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Generation of light in spatially dispersive materials
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Spatial dispersion makes optical properties of materials depend on the direction of light propagation. The
effect can be applied to control optical emission by sources embedded in such media. We propose a method to
determine the radiation pattern of essentially any emitter located in a general spatially dispersive and optically
anisotropic medium. The method is based on a decomposition of the source into waves of electric current, each
creating optical plane waves whose properties are determined by the wave parameters, the refractive index,
and impedance. The method is computationally fast and very accurate even in strongly spatially dispersive
plasmonic metamaterials. In particular, we observe large modification of dipole emission in a bifacial and a
diffraction-compensating metamaterial. The method is applicable to a large variety of nanostructured materials
and, therefore, we believe that it can find numerous applications in nano-optics.
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I. INTRODUCTION

The properties of photonic emitters, such as fluorescent
molecules and quantum dots, are based not only on their
intrinsic quantum-mechanical properties, but also on their
interaction with the surrounding electromagnetic environment.
It is well known that the spontaneous emission rate, directivity
of emission, and spectral line shape of an emitter can
be modified by placing the emitter in a cavity or near a
resonant nanoparticle [1]. However, if the emitter is embedded
in a homogeneous material, which is often the case, the
surrounding medium also influences the emitter’s properties
through the near-field interactions with the nearest molecules
and through the spatially averaged interaction with the entire
medium. The latter includes, in general, both temporal and
spatial dispersion as well as optical anisotropy of the medium.
Dipole emission has been studied in many different host media,
including ordinary dielectrics [2], liquid crystals [3], photonic
crystals [4,5], and metamaterials [6–9]. In nanostructured
media, such as photonic crystals and metamaterials, the
material response can be tailored and used to dramatically
modify the emission properties. The use of such media offers
interesting possibilities in the design of lasers and other
light sources [10–14], detectors [15], and energy conversion
devices [16–18].

Various theoretical methods to determine the electromag-
netic field of a light source, such as a fluorescent molecule,
embedded in an arbitrary medium have been proposed.
However, they only determine the field in some specific types
of materials, including homogeneous anisotropic materials
[19–24], lossless photonic crystals with known Bloch
modes [25], and one-dimensional nanomaterials, such as
dielectric-metal stacks [26]. More complex media, especially
spatially dispersive ones, are out of reach of these methods.
An important class of such complex media are optical
metamaterials consisting of nontrivial nanoscatterers. While
direct numerical simulations can be used to model dipole
emission in these materials [27–29], the simulations become
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computationally very intensive and time consuming as the
entire nanostructure must be modeled, and the physical picture
of metamaterials as effectively homogeneous media [30]
is lost. Hence, the prediction, design, and optimization of
emission in spatially dispersive materials remain difficult.

In this work, we propose a method to determine the
radiation of a source with an arbitrary electric-current distri-
bution in an essentially arbitrary spatially dispersive medium.
The method relies on a decomposition of the source into
a set of sinusoidal waves of electric current that generate
electromagnetic fields. The material, in turn, is described
in terms of the plane-wave parameters, refractive index and
impedance, determined for each frequency, polarization, and
propagation direction in the material, as is usually done in
the presence of spatial dispersion. The method can equally
well treat pointlike sources, such as elementary quantum
emitters [31,32], and extended sources used to generate optical
beams. It also enables one to predict the influence of the
Purcell effect on the emission of fluorescent molecules or
quantum dots embedded in a given medium. When used
to study emitters in a nanostructured material, the method
provides physical insight into the emission characteristics,
which makes designing the material simpler. We demonstrate
the accuracy of the method by considering a known example of
a point source in a homogeneous anisotropic material. Then,
we use the method to design a metamaterial that forces an
embedded emitter to radiate in one direction only. Finally, the
method is applied to study an emitter embedded in an optical
metamaterial designed to eliminate optical diffraction.

The paper is organized as follows: Section II describes the
electric-current decomposition method and demonstrates its
accuracy by an example. In Sec. III, using the method, we
study optical emission in two different spatially dispersive
metamaterials. Section IV concludes our work.

