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Macroscopic parity violating effects and 3He-A
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Institute of Cosmology, Department of Physics and Astronomy, Tufts University, Medford, Massachusetts 02155

~Received 25 May 1999; published 23 June 2000!

We discuss parity violating effects in relativistic quantum theory and their analogues in the effective field
theory of superfluid3He-A. A mixed axial-gravitational Chern-Simons term in the relativistic effective action
and its condensed matter analogue are responsible for the chiral fermion flux along the rotation axis of the heat
bath in a relativistic system and for the unusualV-odd dependence of the zero-temperature density of the
normal component on the rotation velocity in3He-A.

PACS number~s!: 11.30.Er, 11.15.2q, 67.57.2z, 98.80.Cq
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I. INTRODUCTION

In the modern view, relativistic quantum field theory a
general relativity may be emergent phenomena arising in
low-energy corner of the quantum vacuum as effective th
ries of vacuum fluctuations@1,2#. Such effective theories o
the collective degrees of freedom are typical for conden
matter systems. In a particular universality class of syste
the low-energy properties are very similar to those of
relativistic quantum vacuum. Superfluid3He-A is a repre-
sentative of this class@3#. Lacking practically any symme
tries above the superfluid transition,3He-A in the extreme
limit of low energy acquires most of the symmetries know
today in particle physics:~analogues of! Lorentz invariance,
gauge invariance, general covariance, etc. The analogue
chiral Weyl fermions, as well as of gauge bosons and gra
field appear as fermionic and bosonic collective modes of
3He-A ground state. Such conceptual similarity between
condensed matter of this class and the quantum vac
makes 3He-A an ideal laboratory for simulating relativisti
field theory effects in high-energy physics and cosmolog

Parity violation is one of the fundamental properties
the quantum vacuum. This effect is strong at high energy
the order of electroweak scale, but is almost imperceptibl
low-energy physics. For example, Leggett’s suggestion
observe the macroscopic effect of parity violation using su
a macroscopically coherent atomic system as superfl
3He-B is very far from realization@4,5#. On the other hand
an analogue of parity violation exists in superfluid3He-A
alongside with the related phenomena, such as ch
anomaly and macroscopic chiral currents~for a review see
Refs. @5,6#!. So, if we cannot investigate the macroscop
parity violating effects directly we can simulate analogo
physics in 3He-A.

The reason why all the attributes of relativistic quantu
field theory arise in3He-A can be traced to the existence
gap nodes, stable point zeros in the fermion energy spect
Close to each gap node the fermions necessarily bec
Weyl fermions and can be described by a general 232 ma-
trix Hamiltonian
0556-2821/2000/62~2!/025014~6!/$15.00 62 0250
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i ~pi2p0i !t

a. ~1!

Here the three vectorsei
a play the role of a dreibein field

which gives rise to the effective gravity field, while the p
sition of the node in the momentum spacep0i plays the role
of the effective electromagnetic field. These fields are
namical and the low-energy dynamics of these collect
modes is governed by the effective action, obtained by in
gration over the fermionic degrees of freedom, which is
complete analogy with the effective gravitational and ele
tromagnetic actions introduced by Sakharov@2# and Zeldov-
ich @7#, respectively. If the main contribution to the integr
comes from the low-energy ‘‘relativistic’’ fermions, the e
fective action automatically adopts the gauge invariance
general covariance of the low-energy fermionic Lagrangi

The energy spectrum of fermions in3He-A is

ĤA5t3
p22pF

2

2m*
1

D0

pF
@t1p•ê11t2p•ê2#, ~2!

E2~p!5ĤA
25S p2

2m*
2

pF
2

2m* D 2

1
D0

2

pF
2 ~p3 l̂ !2. ~3!

