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Mutual friction in superfluid 3 He-B in the low-temperature regime
J. T. Mäkinen* and V. B. Eltsov
Low Temperature Laboratory, Department of Applied Physics, Aalto University, FI-00076 AALTO, Finland
(Received 7 December 2017; published 29 January 2018)
We measure the response of a rotating sample of superfluid 3 He-B to spin-down to rest in the zero-temperature
limit. Deviations from perfect cylindrical symmetry in the flow environment cause the initial response to become
turbulent. The remaining high polarization of vortices along the rotation axis suppresses the turbulent behavior
and leads to laminar late-time response. We determine the dissipation during laminar decay at (0.13–0.22)Tc
from the precession frequency of the remnant vortex cluster. We extract the mutual friction parameter α and
confirm that its dependence on temperature and pressure agrees with theoretical predictions. We find that the
zero-temperature extrapolation of α has pressure-independent value α(T = 0) ∼ 5 × 10−4 , which we attribute to
a process where Kelvin waves, excited at surfaces of the container, propagate into the bulk and enhance energy
dissipation via overheating vortex core-bound fermions.
DOI: 10.1103/PhysRevB.97.014527
I. INTRODUCTION

The superfluid phases of 3 He are experimentally accessible
macroscopic quantum systems where the multicomponent
order parameter supports a variety of quantized vortices with
nonsingular cores [1,2]. Such vortices can possess hard cores
with radius of the order of the coherence length, filled with a
superfluid phase different from that in the bulk. The vortexcore-bound fermions play an important role in the dynamics
of the vortices. They interact with the bulk thermal excitations,
leading to a force, called mutual friction, acting on a vortex in
an external flow field. The mutual friction is well understood
at higher temperatures (T  0.3Tc ) both theoretically [3]
and experimentally [4,5], but the quantitative experimental
confirmation in the zero-temperature limit has been absent.
Furthermore, nonzero extrapolation of dissipation to T = 0
has been observed both in 4 He [6] and in 3 He [7]. In 4 He
experiments the remnant dissipation can be attributed to 3 He
impurities in the sample [6]. On the other hand, superfluid 3 He
is isotopically pure, but finite zero-temperature extrapolation
is observed nonetheless.
Spin-down measurements, where a steadily rotating container is abruptly brought to rest, provide well controlled access
to superfluid vortex dynamics. During the steady rotation the
quantized vortices form a well-defined lattice in which the vortex density is controlled by the angular velocity. When the
container is brought to rest, the normal component imposes
a force on vortices. In 4 He the post-spin-down dynamics are
always turbulent [8,9], while in 3 He in a cylindrical container
the response is found to be laminar at least down to 0.20 Tc
[5]. Deviations from perfect cylindrical symmetry [10] or
introduction of a dissipative AB phase boundary [11] lead to
a (at least partially) turbulent response to spin-down also in
3
He-B.
In turbulent spin-down the dissipation is greatly enhanced
by vortex reconnections [9–11], in particular. The resulting
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time scales are generally much faster than for laminar vortex
motion, where the scale is determined by mutual friction. In this
work we apply nuclear magnetic resonance (NMR) techniques
[12] and Andreev scattering of quasiparticles [10,13–15] to
probe the vortex dynamics after spin-down to rest in 3 He-B in
the T → 0 limit.
II. MUTUAL FRICTION

Vortex motion r = r0 + (vL − vn )t with respect to the
normal-fluid motion vn leads to pumping of core-bound
fermions along the zero-crossing branch in the energy spectrum
[16]. This phenomenon is known as spectral flow. Here vL is
the velocity of the vortex, r0 = r(t = 0) is its initial position,
and t is time. The energy levels of the core-bound fermions
are separated approximately by energy h̄ω0 ∼ 2 /EF  ,
called the minigap. Here EF is the Fermi energy and  is the
superfluid gap. Relaxation of the core-bound fermions towards
the thermal equilibrium with time constant τ leads to a net force
acting on a vortex [17–19],
FN = D(vn − vL )⊥ + D  ẑ × (vn − vL ).
Parameters D and D  are given by [3]
D = ρκ
and