II. ELECTRIC-CURRENT DECOMPOSITION METHOD

In this section, we introduce a method to determine the
radiation of an arbitrary source in a spatially dispersive
medium. We consider the problem in time-harmonic form such
that all fields and currents oscillate at angular frequency ω and
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FIG. 1. A wave of electric current (blue) confined to an xy surface
propagates in the y direction with a wave vector ktr and generates two
optical plane waves (green), one to the negative z direction (wave
vector k1) and one to the positive z direction (wave vector k2). The y

component of each wave vector is ktr.

are expressed as F(r,t) = F(r)e−iωt , where F(r) is the complex
amplitude of the quantity in question at position r.

A. The principle

Let us consider a time-harmonic source defined by a
current-density distribution J(r). Without loss of generality,
let the source be localized on an xy plane at z = 0, such that
J(r) = K(x,y)δ(z), where K(x,y) is the surface current density
and δ(z) is the Dirac delta function. Our definition of surface
current also includes currents in the direction perpendicular to
the surface.

By two-dimensional Fourier transformation, the surface
current density can be decomposed into waves of electric
current defined on the xy plane. The decomposition is

K(x,y) = 1

4π2

∫ ∞

−∞

∫ ∞

−∞
K̃(kx,ky)ei(kxx+kyy) dkx dky, (1)

where K̃(kx,ky) denotes the spatial-frequency spectrum de-
termined by the amplitudes of the current waves with the
wave-vector components kx and ky . The amplitude spectrum
is determined by the Fourier transform

K̃(kx,ky) =
∫ ∞

−∞

∫ ∞

−∞
K(x,y)e−i(kxx+kyy) dx dy. (2)

The reason for decomposing the source into current waves
is that each of the waves generates two optical plane waves,
propagating in positive and negative z directions while having
the same wave-vector components kx and ky as the current
wave, as required by the phase-matching condition (see Fig. 1).
The interaction of plane waves with the host medium, also in
the presence of spatial dispersion, is conveniently described
in terms of wave parameters, such as refractive index n and
impedance η that are specific for each plane wave. Knowing
these parameters, we can find the field amplitudes of the
generated plane waves and superpose them at any distance
from the source, thus finding the radiated field. Note that,
for spatially dispersive media, the tensor-form permittivity
and permeability—often used when the medium is optically
anisotropic—are not helpful, as the tensor elements vary with
the propagation angle.

In our calculations, the plane waves propagating in the
medium are considered to be transverse. This approximation
is usual when retrieving the wave parameters for anisotropic
optical metamaterials as it significantly simplifies the problem
without compromising much the accuracy of the results [33].
Determining the plane-wave fields created by a current wave
then reduces to solving Maxwell’s equations in a homogeneous
isotropic medium with material parameters equal to the wave
parameters. However, if the unit cells of the medium are not
centrosymmetric, the wave parameters may be different for the
plane waves created on the left and right sides of the current
wave [34,35]. In such cases, the material parameters on each
side must be equated to the corresponding wave parameters.

B. Boundary conditions

The fields on the two sides of a two-dimensional current
wave can be related to each other using electromagnetic
boundary conditions that we now derive. Let us consider a
current wave with the wave vector along the y axis, described
by a surface current density

K(x,y) = K0e
ikyy, (3)

where K0 is the complex amplitude of the current that is
independent of x. Different sets of boundary conditions are
relevant to different vector components of the surface current.
Figure 2 illustrates the differing cases with the x-, y-, and
z-polarized currents in Figs. 2(a), 2(b), and 2(c), respectively.
The electric and magnetic fields E and H on the left and right
sides of the boundary are indicated by the subscripts 1 and 2,
respectively. In the picture, field vectors are directed such that
their x, y, and z components are non-negative. The boundary
conditions are obtained by integrating the time-harmonic

(a)

(b)

(c)

FIG. 2. An interface (dotted line) carries a sinusoidal wave of
electric current with a y-directional wave vector and an amplitude K.
The current is x, y, and z polarized in (a), (b), and (c), respectively.
A surface area (vector A) delimited by a rectangular contour C (gray
dashed line) is used for integrating Maxwell’s equations. The relevant
electric field E and magnetic field H are shown in each picture, and
in (c) an additional electric field Eint internal to the current is present.
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Maxwell equations ∇ × E = iωμH and ∇ × H = J − iωεE
over the area (vector A) delimited by the contour C, shown by
the gray dashed line in each panel of Fig. 2, as∮

C
E · dl = iω

∫∫
A

μH · dA, (4)∮
C

H · dl =
∫∫

A
J · dA − iω

∫∫
A

εE · dA. (5)