HereD0 is the amplitude of the gap;m* is the effective mass
of the fermionic quasiparticles in the normal Fermi liqui
where D050 and the spectrum is quadratic:E(p)5(p2

2pF
2)/2m* ; pF is the Fermi momentum of the normal Ferm

liquid; l̂ is a unit vector which determines the direction of t
orbital angular momentum of the Cooper pairs;ê1 andê2 are
unit mutually orthogonal vectors withê13ê25 l̂ . This spec-
trum contains two gap nodes, atp056pF l̂ , and close to each
of these nodes the ‘‘relativistic’’ equation~1! is approached.

The transverse modes related with the dynamics of thl̂
vectors are Goldstone bosons known as orbital waves. S
in the relativistic domain the momentum shiftAeff5pF l̂
plays the role of the effective electromagnetic field acting
quasiparticles, the orbital waves represent photons and
~1! can be rewritten as
©2000 The American Physical Society14-1
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H5ea
i ~pi2eAi

eff!ta ~4!

with e561.
The fermonic quasiparticles living in the vicinity of oppo

site nodes have opposite chirality: The left-handed partic
have positive ‘‘charge,’’eL511, with respect to the effec
tive field Aeff, i.e., they are concentrated nearp051pF l̂ . The
negatively charged quasiparticles, i.e., those nearp052pF l̂ ,
are right-handed fermions,eR521 @6#. The Pauli matrices
in 3He-A, ta, which play the role of spin of the fermion an
thus determine its chirality, are actually defined in t
Bogoliubov-Nambu particle-hole space and thus describe
Bogoliubov spin. On the contrary, the ordinary spin of t
3He atoms, which is not introduced in Eq.~2! being irrel-
evant for our consideration, corresponds to the weak iso
and gives rise to the effective SU~2! gauge field.

II. AXIAL ANOMALY IN 3He-A

Massless chiral fermions give rise to a number of anom
lies in the effective action. The advantage of3He-A is that
this system is complete: not only the ‘‘relativistic’’ infrare
regime is known, but also the behavior in the ultravio
‘‘nonrelativistic’’ ~or ‘‘trans-Planckian’’! range is calculable
at least in principle. Since there is no need for a cutoff,
subtle issues of the anomaly can be resolved on phys
grounds. The measured quantities related to the anom
depend on the correct order of imposing limits, i.e., on w
parameters of the system tend to zero faster: temperatuT,
external frequencyv, inverse quasiparticle lifetime due t
collisions with thermal fermions 1/t, inverse volume, the
distancev0 between the energy levels of fermions, etc. A
this is very important for theT→0 limit, wheret is formally
infinite. An example of the crucial difference between t
results obtained using different limiting procedures is the
called ‘‘angular momentum paradox’’ in3He-A, which is
also related to the anomaly: The orbital momentum of
fluid at T50 differs by several orders of magnitude, depen
ing on whether the limit is taken while keepingvt→0 or
vt→`. The ‘‘angular momentum paradox’’ in3He-A has
possibly a common origin with the anomaly in the spin stru
ture of hadrons@8#.

In the spatially inhomogeneous case there is another
portant parameterv0t, wherev0 is the distance between th
localized energy levels. The gapless fermions in3He-A lead
to the momentum exchange between the superfluid vac
and the normal component of the liquid~the gas of fermionic
quasiparticles!. This exchange is mediated by the texture
the l̂ field: Ṗ5(pF

3/2p2) l̂„] t l̂•(¹3 l̂)…. Since the dictionary
for translation to the language of relativistic theory rea
Aeff[pF l̂ , one obtains

Ṗ5pF l̂ ṅ, ~5!

ṅ5
1

2p2] tA
eff
•~¹3Aeff!. ~6!
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Equation ~6! is nothing but the Adler-Bell-Jackiw axia
anomaly equation@9#, describing the production of chira
fermions from the quantum vacuum due to the spectral fl
through the gap nodes. The relevant fermionic charge, wh
is produced due to the chiral anomaly in3He-A, is the linear
momentumpF l̂ of fermionic quasiparticle: It is the rate o
the momentum production, which is measured in expe
ments on the dynamics of the vortex textures as an e
force acting on a moving texture@10#.

