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We present the results of calculations for the ground-state electron structure, static polarizability,
and dynamic response of small metal (jellium) spheres in vacuum or embedded in a dielectric. Fully
self-consistent time-dependent density-functional methods are used. In particular, the static and

dynamic responses to an incident electric field (dipolar polarizability and photoabsorption) are ob-

tained. The results show substantial deviations from either classical or approximate quantum-
mechanical solutions, and provide reference data for simplified treatments.

I. INTRODUCTION

The electronic and optical properties of small metal
particles and their aggregates have attracted much interest
during the last decade. ' ' One facet of this interest
stems from the large surface-to-volume ratio of small par-
ticles. On the one hand, this enhances surface-associated
effects in various experimental investigations; on the oth-
er, small clusters are extensively used for mimicking sur-
faces and adsorbates in theoretical electronic structure cal-
culations. However, the properties of small particles can
differ drastically from those of semi-infinite substrates,
when the particle linear dimension is comparable to other
characteristic lengths, such as the electron de Broglie
wavelength or the wavelength of incident electromagnetic
radiation. They are then expected to show considerable
deviations from classical behavior and size effects, which
are reflected in a number of observations.

Although the problem of small metal spheres and their
response to, e.g., an external electric field have received
considerable attention, very few exact results exist. In this
paper we report on results of an essentially exact study of
a simple but qualitatively valuable model system, the jelli-
um sphere. We consider a sphere of homogeneous back-
ground density no, containing a fixed number X of elec-
trons, embedded in a dielectric medium with the dielectric
constant e. We solve the ground-state electronic structure
using self-consistent density-functional methods ' ' and
evaluate the static and dynamic random-phase-
approximation (RPA) response functions of the system
using the spectral techniques introduced by Stott and
Zaremba. In particular, we calculate the static and
dynamic dipole polarizability and absorbtivity of jellium
spheres. Thus the calculations contain both of the two
essential features of the small-particle problem: the
quantum-mechanical level discreteness and the nonlocal
electron response. These are tied together by the density-
functional formalism, which incorporates the electronic

exchange and correlation in terms of an effective self-
consistent potential. By extending the density-functional
formalism to the time-dependent regime, one can obtain
the dynamic response as well. Thus the results serve a
similar purpose for the spherical particles as those of
Feibelman for the planar jellium surface. We compare
our results with those of more approximate approaches,
such as classical electrodynamics, semiclassical and quan-
tum infinite barrier model and the Thomas-Fermi model.
While this paper was being written, we became aware of
similar work by Ekardt, ' whose results agree with ours
where comparison is possible. The implications of the
model results for experimental observations are also brief-
ly discussed.

The organization of the paper is as follows. In Sec. II
we present the basic theory for the electronic structure,
response functions and polarizability. The numerical re-
sults are given in Sec. III, where the main emphasis is
placed on (i) size effects in the static polarizability, (ii) ef-
fect of the embedding dielectric, and (iii) the photoabsorp-
tion spectrum. Section IV contains a short summary.

II. THEORY

A. Ground-state electronic structure

The small metallic particles are mimicked in the model
calculations of this work by jellium spheres with a rigid
positive charge distribution,

n+(r) =n, e(R —r),
where R defines the sphere radius and no is the mean
valence electron density of the corresponding bulk metal.
Introducing the usual density parameter r, = +31(4srno),
and requiring that the sphere is neutralized by X valence
electrons, the sphere radius is determined by

R=vXr, .
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The ground-state electron structure is obtained by solv-
ing the Kohn-Sham equations (atomic Bohr units are used
throughout),

p2
+u,ff[r, n(r)] f;(r)=e;P;, (3)

n(r)=g ~g;(r) ~',

u| ff(r) =P(r)+u„,[n (r)] (5)

4m.
n(r), r ~R

and the proper boundary condition at the interface is

BP BP'
a

where in and out refer to inside and outside derivatives at

P;(r) and e; are the Kohn-Sham single-particle eigenfunc-
tions and eigenenergies, respectively. They are used to
construct the total electron density n (r) [Eq. (4)] and the
minimal total energy E„,(N) of the cluster. The effective
potential u, ff in Eq. (3) consists of the electrostatic Har-
tree potential P(r) and of the exchange-correlation poten-
tial u„[n(r)] for which we have invoked the standard
local-density approximation using the Gunnarsson-
Lundqvist energy functional E„,. Equations (3)—(5)
constitute a spin-independent formalism. The generaliza-
tion for a spin-dependent form is straightforward but in
the present work we focus on the spin-independent case.

