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Electron–phonon interaction and electronic thermal conductivity have been investigated in heavily
doped silicon at subKelvin temperatures. The heat flow between electron and phonon systems is
found to be proportional toT6. Utilization of a superconductor–semiconductor–superconductor
thermometer enables a precise measurement of electron and substrate temperatures. The electronic
thermal conductivity is consistent with the Wiedemann–Franz law. ©2003 American Institute of
Physics. @DOI: 10.1063/1.1592627#

INTRODUCTION

Investigation of the heat transport processes in heavily
doped silicon at low temperature is important both for devel-
oping various low temperature devices such as hot electron
bolometers1 or microcoolers2 and also for fundamental phys-
ics. Electron–phonon interaction is very weak at low tem-
perature and this leads to a large temperature difference be-
tween electron and phonon systems even when a relatively
small power is introduced into the system. Therefore hot
electron effects can impose constrains on electronic devices
and one has to take into account the power consumption per
unit volume. Electron–phonon interaction, or more specifi-
cally electron–phonon relaxation timete-ph in pure metals is
inversely proportional to the number of thermal phonons3

and thereforete-ph
21 }T3 for three dimensional~3D! phonons.

This dependence is experimentally and theoretically well es-
tablished~see e.g., Refs. 4 and 5!. The situation becomes
more complicated when material is disordered. Electron scat-
tering from impurities and boundaries significantly changes
the single-particle picture of electron–phonon interaction.
Two scattering processes should be taken into account: the
‘‘pure’’ electron–phonon scattering, which is the only
electron–phonon interaction mechanism in pure metals, and
the inelastic electron scattering from impurities such as de-
fects or boundaries. Depending on the product of thermal
phonon wave vectorqT and electron mean free pathl , one
can consider two marginal cases for electron–phonon inter-
action: clean (qTl @1) and dirty (qTl !1) limits. Phenom-
enologically this means that in dirty limit electrons scatter
mostly from impurites or defects and in clean limit the domi-
nating scattering is from phonons, but impurities and defects
do not play a significant role.

The electron–phonon interaction has been intensively in-
vestigated experimentally3,4,6–26and theoretically.5,27–29 Ex-
perimental results confirmte-ph

21 }T3 dependence in pure
metals,4,6–11as well as in metal–oxide–semiconductor field-
effect-transistors ~MOSFETs!12 and in various
heterostructures.13–15 Some of the experimental
results3,14,16–24reportT2 andT4 dependencies forte-ph

21 . This
discrepancy of theT dependence can be described by the
sensitivity of the electron–phonon interaction in dirty limit
to the microscopic parameters of the sample. In the presence
of the static scattering potential,te-ph

21 }T2 is expected.27 J.J.
Lin16 and Lin and Wu17 observedte-ph

21 }T2 for disordered
dilute Ti12xAl x samples. Bergmannet al.18 reported the
same behavior for thin gold film on quartz, Smith and
Wybourne19 for free-standing AuPd wires, Chowet al.14 for
2D electron gas in GaAs/AlxGa12xAs heterostructure,
DiTusa et al.20 for CuCr films, and Ptitsinaet al.21 for Au,
Al, Be, Nb, and NbC films. ThisT2 behavior can be partly
explained by the scattering from the static potential, but this
is not the case, e.g., in thin gold film.18 If the impurities are
fully vibrating with the lattice, which is the case in heavily
doped silicon, the relaxation rate is proportional toT4:te-ph

21

}T4l ,27,28 where l is the electron mean free path. This be-
havior in dirty limit has been derived by Thouless29 and
Reizer.5 Gershensonet al.22 reported aT4 dependence for
te-ph

21 in ultrathin Hf and Ti samples at milliKelvin tempera-
tures. They also observed the suppression of electron–
phonon interaction by disorder. Wuet al.23 observed aT4

behavior in Ti12xGex samples, Komniket al.3 in thin Bi
films, and Heslinga and Klapwijk24 in n-type silicon in the
temperature range 1.2–4.8 K.