Here, ε and μ are plane-wave electric permittivity and
magnetic permeability, respectively. For the x-directional
current component, we obtain

E2x − E1x = 0, (6)

H2y − H1y = −K0x, (7)

while for the y-directional component the boundary conditions
are

E2y − E1y = 0, (8)

H2x − H1x = K0y. (9)

Equations (6) and (8) are the standard boundary conditions
because the current density does not affect them, while Eqs. (7)
and (9) are derived by integrating in Eq. (5) over the contours
shown in Figs. 2(a) and 2(b), respectively. Note that the
integration contour used to derive Eq. (9) lies in the xz

plane. The case of the z-directional current is slightly more
involved, as the internal electric field Eint of the current
surface contributes to the contour integration in Eq. (4). The
current results in an oscillating electric charge density ρf that
is described by the continuity equation iωρf = ∇ · J, where
J = Kδ(z). This implies that

ρf = Kz

iω

∂δ(z)

∂z
. (10)

Since ∇ · D = ρf, we obtain

Eint = Dint,z

ε
= K0z

iωε
δ(z)eikyy, (11)

where Eq. (3) was used. Note that Eint has different phases
at the top and the bottom of the integration contour. Hence,
Eq. (4) becomes∫ y+	y

y

(E2y − E1y) dy (12)

+
∫ 	z/2

−	z/2

K0z

iωε
δ(z)eikyy(1 − eiky	y) dz = 0. (13)

In the limits of 	y → 0 and 	z → 0, we use 1 − eiky	y =
−iky	y and obtain

E2y − E1y = K0zky

2ω

(
1

ε1
+ 1

ε2

)
eikyy . (14)

The boundary condition for the magnetic field in this case is
standard and given by

H2x − H1x = 0. (15)

C. Field amplitudes

In order to solve for the amplitudes of the radiated
plane waves, we write Maxwell’s equations for each of the
waves, distinguishing between the transverse-electric (TE) and
transverse-magnetic (TM) polarizations. For TE waves, the
electric field is x directional [as in Fig. 2(a)], while for TM
waves it is in the yz plane [as in Figs. 2(b) and 2(c)]. For TE
waves, the equation ∇ × E = iωμH yields

kzEx = ωμHy, (16)

− kyEx = ωμHz. (17)

Similarly, using the equation ∇ × H = −iωεE, we obtain for
TM-polarized waves

kzHx = −ωεEy, (18)

− kyHx = −ωεEz. (19)

It is then straightforward to combine the boundary conditions
and Eqs. (16)–(19) to determine the amplitudes of the radiated
waves. Let us write the electric field amplitudes for the wave
radiated to the positive z direction by an x-directional current.
Equations (6), (7), and (16) give

E2x = −
(

− k1z

k0n1η1
+ k2z

k0n2η2

)−1

K0xe
ikyyeikzz. (20)

We have used the relations ε = n/(ηc), μ = (nη)/c, and k0 =
ω/c to switch from ε and μ to n and η as those are the wave
parameters we use in our examples. The amplitude of the wave
is seen to depend not only on its own wave parameters, but
also on the parameters of the wave radiated in the opposite
direction. Note also that the real part of k1z is negative, as the
wave in medium 1 propagates to the negative z direction. For
the wave generated by a y-directional current, Eqs. (8), (9),
and (18) yield

E2y = −
(

− k0n1

k1zη1
+ k0n2

k2zη2

)−1

K0ye
ikyyeikzz. (21)

The z component of the electric field is given by E2z =
−(ky/kz)E2y . For the wave generated by a z-directional
current, Eqs. (14), (15), and (18) give

E2y =
(

1 − k1zη1n2

k2zη2n1

)−1(
η1

n1
+ η2

n2

)
ky

2k0
K0ze

ikyyeikzz. (22)

These equations can be written for a current wave propagating
in an arbitrary direction in the (x,y) plane and used in the
general form to describe all plane-wave components of any
localized surface current [see Eqs. (1) and (2)]. When evaluated
for the whole spatial frequency spectrum of a given source,
the electric field amplitudes such as those in Eqs. (20)–(22)
form the angular spectrum Ẽ(kx,ky) emitted by the source. The
actual electric field at z = 0 can then be calculated by using
the following inverse Fourier transformation:

E(x,y) = 1

4π2

∫ ∞

−∞

∫ ∞

−∞
Ẽ(kx,ky)ei(kxx+kyy) dkx dky. (23)
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A B C

FIG. 3. Calculation of fields created by a source embedded in a
metamaterial slab (material B). The slab is surrounded by isotropic
materials A and C and the source is assumed to be located on the
surface shown by the black dotted line. Each plane wave, for which
the k-vectors are pictured, experiences multiple reflections from the
interfaces. The transmitted and reflected wave amplitudes are given
by the generalized Fresnel coefficients τBA, ρBA, τBC, and ρBC. Solid
green (dashed blue) lines denote plane waves sent by the source to
the positive (negative) z direction.

The angular spectrum can be propagated to another location
by multiplying it by exp(ikzz), after which Eq. (23) gives the
field distribution at any z.

If the source is embedded in a slab of a spatially dispersive
material, it is of practical interest to calculate the field outside
the slab where it can be measured. The way to do this is shown
schematically in Fig. 3. Let the slab (medium B) be sandwiched
between two isotropic media A and C, e.g., air and some
substrate material. Let also the source be located at a distance
d1 from the interface between media A and B and a distance d2

from the other interface between B and C. Each plane wave of
the generated angular spectrum undergoes multiple reflections
at the slab boundaries, and a part of the wave is transmitted out
at each reflection. The transmission and reflection coefficients
of the interfaces are the generalized Fresnel coefficients that
can be calculated from n and η [33–35]. When the source sends
the angular spectrum Ẽ2(kx,ky) to the positive z direction (solid
green arrows in Fig. 3) and Ẽ1(kx,ky) to the negative z direction
(dashed blue arrows in Fig. 3), the angular spectra of the field
on the left and right surfaces of the slab in media A and C,
respectively, are

ẼL = τBAeik1zd1
Ẽ1 + ρBCei(k1z+k2z)d2Ẽ2

1 − ρBAρBCei(k1z+k2z)(d1+d2)
, (24)

ẼR = τBCeik2zd2
Ẽ2 + ρBAei(k1z+k2z)d1Ẽ1

1 − ρBAρBCei(k1z+k2z)(d1+d2)
. (25)

Here, τij and ρij are the generalized Fresnel transmission and
reflection coefficients at the interface between media i and
j . The field exiting the slab will, upon propagation, become
the far field from which one can obtain the directivity of the
emission and the radiative power. The fields at the position of
the source are also easy to find by superposing the reflected
waves, which can be used, e.g., to calculate the Purcell factor
(describing the modification of spontaneous emission rate)

and the Lamb shift (describing the shift of the emission
frequency) [32].

D. Verification

To verify the electric-current decomposition method, we
consider a simple example of the emission of light by a
source embedded in a slab of an optically anisotropic lossless
medium. Let us assume that the medium is a uniaxial crystal
with the extraordinary axis oriented along the z direction. The
permittivity tensor is then

↔
ε =

⎡
⎣εx 0 0

0 εx 0
0 0 εz

⎤
⎦. (26)

With respect to the xy plane, the ordinary waves are TE
polarized and the extraordinary waves are TM polarized. As a
function of the transverse wave-vector components kx and ky ,
the refractive index for the extraordinary waves is

ne =
√

εx

ε0
+

(
1 − εx

εz

)
k2
x + k2

y

k2
0

, (27)

while the wave impedance is

ηe = ne

cεx

. (28)

This impedance is the transverse impedance which results
in the correct generalized Fresnel coefficients [34,36]. For
the ordinary TE-polarized waves the wave parameters are
isotropic, with the refractive index given by no = √

εx/ε0 and
the impedance by η0/no, where η0 is the impedance of vacuum.

Let us now choose no = 1.6 and ne = 2.1, as for a slab of a
highly anisotropic, homeotropically oriented bistolane liquid
crystal (5OMeO5, see Ref. [37]) and consider a y-polarized
dipole emitter at the center of the slab. The material outside
the crystal is assumed to have a refractive index of 1.6. We
also choose the slab thickness to be equal to λ0/(2no), where
λ0 is the vacuum wavelength of the dipole radiation. Using
both the electric-current decomposition method and the finite-
element method (FEM) of the commercial software COMSOL

MULTIPHYSICS, we compute the electric field on a sphere with
radius r = 1.6λ0 centered on the dipole. At this distance from
the source, the field is already nearly of pure far-field type.
Figure 4(a) shows two cross sections of the setup. The green
and blue circles are the intersections of the sphere with the
xz and yz planes, respectively. Figure 4(b) shows the polar
plots of the normalized intensities measured on these circles
as a function of the polar angle θ [shown also in Fig. 4(a)].
The solid and dashed lines show the results calculated by the
current decomposition method and FEM, respectively. The
results are nearly identical, implying that the decomposition
method is remarkably accurate. The angles close to θ = 90◦
and θ = 270◦ are omitted from the calculation because the part
of the sphere corresponding to them lies inside the slab.