The electrostatic potential P(r) in Eq. (5) satisfies the
Poisson equation. If the metal sphere is surrounded by a
homogeneous, insulating medium with the dielectric con-
stant e, this reads

V P'= 4n[n (r—) —no], r (R

r =R, respectively. Due to the spherical symmetry of the
cluster, Eqs. (3)—(6) can be solved self-consistently using
numerical techniques similar to those developed for free
atoms.

There are useful sum rules, basically variants of the
Hellmann-Feynman theorem, which should be obeyed by
the self-consistent energy-minimizing solution and can
thus be used to check the numerical quality of the calcula-
tions. These have been discussed for various jellium
geometries by Ziesche and Lehmann. Another closely
related theorem is the electrostatic force sum rule of Sor-
bello, stating that a uniform translation of the sphere in a
homogeneous electric field requires no energy. This can
be transformed into a sum rule for the static response
function discussed in the next chapter W. e find that our
self-consistently converged results obey these sum rules to
a high accuracy.

5n(r, co) =f dr'X (r, r', co)5u,ff(r', fo), (9)

where Xo(r, r', co) is the response function (susceptibility)
for the noninteracting system, represented by the set of
Kohn-Sham orbitals. The changes in the effective and
external potentials are related through

B. Response function and polarizability

The 1inear-response theory asserts that the Fourier com-
ponent 5u,„,(r, co) of an external time-dependent potential
perturbation produces a density fluctuation 5n (r, co),
which are related through

5n(r, co)= f dr'X(r, r', fu)5u,„,(r', co) . (&)

Here X(r, r', e) is the frequency-dependent response func-
tion for the interacting electron system. As has been dis-
cussed by several authors, ' the Kohn-Sham system
responds as a set of independent particles to (time-
dependent) changes in the effective potential V,ff(r).
Thus one can write as well

5 E„
5u, ff(r, co) =5u,„,(r, co)+ fdr', +, 5n(r', co) .r —r' 5n r5n r'

Inserting this into Eq. (9), comparison with Eq. (8) leads to the integral equation for g(r, r, co):

X(r,r', co)=X (r, r', co)+ f f dr)dr2X (r, r~, co)
I rx —rz

I

$2E

5n (ri )5n (r2)

The local-density approximation for exchange and corre-
lation immediately implies

5 E„, du„,(n)= 5(r& —rz)
5n (r, )5n (rz) dfE n =n(r&)

(12)

Note that Eq. (12) also tacitly assumes that the same
(ground-state) exchange-correlation energy functional is
valid for all frequencies, i e , for the .ex. cited states as well
This is not necessarily true, but the good results obtained
using this approximation for the photoabsorption spec-

trum suggest that the error introduced is probably quite
small and certainly acceptable in a model study such as
the present one. The local-density approximation for ex-
change and correlation also excludes "image charge" con-
tributions, i.e., decays exponentially rather than wi. th a
Coulomb tail outside the sphere. Nonlocal and energy-
dependent corrections may become necessary for accurate
calculations for realistic molecular systems, but do not af-
fect the qua1itative features which are the main concern
here.

The key system-dependent input, i.e., the independent-
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particle response function Xo(r, r ', co) can be conveniently
expressed in terms of the Green's functions 6(r, r', E) as

Xo(r, r ', co) =g P';(r)P;(r ')6 (r,r ', e;+co) and

X (r, r', co)=+X~(r,r', co)Y~~(r)&I~(r '),
lm

OCC

+g f; (r)g,'(r ')6'(r, r ', e; —m),
l

OCC

(13)

where the summations run over the occupied Kohn-Sham
eigenstates i, and the Green's function satisfies the equa-
tion

[——,
'

V +u,ff(r) —E]6(r, r ', E)= —5(r—r '), (14)

with the appropriate (outgoing-wave) boundary condi-
tions. For a rotationally invariant problem such as ours,
it is particularly useful to express Xo(r, r ',~) and
6 (r, r ', E) as spherical-harmonics expansions,

6 ( r, r ', co )=g GI (» r E)I'i (") I't ( r ') .
lm

Consider now the case of an external electromagnetic
field incident on the sphere I.n the relevant frequency
range (ultraviolet and below) the wavelength is large com-
pared to the radius. In the nonretarded limit only the
electric field couples to the electrons, and the perturbation
can be written as

5u,„,(r, t) =ED.re (16)

where Eo is the electric field amplitude. Then the only
component that couples to the perturbation is the dipolar
( l = l). The noninteracting dipolar susceptibility reads