The electron–phonon heat transport in the heavily doped
silicon-on-insulator~SOI! film has been investigated in our
work at subKelvin temperatures. In the case of silicon, which
is heavily doped with phosphorous (4.031019 cm23), the
electron mean free pathl at subkelvin temperature is about
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5 nm24 and velocity of soundns55000 m/s. Taking into ac-
count that the phonon wave vectorqT5kbT/\ns we obtain
qTl 5(0.13)T, whereT is temperature in Kelvin. This indi-
cates that the electron–phonon processes in our case are well
within the disorder limit at subkelvin temperatures (qTl
!1).

The dimensionality of the phonon distribution at low
temperature may differ from 3D in thin films which affects
the temperature dependence ofte-ph. The phonon wave-
length depends on temperature, and when the film thickness
is of the same order of magnitude as the phonon wavelength,
the dimensionality of the phonon system changes.30 The
acoustic mismatch between the film and the substrate also
affects the dimensionality of the phonons in the film. Gener-
ally a good coupling between the phonons in the substrate
and in the film eliminates the low dimensionality effect. The
thickness of the SOI film investigated in this work was 70
nm. The possible acoustic mismatch is negligible between
heavily doped silicon and SiO2 due to the acoustic similarity
of these materials and it is reasonable to assume that elec-
trons interact with 3D phonons. Heavily doped Si investi-
gated in the present work is in the dirty limit at subKelvin
temperature and the phonon system has a complete phonon
drag, therefore according to the theory5,27,29 the electron–
phonon interaction relaxation timete-ph

21 is supposed to be
proportional toT4.

SAMPLES AND THERMOMETRY

The widths of the SOI films under investigation were
30–60mm and the length of the films exceeded 1500mm.
The thickness of the film was 70 nm and the electron con-
centration was 4.031019 cm23. The thickness of thermal ox-
ide on top of the SOI film and the buried oxide layer was 68
and 400 nm, respectively. At 4.2 K the resistivity of the film
was 1.04 mV cm and the Fermi level given by the free elec-
tron formula isEf'40 meV. The electron mean free path in
heavily doped silicon isl'5 nm.24 The sample fabrication
has already been described in detail elsewhere.31 The mea-
surements were performed in a3He/4He dilution refrigerator.

The electrons in the SOI film were heated above the
lattice temperature by electric current. The electron tempera-
ture was measured by superconductor–semiconductor
~heavily doped Si!–superconductor~S–Sm–S! junctions,
which were calibrated against the RuO thermometer
mounted on the copper sample holder. In the S–Sm–S struc-
ture the quasiparticle tunneling across the junction is sensi-
tive to the electron temperature. The current–voltage charac-
teristics of the S–Sm–S structure with two 333 mm2

junctions are shown in Fig. 1~a!. They exhibit strong tem-
perature dependence below the critical temperature of the
superconductor. When the S–Sm–S structure is biased with
constant currentI 0 @see inset in Fig. 1~b!# the voltage over
the junctions is a function of the electron temperature in the
silicon film @see Fig. 1~b!#. The bias currentI 0 was few or-
ders of magnitude smaller than the current used for the elec-
tron heating in the Si film and therefore the possible heating
by the bias current can be neglected.

ELECTRON–PHONON INTERACTION

At low temperature we consider electrons having a well-
defined temperature, because the electron–electron interac-
tion time (te-e) is supposed to be significantly smaller than
the electron–phonon interaction time (te-ph). The heat flow
from electrons to phonons can be described by a model,15

where electrons have heat capacityCe5gTe and the change
of the electron temperature is determined bydP5te-ph

21 Ce

dTe . By substitutingte-ph
21 5aTp, we obtain

P5SV~Te
p122Tph

p12!, ~1!

whereP is the heat flow from electrons to phonons,S is a
material-dependent constant characterizing the electron–
phonon coupling:S5ag/(p12), V is the volume, andTe

(Tph) is the electron~phonon! temperature.
The measurements of the electron–phonon coupling

constant in SOI films have been done at substrate tempera-
ture between 100 and 500 mK. The heating current was
swept slowly and the electron and phonon~actually tempera-
ture of the silicon bar near to the sample, see Fig. 2! tem-
peratures were measured simultaneously. In our experiment
an additional S–Sm–S thermometer, which was electrically
isolated from the silicon film, was placed near the Si film
~see Fig. 2!. Below 1 K the electron–phonon thermal resis-
tance in silicon is considerably larger than the Kapitza resis-
tance between the silicon film and the silicon oxide layer,
and therefore the S–Sm–S thermometer next to the silicon