D  = ρκ 1 −

ω0 τ
(T )
tanh
2 2
2kB T
1 + ω0 τ


ω02 τ 2
(T )
− ρs κ,
tanh
2kB T
1 + ω02 τ 2

(2)

(3)

where τ is the average lifetime of Bogoliubov quasiparticles
at the Fermi surface [20], −ρs κ is the Iordanskii force [21,22],
ρ = ρs + ρn is the total fluid density where ρs and ρn are
the densities of the superfluid and the normal components,
respectively, and T is temperature.
If the vortex mass is neglected, the total force acting on
a vortex, which includes mutual friction and Magnus forces,
should be zero. The force balance can be written as [4]
(vn − vL ) × ẑ + α(vn − vs )⊥ + α  ẑ × (vn − vs ) = 0,
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where the first term is the Magnus force. The mutual friction
parameters α and α  are defined as
α=

D/κρs
(D/κρs )2 + (1 − D  /κρs )2

(5)

and
α = 1 −

1 − D  /κρs
.
(D/κρs )2 + (1 − D  /κρs )2

(6)

In the T → 0 limit the reactive parameter α  ∼ α 2 can safely
be neglected. In the same limit the dissipative term becomes
α∼

1
ω0 τ

(7)

and the temperature dependence is dominated by the quasiparticle lifetime



τ ∝ exp
.
(8)
kB T
III. LAMINAR SUPERFLOW AND RESPONSE
TO SPIN-DOWN

The coarse-grained hydrodynamic Hall-Vinen-BekarevichKhalatnikov equation for the superfluid velocity vs is [17]
∂vs
+ ∇μ − (vs · ∇)vs = −α ω̂ × [(vs − vn ) × (∇ × vs )],
∂t
(9)
where μ is the chemical potential and ω̂ is a unit vector along
the vorticity. Assuming that vortices remain highly polarized
along the rotational axis as generally is the case for rotating superflow [23,24], vortex reconnections can be ignored.
The superfluid mimics laminar solid-body-like motion and
quantized vortices create combined superfluid velocity field
vs = s ẑ × r, where s is the angular velocity of rotation
around axis ẑ. With this form of vs Eq. (9) transforms after
taking the curl of both sides to
s (t)
(10)
= 2α s (t)[ − s (t)],
dt
where
is the angular velocity of the normal component,
assumed to be equal to the drive. If a steplike change from
= 0 to 0 is performed at t = 0, the response at t > 0
follows

d

s (t)

=

0

1 + t/τ

,

(11)

where τ = (2α 0 )−1 . In reality, the step is performed at finite
rate − ˙ . During the deceleration, i.e., for − 0 / ˙ < t < 0,
Eq. (10) has the solution
√
˙ exp[α(t + 0 / ˙ )( 0 − ˙ t)]
,
(12)
√
√
s (t) =
√
τ0 ˙ + π α exp(α 20 / ˙ )erf( α ˙ t)


α/ ˙ exp(α 20 / ˙ )erf( α/ ˙ 0 ).
where τ0 = −1
0 +
At low temperatures the typical time scales of the vortex
dynamics are much longer than those of the deceleration
in our experiments, i.e., α  ˙ / 20 , and at the end of the
deceleration s (t = 0) ∼
= 0 . It is thus justified to use Eq. (11)
at all times t > 0.

FIG. 1. Experimental setup used in the measurements. The container (not to scale) is a quartz-glass cylinder with smooth walls to
avoid vortex pinning. It is rotated about its vertical axis. The NMR
pickup coils, located close to the top of the container, are used to
probe the vortex dynamics along with two quartz tuning forks located
at the bottom close to the heat exchanger. The quartz tuning forks
are additionally used for thermometry since they are sensitive probes
for local quasiparticle density. The bottom of the container is open to
a heat exchanger volume with rough surfaces covered with sintered
silver.