X (r, r', co)= QR„~(r)R„I, (r')[(1&,+ l)6~+~(r,,r', e;+co)
-l

+l;G~, ,(,r', e; +co)+(l;+ l)6~'+, (r, r', e; —co)+l;6~*,(r, r', e; —cg)], (17)

where R„~(r) is the radial part of the Kohn-Shamtl )

single-particle eigenstate P;. Equation (17) assumes closed
shells in spherical symmetry and spin-compensation.
However, we have applied it also for open-shell situations,
using the spin-independent formalism and assuming a
spherically symmetric charge density for the open shell.
In other words, (energy-minimizing) fractional occupation
numbers for the states of the open shell are used. The
Green s function satisfying Eq. (14) with principal quan-
tum number n and angular momentum l has the represen-
tation

5n(r, co)= a(r, co)r—Eo, (20)

or

a(co)= —,m' dr r a(r, cg) .
0 (22)

In general, a(r, co) and a(er) are complex quantities. The
imaginary part of the a(co) is related to the photoabsorp-
tion cross section o(co) by

and the total polarizability a(co) using the total induced
dipole moment p,

p(co) = —f dr r 5n(r, ru) =a(co)EO, (21)

o(a)) =4m —Ima(co),CO

C
(23)

where ji and h~ are the radial parts of the solutions to Eq.
(14), and r& (r) ) is the lesser (greater) of r and r' ji is.
regular at origin and hi satisfies the outgoing-wave
boundary condition. The Wronskian W[j~,h~] is defined
as

The imaginary part of a(co) fulfills the sum rule

2 de —1m[a(co)] =a(co=0),
CO

(24)

which is a special case of the general Kramers-Kronig re-
lations.

and is independent of r (prime denotes differentiation
with respect to r).

The dipolar response function XI(r, r', co) can now be
solved from an integral equation, to which Eq. (11) is re-
duced and which involves only double integration over the
magnitudes r~ and r2. Discretizing these in a finite mesh
converts Eq. (11) into a matrix equation which can be
handled by conventional techniques.

The induced density 5n(r, co) can now be calculated
from Eq (8). It i.s convenient to define the induced
dipole-moment density a(r, co) via

IIl. RESULTS

A. Ground-state electron structure

We have chosen as a representative system small jellium
spheres with the density parameter r, =3.25ao (ao ——Bohr
radius). This value corresponds to the nominal valence
electron density in Li metal, which represents an inter-
mediate value among the metallic valence electron densi-
ties. We have also performed some calculations using
r, =2.07a0 corresponding to the high-electron-density
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Oi

Li clusters

+jell

metal Al. Figure 1 shows for the Li spheres in vacuum
(@=1) the occupied electron energy level scheme as a
function of the number of electrons in the sphere. The
dashed lines between X =68 and 92 indicate that we have
not performed calculations for this region. This is be-
cause there is no well-defined ground state corresponding
either to a closed 3s or lh shell. If the 3s level is filled,
the 1h energy eigenvalue is lowered below the 3s value,
and vice versa. Proper energy minimization would then
lead to fractional occupation numbers. This peculiarity of
the local-density approximation for exchange and correla-
tion is similar to the case encountered for the transition
metal atoms Fe and Co.

In Fig. 1 the highest occupied level in each case is
shown darker and the magnitude of its eigenvalue gives a
rough estimate (Koopmans theorem) for the work func-
tion {ionization potential). A more accurate determina-
tion requires the self-consistent calculation of the total en-
ergies of the neutral and singly ionized jellium spheres.

The ground-state electronic structure, ionization poten-
tials and affinities of small metallic spheres have recently
been calculated by similar techniques. "' We obtain gen-
erally good agreement with the results of those studies,
and limit ourselves to making only a few additional com-
ments here. Figure 1 also gives overly high orbital eigen-
values and consequently overly low work-function esti-
mates due to the electron self-interaction inherent in the
local-density approximation for exchange and correlation.
However, the prominent feature (shown by the dark
curves) of the work function are the large oscillations due
to the shell structure. A small work function corresponds
to an odd electron above closed shells, with the work
function increasing along with the filling of the upper-
most level. The jump at the opening of a new shell is
around 1.S eV for the smallest spheres, decreases as the
size of the sphere increases, and the work function stabi-
lizes around the value for semi-infinite jel1ium given in
the figure. Note that the highest occupied level in the ex-

