �0, the of number particles with up and
down coincide and Lz = 0. Since Bz acts as a spin-dependent
chemical potential, by increasing Bz we increase particles
with kx + iky pairing and decrease the kx − iky component,
hence driving the system into the Lz/N > 0 regime. Since the
kx − iky component is effectively suppressed when Bz > μ,
we expect that the system approaches the value Lz/N = 1

2
for large Bz, in accordance with the findings of the previous
section. As Fig. 10 illustrates, that is indeed the case. At strong
spin-orbit coupling, the limiting value is approached slower
than in the absence of it. At Bz = μ, the effective chemical
potential of spin-up particles is zero and the the system
undergoes a topological phase transition between phases with
Chern numbers 0 and 1. The transition shows up in the figure
as a crossover between two trends at Bz = μ.

C. Ground-state angular momentum with the ν↑ = 1,
ν↓ = 3 pairing

Now, we will study the properties of system (1), with pairing
symmetry (10) and winding numbers ν↑ = 1, ν↓ = 3. In this
case, Cooper pairs carry total angular momentum jz = 2. This
type of jz = 2 pairing is proposed to take place in a parallel-
plane geometry in 3He -A1 [29]. The spectrum of the system
is illustrated in Fig. 11. For weak Zeeman field, the Chern
number is four and the gap is traversed by four edge states
with the same chirality. While the Rashba coupling modifies
the spectrum quite drastically, it cannot destroy the edge states
without closing the bulk energy gap.

In contrast to the ν↑ = −1, ν↓ = 1 case above, Fig. 11
shows that the spectral asymmetry and thus QJ is finite.
Therefore, the relation between Jz and N is nontrivial, in
analogy to the relation between Lz and N in the case of
chiral pairing (7) for ν > 1. By solving the BdG eigenvalue
problem (5), we evaluate the angular momentum reduction
factor in the ground state by employing Eq. (13). The relation
between Jz and N then follows from Eq. (11).

In Fig. 12, we illustrate how Lz/N , Sz/N , and Jz/N , cal-
culated by employing Eq. (6), depend on the Zeeman field. We
have also plotted the quantity jz

2 + QJ /N which is determined
by the spectral asymmetry and should coincide with Jz/N

FIG. 11. (a) Spectrum of the ν↑ = 1, ν↓ = 3 superfluid as a
function of the angular quantum number l for αkF = 0 and Bz = 0.
(b) The same as (a) but for αkF = 0.2μ, Bz = 0.2μ. Both figures
correspond to parameters R = 80k−1

F , �↑/μ = 0.2, and �↓/μ = 0.3.
The spectral asymmetry is represented by the red line with the
associated red scale.
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FIG. 12. (a) Different angular momentum contributions and the
reduction factor QJ /N in the case ν↑ = 1, ν↓ = 3 (jz = 2) as a
function of the Zeeman field for a vanishing spin-orbit coupling.
In the figure, μ is held fixed. (b) The same as (a) but for a finite
spin-orbit coupling αkF = 0.25μ. In both figures, kF �↑ = 0.3μ,
k3

F �↓ = 0.3μ, and R = 80k−1
F .

according to Eq. (11). The two methods for calculating Jz agree
within the accuracy of our numerics. As Figs. 11 and 12 show,
the spectral asymmetry and the total angular momentum in the
ground state also vary significantly as a function of the Zeeman
field, in contrast to the ν↑ = −1, ν↓ = 1 case where they
always vanish. By comparing the total angular momentum with
and without the spin-orbit coupling in Figs. 12(a) and 12(b),
one can conclude that the expectation value of the spin seems
to be unaffected by the spin-orbit coupling.

The two different superfluids ν↑ = −1, ν↓ = 1 and ν↑ = 1,
ν↓ = 3 illustrate that, analogously to the different behavior
of orbital angular momentum for ν = 1 and ν > 1, the
total angular momentum also behaves qualitatively differently
depending on whether |νσ | = 1 or |νσ | > 1.