IV. EXPERIMENTAL SETUP
3

The He-B sample is contained in a 150-mm-long smoothwalled cylindrical quartz-glass container with 5.85 mm inner
diameter, illustrated in Fig. 1. The bottom of the container is
open to a silver-sintered surface acting as a heat exchanger. The
pressure in the sample is varied between 0 and 29 bars and the
sample can be cooled down to 0.13Tc . The sample is rotated
with angular velocities up to 2 rad/s. The maximum rate of
deceleration is − ˙ = −0.03 rad/s2 . The axial symmetry is
broken by two quartz tuning forks, used as thermometers [13–
15], and by vortex pinning to the sintered surface at the bottom.
The inner surfaces of the quartz glass cylinder were treated with
hydrofluoric acid [25] to avoid vortex pinning elsewhere.
In the ballistic regime the forks’ resonance width is proportional to the Boltzmann factor exp(−/kB T ) [13]. In the presence of a superfluid flow field, created for example by a nearby
vortex bundle, the forks’ resonance width becomes a function
of the surrounding vortex structure [10,26]. Owing to Andreev
reflection the vortices shadow part of the heat flow emanating
from the walls of the container [27]. After a spin-down we see
oscillations with increasing period in the resonance width of
the fork; see Fig. 2. We interpret these oscillations as caused
by a precessing vortex cluster which develops some rotational
asymmetry as a result of the spin-down.
Our setup also includes a set of NMR pickup coils, used
to probe the spatial distribution of the order parameter, called
texture [28]. We apply rf pulses that excite transverse spin
waves, or magnon quasiparticles. Pumped magnons quickly
form Bose-Einstein condensate (BEC) in the magnetotextural
trap close to the axis of the sample [29,30]. The competing
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FIG. 2. Response of the resonance width of the thermometer fork
recorded during spin-down from 0 = 1.02 rad/s to rest. The initial
overshoot is caused by heat produced by turbulent dissipation of the
vortex cluster after the spin-down. Time t = 0 corresponds to the
moment when the drive reaches zero. The insets show zoomed view
of the late-time response. The periodic oscillations originate from
precession of a remnant vortex cluster. The increase of the oscillation
period with time is used to extract the dissipation.

effect of the axial magnetic field and of the boundary conditions
for the order parameter imposes smooth variation to the
order parameter in the radial direction, forming an effective
potential well for magnons. In the axial direction magnons
are trapped by a shallow minimum in the magnetic field,
created by an external solenoid. The textural part of the trap
is modified in the presence of vortices due to contributions
from their cores and the associated superfluid velocity field
[12]. Magnetization of the magnon BEC coherently precesses
with a frequency which depends on the trapping potential.
Therefore, the NMR measurements allow us to probe the
evolution of vortex distribution within the trap by periodic
application of excitation pulses. After a spin-down to rest
the measured frequency of coherent precession oscillates with
increasing period; see Fig. 3. This observation further supports
the interpretation about a precessing nonuniform vortex cluster
after the spin-down.
In the measurements the period p(t), extracted from temporal separation of the local maxima in the NMR or fork response,
is converted into the angular velocity of the precessing vortex
cluster using
2π
.
(13)
s (t) =
p(t)
Here we assume that the local maximum of either type of signal
is related to the position of some identifiable feature in the
precessing vortex cluster and thus the temporal separation of
two subsequent maxima corresponds to a single round of vortex
precession in the container.
V. MEASUREMENTS ON LAMINAR DECAY
OF PRECESSING VORTEX CLUSTER

The initial vortex density is controlled by the angular
velocity 0 , so that the aerial density of vortices is equal to
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FIG. 3. Temporal evolution of the ground state of magnon BEC
after a spin-down from 0 = 1.02 rad/s to rest. The initial increase in
the frequency is caused by the drop in the vortex density and decreased
polarization during the turbulent burst. The insets show zoomed view
of late-time behavior, where oscillations in the ground state are caused
by periodic modulation of spatial distribution of the order parameter
by a precessing vortex cluster.