act density functional calculation does give the correct
ionization potential or work function. The local-density
approximation becomes more and more appropriate as the
eigenfunctions delocalize with the increase of the radius
of the jellium sphere. The strong oscillatory behavior of
the work function, according to Fig. 1, reflects, of course,
the high degeneracy of the levels in the spherically sym-
metric system. In very small metal clusters the symmetry
is lower, as high-symmetry clusters are not necessarily the
stablest and most probably formed. However, there
remains degeneracy in the electron states, which implies
oscillatory size dependence of the work function. There
is also experimental indication that for small sodium clus-
ters the most stable ones are those which correspond to
full-shell jellium clusters. ' We defer the further discus-
sion of the relative stability of clusters of various sizes
and shapes (the so-called magic numbers ' ' 9 to a future
pubhcation. '

Figure 2 shows the charge density and its components
for the Li jellium sphere with 20 electrons. The electron
density shows strong oscillations, resembling (but much
larger than) the Friedel oscillations near a jellium sur-
face. This pronounced deviation from the semi-infinite
jellium, reflecting again the high degeneracy of the eigen-
states in the spherical symmetry, persists to rather 1arge
sphere diameters. For example, in spheres with around
200 electrons, oscillations near the center are still remark-
able. ' The size dependence of the density is especially
strong at the sphere center, where only s electrons contri-
bute. Further from origin, the higher l components
superimpose, to follow somewhat more closely the Lang-
Kohn density on approach to the sphere surface. In the
case presented in Fig. 2 the 2s state has an important con-
tribution near the surface of the sphere due to the orthog-
onalization against the is state. This kind of rise in the
electron density near the surface enhances the polarizabili-
ty, as will be discussed below.

Figure 3 gives the energy level structure of the Li jelli-
um sphere with 20 electrons. Bound states are represented
by arrows, the lengths of which are proportional to the de-
generacy The c.ontinuum density of states D(E) is given

0.0't2—

Li cluster
20e-

-0.3
0

I t l

20 40 60 80
Number of electrons

100

—0.008

~~ 0.004

FIG. 1. One-electron Kohn-Sham eigenvalues for jellium
spheres with r, =3.25ao (Li) as a function of the total number of
electrons. The highest occupied level is denoted by a darker
curve. W„d~ shows the work function for the corresponding pla-
nar jellium surface. The dashed lines indicate a region where a
self-consistent ground-state solution could not be determined
(see text).

0
0

FIG. 2. The total electron density (dashed curve) and its
decomposition in a jellium sphere with r, =3.25ao (Li) and con-
taining 20 electrons. The homogeneous positive background
charge n+ is also shown.
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Li cluster
20e-

. C)

2000 %

O

1000 .

Cl

1g
CF

ld

t

I

l

2s1
I ail

-0.1

3p
2'

rL 2f

3s1s

-0.2 0 0,1 0.2
Energy (a.u. )

FIG. 3. One-electron ground state Kohn-Sham level struc-
ture for a 20-electron jellium sphere with r, =3.25ao (Li).
Bound states at negative energies are denoted by arrows, the
lengths of which are proportional to the degeneracies. Density
of states, Eq. (25), is given for the positive energies, correspond-
ing to the delocalized scattering states. The dashed line eF
separates the occupied from unoccupied levels.

a dielectric medium with relative permeability @=20. It
is seen that the exchange-correlation part of the effective
potential dominates over the Coulomb part. The effect of
the dielectric medium is taken into account through the
solution [Eq. (6)] of the Poisson equation. Note that in
the model the exchange-correlation potential is deter-
mined by the electron density arising from the occupied
jellium-sphere states only, and any contribution due to the
"bound electrons" in the dielectric medium are omitted.
On the other hand, the exchange and correlation for r )R
are evaluated using the coupling constant 1 instead of 1/e,
which would be implied by Eq. (6). The effective mass of
electrons is also assumed to be unity throughout the space.
In this approximation the effect of the dielectric medium
is to shift rather rigidly the potential and the energy lev-
els. The discontinuity of dP/dr shifts the Coulomb po-
tential at the surface of the sphere and decreases the sur-
face dipole. The effect of the dielectric medium saturates
rather quickly as e increases.

B. Static polarizabiilty

for positive energies corresponding to (delocalized) unoc-
cupied states. D(E) is calculated using the phase shifts
5i(E) arising from the self-consistent potential U,ff(r) as

B5I(E)
D (E)= —g (21 + 1) .