FIG. 1. ~a! Current–voltage (I –V) characteristics of a 333 mm2 S–Sm–S
structure at different temperatures.~b! S–Sm–S thermometer calibration
curve (333 mm2 junctions!, biased by a constant currentI 0 . ~Inset! I –V
characteristics and the bias current in the temperature measurement.
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film is assumed to be at approximately the same temperature
as the phonon system in the silicon film.

The electron and phonon temperatures as functions of
the heating power are plotted in Fig. 3~a!. The bath tempera-
ture is 168 mK. At power density of 13105 W/m3 the elec-
tron temperature is about twice above the bath temperature.
ExperimentalP(Tel) dependence well corresponds to the
theoretical behavior@Eq. ~1!# with p53 if we assumeTph

5Tbath5const.31,32 However, it can be seen from Fig. 3 that
the phonon system in the SOI film is overheated and the
increase of phonon temperature is comparable to the change
of the electron temperature in the most of the heating range.

Therefore we cannot consider the phonon temperature to be
constant and equal to the bath temperature. The heating
power density is plotted against (Te

6–Tph
6 ) in Fig. 3~b!. The

dependence is linear in this scale and it indicates that the heat
flow between the electron and phonon systems has aT6 de-
pendence. This corresponds tote-ph

21 }T4 for the electron–
phonon interaction relaxation time or in other words the mi-
croscopic dimensionality parameterp in Eq. ~1! equals 4.
This result is in agreement with the theoretical result for
dirty systems with full phonon drag of ionized impurities.5,29

The S derived from the data presented in Fig. 3~b! is 2
3108 W/K6 m3. If we compare this value with recent ex-
perimental values for thin Hf films,22 we find thata in our
case is at least 2 orders of magnitude higher. However, the
electron–phonon coupling, which is characterized byS, is
actually the same order of magnitude. This is due to signifi-
cantly smaller electron density in our doped Si samples com-
pared with Hf.

ELECTRON THERMAL CONDUCTIVITY

Thermal conductivity in degenerate silicon at low tem-
perature is an essential issue in the design of nanoscale de-
vices. At low temperature the electron thermal conductivity
often determines the heat transport. According to the
Wiedemann-Franz law, the ratio of thermal and electrical
conductivities is proportional to temperature and the constant
of proportionality is called the Lorenz numberL, whose the-
oretical value isL0'2.4431028 W/K2. This is the case,
when the electron gas is highly degenerate and the electron
mean free path is the same for electrical and thermal conduc-
tivities. Deviation from the theoretical valueL0 may have
several origins. The impurities, presence of magnons, and
phonon contribution to thermal conductivity affect the value
of the Lorenz number.33 Generally the Wiedemann–Franz
law is valid for degenerate semiconductors at low tempera-
ture. Symeet al.34 measured the electronic thermal conduc-
tivity in a two-dimensional electron gas inn-channel MOS-
FETs at low temperature~1–10 K! and the measured
temperature dependence of the electronic thermal conductiv-
ity was in agreement with the Wiedemann–Franz law.

The results of our electron–phonon heat transport mea-
surements in SOI films allow us to estimate the electronic
thermal conductivity from the nonuniform heating experi-
ments. The data reported above can be used for calculation
of the heat flow between electron and phonon systems and
provide information about contribution of the electronic ther-
mal conductivity in thermal transport. Contrary to the
electron–phonon coupling the temperature gradient along the
SOI film is the essential condition for the electronic thermal
conductivity measurement. In a steady state the heat flow in
the electron system can be determined by the thermal con-
ductivity along the silicon bar and by the energy flow rate
between electrons and phonons34

d

dx S k~T!•
dT

dxD5wep~T!, ~2!

wherek(T) is the electron thermal conductivity andwep is
power densityPe-ph/V, i.e., heat flow between electron and

FIG. 2. Micrograph of the sample for the electron–phonon coupling mea-
surement. The horizontal dark bar is the SOI film~width 60 mm! and the
white vertical bars are aluminum contacts, which are used for the tempera-
ture measurement.~Inset! The phonon thermometer is an electrically iso-
lated small SOI bar with two aluminum contacts.

