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Fluctuation relation for qubit calorimetry
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Motivated by proposed thermometry measurement on an open quantum system, we present a simple model of
an externally driven qubit interacting with a finite-sized fermion environment acting as a calorimeter. The derived
dynamics is governed by a stochastic Schrödinger equation coupled to the temperature change of the calorimeter.
We prove a fluctuation relation and deduce from it a notion of entropy production. Finally, we discuss the first
and second law associated with the dynamics.
DOI: 10.1103/PhysRevE.94.062127
I. INTRODUCTION

Speculations with regard to the fundamental bounds
imposed by physical laws on information processing and
transfer [1–4] has led to the following oft-raised question:
How do the thermodynamic laws of the macroscopic world
transduce and impinge on the behavior of nanolevel and
quantum-level structures?
Developments over the past decade have demonstrated
the experimental feasibility of temperature measurements
in nanoscale systems with sub-microsecond time resolution.
For example, high-sensitivity temperature measurements have
been accomplished by embedding a superconductor-insulatornormal metal (SIN) tunnel junction into a radiofrequency (RF)
resonant circuit. The temperature of the normal metal side of
an SIN tunnel junction is then read by measuring the reflection
or transmission coefficient of the LC resonator as a function of
both the temperature and an external current bias [5] (see [6]
and the review [7]). SIN tunnel junction thermometers can
be employed as fast calorimeters to perform basic studies
of the thermodynamics of a mesoscopic nanostructure. As
a consequence, questions that were restricted to speculation
only a couple of decades ago are now becoming feasible in
properly designed experiments.
The calorimetric measurement of the full distribution of the
work done by exerting an external drive on a quantum two-level
system (qubit) was proposed recently [8]. Let us recall briefly
the setup that makes the proposed experiment realistically
possible. The qubit is implemented using a solid-state electronic circuit [9]. A basic example is a superconducting Cooper
pair box (CPB) [9–12] or a transmon qubit [13,14]. A CPB
consists of a superconducting electrode (island) put in contact
with a superconducting reservoir. Actual implementations
use, e.g., a superconductor-insulator-superconductor (SIS),
aluminum-aluminum oxide-aluminum (Al/Al2 O3 /Al), or a
tunnel junction with capacitance Cj . Charges are driven from
the reservoir to the island by a voltage source V between
the reservoir and a capacitor Cg connected to the island.
If the energy of thermal fluctuations kB T and the charging
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(Coulomb) energy of the island are much smaller than the
superconducting gap  (which is about 1 K for aluminum),
all electrons in the island are paired. The experiment thus
needs to be performed at temperatures of the order of 0.1 K or
below. The effective Coulomb energy of the island becomes
EC = (2e)2 /2(Cg + Cj ). Finally, tuning the circuit parameters
so that EC  kB T ensures that only the ground state (no
pair in the island) and the first excited state (one pair in the
island) have non-negligible probability. A qubit dynamics is
thus effectively realized ([15,16]; see also [17] and references
therein).
A basic calorimeter is formed out of a normal metal
island with typically 109 electrons on it. It is only weakly
coupled to the surrounding thermal bath (phonons) at these low
temperatures. Calorimetric measurements of the solid-state
qubit just described can then be performed by connecting the
normal metal electrode as a SIN junction thermometer [6,8] to
the resonant circuit. The experimental setup of [8] envisages
a drive signal with equal free energy at the end of the control
horizon. Energy conservation then implies that up to boundary
terms, the work W done on the system is equal to the heat
Q dissipated to the environment in the time interval from
the beginning of the driving until the end of the equilibration
period.
In classical nonequilibrium thermodynamics, a group
of relations commonly referred to as fluctuation theorems
([18–23]; see also [24–26] for a review) links the distribution
of the work done on a small system during a transition
from an equilibrium state to the free energy of the system
at the transition end states. Classically, the work is a random
functional of the protocol, i.e., the sequence of nonconservative
forces exerted on the system to drive the transition. From the
mathematical slant, fluctuation relations are statements about
deviations in the distribution of work around zero. They are
therefore obtained by comparing the work distribution during
the transition and a second one specified by an appropriately
defined time-reversed protocol [25].
The extension of fluctuation theorems to the quantum case
poses the problem of how to define the work as a functional
of the path that the system has followed during the transition.
Intense research activity was recently focused on determining
work for closed and open quantum systems (see [27–36]). For
this reason, the experiment proposed in [8] is of interest. It
calls for a detailed analysis of how fluctuation relations can
be derived and used to achieve a consistent nonequilibrium
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FIG. 1. Pictorial representation of the theoretical model described
in Sec. II.