BE
(25)

0

The density of states shows remarkable peaks correspond-
ing to resonant states behind the centrifugal potential bar-
rier of the I component in question. The widths of the
peaks increase towards higher energies. This peak struc-
ture is reflected in the photoabsorption cross section above
the bound to continuum edges (see below).

The total effective potential and its Coulomb part are
shown in Fig. 4 for a Li jellium sphere with 20 electrons.
The lower curves correspond to a sphere in vacuum
(e= 1) and the upper ones to a jellium sphere embedded in

%"e have calculated the static dipole polarizabilities for
closed-shell Li and Al (jellium) spheres. In the case of Li
we have also considered open-shell configurations using
spin-independent density-functional theory and assuming
spherical charge distributions also for the open shells. In
order to test the validity of the approximations, we have
first calculated the static polarizabilities of the second row
atoms and compared them with other calculated and ex-
perimental values in Table I. The order of magnitude
and the trend along the row are well reproduced. The
largest disagreement is seen in the case of alkaline atoms,
for which the theoretical values are below the experimen-
tal ones. One reason for this is the local-density approxi-
mation which gives too loosely bound core states. This
leads to the underestimation of the screening of the nu-
clear charge and as a consequence outer valence electrons
are too tightly bound decreasing the polarizability. On
the other hand, the calculations by Gollisch show that a
spin-dependent treatment gives a relevant improvement
over the spin-independent one.

Our results for the static polarizabilities of Li and Al

O

(D

o -02
CL i(

1s /i
Li cluster

20 e- Atom This work Ref. 33
Experiment

(Ref. 34)

TABLE I. Static polarizabilities of free atoms. The results of
this work are obtained by using spin-independent density-
functional theory and assuming spherical charge distributions
for open shells. The values in Ref. 33 are obtained by a spin-
dependent Xn density matrix calculation. All values are in ao.

-03
0

I

8R
r (a, )

20

FIG. 4. Effective potential V,fq and its Coulomb part for a
20-electron jellium sphere with r, =3.25ao (Li). Solid curves
correspond to the sphere in vacuum (@=1)and dashed curves
show the potentials for a sphere surrounded by a dielectric
medium with a=20. The occupied energy levels are also given.
The jellium edge at r =8 is denoted by a vertical line.

Li
Be
B
C
N
0
F
Ne
Na

135
42.9
23.9
14.0
8.79
5.88
4.12
3.00

131

162
40.9
23.8
11.4
6.89
5.27
3.78
2.77

149

164

7.63
5.20

2.67
159
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jellium spheres are presented in Figs. 5 and 6. Calculated
values are denoted by solid circles; the lines are drawn in
order to guide the eye. The polarizabilities are given rela-
tive to the classical value a,~„,——R for a perfectly con-
ducting metallic sphere (for a discussion of the definition
of the radius, see below). The polarizability is enhanced
over the classical value. The enhancement is largest for
small spheres and the polarizability approaches the classi-
cal value rather slowly when the sphere size increases.
The relative enhancement depends on the density of the
positive background charge, increasing when the density
increases. The enhancement is due to the spilling of the
electron density out of the background sphere, as shown
in Fig. 2. The discrete level structure of a quantum-
mechanical calculation, on the other hand, tends to de-
crease the polarizability from the classical value, but this
effect is more than compensated by the strong electronic
relaxation. The oscillations of the polarizability as a func-
tion of sphere size are caused by the level structure.
When a new level starts to fill, the polarizability is
enhanced due to the large spatial extent of the new wave
function. The polarizability then decreases as a function
of the filling of the level because the wave functions be-
come more and more localized. However, in some cases
the orthogonality requirement against lower occupied
states suppresses localization enough for the polarizability
to actually increase when the level is being filled.

Ekardt has calculated with similar techniques the po-
larizabilities for jellium spheres with r, =4. His results
are in agreement with ours. Before his work and the
present one, the static polarizability of small jellium
spheres was first calculated using the RPA by Rice
et al. , who employed the infinite barrier model for the
surface of the sphere. This approach as well as oth-
ers, ' ' ' where the electron density is not allowed to re-
lax through a given sharp boundary, give a lower polariza-
bility than the classical R . Note, however, that the ques-
tion of enhancement or reduction of the polarizability
over the classical value depends on the definition of the
radius R. For example, in the jellium model the electron

22 -"'

1
0

I

20
l [ I I

40 60 80
Number of electrons

I

100

FIG. 6. Static (~=0) polarizabilities of jellium spheres with
r, =2.07 (Al). The values are scaled by the classical result
n,~„,——R . The opening of new electron shells are denoted by
arrows. The solid circles are the calculated values and the line is
a guide to the eye.