The problem of dipole radiation in optically anisotropic
layered media without spatial dispersion has been previously
considered using the Green function formalism [19–24].
When using the formalism, the materials are described by
single electric permittivity and magnetic permeability tensors.
However, as soon as spatial dispersion becomes significant,
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FIG. 4. A y-polarized dipole source (dipole moment p) is
embedded in a slab of a uniaxial anisotropic medium (orange). The
emitted intensity distribution of the source is measured on a sphere.
(a) The green and blue lines are intersections of this sphere with the xz

and yz planes, respectively. (b) The normalized intensity calculated
on the green and blue lines is plotted in the corresponding color as
a function of the angle θ shown in (a). The solid and dashed lines
show the results of calculations by the electric-current decomposition
method and FEM, respectively.

these tensors become impractical due to their dependence
on the wave-propagation direction. Then, the fields must
be expressed as integrals over the plane-wave modes of the
medium, which will make the description analogous to the one
presented here. Despite the superficial similarity, no method
based on Green functions and suitable for spatially dispersive
materials has been presented so far. Our method is developed
to be readily applicable to both anisotropic and spatially
dispersive media. In the next section, we also show that it is
remarkably accurate even in the case of highly complex media.

III. SPATIALLY DISPERSIVE METAMATERIALS

In optical metamaterials, spatial dispersion is almost always
present because the structural units of the materials have a
non-negligible size compared to the optical wavelength. Our
method, capable of taking the spatial dispersion into account,
is therefore well suited to such materials. Below, we apply the
theory to two interesting metamaterial examples.

A. Bifacial metamaterial

Ordinarily, a pointlike source located inside a homogeneous
medium radiates an equal amount of power in opposite direc-
tions, because the environment is symmetric. The radiation
can be directed into one direction only if the symmetry of the
emitter’s surroundings is broken, e.g., if it is placed next to a

mirror or coupled to a nanoantenna. One might then also expect
that breaking the symmetry of the surrounding medium itself
could make the emission one-directional. Using our theory, we
now examine what kind of a material is required to achieve
this novel effect.

Let us consider a single plane-wave component generated
by a y-polarized emitter and the wave propagating in the pos-
itive z direction (kx = ky = 0). For this component, Eq. (21)
yields

E2y = − J0y

1/η1 + 1/η2
. (29)

Now, considering that the magnetic field amplitude is H2x =
−E2y/η2, we can write the time-averaged Poynting vector for
the wave as

S2 = 1

2
|E2y |2Re

{
1

η2

}
. (30)

The source also generates a plane-wave component propa-
gating in the opposite direction (negative z direction). We
can easily find that |E1y | = |E2y | for this wave, and write the
Poynting vector as

S1 = −1

2
|E1y |2Re

{
1

η1

}
. (31)

It is now obvious that if the impedance η is different for
the two counterpropagating plane waves, the powers in these
waves will also differ. Therefore, a strongly bifacial material
is required to force emission only in one direction.

Let us consider an example of a bifacial metamaterial
composed of gold nanodimers [34,38]. Figure 5(a) shows
the structure of a single layer of the metamaterial. Each
metamolecule comprises a larger and a smaller disk with
diameters of 110 and 55 nm, respectively, and a thickness
of 15 nm. The surface-to-surface separation of the disks
is 70 nm. The dimers form a cubic lattice with lattice
parameters x = y = z = 180 nm. A wave propagating
in the material will excite the two disks of each metamolecule
with a non-negligible phase delay, which creates a combined
dipole-quadrupole excitation that scatters light unequally in
opposite directions. Therefore, the optical response of the
material is different for waves propagating in the positive and
negative z directions.