thermodynamic description of a driven qubit. This is the scope
of the present work.
The paper contains two main results. First, a detailed
theoretical model is presented for the driven qubit-calorimeter
dynamics of [37] (see Fig. 1). In particular, in Sec. II we derive
the stochastic Schrödinger equation (cf. [38,39]) describing the
evolution of the quantum trajectories followed by a quantum
system continuously monitored by an environment, in our case
embodied by the calorimeter. In the experimental setup of [37],
temperature measurements are possible because the calorimeter can be thought of as a fermion system with a number of
degrees of freedom, of the order O(109 ) larger than the qubit
but finite. As a consequence, the changing temperature effects
the coupling between qubit and calorimeter. Hence, the novelty
of our model is that it describes the coupled evolution of the
system and the temperature of the calorimeter (cf., [37,40,41]).
After analyzing the measurement protocol in Sec. III, we
derive in Sec. IV the fluctuation relation satisfied by our system
under what appears to be the natural notion of time reversal
in our setup (see [8]). We then use the fluctuation relation to
identify the entropy production by the driven qubit dynamics.
This is the second main result of the paper.
In Sec. V, we reframe our results by deriving the form
of the first and second law of thermodynamics. Finally, in
Sec. VI we give a brief description of how to extend our
model to a more realistic situation by taking into account the
interaction, mediated by phonons, of the calorimeter with the
environment.
II. MODELING

The system under consideration consists of a qubit with
an energy gap ω0 that is driven by an external source and
is coupled to an electron system with finite heat capacity C
(see Fig. 1). The total system is considered to be governed by
the Schrödinger equation with a time-dependent Hamiltonian
composed of three parts,

λt (ıa − ıa ∗ ) varying smoothly in time. Here we write a ∗ and
a for the creation and annihilation operators of the qubit.
During the process, we continuously measure the temperature of the electron system, henceforth referring to the electrons
as a calorimeter. We assume that the number of electrons in
the calorimeter is finite but very large and that the temperature
is sufficiently small. Then the Sommerfeld expansion (see,
e.g., Appendix C of [42]) may be used to evaluate the average
energy of the calorimeter as a function of its temperature.
Restricting to the leading-order contribution, we obtain the
relation
4EF
(T 2 ) = 2 2 E
(1)
π kB N
between the change of the squared temperature (T 2 ) and
the change of the average energy E, where EF is the Fermi
energy, kB is the Boltzmann constant, and N is the average
number of electrons in the calorimeter.
We assume that the drive changes on much slower time
scales than the interaction between the qubit and the calorimeter. Then the usual Born-Markov approximation (see [38,39]
and cf. [43,44]) yields an effective master equation for the
joint system consisting of the qubit and the temperature of
the calorimeter. The details of the derivation are outlined
in Appendix A. For our purposes, the master equation is
conveniently written as the Itô stochastic differential equation
extending the well-known stochastic Schrödinger equation
(see [38,39]):



 ∗
at ϕt
at ϕt
+
− ϕt dNt +
− ϕt dNt−
dϕt =
at ϕt 
at∗ ϕt 
ı
1
Gt (Tt ) ϕt dt + [γt+ (Tt )at ϕt 2

2
+ γt− (Tt )at∗ ϕt 2 ]ϕt dt,
−
 
d Tt2 =

4EF
ωt (dNt+ − dNt− )
π 2 kB2 N

(2)

with the temperature and time-dependent non-Hermitian operator

Gt (T ) = H2 (t) − ı [γt+ (T )at∗ at + γt− (T )at at∗ ]. (3)
2
In this equation, ϕt and Tt are the pure state of the qubit and the
measured temperature at time t, respectively. The operators at
and at∗ denote the annihilation and creation operators in the
eigenbasis of the qubit Hamiltonian H2 (t) = H2 + Hd (t), and
ωt is the energy gap of H2 (t). The processes Nt+ and Nt−
are Poisson processes with independent increments and rates
depending on ϕt and Tt via
dNt+  = γt+ (Tt ) at ϕt 2 dt,

H (t) = H2 (t) + He + HI .

dNt−  = γt− (Tt ) at∗ ϕt 2 dt.