solid-body-rotation value nv = 2 0 /κ. To prepare the initial
state the sample is rotated at velocity > 0 before returning to 0 to ensure enough vortices are created. In some
measurements this step is done at about 0.7Tc , where vortex
dynamics is fast. Afterwards the sample is cooled down to
the desired temperature over a time period of the order of
an hour. Alternatively, a similar procedure is done at lower
temperatures. In this case steady rotation at 0 is maintained
for a few hours before the spin-down. We ensure that the
dissipation of the magnon BEC, proportional to vortex density,
has reached a constant value before the spin-down. After the
spin-down the response s (t) is monitored for as long as the
oscillations are seen, typically for a few hours.
A short turbulent burst, seen as an initial overshoot of
the fork width [7] in Fig. 2, is observed as soon as the
deceleration starts. The first oscillations are typically seen
right after the turbulent t −3/2 decay of vortex line density,
some ∼100 s after the container is at rest. We use the initial
angular velocity s (t = 0) ≡ i and the time constant τ as
fitting parameters in Eq. (11). We find that i ∼ (0.6–0.8) 0
in all our measurements. Thus, we estimate that 20–40% of
vortices are lost during the initial turbulent burst. The mutual
friction parameter α is extracted from
α=

1
2

iτ

(14)

as a function of temperature at three different pressures;
see Fig. 4. We find that α has, within the accuracy of our
measurements, a linear dependence on the width of the quartz
tuning fork as expected in the T → 0 limit. The measurements
also show a finite pressure-independent zero-temperature extrapolation α0 ≡ α(T → 0). In the ballistic regime α can be
written as a function of the fork resonance width as
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agrees with earlier measurements at 29 bars pressure [11], its
magnitude is a factor of 6 smaller than the value of (ω0 τ )−1 .
We use the weak-coupling-plus bulk gap with strongcoupling correction. We have found no need for the gap
renormalization, contrary to the fits at T > 0.3Tc presented
in Ref. [4]. Thus, we believe that the measured values of α can
be directly compared with the theory.

T /Tc (29 bars)
0.15 0.180.19
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α · 104
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VI. POSSIBLE SOURCES OF FINITE FRICTION AT T → 0
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FIG. 4. Dissipative mutual friction parameter α as a function of
the quartz tuning fork resonance width f . The dashed line follows
Eq. (15) at 0.5 bars pressure, assuming α0 = 5 × 10−4 and Bf =
(6ω0 τ )−1 , and the solid lines are fits to the same equation at different
pressures. The fork width is converted to T /Tc scale at 29 bars at the
top axis.

where the coefficient B is the slope in Fig. 4. Parameter C is a
geometrical factor specific to the type of the resonator, which in
our case has been determined to have the value C = 10.0 ± 1.5
kHz at 0.5 bars pressure by calibrating the fork against the
Leggett frequency at 0.37 Tc in 3 He-B [31]. The geometrical
factor scales as C ∝ pF4 as a function of pressure [14]. We
compare the measured value Bf with the expected behavior
∼(ω0 τ )−1 as a function of pressure. The results are shown in
Fig. 5. We use low-temperature minigap values from Ref. [32],
interpolated in 20 pF−1 using quadratic fit. The results show
the expected pressure dependence. While the absolute value
14

(α − α0 )exp(Δ/kB T )
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25
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FIG. 5. Coefficient (α − α0 ) exp(/kB T ) as a function of pressure. Blue squares correspond to measurements in this work and
the red circle is extracted from data in Ref. [11], measured at
0.20Tc , assuming the same geometrical factor C and α0 = 5 × 10−4 .
Error bars correspond to the inaccuracy of the determination of
the geometrical factor C in Eq. (15). The lines follow (6ω0 τ )−1
and correspond to (0.20, 0.165, and 0.13)Tc from top to bottom,
respectively.