We determined the wave parameters n and η using a
technique described in Ref. [34]. Figure 5(b) shows the
refractive index spectrum for waves propagating along the z

axis independently of the direction. The impedance spectrum
shown in Fig. 5(c) clearly exhibits spatial dispersion, as the
spectra are different for waves propagating in the positive and
negative z directions (see the red and blue curves). Next, in
Fig. 6(a), we plot the spectrum of the factor Re{1/η} present
in Eq. (30). At a wavelength of 900 nm the factor is large for
the negative and very small for the positive z direction of wave
propagation. We therefore predict that most of the power of
an emitter located inside this material will be radiated in the
negative z direction. To verify this prediction, we consider
a two-layer slab of the material and place a y-polarized
dipole emitter at the center of the slab. Figure 6(b) shows
the intensity distribution created by the emitter (black dot
in the center) located in the plane x = 0. This plane lies
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FIG. 5. (a) A bifacial metamaterial composed of an array of gold
disk dimers. (b) The spectrum of the effective refractive index n of a
wave propagating in the z direction. The blue solid and dashed curves
represent the real and imaginary parts of n for waves propagating
along the z axis. (c) The spectrum of the effective impedance η for a
wave propagating in the positive (negative) z direction by red (blue)
curves; the solid and dashed lines correspond to the real and imaginary
parts, respectively. The values of η are normalized to the impedance
of vacuum.
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FIG. 6. (a) The factors Re{1/η1} and Re{1/η2} corresponding
to the negative and positive z direction of the wave propagation
in the bifacial metamaterial. (b) The intensity distribution at x = 0
created by a y-polarized emitter (black dot) located between two
metamolecular layers of the bifacial metamaterial. At a wavelength
of λ0 = 900 nm, almost all the power is radiated into the negative z

direction. The projections of the metamolecules onto the x = 0 plane
are shown by gray lines.

between the rows of the dimers. To visualize the material’s
structure, the metamolecules are projected onto this plane (see
the gray dashed lines). The field distribution was calculated
directly with COMSOL MULTIPHYSICS. Clearly, almost all of
the radiation is emitted downwards as expected. Comparing
the values of intensity on the z axis, we find that the intensity at
the bottom is approximately 10 times higher than the intensity
at the top. While Fig. 6(a) predicts a larger difference, it does
not take into account the internal reflections within the slab.
In a more accurate treatment, the reflections can be taken
into account using Eqs. (24) and (25). This yields a value
of 11 for the intensity ratio, matching well the numerical
result.

B. Diffraction-compensating metamaterial

Let us now consider an example of a metamaterial designed
to eliminate optical diffraction. Beams of light propagating in
such a material do not diverge. Therefore, a field radiated
by a point emitter set inside the material can be expected
to propagate in a collimated beam instead of spreading as
a spherical wave. A similar effect has in fact previously
been considered in the context of self-collimating photonic
crystals using direct numerical calculations [39,40]. In those
studies diffraction and boundary reflection hampered the
efficiency of the structures, requiring, e.g., surface modifi-
cations. In the metamaterial considered here, these problems
are absent due to the impedance matching afforded by the
material structure itself and the absence of Bragg reflection
effects.

The metamaterial we consider has been studied previously
for its image transfer capability [41]. It is composed of a lattice
of silver nanorods in glass [see Fig. 7(a)]. By optimizing the
structural units, the material’s anisotropy and spatial dispersion
have been tuned such that the isofrequency contour of the
wave vector k has a flat region at small propagation angles
θ , which leads to the elimination of optical diffraction for
beams propagating in the z direction. Figures 7(b) and 7(c)
show isofrequency contours of the wave parameters n and η as
functions of θ for TM polarization at a vacuum wavelength of
λ0 = 790 nm. Only two-dimensional contours are shown in-
stead of surfaces as the parameters are azimuthally symmetric
[about the z axis corresponding to θ = 0 in Figs. 7(b) and 7(c)].
The contour of n is nearly perfectly flat for θ ∈ [−30◦,30◦].
The imaginary part of n is very small in this region, e.g.,
Im{n} = 0.0015 at θ = 0, which shows that absorption losses
are low and do not remarkably affect diffraction compensation.
Finally, the impedance is well matched to the impedance of
glass around θ = 0, which means that reflection losses are also
small for all but the most obliquely incident waves. We used an
interferometric approach [34,35,42] to retrieve the refractive
index and impedance for all relevant waves.