Here He and HI denote the free Hamiltonian of the electrons
and the interaction Hamiltonian between qubit and electrons.
The Hamiltonians
H2 (t) = H2 + Hd (t)
acting on the qubit consist of the free Hamiltonian H2 =
ω0 a ∗ a and a driving Hamiltonian of the form Hd (t) =

The rates γt± (T ) are of the form
γ ωt
γ ωt
γt+ (T ) =
, γt− (T ) = β(T ) ω
−β(T
)
ω
t
t − 1
1−e
e
for some constant γ and the inverse temperature β(T ) =
1/kT . In particular, the rates satisfy the detailed balance
condition γt+ (T ) = eβ(T )ωt γt− (T ).
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III. MEASUREMENTS AND THEIR PROBABILITIES

For the system described above, we study a concrete
measurement protocol specified as follows: We fix a time
interval [ti ,tf ] and we assume that the drive vanishes at the
beginning and the end of the interval, i.e., λti = 0 = λtf .
During the interval, we proceed as follows:
(i) At initial time ti , we prepare the qubit randomly in one of
its eigenstates ϕi = |↑ or ϕi = |↓. Equivalently, we assume
that the qubit is directly measured in this basis.
(ii) During the time interval, we continuously measure the
temperature of the calorimeter, which provides a temperature
trajectory Tt .
(iii) At final time tf , we directly measure the energy of the
qubit resulting in a state ϕf = |↑ or ϕf = |↓.
To make the distribution of the temperature trajectory
explicit, let us fix a trajectory until time ti  t  tf . We
write ti = t0 < t1 < · · · < tn < tn+1 = t for the partition of
the time interval such that the temperature jumps at times tk
for 1  k  n and remains constant at temperature Tk during
the interval (tk−1 ,tk ) for 1  k  n + 1. Then the state of the
qubit at time t is given by renormalizing the vector,
√
√
ϕ̃t = Ut,tn (Tn ) γn an · · · Ut2 ,t1 (T1 ) γ1 a1 Ut1 ,t0 (T0 )ϕi
 n
1/2

=
γk
Ut,tn (Tn ) · · · a1 Ut1 ,t0 (T0 )ϕi ,
(4)
k=1

(Tk−1 ), ak := at if
where for sake of brevity we set γk := γt+
k
−
Tk > Tk−1 and otherwise we set γk := γtk (Tk−1 ), ak := at∗ . The
operators Ut,s (T ) denote the two-parameter semigroup acting
on the Hilbert space of the qubit given by the solution of
Us,s (T ) = 1 and dtd Ut,s (T ) = − ı Gt (T )Ut,s (T ) for all s  t.
For a trajectory of the full time horizon [ti ,tf ], the conditional
distribution of a temperature trajectory (Tt )t and a final
measurement result ϕf is hence given by
P(Tt ,ϕf | ϕi ) : = |ϕf | ϕ̃tf |2
 n


=
γk |ϕf |Utf ,tn (Tn ) · · · Ut1 ,t0 (T0 )|ϕi |2 .
k=1

(5)
IV. FLUCTUATION RELATION AND ENTROPY
PRODUCTION

To derive a fluctuation relation for the investigated process,
we choose a natural time reversal. For the sake of distinction,
we henceforth refer to the process described in Sec. II, Eq. (2),
as the forward process. The dynamics of the reversed process
is also determined by Eq. (2), where we replace Gt (T ) by the
operator GRt (T ) given by

GRtf −t (T ) = −H2 (t) − ı [γ + (T )∗ at∗ at + γt− (T )at at∗ ].
2
The resulting equation may equivalently be derived by inverting the initial Schrödinger equation of the combined quantum
system consisting of a qubit and a calorimeter and performing
the same approximation described in Sec. II. We apply the
same protocol to the time-reversed process, that is, at time ti
we prepare the qubit, we observe the temperature during the

time interval [ti ,tf ], and we measure the qubit directly at final
time tf . Proceeding as in Sec. III, we may analogously derive
the distribution on the path space for the reversed process.
We now compare a trajectory of the forward process,
given by the initial and final qubit state, ϕi and ϕf , and the
temperature Tt , with the trajectory of the reversed process that
runs backward in time, i.e., the trajectory that starts with a
qubit in state ϕf , yields the temperatures Ttf −t , and results in
ϕi in the final measurement.
To compare the path distribution of the forward process P
and the reversed process PR , we may observe the following
two facts. First, for each jump in a trajectory of the forward
process there is a jump in the opposite direction in the
corresponding trajectory of the reversed process. However,
the jumping rates are different. Second, the evolution in
between temperature jumps is governed by the two-parameter
semigroups Ut,s (T ) with generator − ı Gt (T ) for the forward
R
process and by Ut,s
(T ) with generator − ı GRt (T ) for the
reversed process, respectively. Since GRtf −t (T ) = −Gt (T )∗ ,
the associated semigroups satisfy
R
Ut,s
(T ) = Utf −s,tf −t (T )∗

for all s  t. We may now compare the expressions (4) and (5)
for the density of the forward process with the corresponding
expressions for density of the backward process. Gathering the
coefficients then immediately yields
P(Tt ,ϕf |ϕi ) = eJ PR (Ttf −t ,ϕi |ϕf ).