Finite dissipation in quantum turbulence in the zerotemperature limit has previously been observed in superfluid
4
He [9,33], and in 3 He-B [7,34,35]. The microscopic sources
of dissipation, as well as the role of the normal component, are
quite different for the two superfluids. In superfluid 4 He the
normal component has independent dynamics, which couples
to the dynamics of the superfluid component via mutual
friction. At large drives the dynamics of the normal component
in 4 He may be turbulent. Nonzero density of the normal
component and thus friction may exist even in the T → 0
limit when 3 He impurities are present. Otherwise, the zerotemperature dissipation is believed to originate from acoustic
emission by rapidly oscillating vortices [36], which terminates
the Kelvin-wave cascade. So far the experimental verification
of this scenario is absent. In 3 He-B the normal component
is practically always laminar and its density vanishes exponentially towards lower temperatures. Here we consider a few
possible dissipation mechanisms as candidates for the observed
zero-temperature dissipation in laminar motion in 3 He-B.
One possibility is surface friction in the presence of rough
surfaces like the silver-sintered ones in the heat exchanger. The
authors in Ref. [11] studied the response of 3 He-B to spin-down
by measuring the magnitude of counterflow in a cylinder with
smooth walls and the possibility to introduce a slab with high
dissipation. The region with high dissipation could be created
in the middle of the sample by using magnetic field to stabilize
a layer of superfluid 3 He-A. At low temperatures the mutual
friction coefficients in the A phase are orders of magnitude
larger than those in the B phase. In the presence of the AB phase boundary the response in the B phase was always
turbulent. Additionally, the flow profile during the decay was
clearly different from solid-body like.
In the absence of the phase boundary laminar behavior was
observed down to the lowest measured temperature 0.20Tc ,
with i τ = 740. According to Eq. (14) this corresponds to
α 7 × 10−4 , which is in good agreement with our current
work. This observation suggests that the surface friction cannot
be accounted for by simple increase of the mutual friction
coefficient α but it leads to qualitatively different behavior.
Consider a vortex moving along a dissipative surface.
The energy dissipation from the motion is limited by the
vortex tension Tv = κ 2 ρs (4π )−1 ln ab , where b is the intervortex
separation and a is the vortex core size. The existence of this
limit has been previously observed in spin-up measurements
on 4 He [37].
Assuming maximum pulling force, the surface dissipation
power can be calculated as
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b
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angular velocity s with respect to the container. The vortexcore-bound fermions approximately follow the heat balance
equation [38]


0
0
,
(18)
exp −
Aξ/vc3 =
kB Tloc
kB Tloc

0.5
Δf = 0.08 Hz, Ω0 =1.02 rad/s
Fit to Eq. (9)
Fit to Eq. (17) with ﬁxed αsfm

0.45

ΩS , rad/s

0.4
0.35

where A = ux u̇y − uy u̇x t /2, ξ is the coherence length, 0
is the superfluid energy gap at zero temperature, vc = 0 pF−1
is the superfluid critical velocity, and Tloc is the temperature
inside the vortex core. The brackets denote time average and
ux and uy are the x and y components of the vortex velocity
u(t), respectively. For circular periodic motion at distance R
from the axis, we get
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FIG. 6. The dots show an example decay at 9.5 bars pressure using
data from Fig. 3. The solid red line is a fit to laminar decay model,
Eq. (10), which only includes mutual friction. The dashed black line
shows the behavior of the extended model, Eq. (17), with fixed αsfm
and fitted β; see details in the text.

Here nv = 2 s /κ is the vortex density and vex = s r is
velocity of the vortex ends relative to the surface.
Using Eqs. (10) and (16) we can write an equation for decay
of total kinetic energy E after a steplike spin-down
4κ ln ab
dE
8αsfm 3/2
E .
= −β
E−√
dt
3π RH
MR 2

(17)

Here E = M(R s )2 , M = π R 2 Hρs is the mass of the superfluid in the container, H is the height of the container,
and 0  β  1 is a dimensionless parameter describing the
effectiveness of the surface friction. The first term in Eq. (17)
describes the surface dissipation and the second term describes
mutual friction in the bulk. We extract E(t) from the experiments using s (t) from Eq. (13) and use the initial condition
E(t = 0) = M(R sfm )2 . Parameters αsfm , β, and sfm are
used as fitting parameters. The subscript sfm refers to surface
friction model, i.e., to the fitted parameter value in this model.
We find β  1, while αsfm and sfm agree with the previously
fitted α and i . Thus, the model including the surface friction,
Eq. (16), when applied to our data effectively reduces to the
one without, Eq. (11). Alternatively, we tried fixing αsfm to
α(f ) − α0 , where α(f ) is taken from Eq. (10). We find
that we cannot reproduce the observed decay of s this way;
see Fig. 6. The finite zero-temperature dissipation α0 cannot
thus be replaced by surface friction.
Another possible source for finite zero-temperature dissipation is proposed by Silaev in Ref. [38]. In this model, the vortexcore-bound fermions interact with the flow, obtain additional
energy, and escape the core if the vortex is in accelerating
motion. The process is effective down to the absolute zero
temperature. There are at least two sources of accelerating
vortex motion in our measurements, whose effects we will
now consider.
The first source for acceleration is the centrifugal motion
of the remnant vortex cluster around the rotation axis after
the spin-down. Consider a cluster of vortices moving with

3
s.