FIG. 3. ~a! The electron (Te) and phonon (Tph) temperatures as a function
of the applied power density atTbath5168 mK. Electron and phonon sys-
tems are strongly overheated, the temperature difference between them
scaled by substrate temperature is presented in inset.~b! The applied power
density is plotted against (Te

6–Tph
6 ). The value of the electron–phonon cou-

pling constantS derived from the linear fit~solid line! by equation 1 isS
523108 W/K6 m3.
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phonon systems per unit volume. If we assume validity of
the Wiedemann–Franz law, the electron thermal conductivity
can be presented in the form

k5LsT, ~3!

where s is the electrical conductivity. Taking into account
the linear temperature dependence of electron thermal con-
ductivity, Eq. ~2! can be presented in the form

T•
dT

dx
52F E

Tbath

T

2•~s•L !21
•wep~u!•u•duG1/2

52A 2

s•L
•@ I 1~T!#1/2, ~4!

and finally, taking into account boundary conditions for a
very long sample

~x22x1!•A 2

s•L
5E

T2

T1 T•dT

@ I 1~T!#1/25I 2~T1 ,T2!, ~5!

where (x22x1) is the distance between two points along the
bar andT1 and T2 are the corresponding electron tempera-
tures. In other words integralI 2 on the right side depends
only on the distance between two points along the bar. For
the two fixed pointsx1 and x2 the value of the integral is
constant in the whole range of the power applied to the sys-
tem. This is valid only for very long samples and moderate
energy flow in the system.

The sample used for the measurement is depicted in Fig.
4. The silicon bar was 30mm wide and S–Sm–S thermom-
etersT1 and T2 used for the measurement were placed 40
mm apart. To obtain the temperature profile along the silicon
film, one usually measures the electron temperature in sev-
eral points along the line. In our experiment we used only
two S–Sm–S thermometers for measuring temperature gra-
dient along the sample, and one thermometer at the ‘‘cold’’
end of the sample. The heating power was slowly swept and
the electron temperature in two points along the bar (T1 and
T2) was recorded. If we suggest that the temperatureT2 is
determined only by temperatureT1 ~very long sample!, using
these data we can plot the model temperature decay along
the bar ~see Fig. 5!: the circles are the measured electron
temperature values and the solid line corresponds to the ana-
lytical solution of Eq.~2!. The only fitting parameter is the
Lorenz numberL, which is 2.4531028 W V K22. The re-
sult of the fitting may be considered as rather good, but the
actual deviation of the calculated (Te-Tbath) from experimen-

tal data is rather large for largex values. As we demonstrate
below, the analysis based on the electron temperature mea-
surements in two points along the bar as a function of power
applied to the electron system and the calculation of the in-
tegral from Eq.~5! is more sensitive to any deviation from
the Wiedemann–Franz law. The temperature of the S–Sm–S
thermometerT2 situated in pointx2 ~see Fig. 4! is plotted as
a function ofT1 in Fig. 6~a!. The Lorenz numberL, which
was calculated from this dependence on the basis of Eq.~5!
@in Eq. ~5! the integral on the right side depends only on the
two temperaturesT1 andT2], is plotted as a function of the
electron temperatureT1 in Fig. 6~b!. The Lorenz number
slightly increases with the increase of the heating power at
T1,2Tsub and demonstrates very rapid growth when the
electron temperature exceeds the substrate one by a factor of
2.

In calculating the value of the Lorenz number we as-
sume that the phonons in the silicon film are similarly heated
as in the electron–phonon interaction measurement, but this
assumption might be incorrect. The phonon contribution to
the thermal conductivity leads to an increase of the Lorenz
number derived from Eq.~5!. Parallel heat conductivity in
substrate is probably responsible for the observed increase of
the Lorenz number. The heat flow in the phonon system

FIG. 4. Micrograph of the SOI film used in the electron thermal conductiv-
ity measurements. The horizontal dark silicon bar~width 30 mm!, was
heated at the right end. Several pairs of vertical aluminum contacts were
used for the electron temperature measurement along the bar. An extra ther-
mometer~not seen in the figure! was used to control the temperature of the
silicon bar far from the heater.