density and the polarization charge (Fig. 2) reaches far
outside the jellium edge, the sphere radius in this model.
Consequently, for a given electron density (or polarization
density) profile, the sphere radius of the jellium model is
much smaller than that of the infinite barrier model.
Thus results of these two models are then compared to
different classical reference values. The different defini-
tion of the classical sphere radius also explains that in the
earlier calculations the ratio a/a, ~„,decreases as the
sphere radius decreases which is opposite to what we find
in Figs. 5 and 6. Recently Snider and Sorbello have cal-
'culated the electron structure for a jellium sphere in an
external field using a Thomas-Fermi-type density-
functional method, which treats the kinetic energy func-
tional as a gradient expansion of the e1ectron density. A
local-density approximation is used for exchange and
correlation. Their model gives a polarizability which is
also enhanced relative to the classical result R . They

a18

C3
tt

1.4

L i clusters

40

C3
20—

1

Li cluster
20e-

1
0 20

I I

40 60 80 100

Number of electrons

FIG. 5. Static (co=0) polarizabilities of jellium spheres with
r, =3.25ao {Li). The values are scaled by the classical result
u,~„,——R . The opening of new electron shells are denoted by
arrows. The solid circles are the calculated values and the line is
a guide to the eye.

0 8R
r {a,)

20

FIG. 7. Radial distribution of the induced dipole-moment
density for a 20-electron jellium sphere with r, =3.25ao in a
static field (co=0). Solid and dashed lines correspond to a
sphere in vacuum (@=1) and a sphere in a dielectric medium
with a=20, respectively. The position of the jellium edge at
r =R is also shown.
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write the polarizability in the form

a=(8+5)
where 6 measures the effective increase of the sphere ra-
dius due to the relaxation of the electron density outside
the positive background charge. According to Snider and
Sorbello, 5 is rather insensitive to the sphere radius.
When compared to our results in Figs. 5 and 6, the data
given by Snider and Sorbello show the same decreasing
trend in a/u, &„,when the sphere size increases, but their
enhancement is considerably larger. The other difference
is that the polarizabilities calculated by Snider and Sorbel-
lo do not show the level-structure oscillations due to ap-
proximation of kinetic energy by a density-gradient ex-
pansion.

Figure 7 shows the radial distribution of the static in-
duced dipole-moment density ', mr a(—r) for the Li jellium
sphere with 20 electrons. Most of the induced density is
concentrated near the surface of the sphere, and the region
outside the jellium edge is very important. This clearly
explains how the previous models, in which the charge
density is confined inside a hard wall sphere, give smaller
polarizabilities, smaller than the classical result n,]„,——R .
This induced dipole-moment density has a counterpart in
the calculations of Lang and Kohn for jellium surfaces.
They calculated the induced charge density near the sur-
face when a uniform perpendicular electric field is
switched on. The resulting charge density near the sur-
face and outside it is rather similar to the case of the jelli-
um sphere in Fig. 7 and the profile for the sphere ap-
proaches the flat surface results when the sphere radius
increases. However, although the approach is rather rapid
for the surface region, the oscillations inside the sphere
approach the Friedel oscillations of the flat surface much
more slowly due to the discrete level structure in the jelli-
um sphere.

Figure 8 shows the effect of the dielectric medium
around the jellium sphere on the static polarizability. The
polarizability increases and saturates rapidly as the dielec-
tric constant of the medium increases. The saturation

comes about as the Coulomb potential approaches zero
outside the jellium sphere as shown in Fig. 4. We em-
phasize that the behavior of the polarizability in Fig. 8 is
obtained using the model in which only the Coulomb part
of the total effective potential is affected by the dielectric
medium. For example, the physical exchange and correla-
tion with the "bound" electrons in the dielectric medium
would lower the potential outside the jellium sphere and
increase the polarizability even further. It is interesting to
note that the enhancement of the polarizabiilty by the
embedding insulating medium is a quantum-mechanical
effect in the sense that classical electrostatics predict no
change in the induced dipole moment when a perfectly
conducting sphere is placed in a dielectric.

C. Dynamic polarixability

10 2 Li cluster
26

We have calculated the response of Li jellium spheres
with 2, 20, and 92 electrons to an alternating electromag-
netic field as a function of the frequency m. For practical
convenience, a small imaginary part, 5=0.0007 a.u. =10
meV is introduced in the frequency co, as also suggested
by Ekardt. This level broadening removes the singulari-
ties in the photoabsorption cross section calculated from
Eq. (23), in a way which mimics finite-lifetime effects.