(19)

We estimate the dissipation by substituting 29-bar parameter
values at T = 0 and using typical experimental values s =
1 rad/s and R = 3 mm. We get kB Tloc /0 ≈ 0.02, which is
equal to Tloc ∼ 0.04Tc . The dissipation caused by the centrifugal motion thus only dominates the vortex dynamics below
0.04Tc , which is much lower than the lowest temperatures
in our measurements. It seems unlikely that the centrifugal
motion is responsible for the extra dissipation.
The second source for acceleration is the presence of vortex
waves, such as Kelvin waves. Estimation for A for typical
Kelvin waves was done by Silaev in Ref. [38]. According
to this estimate the presence of Kelvin waves overheats the
cores to temperature Tloc ∼ 0.2Tc . We note that α0 ≈ α(T =
0.2Tc ) − α(T = 0). In other words, the unaccounted dissipation at zero temperature corresponds to temperature increase
of roughly 0.2Tc , in agreement with Silaev’s estimate for
Tloc . The Kelvin waves are naturally expected to be created
immediately after the spin-down during the initial turbulent
burst [39]. However, the dissipation related to Kelvin waves
should decrease and eventually cease as the initial small scale
vortex waves decay. Laminar vortex motion is not a likely
candidate for providing energy input to small scales since there
are no vortex reconnections.
There is, however, at least one persistent source of Kelvin
waves. We suggest that vortex motion along a rough surface,
such as that of the heat exchanger, generates Kelvin waves that
then propagate along the vortices. In principle, one expects
that generation of Kelvin waves is more prominent in areas
where vortex motion with respect to the surface is faster,
i.e., at larger distance from the container axis. We note,
however, that vortex waves have been seen to transfer to
nearby vortices [40]. Eventually this process can bring the
whole volume to a quasiuniform state with all vortices having
similar Kelvin-wave spectrum. Generation of Kelvin waves
from vortex motion along a dissipative surface could thus
effectively lead to enhanced dissipation in the whole volume
via Silaev’s mechanism.
VII. CONCLUSIONS

We have studied the spin-down response of superfluid
He-B in a cylindrical container at T = (0.13–0.22) Tc at
0.5-, 9.5-, and 29-bar pressures. Deviations from cylindrical
symmetry in our setup lead to an initial turbulent burst, followed by hours-long laminar decay. We extract mutual friction

3
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parameter α from the evolution of angular velocity of the
remnant vortex cluster. We find that α depends exponentially
on the temperature as theoretically expected. The observed
pressure dependence is explained by the behavior of the
minigap separating the energy levels of the vortex-core-bound
fermions. The absolute values of the friction coefficient are a
factor of 6 lower than the theoretical estimation.
The zero-temperature extrapolation of α reveals a pressureindependent finite value α0 ≈ 5 × 10−4 . We consider surface
friction and a mechanism proposed by Silaev in Ref. [38] as
possible sources for zero-temperature dissipation. The latter
requires that vortices are in accelerating motion. We rule out
surface friction and Silaev friction from precessing motion of
vortices as possible sources of the observed extra dissipation,
while oscillating vortex motion from sufficiently developed
Kelvin waves could provide enough dissipation. The Kelvin
waves produced in an initial turbulent burst after the spin-down
decay during laminar motion at later times. Thus they could
not support time-independent α0 seen in our observations. We
propose that vortex motion along the rough surface of the

heat exchanger at the bottom of the experimental container
generates Kelvin waves, which propagate into the bulk along
the vortices effectively enhancing dissipation in the whole
volume via mechanism proposed by Silaev.
In future it would be interesting to measure mutual friction
in a system where vortex interactions with boundaries can be
neglected. One possibility may, in principle, be provided by
freely propagating vortex rings, which can be created in the
experiments, i.e., by a moving grid [41]. One should be careful,
though, that even in such a system Kelvin waves, excited on
the rings at the moment of formation, can significantly affect
further dynamics [42].
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