First we demonstrate the action of the metamaterial by con-
sidering an infinite array of y-polarized coherently radiating
electric dipoles stacked in the x direction, one inside each
unit cell of the material. This configuration approximately
corresponds to a practically realizable situation where the
nanomaterial is fabricated into a slab waveguide with a
single layer of nanorods that confines the fields in the x
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FIG. 7. A diffraction-compensating metamaterial. The material’s structure shown in (a) is a lattice of silver nanorods in glass. The lattice
constants are x = y = 120 nm and z = 200 nm. The rod dimensions are 40 nm in the x and y directions and 130 nm in the z direction.
The material operates at the vacuum wavelength λ0 = 790 nm. At this wavelength, isofrequency contours of the wave parameters n and η are
shown in (b) and (c), respectively, as functions of the propagation angle θ with respect to the z axis for the TM polarization. The blue dashed
and red solid curves show respectively the real and imaginary parts of each quantity. In (b) the imaginary part is multiplied by 10 to make it
more visible, and in (c), the black curve shows the impedance of glass. The white sectors correspond to angles for which total internal reflection
prevents transmission out of the material into the surrounding glass.

direction, allowing them to freely vary only in two dimensions.
Figure 8(a) shows the resulting intensity distribution on a yz

plane at x = 0 calculated directly with COMSOL MULTIPHYSICS

for an eight-cell-long metamaterial. The position of the source
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FIG. 8. Radiation of an infinite chain of y-polarized dipoles
embedded in a slab of a diffraction-compensating metamaterial. The
chain is parallel to the x axis. The intensity distribution in the (y,z)
plane containing one of the dipoles is shown in (a); the location of the
dipole is marked by a black dot. The intensity distribution at z = 1 μm
is shown in (b). The electric-current decomposition method and FEM
results are shown by the blue solid and red dashed lines, respectively.

is shown with a black dot at (y,z) = (0, − 0.5). The radiation
is seen to form a surprisingly well-collimated and narrow
optical beam. The intensity profile at the output of the slab
(at z = 1 μm) is shown by the red dashed line in Fig. 8(b).
We have calculated the same output intensity profile by using
our current-decomposition method and obtained the blue solid
curve in Fig. 8(b). This curve is nearly identical to the one
obtained purely numerically, implying a good accuracy of
our method. A small difference is seen in the peak value
and in the tails of the profiles. The main reason for this
difference is that the near-field coupling of the source to the
nearest metamolecules is taken into account only in the direct
numerical calculations.

Next we turn to a full three-dimensional calculation of
radiation by a single dipole that is a good model of, e.g., a
fluorescent molecule. We now position the source between
two neighboring layers at the center of the slab of Fig. 8(a)
(to z = 0). As previously, we first compute the intensity
distribution outside the same slab as in Fig. 8(a) with the FEM
and obtain the two-dimensional intensity profile at z = 1 μm
shown in Fig. 9(a). The bright spot at the center is slightly
elongated in the y direction due to the fixed orientation of the
dipole along the y axis. Outside the central spot, however, the
field spreads more in the x direction than in the y direction. The
same features are obtained in our semianalytical calculations,
the result of which is shown in Fig. 9(b). For comparison, we
have also calculated the radiation pattern at z = 1 μm for a
dipole in glass [see Fig. 9(c)]. The metamaterial obviously
makes the dipole radiation highly directive, with a much higher
intensity at the center compared to that in glass. Figure 9(d)
shows cross sections of the normalized intensity distributions
on a y-directional line crossing the center of the beams.
In this picture we see more clearly that the FEM (dashed
red line) and current-decomposition (solid blue line) results
match almost perfectly; the normalized intensity distribution
of the dipole radiation in glass is also shown in the figure
with a green dotted line. This example therefore proves the
validity of our fast semianalytical method in designing truly
three-dimensional metamaterial host media for typical dipolar
light sources, such as fluorescent molecules and quantum
dots.