(6)

Here J is the function of the path of the forward process given
by J := nk=1 Jk with a contribution
k
(Tk )
Jk := ln γtxk k (Tk−1 ) − ln γt−x
k

for each jump. Here, as before, Ti = T0 ,T1 , . . . ,Tn = Tf is the
observed temperature trajectory, ti < t1 < · · · tn < tf are the
jumping times, and x1 , . . . ,xn ∈ {+1, − 1} are the jumping
directions xk := dNt+k − dNt−k . Using the particular form of
the rates, we may conveniently write J in the symmetric form




βk−1 ωk
βk ωk
− ln sinh
,
Jk = β̄k ωk xk + ln sinh
2
2
where for simplicity ωk := ωtk , βk := 1/kB Tk , and β̄k :=
(βk−1 + βk )/2. Since Eq. (2) is derived in the regime of low
temperature neglecting higher orders, i.e., the Sommerfeld
expansion, the difference (βk − βk−1 )ω is negligible and
we obtain Jk = β̄k ωk xk within the approximation. Using
Eq. (1), we find that the entropy flux coincides with the
change of the equilibrium entropy of the fermionic calorimeter
2
Seq (T ) = π 2EkBFN T in the Sommerfeld approximation (see [45],
p. 48):
ωk xk
Jk =
= Seq (Tk ) − Seq (Tk−1 )
T
with T := (Tk−1 + Tk )/2 satisfying within the approximation
ωk /T̄ = β̄ω.
The entropy flux J is the dynamical contribution to the
total entropy production. Another contribution is given by the
entropy of the initial preparation and the final measurement
of the qubit given by Si/f (ϕ) = − ln Pi/f (ϕ), where Pi/f (ϕ) is
the probability that the state is initially prepared in the state
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ϕ ∈ {↑,↓} or, respectively, finally observed in ϕ. The entropy
production of the qubit along a trajectory is then given by

total heat emitted by the qubit. The total entropy change in the
qubit along a trajectory is hence given by

σ := Sf − Si + J.

S := Sf − Si = σ + βQ.

Equation (6) immediately implies e−σ  = 1 for the expectation value with respect to the forward process. In particular, it
follows that σ   0.
The derived entropy production can be compared with
the approaches to entropy production by Horowitz and
Parrondo [34] and by Breuer [46] in the limit of an infinite
calorimeter, i.e., when the heat capacity of the calorimeter
becomes infinite. In this case, the resulting temperature change
is negligible during the driving period, and the work and heat
measurement strategy needs to be reconsidered. Moreover,
in [46] the drive is considered as a small perturbation of the
free evolution in the sense that the time dependence of the
energy gap of the qubit Hamiltonian is neglected. In this case,
the entropy flux takes the form

Since σ   0, taking the expectation value yields the familiar
form of the second law of thermodynamics,

n

J =−



βω0 xk = −βω0 Nt+f − Nt−f ,

k=1

where β = 1/kT denotes the inverse temperature and where
we assume without loss of generality that the Poisson processes
start at N0+ = N0− = 0. Taking the expectation value, we recover the entropy flux of [34,46]. Due to the final measurement
of the qubit, the expectation of the entropy production σ  is in
general larger than or equal to the entropy production in [46].
V. FIRST AND SECOND LAW OF THERMODYNAMICS

For the first law, we concentrate on the qubit. Suppose that
at time t, the state of the qubit is given by ϕt and the calorimeter
has temperature T . Then the expectation value of the energy
of the qubit is given by

S  βQ.
VI. INCLUDING A PHONON BATH

The model studied so far can be easily extended to the case
in which the calorimeter emerges into a phonon heat bath. We
assume that the interaction between the calorimeter and the
phonon bath is weaker but much faster than the interaction
between the the qubit and the calorimeter. Then the energy
exchange between the calorimeter and phonons only depends
on the respective temperatures. For a calorimeter made of
ordinary metal, for instance, we have