FIG. 5. Electron temperature profile along the sample~circles! represent
experimental data. The solid line is the fitting with Eq.~2! ~the Lorenz
number obtained from the fitting isL52.4531028 W V/K2). The dashed
line corresponds to the bath temperature 168.5 mK.

FIG. 6. ~a! The electron temperatureT2 plotted againstT1 ~see Fig. 4!. The
thermometers are placed 40mm apart and the bath temperature is 168.5 mK.
~b! The relative Lorenz number as a function of electron temperatureT1 .
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leads to an additional increase of the phonon temperature and
to a decrease of the heat flow from the electron system and
the value ofI 1 @see Eqs.~1! and ~4!#.

The circles in Fig. 7~a! represent the phonon temperature
in the electron–phonon interaction experiment as a function
of the electron temperature and correspond to a uniform
heating of the SOI film. The solid line is the model tempera-
ture dependence for the phonon overheated due to a parallel
thermal conductivity. By introducing the parallel heat con-
duction model the situation is improved~see Fig. 7~b!!. In-
tegral I 1 is calculated usingTe and Tph from the electron–
phonon coupling measurement for the low temperature
range, but above 300 mK a higher value of the phonon tem-
perature is used for calculations. In the temperature range
below 300 mK phonons are overheated above the substrate
temperature in the same manner as in the electron–phonon
interaction measurement and we can neglect the effect of the
phonon thermal conductance. At higher temperature phonon
system is heated more strongly and the phonon temperature
approaches the electron temperature. Physically this means
that the parallel heat conductivity of the phonon systems in
substrate and in the SOI film starts to dominate in the heat
transfer process at higher temperature. By this assumption an
agreement with the Wiedemann–Franz law is achieved.

CONCLUSIONS

Heat transport properties of the electron system in de-
generaten-type silicon have been studied. The lattice in
heavily doped silicon film is heated above the substrate tem-
perature, which must be taken into account in the analysis.
The heat flow between electron and phonon systems demon-
strates aT6 dependence, which is in accordance with the
theoretical prediction for a dirty system. The electron ther-
mal conductivity dominates at low temperature and parallel
heat conduction in the phonon system must be taken into
account at temperatures above 300 mK. Taking into account

the phonon overheating in the SOI film due to parallel heat
conduction drastically improves the agreement of the experi-
mental data with the Wiedemann–Franz law.

ACKNOWLEDGMENTS

This work has been supported by the Academy of Fin-
land under the Finnish Center of Excellence Project No.
2000-2005~Project No. 44875, Nuclear and Condensed Mat-
ter Program at JYFL! and by Vilho, Yrjö and Kalle Väisälä
Foundation.

1D. V. Anghel, A. Luukanen, and J. P. Pekola, Appl. Phys. Lett.78, 556
~2001!.

2A. J. Manninen, J. K. Suoknuuti, M. M. Leivo, and J. P. Pekola, Appl.
Phys. Lett.74, 3020~1999!.

3Yu. F. Komnik, V. Yu. Kashrin, B. I. Belevtsev, and E. Yu. Beliaev, Phys.
Rev. B50, 15298~1994!.

4P. Santhanam and D. E. Prober, Phys. Rev. B29, 3733~1984!.
5M. Yu. Reizer, Phys. Rev. B40, 5411~1989!.
6M. L. Roukes, M. R. Freeman, R. S. Germain, R. C. Richardson, and M.
B. Ketchen, Phys. Rev. Lett.55, 422 ~1985!.

7R. A. Lee and W. N. Wybourne, J. Phys. F: Met. Phys.16, L169 ~1986!.
8K. S. Il’in, N. G. Ptitsina, A. V. Sergeev, G. N. Gol’tsman, E. M. Gersh-
enzon, B. S. Karasik, E. V. Pechen, and S. I. Krasnosvobodtsev, Phys. Rev.
B 57, 15623~1998!.