043802-7



NYMAN, KIVIJÄRVI, SHEVCHENKO, AND KAIVOLA PHYSICAL REVIEW A 95, 043802 (2017)

4.4

0

(a) (b)

(c) (d)

0 1 2-1-2
y (µm)

0

1

|E
| /

 |E
|

2
2 m

ax

y

x

6.9

0

|E
|  

(V
 /m

 )
2

2
2

y

x

1.0

0
y

x

|E
|  

(V
 /m

 )
2

2
2

|E
|  

(V
 /m

 )
2

2
2

FIG. 9. Output intensity distributions created by a y-polarized
dipole positioned inside a diffraction-compensating metamaterial
slab of Fig. 8(a) at z = 0, y = 0. The distribution is calculated at
z = 1 μm. The results of (a) the FEM and (b) the current decom-
position method are shown; (c) shows the intensity at the same
distance from the dipole in pure glass. In each picture, the scale
bar corresponds to a length of 1 μm. In (d), the curves show cross
sections of the normalized intensity distributions along a y-directional
line. The dashed red, solid blue, and dotted green curves show the
results of the FEM, the current decomposition, and the dipole-in-glass
calculations, respectively.

As a final example, we demonstrate the generation of light
by an extended source embedded in the same diffraction-
compensating metamaterial. We choose the source to have a
y-polarized electric current distribution that is Gaussian along
the y axis. The source is infinitely extended along the x axis
to make the calculations effectively two dimensional. We also
set the phase distribution of the source such that the generated
beam has converging wave fronts. This problem is relevant
when, e.g., the radiation is created by scatterers illuminated
with a converging, two-dimensional Gaussian beam. In Fig. 10,
the beam source is located at z = 0 inside a semi-infinite
material that has 12 metamolecular layers in the positive z

direction. Figures 10(a) and 10(b) show the intensity distri-
bution as calculated by our current-decomposition method
and FEM, respectively. Similarly, Figs. 10(c) and 10(d) show
the magnetic field at a fixed instant of time. The magnetic
field is x-directed everywhere for this polarization. The slab
boundary is shown with a gray line. The transverse intensity
distribution created inside the slab is preserved while the beam
propagates through the metamaterial in spite of the fact that the
beam wave fronts are curved. The transverse phase distribution
is also preserved, as can be seen in Figs. 10(c) and 10(d).
The beam is focused only when it enters glass that does
not compensate for diffraction. Outside the metamaterial, the
difference of the semianalytical and full numerical calculation
is again small. Inside the slab, the microscopic structure of
the material is visible in the FEM results, showing the high-
intensity near fields of the metamolecules that are absent in the
semianalytical calculations. This example not only illustrates
an interesting optical effect with a remarkable accuracy, but
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FIG. 10. A beam generated by an electric-current density at z = 0
having a Gaussian amplitude distribution and a phase profile corre-
sponding to a converging spherical wave. The intensity distributions
of the generated beam computed by (a) the current decomposition
method and (b) the FEM are shown; (c) and (d) show the magnitude
of the magnetic field at a fixed instant of time corresponding to the
profiles in (a) and (b), respectively. The gray line shows the edge of
the metamaterial slab. In (b) and (d), the structure of the material can
be observed.

also demonstrates a way to generate an extended light source
inside a metamaterial that is independent of the exact technique
used. The electric-current decomposition can be utilized in
direct numerical calculations as well to define a source.

IV. CONCLUSIONS

We proposed a semianalytical method to calculate optical
fields produced by light sources in a spatially dispersive host
medium and verified it numerically by several examples. The
examples include point and distributed sources in optically
anisotropic and spatially dispersive nanostructured media. In
the calculation procedure, any source of interest is decomposed
into electric current waves that radiate optical plane waves
inside the material. The radiated waves are described by the
wave parameters, the refractive index and impedance, that
fully characterize any spatially dispersive medium. A set
of equations is used to evaluate the complex amplitudes of
these plane waves and to find the total field of the source by
coherently summing the obtained plane-wave components.

The method provides a clear physical picture for light gen-
eration and propagation in the presence of spatial dispersion
and is computationally fast, which facilitates its practical use.
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In particular, it allows one to design nanostructured media and
optimize their properties in a short computational time. Our
two examples demonstrate successful achievement of optical
radiation control in a bifacial and a diffraction-compensating
metamaterial. A bifacial material was shown to lead to an
enhanced directivity of a dipole emitter. We also demonstrated
surprising, well-collimated, dipole radiation in the diffraction-
compensating metamaterial. Finally, we proposed a way to
generate and study arbitrary optical beams inside nanostruc-
tured media in both purely numerical and semianalytical

calculations. Since essentially all nanostructured materials
are spatially dispersive, the method can find wide-range
applications in nano-optics.
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