It appears, however, that Eqs.~5!,~6! are valid only in the
limit of continuous spectrum, i.e., when the distancev0 be-
tween the energy levels of fermions in the texture is mu
smaller than the inverse quasiparticle lifetime:v0t!1. The
spectral flow completely disappears in the opposite c
v0t@1, because the spectrum becomes effectively discr
As a result, the force acting on a vortex texture differs
several orders of magnitude for the casesv0t!1 andv0t
@1. The parameterv0t is regulated by temperature. Th
Adler-Bell-Jackiw equation was experimentally confirmed
experiments with rotating3He-A performed in the limit
v0t!1 @10,11#. The transfer from the axial anomaly regim
v0t!1 to the regime of the suppressed spectral flowv0t
@1 has been observed for3He-B vortices, whose dynamic
is governed by the similar spectral flow in the vortex co
@10,11#.

The chiral anomaly also leads to the chiral current, wh
is proportional to Aeff

•(¹3Aeff). This current has been
proved to exist: it leads to an observed instability of t
superflow @12,11#. The same instability of the system o
right-handed electrons towards production of a hyperm
netic field was discussed by Joyce and Shaposhnikov@13# in
relation to the generation of a primordial magnetic field.

III. MIXED AXIAL-GRAVITATIONAL CHERN-SIMONS
TERM IN THE EFFECTIVE ACTION

A. Parity violating current

Here we discuss another particular case of corresp
dence between relativistic field theory, in which the chi
anomaly problem can be mapped to the angular momen
paradox in3He-A. It involves macroscopic parity violating
effects in a rotating system with chiral fermions, discussed
Ref. @14#. The angular velocity of rotationV defines the
preferred direction of polarization, and right-handed ferm
ons move in the direction of their spin. As a result, su
fermions develop a current parallel toV. Similarly, left-
handed fermions develop a current antiparallel toV. The
corresponding current density was calculated in Ref.@14#,
assuming thermal equilibrium at temperatureT and chemical
potential of the fermionsm. For right-handed fermions, it is
given by

j5S T2

12
1

m2

4p2DV. ~7!

The currentj is a polar vector, while the angular velocityV
is an axial vector, and thus Eq.~7! violates the reflectiona
symmetry. We are going to show that this current gives r
to what can be called mixed axial-gravitational Cher
4-2
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Simons terms in the effective action and that equival
terms do exist in the thermodynamic potential of3He-A.

If the current~7! is coupled to a gauge fieldAn, the ap-
propriate term in the Lagrangian density is

L5eA• j /c2, ~8!

wheree is the gauge coupling. The correspondence betw
field theory and3He-A is achieved by replacing the gaug
field and the metric by appropriate3He-A observables@6#.
Here we shall start from the opposite end and derive
V-dependent contribution to the free energy. We shall th
show that it is equivalent to Eq.~8!. We note that to establish
the correspondence, the free energy should be expresse
covariant and gauge invariant form and should not con
any material parameters, such as ‘‘speed of light.’’ Then
can be equally applied to both systems, standard model
3He-A.

B. Orbital angular momentum and free energy

Let us consider a stationary liquid3He-A in a vessel ro-
tating with angular velocityV at a nonzero temperature. W
assume a spatially homogeneous vectorl̂ oriented along the
rotation axis. In3He-A this can be achieved in the paralle
plane geometry, while in the layered oxide superconduc
Sr2RuO4, which is believed to be a triplet superconduct
with a 3He-A-like order parameter, thel̂-vector is always
fixed along the normal to the layers@15#. The superfluid
component~vacuum! is assumed to be at rest, while the no
mal component—the heat bath of thermal fermions
circulates in the plane perpendicular tol̂ with the velocity
vn5V3r .