Figure 9 shows the photoabsorption cross section for a
two-electron system. The dashed curve is calculated using
the independent-particle-response function Xo, or
equivalently, the two electrons respond independently to
the external perturbation U„,- The solid curve gives the
cross section in the case where the electrons interact dur-
ing the external perturbation, i.e., response function g
[Eq. (11)] is used [or, equivalently, the electrons respond
independently to the change in the total effective potential
(10)]. The peak in Fig. 9 is due to the ls-lp particle-hole
excitation. The peak has a finite height and width due to
the imaginary part 6 in co. In the case of independent
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FIG. 9. Imaging part of the dynamic polarizability of a two-
electron jellium sphere as a function of the frequency m of the
driving field. The solid curve gives the interacting-electron re-
sult and the dashed curve corresponds to the independent
response of electrons to the driving field. The imaginary part is
directly proportional to the photoabsorption cross section [Eq.
(23)]. The driving frequency co has a constant imaginary part of
66=10 meV. The position of the 1s2p energy differences is
given as well as the distance from the 1s level to the continuum.
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response the absorption peak is exactly at the energy cor-
responding to the difference of the Kohn-Sham one-
particie energy levels. The interacting electron peak is
shifted to higher energies. This shift originates as follows.
When the energy argument e;+co of the Green function
in Eq. (18) is equal to the Kohn-Sham eigenvalue for a
level with angular quantum number I;+1, the solutions j
and h are linearly dependent and the Wronskian deter-
minant in the denominator of the Green's function van-
ishes. This leads to a sharp absorption peak. When co has
an imaginary part, the Wronskian near the resonance be-
comes small but remains nonzero. The response function
for the interacting system is calculated by solving a ma-
trix equation [corresponding to Eq. (11)]. The increase of
the Green's function increases the elements of the vector
on the right-hand side of the equation, but at the same
time the elements of matrix to be inverted increase. Thus
there is a competition situation, which leads to maximum
absorption at an energy differing from the energy differ-
ence of the eigenstates. The Is-continuum edge is another
prominent feature of Fig. 9. The edge is smoothened due
to the imaginary part of co, but is not moved by electron-
electron interactions.

Besides the 1s-1p peak there exist no other bound-
bound particle-hole excitations for the two-electron
sphere. The Rydberg levels before the continuum edge are
missing in the local-density approximation due to the ex-
ponential decay of the effective potential. However, as
discussed by Zangwill and Soven, this missing absorp-
tion channel is partly compensated by the lowering of the
bound-continuum edges in the local-density approxima-
tion and the Kramers-Kronig relation, Eq. (24), for the in-
tegral of the cross-section curve becomes thereby fulfilled.

Figure 10 shows the calculated photoabsorption cross
sections for the Li jellium sphere with 20 electrons. Now
there are several particle-hole excitation modes corre-
sponding to the level structure of Fig. 3. Especially, it is
interesting to note that transitions from 2s to 1d levels to
p- and f-like resonances above zero energy produce rather
broad humps above the maximum peak of 1m[a(co)]. The
bound-bound cusps and the bound-continuum edges su-
perimpose in the interacting electron case to form a broad
structure around co=1.4 a.u. In the independent electron

The use of the Drude model,
2

COp
e (co)=l-

eo(co+i /r)
(2&)

where co& is the plasma frequency and r is the scattering
(relaxation) time, leads to a photoabsorption cross section
proportional to

I m[a(co)]=R co& 2 2 z z . (29)
(co~ —3' ) +(3colr)

This has a maximum at co, =co&/~3, which is the surface
plasmon frequency. The classical curve in Fig. 11 is
drawn using a value for the relaxation time r consistent
with the 10-meV imaginary part in co. In principle, w

should describe both electron scattering (lifetime effects)
in bulk and the additional surface scattering due to the
finite size of the sphere. ' The self-consistent solution for

ease the large absorption occurs at lower frequencies. In
the intermediate frequency region the absorption cross
section is, apart from some cusps, a rather flat function of
frequency. These tendencies are even more pronounced in
the case of a jellium sphere with 92 electrons, shown in
Fig. 11. For the interacting electron system the broad re-
gion of large absorption around co=1.4 a.u. can be attri-
buted to a collective mode, which eventually will become
the surface plasmon. Above all bound-continuum edges
around co=0.33 a.u., the cross section has a smooth
hump. This increase in the absorption cross section has to
be due to collective effects, because the independent-
electron model does not show this kind of structure. We
assign this increase in the absorption as an emerging bulk
plasmon mode, which is slightly blue-shifted from the
classical value.