9R. L. Kautz, G. Zimmerli, and J. M. Martinis, J. Appl. Phys.73, 2386
~1993!.

10P. M. Echternach, M. R. Thoman, C. M. Gould, and H. M. Bozler, Phys.
Rev. B46, 10339~1992!.

11F. C. Wellstood, C. Urbina, and J. Clarke, Phys. Rev. B49, 5942~1994!.
12V. T. Dolgopolov, A. A. Shashkin, S. I. Dorozhkin, and E. A. Vyrodov,

Sov. Phys. JETP62, 1219~1986!.
13A. Mittal, R. G. Wheeler, M. W. Keller, D. E. Prober, and R. N. Sacks,

Surf. Sci.361Õ362, 537 ~1996!.
14E. Chow, H. P. Wei, S. M. Girvin, W. Jan, and J. E. Cunningham, Phys.

Rev. B56, R1676~1997!.
15A. K. M. Wennberg, S. N. Ytterboe, C. M. Gould, H. M. Bozler, J. Klem,

and H. Morkoc, Phys. Rev. B34, 4409~1986!.
16J. J. Lin, Physica B279, 191 ~2000!.
17J. J. Lin and C. Y. Wu, Europhys. Lett.29, 141 ~1995!.
18G. Bergmann, W. Wei, Y. Zou, and R. M. Mueller, Phys. Rev. B41, 7386

~1990!.
19C. G. Smith and M. N. Wybourne, Solid State Commun.57, 411 ~1986!.
20J. F. DiTusa, K. Lin, M. Park, M. S. Isaacson, and J. M. Parpia, Phys. Rev.

Lett. 68, 1156~1992!.
21N. G. Ptitsina, G. M. Chulkova, K. S. Il’in, A. V. Sergeev, F. S. Pochinkov,

E. M. Gershenzon, and M. E. Gershenson, Phys. Rev. B56, 10089~1997!.
22M. E. Gershenson, D. Gong, T. Sato, B. S. Karasik, and A. V. Sergeev,

Appl. Phys. Lett.79, 2049~2001!.
23C. Y. Wu, W. B. Jian, and J. J. Lin, Phys. Rev. B57, 11232~1998!.
24D. R. Heslinga and T. M. Klapwijk, Solid State Commun.84, 739~1992!.
25J. P. Kauppinen and J. P. Pekola, Phys. Rev. B54, R8353~1996!.
26M. M. Leivo, J. P. Pekola, and D. V. Averin, Appl. Phys. Lett.68, 1996

~1996!.
27A. Sergeev and V. Mitin, Phys. Rev. B61, 6041~2000!.
28J. Rammer and A. Schmid, Phys. Rev. B34, 1352~1986!.
29D. J. Thouless, Phys. Rev. Lett.39, 1167~1977!.
30D. V. Anghel, J. P. Pekola, M. M. Leivo, J. K. Suoknuuti, and M. Man-

ninen, Phys. Rev. Lett.81, 2958~1998!.
31A. M. Savin, M. Prunnila, P. P. Kivinen, J. P. Pekola, J. Ahopelto, and A.

J. Manninen, Appl. Phys. Lett.79, 1471~2001!.
32M. Prunnila, J. Ahopelto, A. M. Savin, P. P. Kivinen, J. P. Pekola, and A.

J. Manninen, Physica E13, 773 ~2002!.
33G. S. Kumar, G. Prasad, and R. O. Pohl, J. Mater. Sci.28, 4261~1993!.
34R. T. Syme, M. J. Kelly, and M. Pepper, J. Phys.: Condens. Matter1, 3375

~1989!.

FIG. 7. ~a! Phonon temperature in the SOI film in the case of uniform
heating of the film as a function of the electron temperature~open circles!
and that from the model used to analyze the electron heat conductance
experiment~solid line!. ~b! The Lorenz number calculated by taking into
account the predicted phonon temperature profile.

3205J. Appl. Phys., Vol. 94, No. 5, 1 September 2003 Kivinen et al.