The value of the angular momentum of a rotating3He-A
has been a subject of long-standing controversy~for a review
see Refs.@5,6#!. Different methods for calculating the angu
lar momentum give results that differ by many orders
magnitude. The result is also sensitive to the boundary c
ditions, since the angular momentum in the liquid is not n
essarily the local quantity, and to whether the state is stri
stationary or has a small but finite frequency. This is of
referred to as the angular momentum paradox. The para
is related to the axial anomaly induced by chiral quasipa
cles and is now reasonably well understood.

According to Kita conjecture@16#, which was supported
by his numerical calculations, the total angular momentum
the liquid with l̂5const corresponds to the following angul
momentum density:

L ~T!5
\

2
l̂nsi~T!, ~9!

where nsi(T) is the temperature dependent density of
superfluid component when it flows alongl̂ . We recall that
the current of the3He atoms has two contributions in th
superfluid state:

J5nvs1Jq , Jq5(
p

p

m3
f ~p!. ~10!
02501
t

n

e
n

in a
in
it
nd

r
r

f
n-
-
ly
n
ox
i-

f

e

The first term is the current transferred by the superfl
vacuum moving with velocityvs; n is the particle density of
3He liquid. The second term is the contribution of quasip
ticles, wheref (p) is the quasiparticle distribution functio
andm3 is the bare mass of3He atom. In equilibrium one has

f ~p!5S exp
Ẽ~p!2pvn

T
11D 21

, Ẽ5E~p!1p•vs ,

~11!

whereẼ is the Doppler shifted energy of quasiparticle, wh
the superfluid vacuum is moving. In the linear in veloci
regime one obtainsJqi5nnik(vnk2vsk), wherennik is the so
called density of the normal component. In3He-A the nor-
mal component density is a uniaxial tensor with the anis
ropy axis alongl̂ : the density involved in the normal motio
depends on the orientation ofvn2vs with respect tol̂ @5#.
The tensor of the superfluid density isnsik5nd ik2nnik . At
T50 one hasnsi(0)5n.

The contribution of Eq.~9! to the free energy density is

F52V•L ~T!52V•L ~0!1
\

2
~V• l̂ !nni~T!. ~12!

The first ~zero-temperature! term on the right-hand side o
Eq. ~12! has no analogue in field theory, and we disregar
in what follows. The second term comes from chiral qua
particles, which comprise the normal component. Its lon
tudinal densitynni5n2nsi at T!Tc is obtained from Eqs.
~10!,~11! @5#:

nni'
m*

3m3
pF

3 T2

D0
2 . ~13!

Kita @16# obtained his result, Eq.~9!, for the simplest case
when m* 5m3, i.e., the interactions which renormalize th
quasiparticle mass in normal Fermi liquid were neglect
We expect, however, that Eq.~9! is insensitive to the details
of interaction~see below! and shall concentrate on this cas

C. Effective Chern-Simons action atTÅ0, µÄ0

Let us now use the dictionary for translating Eq.~12! to
the language of relativistic theories. If one chooses the
erence frame rotating with the normal component, then
effective gauge field and the effective metric ‘‘seen’’ by th
fermionic quasiparticles are

A[Aeff5pF l̂ , ~14!

gik5c'
2 ~ ê1

i ê1
k1ê2

i ê2
k!1ci

2 l̂ i l̂ k2vn
i vn

k , g0i5vn
i , ~15!

c'5
D0

pF
, ci5

pF

m3
. ~16!

They are obtained by linearizing Eq.~2! in the vicinity of the
nodes. The mixed components of the metric tensorg0i5vn

i

come from the Doppler shift in the comoving frame. Th
4-3
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angular velocity is expressed throughvn asV5(1/2)“3vn
and thus is proportional to the effective gravimagnetic fi
@17#

Bg5¹3g52
V

c'
2

, g[g0i5
vni

c'
2

. ~17!