V. DISCUSSION

The ground-state angular momentum in chiral superfluids
has been studied for 40 years and the recent advances in
topological superconductivity and the connections to Hall
viscosity [30,31] have revived the interest in the subject.
Recent developments have also brought new aspects into
focus. As highlighted in Ref. [14] for different chiral pairing
symmetries, angular momentum in a finite geometry is not a
topological property of the ground state. Nevertheless, in the
models studied in our work, topology necessitates the existence
of the edge states that give rise to a finite spectral asymmetry.
The connection between angular momentum and the spectral
asymmetry arises from the fact that the studied Hamiltonians
allow for a conserved quantity Q̂ = L̂z − νN̂/2 or Q̂J =
Ĵz − jzN̂/2. In this case, the ground-state expectation value
of Q̂ (or Q̂J ) may change only through a spectral flow. The
spectral flow is caused by a topological phase transition or a
deformation of the edge branches in a way that an eigenstate
of the Hamiltonian crosses zero energy. The connection
between angular momentum and spectral flow is, however,
absent for example in the artificial p-wave model studied
in Ref. [32] by Shitade and Nagai. They found that in the
artificial p-wave model, achieved through the interplay of the
s-wave proximity effect, the Rashba effect, and Zeeman field,
angular momentum changes continuously even when the gap
remains open and no states cross the zero energy. Orbital

angular momentum exhibits a smooth crossover behavior at
the topological phase transition between a trivial and a finite
Chern number state. The qualitative difference between the
model studied in Ref. [32] and the models studied in this work
arises from the existence of the conserved quantity Q̂ that
strongly constrains the behavior of the system.

The special behavior of angular momentum for (px ± ipy)ν

pairing with ν = 1 compared to ν > 1 case with and without
spin-orbit coupling is remarkable. As discussed above, the
universality of the result Lz = ±�N/2 irrespective of different
confining potentials and pairing strength can be understood in
terms of vanishing spectral asymmetry. The vanishing spectral
asymmetry results from the fact that the edge spectrum is
monotonic and passes through the gap center at zero angular
momentum. The topology and the particle-hole symmetry
of the BdG spectrum do not prohibit a deformation of
the edge spectrum in a way that would result in a finite
spectral asymmetry [15]. Also, the different mechanisms of
suppression of angular momentum have been proposed in
ν = 1 in Refs. [33–35]. However, as discussed in Sec. III C,
deformations of the radial confining potential do not lead
to finite spectral asymmetry or departures of the angular
momentum from the universal value.

VI. SUMMARY

In this work, we studied the ground-state angular momen-
tum in chiral superfluids and superconductors confined to a
disk. Motivated by the recent discovery that orbital angular
momentum in chiral (px + ipy)ν systems behaves dramatically
differently for ν = 1 and ν > 1, we examined several further
directions. By employing spectral asymmetry arguments, we
showed that for ν = 1, the result Lz = �N/2 is robust against
deformations of the confining potential, appropriate for smooth
and hard-wall potentials as well as an annulus geometry. In
contrast, for ν > 1 the ratio Lz/N can be strongly tuned by an
external rotationally symmetric potential. Also, our results im-
ply that the angular momentum reduction from the naive value
νN/2 depends on the gap size only through parameter μ

EF
for

ν = 2,3 but for ν � 4 behaves qualitatively differently. Thus,
for ν = 2,3 pairing states in a hard-wall geometry, the ground-
state angular momentum is suppressed as Lz = − ν

2 �N (1 −
μ

EF
) and no additional suppression factors ( �

EF
)γ arise.

In the second part of the work, we studied chiral superfluids
where Lz is not a good quantum number in the normal state
due to a Rashba-type spin-orbit coupling. Inspired by previous
ideas by Volovik [16] and Tada et al. [14], we formulated
a new relation Jz = jzN/2 + QJ between the total angular
momentum Jz, the number of particles N , and the reduction
factor QJ determined by the spectral asymmetry index of
the Bogoliubov–de Gennes Hamiltonian on a disk. This
relation holds for the triplet states where Cooper pairs
have a different odd pairing symmetry but the same total
angular momentum jz. We discovered that, in analogy to the
orbital angular momentum dichotomy between the ν = 1 and
ν > 1 cases for the (px + ipy)ν pairing, the behavior of the
spectral asymmetry and total angular momentum is different
depending on whether jz = 0 or �= 0.
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