Q̇ep = ep T 5 − Tp5 ,
(7)
where T is the temperature of the electron calorimeter, Tp
is the temperature of the phonon bath, Qep is the heat
emitted by the calorimeter into the phonon bath, and ep is
a material-dependent constant (see [49]). For materials with
a more sophisticated structure, e.g., thin metallic layers, the
law (7) may be different (see [50]). For simplicity, we assume
that the energy exchange is deterministic. Using, as before,
the approximation provided by the Sommerfeld expansion
to relate energy changes and temperature changes in the
calorimeter via Eq. (1), we find that the second equation of (2)
has to be replaced by
 
d Tt2 =

4EF
2
π kB2 N

ωt (dNt+ − dNt− ) +


ep


Tp5 − Tt5 dt .

E(t) := H2 (t)ϕt

VII. CONCLUSIONS

with the qubit Hamiltonian H2 (t) = H2 + Hd (t). Following [47,48], the work per unit of time performed on the qubit
at time t is given by

Summarizing, we have established a mathematical model
for the dynamics of an externally driven qubit interacting
with a continuously monitored, finite-size calorimeter. The
resulting quantum stochastic evolution (2) extends the usual
stochastic Schrödinger equation by incorporating the changing
temperature of the calorimeter and its backaction on the
measurement process. We derived an explicit expression for
the entropy production, and we demonstrated a corresponding
fluctuation relation. As a first application, we verified the
first law of thermodynamics and proved the second law in
reasonably limiting cases. Finally, we indicated how the model
can be extended easily to comprise a common phonon bath.
The model described here is intended as a first approach
to the dynamics offering a simple presentation. In particular,
we treated only leading terms in the Sommerfeld expansion.
It might be interesting also to analyze higher-order terms in
order to connect to current developments that suggest a microcanonical treatment of the calorimeter [41]. Furthermore,
experiments suggest that a more realistic model should treat the
phonon bath stochastically as well. Such a model is currently
being investigated numerically [51] in order to analyze the
fluctuating thermodynamic quantities beyond the fluctuation
relation. In some cases, an analytic treatment seems feasible,

W(t) := ∗ ∗

d
d
H2 (t)ϕt = ∗ ∗ Hd (t)ϕt .
dt
dt

Furthermore, the heat per unit of time emitted by the qubit into
the calorimeter at time t is given by
dQ(t) := ωt (dNt+ − dNt− ).
Indeed, a straightforward computation with (2) yields the
stochastic form of the first law of thermodynamics in expectation value:
dE(t)ϕt = Wt dt − dQ(t)ϕt ,
where  · ϕt denotes the expectation value conditioned on the
qubit being in state ϕt .
The second law of thermodynamics may be derived in
the limit of an infinite heat capacity. In this case, the
calorimeter forms an infinite heat bath for the qubit with
constant temperature T . The entropy flux J then simplifies
to J = −βQ, where for each trajectory, Q := nk=1 Qk is the
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too. Currently designed experiments address the fluctuation
relation derived here. In this way, the implications of the
finite size of the calorimeter are tested (cf. [52]) and the
non-Markovianity of the dynamics can be quantified.

ck ’s can be obtained from c̃k and h̃ by a suitable Bogoliubov
transform, which then also provides the fermionic annihilation
operators
h :=
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APPENDIX A: SEPARATING TIME SCALES

The fastest time scale in the interaction between qubit and
calorimeter is the electron-electron interaction in the calorimeter. This interaction is much faster than any other time scale involved, and it does not effect the average energy. Therefore, we
treat the self-interaction as an average effect in the van-Hove
weak-coupling limit [53–55]. On the relevant time scales, the
calorimeter then can be assumed to be always in a well-defined
temperature state characterized by its mean energy.
The second fastest time scale is the interaction between
the qubit and the calorimeter. The drive changes on a much
slower time scale. Then the qubit-calorimeter interaction can
be treated by the usual Born-Markov approximation (see [38],
Secs. 3.3 and 8.4, or [39], Sec. 3.2), where the drive is
considered to be constant during the interaction. Since we
only study energy changes in the calorimeter, we may for
this purpose regard the calorimeter as free fermions with a
corresponding free Hamiltonian He = k k ck∗ ck , and we may
take the interaction Hamiltonian of the form
gk, (a + a ∗ )ck∗ c ,
k=

where the sums are taken over all (pairs of) fermionic modes
with corresponding energy k and with some interaction
energies gk, = g ,k .