Here, we have made the following assumptions:~i! vn!c'

everywhere in the vessel, i.e., the counterflow velocityvn
2vs is smaller than the pair-breaking critical velocityc'

5D0 /pF ~the transverse ‘‘speed of light’’!. This means that
there is no region in the vessel where particles can h
negative energy~ergoregion!. Effects caused by the ergore
gion in superfluids are discussed in Ref.@18#. ~ii ! Rotation
velocity is so small that there are no vortices in the contain
This is typical for superfluid3He, where the critical velocity
for nucleation of vortices is comparable to the pair-break
velocity. Even in the geometry when thel̂ vector is not fixed,
the observed critical velocity in3He-A was found to reach
0.5 rad/sec. For the geometry with fixedl̂ , it should be com-
parable with the critical velocity in3He-B. ~iii ! We approach
the T→0 limit in such a way that there is still a referenc
frame specified by the thermal bath of fermionic excitatio
which rotates together with the container in equilibrium. Th
corresponds to the case when the conditionvt!1 remains
valid, despite the divergence oft.

The translation of Eqs.~12!,~13! to the relativistic lan-
guage can be presented as the following term in the Lagra
ian:

LCS5
eR2eL

24
T2A•Bg5

eR2eL

24
T2ei jkAi¹ jgk0 . ~18!

Since the parity of 3He-A fermions is opposite to thei
charge, the contributions of the two species in3He-A are not
cancelled but are added together.

Equation~18! does not contain explicitly any material pa
rameters, such as the ‘‘speeds of light’’ci and c' . More-
over, it is gauge invariant, provided that the system is
thermal equilibrium, i.e.,T5const. Thus it can be immedi
ately applied to the relativistic theory in a rotating frame
Minkowski space, whereei jk¹ jgk052V i /c2, with c being
the speed of light. Note that the angular velocityV retains
the same meaning in relativistic theory. It is the angular
locity which appears in the distribution function of therm
fermions. With the aid of Eq.~7! it is easily verified that Eq.
~18! is equivalent to the Lagrangian density~8!, if we set
m50, eR5e andeL50.

Equation~18! is not Lorentz invariant, but this is not im
portant here because the existence of a heat bath does v
the Lorentz invariance, since it provides a distinguished
erence frame. To restore the Lorentz invariance and also
general covariance one must introduce the four-velocity (um)
and/or four-temperature (bm) of the heat bath fermions. Bu
this is not necessary since the unification of the chiral effe
in the two systems has been achieved already at this lev

We next consider the effect of a finite chemical potent
which in our case corresponds to the superfluid-normal co
02501
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terflow. We shall assume a superflow along the axis of
cylinder and consider its effect in the presence of rotatio

D. Nonzeroµ vs nonzero axial counterflow

A superfluid-normal counterflow velocity alongl̂ pro-
duces a Doppler shift,Ẽ5E1p•(vs2vn). In the vicinity of
the two nodes one hasẼ'E6pF l̂•(vs2vn), which means
that the counterflow enters the Lagrangian for fermionic q
siparticles in3He-A in the same way as the chemical pote
tials for relativistic chiral fermions@11#

mR52mL[2pF l̂•~vs2vn!. ~19!

That is why the energy stored in the system of chiral ferm
ons A5F2mRNR2mLNL , and the energy of the counte
flow along thel̂ vectorA5F2m3(Jq• l̂)„l̂•(vn2vs)…, are de-
scribed by the same thermodynamic potential. AtT50 it is

A52
A2g

12p2~mR
41mL

4![2
m3pF

3

12p2c'
2 „~ l̂~vs2vn!…

4. ~20!

Variation of Eq.~20! with respect tovn gives the mass cur
rent along thel̂ vector produced by the fermionic quasipa
ticles, which atT50 occupy the energy levels withẼ,0:

m3Jqi52
dA

dvni
. ~21!

This shows that in the presence of a superflow with resp
to the heat bath the normal component density is nonz
even in the limitT→0 @19#:

nni~T→0!5
dJqi

dvni
5

pF
3

3p2c'
2 „l̂•~vs2vn!…

2. ~22!