Figure 11 also shows the photoabsorption cross section
obtained from the classical (Drude) theory. According to
classical electrostatics, the polarizability of a sphere of
dielectric constant e in an external electric field is

&m —1
a=A (27)
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FIG. 10. Same as Fig. 9 but for a 20-electron jellium sphere
with r, =3.25ao. The position of the classical surface plasmon
co~ is also given.
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FIG. 11. Same as Fig. 9 but for a 92-electron jellium sphere
with r, =3.25ao. The positions of the classical surface plasmon
co~ and bulk plasmon co~ are denoted by arrows. The classical
result, Eq. (28), is also given.
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frequency value in Fig. 7 by a factor of 3, but the imagi-
nary part nearly vanishes. A small increase in the fre-
quency to co=0. 12 a.u. results in a large increase in the
imaginary part and the real part is seen to oscillate in a
complicated manner. After the maximum absorption at
co=0.14 a.u. , the real part becomes negative at 1arge dis-
tances, i.e., the charge density is oscillating out of phase
relative to the driving field. A similar behavior is seen
also by Zangwill and Soven in the case of photoabsorp-
tion by inert-gas atoms.

IV. CONCLUSIONS

160—

80—

BR
r {a,)

20

FIG. 12. Radial distribution of the induced dipole-moment
density for a 20-electron jellium sphere with I", =3.25ao at three
different driving field frequencies near the maximum photoab-
sorption. Real and imaginary parts are given by solid and

dashed curves, respectively. The frequency has an imaginary
part of A6 = 10 meV.

the photoabsorption cross section is strongly deviant from
the classical behavior. The contribution due to bound-
bound transitions is important. Moreover, the surface-
plasmon peak is shifted towards to lower energies from
the classical value 0.171 a.u. and is strongly broadened.
This broadening as well as the red-shift is in accord with
the theory of Wood and Ashcroft. ' The red-shift of the
surface-plasmon frequency is in qualitative agreement
with the experimental results of Smithard et al. for sodi-
um and silver spheres but opposite to the results of
Genzel and Kreibig for silver.

Ekardt has calculated the photoabsorption cross sec-
tion for a jellium sphere with r, =4 a.u. and containing
192 electrons. His results, in particular the shifts of the
collective modes are in qualitative agreement with our re-
sults in Fig. 11.

The spatial behavior of the real and imaginary parts of
the induced-dipole moment density around the maximum
absorption is given in Fig. 12 in the case of a jellium
sphere with 20 electrons. Just before the maximum of
a(co) at co=0. 11 a.u. the real part is larger than the zero-

We have presented results of a comprehensive calcula-
tion of the static and dynamic properties of microscopi-
cally small metallic spheres. %"hile the basic model of the
spheres, the jellium mode, is a crude one, it nevertheless
contains many of the essential features of a more realistic
molecular approach. On the other hand, the model prob-
lem is solved basically exactly using the time-dependent
density-functional method. The only additiona1 approxi-
mations are involved in the construction of exchange-
correlation energy functional, a topic of substantial
current interest.

The results of the fully self-consistent calculations show
interesting deviations from the approximate solutions to
the same problem. Size effects show up in the ground-
state electronic properties in a manner now well under-
stood. The static polarizability is enhanced over the clas-
sical value, the more so the smaller the cluster. If the me-
tallic particles are embedded in a dielectric medium, the
polarizability wi11 again be enhanced, contrary to the clas-
sical expectations.

The dynamic response is particularly interesting. The
results clearly show the importance of single-particle exci-
tations, including both bound-bound and bound-
continuum transitions for the particle-hole pairs. More-
over, the emergence of collective modes can be monitored
and their shifts from classical values are obtained. These
exact results should prove very useful in constructing ap-
proximate expressions (such as the hydrodynamic one) for
modeling the response. These will be necessary in particu-
lar for large clusters (X~ 500) where the calculations of
the present type quickly become unmanageable.

Finally, the results give an unambiguous starting point
for model calculations of a number of processes, which
show seemingly anomalous behavior (typically large
enhancements) in small metal particles: the photoyield, '

van der Waals forces, ' Raman scattering, "' etc. Howev-.
er, it seems that while a fully self-consistent and nonlocal
treatment can give substantial deviations from classical
behavior, it alone cannot explain the enormously large
enhancements sometimes observed.
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