APPENDIX C: INTERACTION PICTURE

It is common to assign the negative energy k to the
fermionic mode corresponding to hk . That is, we consider the
free Hamiltonian H̃e = k k (ck∗ ck − h∗k hk ) and we proceed
to the interaction picture with respect to H̃e .
For the qubit, it is expedient to write the drive in the form
Hd (t) = 12 ω0 tan θt (ıa − ıa ∗ )
with some smooth parameter −π/2 < θt < π/2. For this
choice of parameters, the total Hamiltonian of the qubit,
H2 (t) = H2 + Hd (t), is diagonalized by the unitary operator


cos(θt /2)
−ı sin(θt /2)
Ut :=
,
cos(θt /2)
−ı sin(θt /2)
with the generator HA (t) := ı U̇t Ut∗ = − 12 θ̇t (a + a ∗ ). For the
derivation of the master equation, we treat the drive adiabatically, i.e., Hd (t) is treated as constant on the time scale of the
interaction of qubit and calorimeter. For the derivation of the
master equation, we then pass to the interaction picture with
respect to the unitary transform Ut .
It is worth noting that the field operator a + a ∗ commutes
with HA (t) and hence satisfies Ut (a + a ∗ )Ut∗ = a + a ∗ . Proceeding to the interaction picture, therefore, does not effect
the interaction Hamiltonian HI . However, it is convenient to
write HI in terms of the eigenbasis of the qubit Hamiltonian
H2 + Hd (t). We denote by ã the corresponding annihilation
operator, which then satisfies a = ã + 2ı sin θ (1 − 2ã ∗ ã). Using gk, = g ,k , we obtain for the interaction Hamiltonian (in
the interaction picture)
H̃I =

APPENDIX B: PURIFICATION OF
THE TEMPERATURE STATE

1 − fk c̃k +

fk h̃∗k ,

where fk := 1/(eβ( k −μ) + 1) denotes the Fermi function for
inverse temperature β and chemical potential μ. That is, the
[1]
[2]
[3]
[4]

gk, eı(

k−

)t

(eıω̃t ã ∗ + e−ıω̃t ã)

k=

To simplify the further derivation, it is convenient to pass
from the temperature state of inverse temperature β to a pure
state. For the temperature state, this is achieved by considering
a new set of fermionic annihilation operators c̃k ,h̃ satisfying
ck =

f c̃∗ ,

anticommuting with the ck ’s.
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[11] M. Büttiker, Phys. Rev. B 36, 3548 (1987).
[12] Y. Makhlin, G. Schön, and A. Shnirman, Nature (London) 398,
305 (1999).
[13] J. Koch, T. M. Yu, J. Gambetta, A. A. Houck, D. I. Schuster,
J. Majer, A. Blais, M. H. Devoret, S. M. Girvin, and R. J.
Schoelkopf, Phys. Rev. A 76, 042319 (2007).
[14] J. A. Schreier, A. A. Houck, J. Koch, D. I. Schuster, B. R.
Johnson, J. M. Chow, J. M. Gambetta, J. Majer, L. Frunzio, M.
H. Devoret, S. M. Girvin, and R. J. Schoelkopf, Phys. Rev. B
77, 180502(R) (2008).
[15] V. Bouchiat, D. Vion, P. Joyez, D. Esteve, and M. H. Devoret,
Phys. Scr. T76, 165 (1998).
[16] Y. Nakamura, Y. A. Pashkin, and J.-S. Tsai, Nature (London)
398, 786 (1999).
[17] Y. Nakamura, Nature (London) 459, 516 (2009).
[18] D. J. Evans and D. J. Searles, Phys. Rev. E 50, 1645 (1994).
[19] G. Gallavotti and E. G. D. Cohen, Phys. Rev. Lett. 74, 2694
(1995).
[20] C. Jarzynski, Phys. Rev. Lett. 78, 2690 (1997).
[21] G. E. Crooks, J. Stat. Phys. 90, 1481 (1997).
[22] J. Kurchan, J. Phys. A 31, 3719 (1998).
[23] J. L. Lebowitz and H. Spohn, J. Stat. Phys. 95, 333 (1999).
[24] D.-Q. Jiang, M. Qian, and M.-P. Qian, Mathematical Theory of
Nonequilibrium Steady States, Lecture Notes in Mathematics
Vol. 1833 (Springer, Berlin, Heidelberg, 2004), p. 276.
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