Now we can check how general is the Kita conjecture, E
~9!. Let us assume that Eq.~12! remains valid even if the
normal component atT50 is added. Then from Eq.~22! it
follows that the mixed Chern-Simons term becomes

LCS5
eRmR

22eLmL
2

8p2 A•Bg . ~23!

This term is equivalent to the Lagrangian density~7!,~8! in
the appropriate limit (T50, eR5e, eL50, mR5m, mL
50), which thus confirms the above assumption.

IV. DISCUSSION

The form of Eq.~23! is similar to that of the induced
Chern-Simons term

L̃CS5
m

2p2 A•B ~24!

with B5¹3A, which has been extensively discussed both
the context of chiral fermions in relativistic theory@20–23#
4-4
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and in 3He-A @11#. The main difference between Eqs.~24!
and ~23! is thatBg5¹3g is the gravimagnetic field, rathe
than the magnetic fieldB associated with the potentialA.
Hence the name ‘‘mixed Chern-Simons term.’’

The parity-violating currents~7! could be induced in tur-
bulent cosmic plasmas and could play a role in the origin
cosmic magnetic fields@24#. The corresponding liquid He
lium effects are less dramatic but may in principle be obse
able.

Although the mixed Chern-Simons terms have the sa
form in relativistic theories and in3He-A, their physical
manifestations are not identical. In the relativistic case,
electric current of chiral fermions is obtained by variati
with respect toA, while in 3He-A case the observable effec
are obtained by variation of the same term but with respec
3He-A observables. For example, the expression for the
rent of 3He atoms is obtained by variation of Eq.~23! over
vn . This leads to an extra particle current along the rotat
axis, which is odd inV:

DJq~V!5
pF

3

p2 l̂„l̂•~vs2vn!…
l̂•V

m3c'
2

. ~25!

Equation~25! shows that there is anV odd contribution to
the normal component density atT→0 in 3He-A:

Dnni~V!5
DJq~V!

vni2vsi
5

pF
3

p2

l̂•V

m3c'
2

. ~26!

The sensitivity of the normal component density to the
rection of rotation is the counterpart of the parity violatio
effects in relativistic theories with chiral fermions. It shou
be noted though that, sincel̂ is an axial vector, the right-han
sides of Eqs.~25! and~26! transform, respectively, as a pola
vector and a scalar, and thus~of course! there is no real
parity violation in 3He-A. However, a nonzero expectatio
value of the axial vector of the orbital angular momentu
id

3

,

,

E

02501
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L5(\/2)nsi(T) l̂ does indicate aspontaneouslybroken re-
flectional symmetry, and an internal observer ‘‘living’’ in
3He-A background with a fixedl̂ would observe parity-
violating effects.

The contribution~26! to the normal component densit
can have arbitrary sign depending on the sense of rota
with respect tol̂ . This, however, does not violate the gene
rule that the overall normal component density must be p
tive: The rotation dependent currentDJq(VW ) was calculated
as a correction to the rotation independent current in
~21!. This means that we used the condition\V!m3(vsi
2vni)

2!m3c'
2 . Under this condition the overall norma

density, given by the sum of Eqs.~26! and ~22!, remains
positive.

The ‘‘parity’’ effect in Eq. ~26! is not very small. The
rotational contribution to the normal component density n
malized to the density of the3He atoms is Dnni /n
53V/m3c'

2 which is ;1024 for V;3 rad/s. This is within
the resolution of the vibrating wire detectors.

We finally mention a possible application of our results
the superconducting Sr2RuO4 @15#. An advantage of using
superconductors is that the particle currentDJq in Eq. ~25! is
accompanied by the electric currenteDJq , and can be mea
sured directly. An observation in Sr2RuO4 of the analogue of
the parity violating effect that we discussed here~or of the
other effects coming from the induced Chern-Simons ter
@25#!, would be an unquestionable evidence of the chira
of this superconductor.
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